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Abstract
We study a semiconductor laser subject to filtered op-

tical feedback, where the filter is characterised by a
mean frequencyΩm and a filter widthλ. In the limit
of a narrow filter (λ → 0) the laser equations re-
duce under some conditions to the equations for a laser
with optical injection, whereas they become the Lang-
Kobayashi equations in the limit of an unbounded filter
width (λ → ∞). We vary the parameterλ and study
bifurcations of steady state solutions, to get insight in
the relation between the filter width and the number of
possible steady states. In particular we obtain the un-
expected result, that there exist parameter regions in
which the number of possible steady states decreases
whenλ is increased.
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1 Introduction
The laser with filtered external optical feedback is in

its simplest version modelled mathematically by three
equations. The first two, for the (complex) electric
field E and the (real) inversionn with respect to the
threshold inversion, are given by a rescaled version
of the so-called Lang-Kobayashi equations (Lang and
Kobayashi, 1980; Krauskopf and Lenstra, 2000):

dE
dt = 1

2 (1 + iα)ξn(t)E(t) + κE(t− τ)e−iω0τ ,

dn
dt = J − Jthr − n(t)

T1
− (Γ0 + ξn(t))|E(t)|2.

(1.1)
Here timet is scaled withω−1

r , whereωr is the fre-
quency of the relaxation oscillation, an intrinsic reso-
nance of the laser. The parameterα is the linewidth
enhancement factor,ξ is the differential gain,ω0 is the
solitary laser angular frequency,Γ0 is the photon decay

rate,T1 is the carrier lifetime andJ andJthr are the
pump current and its value at solitary laser threshold.
The parameterκ measures the injected field strength.
A straightforward way to let a laser operate in a sin-

gle longitudinal mode, is by filtering the feedback light.
Light with certain frequencies can pass the filter, while
other frequencies are filtered. In the Lang-Kobayashi
equations (1.1) a delay termκE(t− τ)e−iω0τ appears,
modelling feedback from an external flat mirror. To in-
corporate the filter, this term is replaced by a termγF ,
where the filtered electric fieldF satisfies

dF
dt − (iωm − Λ)F = ΛE(t− τ)e−iω0τ (1.2)

andΛ is related to the filter width. Hence the full model
we analyse is

dE
dt = 1

2 (1 + iα)ξnE + γF,

dn
dt = J − Jthr − n(t)

T1
− (Γ0 + ξn(t))|E(t)|2,

dF
dt = ΛE(t− τ)e−iω0τ + (iωm − Λ)F.

(1.3)
See (Yousefi and Lenstra, 1999) and references therein
for an explanation, a derivation and numerical studies
of the resulting system.
These first studies were followed by a series of nu-

merical and experimental studies (Fischeret al., 2000;
Yousefiet al., 2001a; Yousefiet al., 2002; Yousefiet
al., 2003) in which various types of behaviour were
found and studied. However, analytically, even the
simplest behaviour of the laser with filtered feedback
is still hardly understood. A first attempt towards an
analytical approach is to study limit cases of the prob-
lem. One case is the limitΛ → ∞, in which the prob-
lem reduces to a laser with conventional optical feed-
back, that is, a laser without filtering. In this limit the
equation forF simply becomes the algebraic relation



F = E(t − τ)e−iω0τ , which means that the equations
reduce to the Lang-Kobayashi equations (1.1). The sec-
ond limit case is the limitΛ → 0 of the small filter
width. We show that this small filter width limit of the
laser with filtered feedback is in fact a single optically
injected semiconductor laser. However, since the injec-
tion is still obtained through feedback, the feedback de-
lay appears to play a role in the selection of frequency
and phase shift of the electric fieldE of the laser.
Although in experiments filters will satisfy neither of

these limits, analysis of the parameter regions0 <
Λ ¿ 1 and0 < 1

Λ ¿ 1 may help to understand the
dynamics that are observed in other regions. The aim
of this article is to try and understand how the filter
equations form a bridge between these two limits, and
thus between the standard single injection laser equa-
tions and Lang-Kobayashi (LK-)equations. To do so,
we rescale the system (1.3) to a set of dimensionless
equations as is done more often in the literature. Defin-
ing new variables and dimensionless parameters by

N = ξn
2Γ0

, E →
√

ξT1
2 E, F →

√
ξT1
2 F,

s = Γ0t, T ≡ Γ0T1, θ ≡ Γ0τ,

P ≡ ξT1
2Γ0

(J − Jthr), Γ ≡ γ
Γ0

, λ ≡ Λ
Γ0

,

Ω0 ≡ ω0
Γ0

and Ωm ≡ ωm

Γ0
,

(1.4)

equations (1.3) can be rewritten in the following form

E′ = (1 + iα)NE + ΓF,

TN ′ = P −N − (1 + 2N)|E|2,
F ′ = λE(s− θ)e−iΩ0θ + (iΩm − λ)F.

(1.5)

Here prime means differentiation with respect tos and
the filter width is represented byλ. Note thatωm is in
fact the detuning of the mean filter frequency with re-
spect to the solitary laser frequencyω0; hence the cen-
ter frequency of the filter is denoted byωf ≡ ωm + ω0

or Ωf = Ωm + Ω0.

We restrict ourselves to the study of ‘fixed points’ or
so-called external filtered modes (EFMs) and the bifur-
cations associated to these states that occur when the
filter parameterλ (Λ) is varied. Although the equa-
tions for the fixed points have been written down many
times before, they haven’t been analysed in a concise
way yet. In this article, we assemble various pieces of
the EFM puzzle.
Firstly, we carefully analyse the EFMs in the limit

λ → 0 and find that solutions either have a frequency
Ω with |Ω − Ωm| = O(λ), or a frequencyΩ = O(λ).
In the first case, the laser synchronises with the filter,
as one wishes in this set-up. In the second case, only
a small portion of the electric fieldE passes the filter,
i.e., |F | = O(λ) while |E| = O(1), and the laser oper-
ates close to its solitary laser frequency.

