
Assignment-set 2 Patterns, Chaos and Bifurcations

Deadline to hand in: 2 April 2020, 9.15u

1.) Consider the (time-periodic) Hamiltonian

H(p, q, t) =
p2 + q2