We also find that for0 < λ ¿ 1 the laser can only op-
erateO(λ) close to mean filter frequencyΩm if Ωm is
chosen such that it lies in one of a number of bounded
intervalsIj

Ωm
. The number of such intervals varies de-

pending on the parametersα, Γ, θ andΩ0. One,I0
Ωm

,
is centered aroundΩm = 0 and exists for all parameter
choices.
Secondly, by comparing the limitsλ → 0 andλ →
∞, we find that there exist parameter regions in which
the injection limit λ → 0 has three EFM solutions
(steady states, named locked modes if they are stable),
whereas the LK-limitλ → ∞ has only one such solu-
tion (named ECM – external cavity mode – for a laser
with conventional feedback). This is somewhat surpris-
ing, since numerically, so far, only increments of the
number of EFMs to (1.5) have been observed for in-
creasingλ.
The last part of this work is a bifurcation analysis,

in which we analyse saddle-node (SN-)bifurcations of
EFMs that occur asλ is varied. We determine con-
ditions under which the bifurcation is creating of na-
ture (two EFMs appear asλ is increased) or anni-
hilating of nature (two EFMs disappear asλ is in-
creased). We conclude that all bifurcations of EFMs
with frequencyΩ between 0 (solitary laser frequency)
and Ωm (mean frequency of the filter) are creating
of nature, which corresponds to observations in nu-
merical studies (Yousefi and Lenstra, 1999; Yousefiet
al., 2001b; Yousefiet al., 2001a): the two ‘islands’ of
EFMs that have been observed for low values ofλ get
connected in a series of bifurcations, in which addi-
tional EFMs appear for increasingλ and no annihila-
tions occur in between.

2 Existence of EFMs
The basic solution of laser equations is the trivial so-

lution (E,N,F ) = (0, P, 0) of (1.5). When this basic
solution is stable there is no lasing activity; the laser is
off. Increasing the value of the pumpP it becomes un-
stable at the laser thresholdP = 0: the laser starts las-
ing and so-called external filtered modes or EFMs are
formed. Such solutions have constant intensities and
inversion, and a phase that depends linearly on time:

E(s) = Rei(Ωs+φ0), F (s) = SeiΩs andN(s) = N,
(2.1)

whereR, S,N, Ω andφ0 are constants. They are often
referred to as ‘fixed points’. Since the electrical fields
E andF are optically related, both have the same fre-
quency, possibly with a phase shiftφ0. These solutions
are easiest studied in a polar coordinate setting, with
Ωs defined as the linear part of the phase ofF :

E(s) = R(s)eiφ̃(s) = R(s)ei(Ωs+φ(s))

F (s) = S(s)eiψ̃(s) = S(s)ei(Ωs+ψ(s)).
(2.2)

Note here, thatΩ is the detuning of the frequencies
of E andF with respect to the solitary laser frequency
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Figure 1. Plot off andg as functions ofΩ as the parameterλ is increased. a. Only one EFM exists b. Two EFMs are formed in a saddle-node

bifurcation. c. There are three EFMs.

Ω0, i.e., the laser operates atΩL = Ω + Ω0.

Remark 2.1. In standard modelling of lasers with in-
jection,Ω is defined as the detuning of theinjected field
from the solitary laser frequency. HereF is in fact the
injected field, and it is thus natural to putΩs as the
full linear part ofF rather thanE. This choice means
that ψ(s) is purely nonlinear, and thatφ(s) may con-
tain constant terms. Note however, that in (Yousefi and
Lenstra, 1999) the opposite choice has been made in
the definition of the ‘fixed points’.

Using (2.2) forR,S 6= 0, we write (1.5) as

R′ = NR + ΓS cos(ψ − φ)
φ′ = αN + Γ S

R sin(ψ − φ)− Ω
S′ = λR(s− θ) cos(φ(s− θ)− ψ(s)− Ω0θ − Ωθ)

−λS

ψ′ = λR(s−θ)
S(s) sin(φ(s− θ)− ψ(s)− Ω0θ − Ωθ)

+Ωm − Ω
TN ′ = P −N − (1 + 2N)R2. (2.3)

EFMs (2.1) satisfyR′ = φ′ = S′ = ψ′ = N ′ = 0.
The resulting conditions can, forλ 6= 0, be written as

Γ2 S2

R2 = N2 + (Ω− αN)2 (2.4)

tan(φ0) = Ω−αN
N (2.5)

S2

R2 = λ2

λ2+(Ω−Ωm)2 (2.6)

tan(φ0 − Ω0θ − Ωθ) = Ω−Ωm

λ (2.7)

R2 = P−N
1+2N . (2.8)

In the LK-limit, λ → ∞, equation (2.6) reduces to
S2 = R2 and hence (2.4) is an ellipse in the(Ω, N)-
plane: it resembles the fixed point ellipse that is well-
known in the analysis of the LK-equations. The equa-
tion (2.8) is the relation betweenR andN as also found
in the Lang-Kobayashi and injection laser equations.
Note that (2.8) implies that solutions with real ampli-
tudeR, the physically relevant solutions, should sat-
isfy − 1

2 < N < P , for P > − 1
2 . See (Rottscḧafer and

Krauskopf, 2004).
From (2.3) one can also deduced that EFMs satisfy

N = −Γ S
R cos(φ0) = −Γ cos(φ0−Ω0θ−Ωθ) cos(φ0)

for λ 6= 0, so (2.5) and (2.7) can be rewritten as

Ω = −Γ cos(φ0 − Ω0θ − Ωθ) cos(φ0)(tan(φ0) + α)
Ω = λ tan(φ0 − Ω0θ − Ωθ) + Ωm. (2.9)

Although the equalitySR = cos(φ0 −Ω0θ−Ωθ) is not
necessarily satisfied in an EFM in the limitλ → 0, it
is useful to analyse the resulting equations (2.9) in this
limit. By elimination ofφ0, we derive from (2.9)

Ω = −Γ cos(φ0 − Ω0θ − Ωθ)(sinφ0 + α cos φ0)
= −Γ cos(φ0 − Ω0θ − Ωθ)×√

1 + α2 sin(φ0 + arctan(α))

= −Γ
√

λ2(1+α2)
λ2+(Ω−Ωm)2 × (2.10)

sin(Ω0θ + Ωθ + arctan
(

Ω−Ωm

λ

)
+ arctan(α)),

which corresponds to the equations in (Yousefi and
Lenstra, 1999). Theφ0 is only uniquely defined up to
π-periodicity, butΩ is equal for allφ0 + kπ, k ∈ Z.
Every solutionΩ of (2.10) corresponds to exactly one

EFM. Once such a value forΩ is determined, the un-
knownsR, S, N and φ0 can be obtained. However,
equation (2.10) is transcendental inΩ and it can there-
fore not be solved explicitly.
The main question adressed in this article is, how the

number of EFMs varies withλ, i.e., when the set-up is
varied from an injection laser to a laser with external
feedback. In order to study the EFMs, we define the
functions

f(Ω;λ) = −Γ
√

λ2(1+α2)
λ2+(Ω−Ωm)2 × (2.11)

sin(Ω0θ+Ωθ + arctan
(
Ω−Ωm

λ

)
+ arctan(α)),

g(Ω;λ) = Ω. (2.12)

Thus the solutions of (2.10) correspond to intersections
of f andg, and SN-bifurcations of EFMs occur when
both f = g and fΩ = gΩ. A combination of these
two requirements will lead to our bifurcation results.
In figure 1, the functionsf andg are plotted asλ is
increased.



3 Analysis in the limit λ → 0
In this section, we study system (1.5) in the limit

λ → 0 and especially focus on the number of EFMs. If
Ωm = O(1) and if the solution satisfies|F | = O(1)
with respect toλ, the third equation in (1.5) resem-
bles, for0 < λ ¿ 1, standard circular motion with
frequencyΩm in first order. Indeed, forλ = 0, the
equations in polar coordinates (2.3) yieldS′ = 0 and
ψ′ = Ωm − Ω, which, by the requirement thatψ con-
tains only nonlinear terms ins, results inΩ = Ωm and
S = const., soF (s) = SeiΩms. Substituting this into
the remaining equations of (1.5) yields

E′ = (1 + iα)NE + ΓSeiΩms,

TN ′ = P −N − (1 + 2N)|E|2,
(3.1)

which are exactly the equations for a single injection
laser. Hence whenλ = 0, the injected field strength
|F | is fixed and the detuning frequencyΩ equalsΩm.
The 5-dimensional system (1.5) for the filtered laser re-
duces to the 3-dimensional system describing the sin-
gle injection laser. The consequence is, that the phase
space of a single injection laser serves as a skeleton for
the behaviour of the semiconductor laser with filtered
feedback, as long as the filter width is sufficiently small
(0 < λ ¿ 1).

However, one should be careful here. Equations (2.6),
(2.7), (2.10) suggest a singular perturbation analysis
and introduction of a new independent variabley =
(Ω − Ωm)/λ. Consideringy as anO(1) independent
variable corresponds well with the intuitive expecta-
tion that the laser will operate at a frequency close to
the filter mean:Ω − Ωm = O(λ). In the sequel, we
analyse the fixed points, studying equation (2.10) for
Ω = Ωm + λy, with y = O(1) andλ ¿ 1. When
Ω− Ωm = O(1) however, we introducex = Ω− Ωm

and study (2.10) forΩ = Ωm + x, with x = O(1).

Remark 3.1. We assume thatΩm = O(1) throughout
the analysis. The more particular caseΩm = O(λ)
should be considered separately. We refer to (Hek and
Rottscḧafer, 2005) for this analysis.

3.1 The caseΩ− Ωm = O(λ)
For Ω − Ωm = O(λ) we setΩ = Ωm + λy so that

equation (2.10) becomes

Ωm + λy = −Γ
√

1+α2

1+y2×
sin[(Ω0 + Ωm + λy)θ + arctan(y) + arctan(α)],

(3.2)
Although (2.10) is not necessarily satisfied in the EFMs
for λ = 0, see section 2, theλ ↓ 0 limit of (3.2)

Ωm =

−Γ
√

1+α2

1+y2 sin[(Ω0 + Ωm)θ+arctan(y)+arctan(α)].
(3.3)

g
f

y

Figure 2. Plot off(y; 0) andg(y; 0) as functions ofy for a gen-

eral (negative) value ofΩ0 with cos D 6= 0, sin D 6= 0. When

Ωm is variedg moves up or down andf changes form, which leads

to bifurcation of intersection points off andg, the EFMs.

does play a role as limiting equation. Equation (3.2)
can again be written asf(y; λ) = g(y;λ), with Ω =
Ωm + λy substituted into (2.11) and (2.12). Hence,
EFMs for zero or smallλ can be studied as intersec-
tions off andg. With C := Γθ

√
1 + α2, the classical

feedback strength,D := (Ω0 +Ωm)θ+arctan(α) and
λ = 0 we write

f(y; 0) = − C

θ
√

1 + y2
sin[arctan(y) + D]

=
−C(y cosD + sin D)

θ(1 + y2)
, (3.4)

g(y; 0) = Ωm. (3.5)

The functionf(y; 0) has, unlesscos D = 0, a single
zero aty = − tan D and two extreme values, see figure
2. Furthermore,f satisfieslim|y|→∞ f(y; 0) = 0.
We only treat the casecosD 6= 0 here; for the more

degenerate casecosD = 0 we refer to (Hek and
Rottscḧafer, 2005). WhencosD 6= 0 the extrema are

f(y+) =
−C cos2 D

θ(2− 2 sinD)
= − C

2θ
(1 + sin D) < 0

with y+ =
− sinD + 1

cosD
, (3.6)

f(y−) =
C cos2 D

θ(2 + 2 sin D)
=

C

2θ
(1− sin D) > 0

with y− =
− sin D − 1

cosD
. (3.7)

See figure 2. Note that|f(y+)| 6= |f(y−)| unless
sin D = 0, in which case alsof(0; 0) = 0 andf is
an odd function. Sinceg(y; 0) = Ωm for λ = 0, it is
clear thatf(y; 0) = g(y; 0) has two solutions whenΩm

lies between the two extrema off :

− C

2θ
(1 + sin D) < Ωm <

C

2θ
(1− sin D). (3.8)

An equality on either side corresponds to a bifurcation
value: SN-bifurcations where two EFMs are formed or



disappear take place atΩm = ± C
2θ (1 ∓ sin D). Sub-

stituting the expressions forC andD, we see that the
bifurcations occur for thoseΩm satisfying

−Γ
2

√
1 + α2(±1+sin((Ω0+Ωm)θ+arctanα)))=Ωm.

(3.9)
So depending on the parameters, there exist a number
of bounded intervals inΩm-space in whichf = g has,
for λ = 0, two solutions. The parameterΩm can be
varied to enter or leave these intervals,i.e., to gain or
loose two EFMs via a SN-bifurcation. See figure 2.
Furthermore, the laser operates at a frequencyΩ =

Ωm + λy. Hence the fact that there are only a number
of bounded intervals inΩm-space in whichf(y; 0) =
g(y; 0) has two solutions, whilef(y; 0) = g(y; 0) has
no solutions for parameter valuesΩm outside these in-
tervals, says the following: given fixed parametersα,
Γ, θ andΩ0, the laser can in the small-λ regime only
operate at frequenciesΩ in a number of bounded in-
tervals. IfΩm is chosen in such interval, the laser will
(probably) operate at a frequencyO(λ) close to this
Ωm. If Ωm is more thanO(λ) away from these inter-
vals, there are no EFMs withΩ = Ωm + λy.

We now study theΩm-intervals where two EFMs ex-
ist. Their number changes when both equation (3.9)
holds and the derivatives with respect toΩm at both
sides of this equation are equal. Differentiating (3.9)
with respect toΩm yieldscos(Ωmθ+D1) = − 2

C , with
C as above andD1 := Ω0θ + arctan(α). Therefore,

Ωmθ + D1 = ±arccos
(− 2

C

)
+2kπ, (3.10)

sin(Ωmθ + D1) = ±
√

1− 4
C2 . (3.11)

These two equations combined with (3.8) yield that an
Ωm-interval is created or annihilated precisely when

− 1
2C

[
1±

√
1− 4

C2

]
+ D1 = Ωmθ + D1

= ± arccos
(− 2

C

)
+ 2kπ (3.12)

or − 1
2C

[
1±

√
1− 4

C2

]
+ D1 + C = Ωmθ + D1

= ± arccos
(− 2

C

)
+ 2kπ, (3.13)

where the plus and minus signs correspond to each
other. Rewriting these equations and substitutingD1,
we see that creation/annihilation of an interval is in
(α, Γ, θ, Ω0)-parameter space determined by

Ω0θ = ± arccos(− 2
C ) + 1

2C

±
√

C2

4 − 1− arctan α + 2kπ,

Ω0θ = ± arccos(− 2
C )− 1

2C

±
√

C2

4 − 1− arctan α + 2kπ.

(3.14)

Note that these expressions do not depend on the pa-
rameterP , the pump, and that these equalities can only

O π 2πθΩ0

Γ

II

II

III

II

I
II II

IV IV

V

III

I I

IV
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Figure 3. The curves (3.14) and the number of intervalsIj
Ωm

for

Ωm in (Ω0θ, Γ)-parameter space forλ → 0. WhenΩm in

chosen in these intervals, there exist 3 EFMs.

occur whenC2

4 − 1 ≥ 0, hence whenC > 2. When
C < 2, the number ofΩm-intervals remains fixed to
one that always exists: an interval aroundΩm = 0 of
which the size decreases to zero asΓ → 0. The curves
(3.14) are plotted in figure 3 in the(Ω0θ, Γ)-parameter
space where the number ofΩm-intervals is given in the
different regions.

From (3.9) and (3.14) we conclude the following

Lemma 3.2. Let λ → 0 and fix the parametersα,
Ω0, Γ and θ such thatcosD := cos(Ω0 + Ωm)θ +
arctan(α) 6= 0. If C = Γ θ

√
1 + α2 < 2, there is

a single open intervalI0
Ωm

aroundΩm = 0 such that
there are two solutionsΩ to (2.10), hence two EFMs,
with y = Ω−Ωm

λ = O(1) whenΩm ∈ I0
Ωm

and none if

Ωm /∈ I0
Ωm

.

For C = Γ θ
√

1 + α2 > 2, there is a number of inter-
valsIj

Ωm
such there are two solutionsΩ to (2.10) with

y = Ω−Ωm

λ = O(1) if Ωm ∈ Ij
Ωm

for somej and none

if Ωm /∈ Ij
Ωm

. The locus in parameter space of the
creations of these regions is given by (3.14).

Hence, the number of EFMs withΩ−Ωm

λ = O(1)
changes between zero and two asΩm is varied. Note
that, sinceθ is large in practice, the conditionC > 2
will be satisfied unless there is a very smallO( 1

θ ) cou-
pling strengthΓ.
The boundaries of the intervalsIj

Ωm
are given by the

(transcendental) equation (3.9).

3.2 The caseΩ− Ωm = O(1)
To analyse the caseΩ − Ωm = O(1), we introduce

Ω = Ωm + x with Ωm = O(1) andx = O(1), and
write the functionsf andg as functions ofx:

f(x; λ) = −λ C
θ
√

λ2+x2 sin
(
xθ + arctan

(
x
λ

)
+ D

)
,

g(x; λ) = x + Ωm, (3.15)

where againC = Γθ
√

1 + α2 andD = (Ω0 +Ωm)θ+
arctan α. The limit off(x; λ) asλ → 0 is well-defined



for all |x| > O(λ) and satisfiesf(x; 0) = 0 for ev-
ery |x| > O(λ). For x = O(λ) one should consider
x = λy, and (3.2) would be obtained. The functionf
in (3.15) has its zeroes wherearctan(x

λ ) + xθ + D =
kπ. As λ → 0, arctan(x

λ ) → π
2 for x > 0 and

arctan(x
λ ) → −π

2 for x < 0, hence the zeroes of
f(x;λ) at either side ofx = 0 areπ/θ apart asλ → 0.
For λ = 0, the functionsf(x; 0) andg(x; 0) intersect

in x = −Ωm sincef is identical zero. By the implicit
function theorem it follows that there exists a unique
intersection point off(x; λ) andg(x; λ) with (x;λ) ∈
(R\[−X, X]) × [0, λ0), for someX = O(λ), as long
asλ is small enough. We approximate this intersection
point using that itsx-coordinate must lie close to−Ωm:
we setx = −Ωm + λz. Thenf(z; λ) = g(z;λ) gives
in the limit λ → 0, with C andD substituted

z = −Γ
√

1+α2

Ωm
cos(Ω0θ + arctan α). (3.16)

An expression forΩ wheref andg intersect, hence for
theΩ-value of an EFM, can now be obtained by using
Ω = Ωm + x = λz. We conclude

Lemma 3.3. For λ → 0 and α, Ω0, Ωm = O(1), Γ
andθ fixed, there exists a solutionΩ to (2.10) withx =
Ω − Ωm = O(1). This solution is constant up to and
including orderO(λ), and is approximated by

Ω = −λΓ
√

1+α2

Ωm
cos(Ω0θ + arctan α).

Remark 3.4. This solution withΩ − Ωm = O(1),
corresponds to a solution with|ΩL − Ω0| = O(λ)
in (Erneux et al., 2004), whereas the solutions with
Ω − Ωm = O(λ) = λy correspond to the limit
|ΩL − Ωf | = O(λ).

Remark 3.5. The solution withΩ−Ωm = O(1) must
by (2.6) necessarily satisfySR = O(λ). This corre-
sponds to the intuition that if the injected field strength
S is (too) small, the laser prefers to operate at its own
solitary laser frequencyΩ0 instead of the frequency of
the injected light (with meanΩf = Ωm + Ω0).

To conclude we combine Lemmas 3.2 and 3.3 that
together give a complete overview of the number of
EFMs (number of solutions of (2.10)) that exist in vari-
ous parameter regions. From Lemma 3.3 it follows that
for λ → 0, there always exists one EFM. Combining
this with Lemma 3.2, where depending onΩm zero or
two EFMs exist, we find that asΩm is varied, the total
number of EFMs for (1.5) in the limitλ → 0 changes
between one and three, see figure 3.

4 Analysis in the limit λ →∞
In this section, we study the system (1.5) asλ → ∞.

Again, there are different cases to study for the two
orders of magnitude ofΩm, of which we only treat
Ωm = O(1) here.
In the limit λ → ∞, with Ωm = O(1) the equa-

tion for F in (1.5) simply reduces to the algebraic re-
lation F (s) = E(s − θ)e−iΩ0θ as long asF = O(1).

This means that the equations (1.3) reduce to the LK-
equations (1.1), and system (1.5) becomes the rescaled
form of the LK-equations as studied in (Rottschäfer and
Krauskopf, 2004). Withµ ≡ 1

λ it can be written as

E′ = (1 + iα)NE + ΓF,

TN ′ = P −N − (1 + 2N)|E|2,
µF ′ = E(s− θ)e−iΩ0θ + (iµΩm − 1)F.

(4.1)

By introducing rescaled times = µs̃ andθ = µθ̃ we
obtain the equivalent system

Ė = µ(1 + iα)NE + µΓF,

TṄ = µP − µN − µ(1 + 2N)|E|2,
Ḟ = E(s̃− θ̃)e−iΩ0θ + (iµΩm − 1)F,

(4.2)

where the dot denotes differentiation with respect tos̃.
Settingµ = 0 (µ → 0), equations (4.2) reduce tȯE =
Ṅ = 0 andḞ = E(s̃− θ̃)e−iΩ0θ−F = Ee−iΩ0θ−F ,
as long asΩm = O(1) and |F | = O(1) with respect
to µ. So, E andN are constant on thẽs-time-scale.
For µ = 0 the last equation of system (4.1) yields
F (s) = E(s−θ)e−iΩ0θ, meaning that the dynamics of
(4.1) is only defined when this holds. The flow is then
prescribed by the first two equations of system (4.1),
the (rescaled) LK-equations,

E′ = (1 + iα)NE + ΓE(s− θ)e−iΩ0θ,

TN ′ = P −N − (1 + 2N)|E|2.
(4.3)

Hence the EFMs of system (4.1) are the ECMs (exter-
nal cavity modes) of the LK-equation, with the addi-
tional restriction that they lie in{F = Ee−iΩ0θ}. In
the coordinates (2.1), these fixed points therefore sat-
isfy R = S andφ0 = Ω0θ.
Indeed, the relation for theΩ-values of the EFMs

(2.10) reduces in the limitλ → ∞ to the equation
f(Ω,∞) = g(Ω,∞), or

Ω = −Γ
√

1 + α2 sin(Ω0θ +Ωθ +arctan(α)), (4.4)

which equals, after a rescaling of parameters, the
relation for ECMs in the LK-equations given in
(Rottscḧafer and Krauskopf, 2004). Hence the results
from (Rottscḧafer and Krauskopf, 2004) concerning
ECMs and their formation in SN-bifurcations imme-
diately apply. As concluded there, SN-bifurcations
should also satisfyfΩ = gΩ, which together with
(4.4) yields the locus of SN-bifurcations in(Ω0θ, Γ)-
parameter space:

Ω0θ
± = ±[

√
C2 − 1+arccos(− 1

C
)]−arctanα+2kπ.

(4.5)
Note that this condition does not depend on the param-
eterP , the pump.



5 Comparison between limitsλ → 0 and λ →∞
In this section, we compare the results we so far ob-

tained in the limitsλ → 0 (injection limit) andλ →∞
(LK-limit). By comparing the equations (4.4) and (3.3)
we conclude:

Lemma 5.1. The equation (3.3),λ → 0 limit, has a
solutiony = 0 if and only ifΩm is a solution for the
equation (4.4),λ →∞ limit.

This means, that when the parametersα, Γ andθ are
chosen such that there is in the limitλ → 0 an EFM
with Ω = Ωm (the laser with filtered feedback acts ex-
actly as a laser with injected optical fieldΓSeiΩmθ),
then the laser with conventional feedback (the limit
λ → ∞) has an EFM withΩ = Ωm for the same
choices of the parametersα, Γ andθ.
For a laser operating at a fixed point determined by

(3.2), we have by (2.3)λy = Ω− Ωm = λR
S sin(φ0 −

(Ω0 + Ωm + λy)θ), from which the angleφ0 can be
solved. It follows that if it exists, so if the parameters
are chosen as in Lemma 5.1, an EFM withy = 0 satis-
fiesφ0 = (Ωm + Ω0)θ + kπ, k ∈ Z.

A second comparison between the LK-limit and injec-
tion limit can be made by looking at the curves where
EFMs are created/annihilated in both limits, hence, by
comparing (3.14) to (4.5). Recall that the curves (3.14)
for λ → 0 separate regions in the(Ω0θ, Γ)-plane where
the number ofΩm-intervalsIj

Ωm
changes, see figure 3.

WhenΩm is chosen in an intervalIj
Ωm

there are three
EFMs, of which two satisfy|Ω − Ωm| = O(λ) and
one satisfiesΩ = O(λ). WhenΩm is chosen outside
any intervalIj

Ωm
, only the one EFM withΩ = O(λ)

exists. The curves (4.5) in the LK-limit on the other
hand separate regions in the(Ω0θ, Γ)-plane with dif-
ferent number of EFMs.
In Figure 4, we plotted the curves (3.14) and (4.5) in

the (Ω0θ, Γ)-parameter space for anΩ0θ window of
length2π. When a black (thinner) line is crossed, a
pair of EFMs is created or annihilated in the LK-limit
λ →∞. When a blue (thicker) line is crossed, a region
Ij
Ωm

, where three EFMs exist, appears or disappears in
the injection limitλ → 0. In the figure, the number of
EFMs for the LK-limit is given in the various regions
separated by the curves. For theλ → 0 limit, the num-
ber ofΩm-intervals where three EFMs exist are given
(roman numerals).
We define the various regions in(Ω0θ, Γ)-parameter

space separated by the curves as follows:

Vk := {(Ω0θ, Γ)| eq. (4.4) hask solutions},
k = 1, 3, 5, . . .

Wl := {(Ω0θ, Γ)| ineq. (3.8) is satisfied inl regions},
l = I, II, III , . . .

(5.1)
The bifurcation curves in figure 4 do not depend on the
pump parameterP , so the figure is the same for any
value ofP . Moreover, the cusp point of the LK-limit is
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Figure 4. The SN-bifurcation curves (3.14) (blue thicker lines)

and the number of intervalsIj
Ωm

(roman numerals) in(Ω0θ, Γ)-

parameter space forλ → 0. For λ → ∞, the SN-bifurcation

curves (4.5) (black thinner curves) and the number of EFMs are

given. The tiny regionV1 ∩WIII is denoted by the arrow pointing

down to the III. See the text for further explanations.

found at(θΩ0,Γ) = (π − arctanα, 1
θ
√

α2+1
) and the

cusp points of theλ → 0 limit lies at(θΩ0, Γ) = (±1+
π − arctan α, 2

θ
√

α2+1
); hence the arrangement of the

curves is exactly as given in figure 4. Furthermore, it
can be shown that the first LK-curve lies ‘above’ the
curve forλ → 0 for any choice of the parameters.
We thus conclude

Theorem 5.2. Let α, P > 0 be given. Then the sets
V1∩WI, V1∩WII andV1∩WIII in (Ω0θ, Γ)-parameter
space are all nonempty.

Theorem 5.2 and figure 4 can be explained as follows.
Regardless ofΩ0θ, the LK-limit, λ → ∞, has one
EFM in the limit Γ ↓ 0, and a second and third so-
lution appear whenΓ is increased above the first bi-
furcation curve. Also regardless ofΩ0θ, the injection
limit, λ → 0, has one windowI0

Ωm
such that in the

limit Γ ↓ 0 there is a single EFM whenΩm /∈ I0
Ωm

and there are three EFMs ifΩm ∈ I0
Ωm

, see section 3.
The same is true for both limits in the whole (large)
regionV1 ∩WI, the shaded part of figure 4. For the in-
jection limit, a secondΩm-intervalI1

Ωm
appears when

Γ is increased above the first bifurcation curve, so that
(Ω0θ, Γ) ∈ V1 ∩WII, the striped part of figure 4. Here
three EFMs exist forΩm ∈ I0

Ωm
∪ I1

Ωm
and one EFM

otherwise. There is even a tiny regionV1 ∩WIII where
a thirdΩm-intervalI2

Ωm
appears. Hence in the sets of

Theorem 5.2, the LK-limit has only one EFM whereas
in the injection limit there areΩm-values for which
three EFMs exist.

6 Bifurcation analysis for varying λ
In this section we study bifurcations of EFMs asλ

varies fromλ = 0 to λ →∞. As these states are char-
acterised by theirΩ-coordinates determined byf =
g (2.11), (2.12), we study SN-bifurcations of EFMs
as solutions off(Ω; λ) = g(Ω; λ) and fΩ(Ω; λ) =
gΩ(Ω;λ) (or the same characterisation in one of the al-



ternative independent variablesx or y). Solutions of
this pair of equations are not easily found, so we alter-
natively use the following sufficient conditions to char-
acterise SN-bifurcations at which two EFMs arecre-
atedasλ is increased, here stated in they variable:

At a SN-bifurcation(y = y0; λ = λ0) two EFMs are
createdasλ is increased, if∀δ > 0 small enough one
of the following two statements holds:

i) f(y0; λ0) = g(y0; λ0) > 0
andf(y0; λ0 + δ) > g(y0;λ0 + δ),

ii) f(y0; λ0) = g(y0; λ0) < 0
andf(y0; λ0 + δ) < g(y0;λ0 + δ).

(6.1)
Moreover, for a SN-bifurcation taking place in(y =
y0; λ = λ0), the equationfy(y0; λ0) = gy(y0;λ0) also
holds.

Two EFMs will vanish under these conditions with
f(y0;λ0 + δ) < g(y0;λ0 + δ) in casei) or f(y0; λ0 +
δ) > g(y0; λ0 + δ) in caseii). Note here, that a non-
degeneracy conditionfyy 6= gyy = 0 should also hold
to assure a SN-bifurcation. WithC andD as before,
we have

f(y0; λ0 + δ) =
= − C

θ
√

1+y2
0

sin (λ0y0θ + δy0θ + arctan y0 + D)

= f(y0; λ0) cos(δy0θ) + 1
y0θ

∂f
∂λ (y0; λ0) sin(δy0θ).

(6.2)
This yields, by usingf(y0;λ0) = g(y0;λ0), the exact
expression

f(y0; λ0 + δ)− g(y0; λ0 + δ) =
f(y0; λ0) [cos(δy0θ)−1]+ ∂f

∂λ (y0;λ0)
sin(δy0θ)

y0θ − δy0

(6.3)
which determines whether EFMs are created or annihi-
lated at(y0, λ0). For δ ¿ 1, the first term of (6.3) is
of orderO(δ2) and the second of orderO(δ). Hence
the righthand side of (6.3) isO(δ) and the sign of
f(y0;λ0 + δ) − g(y0; λ0 + δ) depends on the relation
between∂f

∂λ (y0; λ0) andy0 as is stated in

Lemma 6.1. If there exists a constantK > 0 such that
∞ > ∂f

∂λ (y0;λ0) ≥ y0 + K, thenf(y0;λ0 + δ) −
g(y0;λ0 + δ) > 0 for δ > 0 sufficiently small. Anal-
ogouslyf(y0; λ0 + δ) − g(y0; λ0 + δ) < 0 for δ > 0
sufficiently small, if there exists a constantK > 0 such
that−∞ < ∂f

∂λ (y0;λ0) < y0 −K.

We now compute anexactpolynomial expression for
∂f
∂λ (y0; λ0), using the fact that in a bifurcation point
(y0;λ0) bothf(y0;λ0) = g(y0;λ0) = λ0y0 + Ωm and
fy(y0; λ0) = gy(y0;λ0) = λ0 hold. Substituting the
first into the second yields:

λ0 = − y0
1+y2

0
(λ0y0 + Ωm)

− C

θ
√

1+y2
0

[
λ0θ + 1

1+y2
0

]
cos (λ0y0θ+ arctan y0+D) .

(6.4)

This leads to

∂f

∂λ
(y0; λ0)=−y0

C√
1+y2

0

cos (λ0y0θ+ arctan y0+D)

= y0 +
y2
0θ(λ0y0 + Ωm)− y0

λ0θ(y2
0 + 1) + 1

. (6.5)

by substitution of (6.4). Thus, comparing∂f
∂λ (y0; λ0)

to y0, as should be done in order to apply Lemma 6.1,
comes down to determining the sign of the second term
of (6.5). The result is stated in

Lemma 6.2. In a bifurcation point (y0, λ0), the
derivative∂f

∂λ (y0; λ0) satisfies:

i) ∀y0∈(−∞, y−)∪(0, y+)∃k>0 : ∂f
∂λ (y0; λ0)=y0−k,

ii) ∀y0∈(y−, 0)∪(y+,∞)∃k>0 : ∂f
∂λ (y0; λ0)=y0+k,

with y± = −Ωm

2λ ± 1
2λ

√
Ω2

m + 4λ/θ.

Proof. Consider the second term of (6.5). Its denom-
inator is always greater than zero sinceλ0θ > 0, so
∂f
∂λ (y0; λ0) is a C1 function of y0 on R. The zeroes
of its nominatory2θ(λy + Ωm) − y are y = 0 and
y± = −Ωm

2λ ± 1
2λ

√
Ω2

m + 4λ/θ, wherey− < 0 < y+.
It is easily checked thaty2θ(λy + Ωm) − y < 0 for
y ∈ (−∞, y−) ∪ (0, y+) andy2θ(λy + Ωm) − y > 0
for y ∈ (y−, 0) ∪ (y+,∞), so by continuity the claim
is proved. ¤

Recalling the statements (6.1), the above results, with
Iy := (−Ωm

λ0
, 0) for Ωm > 0, Iy := (0,−Ωm

λ0
) for

Ωm < 0, in

Theorem 6.3. Letα, Γ, θ, Ωm andΩ0 be fixed and let
y± = −Ωm

2λ0
± 1

2λ0

√
Ω2

m + 4λ0/θ.
In a bifurcation point(y0, λ0) with λ0 > 0, two EFMs
are created ify0 ∈ (−∞, y−) ∪ Iy ∪ (y+,∞) whenλ
is increased fromλ0. Two EFMs disappear at a bifur-
cation point(y0, λ0) if y0 ∈ (y−, y+) \ Iy whenλ is
increased fromλ0.

Proof. The proof is by combining Lemmas 6.1 and 6.2
and the fact thatf(y0;λ0) = g(y0;λ0) > 0 if y0 >
−Ωm

λ0
and vice versa. ¤

Although this theorem gives a characterisation of val-
ues ofy, Ω, of SN-bifurcations for which the number of
EFMs increases or decreases, it is not clear yet whether
bifurcations can actually take place in each region of
y-values or not. To analyse whether annihilating bifur-
cations may occur or not, it is useful to observe that
the result in Theorem 6.3 is invariant under the trans-
formation{Ωm → −Ωm, y0 → −y0}. Hence we take,
without loss of generality,Ωm > 0 in the sequel.
In the following, we will narrow down the regions of

y where SN-bifurcations can occur by looking atf as
a function ofy. The envelope off serves as upper and
lower bounds:− C

θ
√

1+y2
≤ f(y; λ) ≤ C

θ
√

1+y2
. In a
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SN-bifurcation point(y0; λ0), wheref = g, this yields
the requirement

− C

θ
√

1+y2
0

≤ λ0y0 + Ωm ≤ C

θ
√

1+y2
0

. (6.6)

An equality at either side gives, after taking squares,
(λ0y0 + Ωm)2(1 + y2

0) = C2

θ2 . We therefore define

k(y0) = (λ0y0 + Ωm)2(1 + y2
0)− C2

θ2
, (6.7)

and analyse its sign depending ony0. Note thatk(y0)
is again invariant under{Ωm → −Ωm, y0 → −y0} so
we only studyΩm > 0. The inequality (6.6) is only sat-
isfied if k(y0) ≤ 0, which means that SN-bifurcations
can only occur for thosey0 with k(y0) ≤ 0. The func-
tion k(y0) satisfies

k′(y0)= 0 for y0 = −Ωm

λ0

or y0 = yp,m := 1
4λ0

[−Ωm±
√

Ω2
m − 8λ2

0],
(6.8)

whereyp,m only exist if Ω2
m ≥ 8λ2

0, and−Ωm

λ0
<

yp,m < 0 if Ωm > 0. Moreover,

k(0) = Ω2
m − C2

θ2 andk(−Ωm

λ0
) = −C2

θ2 < 0. (6.9)

Hencek(y0) always has a negative (local) minimum
in y0 = −Ωm

λ0
. Moreover, limy0→±∞ k(y0) = ∞

so k has at least two zeroesy±k , y−k < y+
k . Turning

back to (6.6) we observe that there is a bounded region
[y−k , y+

k ] outside which the inequality is never satisfied,
and thatλ0y

−
k + Ωm < 0 andλ0y

+
k + Ωm > 0. This

region is split into two intervals when the local maxi-
mumym and minimumyp exist and satisfyk(ym) > 0
andk(yp) < 0, resulting in two more zeroesy1,2 of k
with y1,2 ∈ Iy.
The relative positions of zeroes ofk(y0) and the points

y0 = 0, −Ωm

λ0
and y±, that form the boundaries

between creation and annihilation of EFMs in Theo-
rem 6.3, determine whether bifurcations of creating or

annihilating nature are possible or not. We compute

k(y±) = 1
4 [(Ωm ±

√
Ω2

m + 4λ0
θ )2 + 4

θ2 ]− C2

θ2 ,

(6.10)
from which can be deduced that

k(y+; Ωm) = 0 iff Ωm = Ω+
m (6.11)

k(y−; Ωm) = 0 iff Ωm = Ω−m. (6.12)

HereΩ±m := ±1√
C2−1

[ 1θ (C2−1)−λ0]. Thusk(y±) = 0
is only possible if the remaining parameters satisfy

C = θΓ
√

1 + α2 > 1 (6.13)

(recall thatC, θ > 0), i.e., while varyingΩm a zero
of k(y0) can only pass throughy± if (6.13) holds. We
now have sufficient information to conclude

Lemma 6.4. If C = θΓ
√

1 + α2 ≤ 1, thenany SN-
bifurcation withy0 /∈ Iy results in an annihilation of
two EFMs. Moreover, any SN-bifurcation withΩm <
C
θ andy0 ∈ Iy or with Ωm > C

θ andy0 ∈ [−Ωm

λ0
, y+

k ]
results in acreationof two EFMs.

Proof. For C ≤ 1, theΩ±m do not exist sok(y±) has
the same sign for everyΩm. We determine this sign by
observing that forΩm = 0

k(y±; Ωm = 0)

{
> 0 if λ0 > 1

θ (C2 − 1)
< 0 if λ0 < 1

θ (C2 − 1).
(6.14)

From this and the fact thatλ0 > 0, it is clear that
if C ≤ 1, k(y±) ≥ 0 for all Ωm > 0. Since
SN-bifurcations are only possible within the interval
[y−k , y+

k ] ⊂ [y−, y+], this, combined with Theorem 6.3,
implies that at any bifurcation withΩm > 0 and
y0 /∈ Iy two EFMs are annihilated. The symmetry
yields the same conclusion forΩm < 0. ¤

In the caseC > 1, the zeroes ofk and the pointsy±
do change place asλ0 andΩm are varied. By a care-
ful analysis, see (Hek and Rottschäfer, 2005) for more
details, we conclude



Lemma 6.5. With C = θΓ
√

1 + α2 > 1, EFMs are
created in a SN-bifurcation for
y0 ∈ [y−k , y−] if 0 < λ0 < 1

θ (C2 − 1),
and if λ0 > 1

θ (C2 − 1) with Ωm > Ω−m,

y0 ∈ Iy if 0 < Ωm < C
θ ,

y0 ∈ [−Ωm

λ0
, y+

k ] if Ωm > C
θ ,

y0 ∈ [y+, y+
k ] if 0 < λ0 < 1

θ (C2 − 1)
with 0 < Ωm < Ω+

m.

Annihilation of EFMs occurs in a SN-bifurcation for
y0 ∈ [y−,−Ωm

λ0
] if 0 < λ0 < 1

θ (C2 − 1),
and if λ0 > 1

θ (C2 − 1) with Ωm > Ω−m,

y0 ∈ [0, y+
k ] if 0 < λ0 < 1

θ (C2 − 1), Ω+
m < Ωm < C

θ ,

and ifλ0 > 1
θ (C2 − 1) with Ωm < C

θ ,

y0 ∈ [0, y+] if 0 < λ0 < 1
θ (C2 − 1), with Ωm < Ω+

m,

y0 ∈ [y−k ,−Ωm

λ0
] if λ0 > 1

θ (C2 − 1)
with 0 < Ωm < Ω−m.

In figure 5, plots of the functionsf and g show an
example of an annihilating bifurcation.
Having thus characterised more precisely for which

parameters SN-bifurcations of creating or annihilating
nature can occur, it is useful to make to additional re-
marks about our results in relation to others.

Remark 6.6. Saddle-node bifurcations of EFMs with
y0 ∈ Iy form a bifurcation sequence that, asλ is
increased from0 to ∞, results in connection of the
two ’islands’ of fixed points mentioned in (Yousefi and
Lenstra, 1999). Theλ → 0 limiting EFMs close to
Ω = 0 andΩ = Ωm (if they exist) are the limiting
‘island’ configuration, and by Theorem 6.3 all bifurca-
tions in this sequence are of creating nature.

Remark 6.7. The two islands mentioned in remark 6.6
become connected wheng(y) and the envelope off(y)
are tangent in someyc ∈ Iy, i.e., for λ = λc such that
± C

θ
√

1+y2
c

= λcyc +Ωm and∓Cyc

θ (1+y2
c )−3/2 = λc.

See (Green and Krauskopf, 2005).

7 Conclusions
In the literature various versions of the equations for

an injection laser and the Lang-Kobayashi equations
occur. We showed that, if they are rescaled in the same
way, they are theλ → 0 and λ → ∞ limits of the
model for a semiconductor laser with filtered external
optical feedback. Hence the relation between ‘fixed
points’ in both limits (steady states and ECMs, respec-
tively) can be studied. By a careful analysis we thus
characterised saddle-node bifurcations that are creating
and annihilating of nature. The presence of the latter
was rather surprising, as they were not found before in
numerical studies.
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Hek, G. M. and V. Rottscḧafer (2005). Filtered exter-
nal optical feedback in semiconductor lasers: from
conventional feedback to optical injection. In prepa-
ration.

Krauskopf, B. and D. Lenstra (2000).Fundamental is-
sues of nonlinear laser dynamics. American Institute
of Physics, Melville, New York. AIP Conf. Proc.548.

Lang, R. and K. Kobayashi (1980). External opti-
cal feedback effects on semiconductor injection laser
properties.IEEE J. Quant. Electr.QE-16, 347–355.
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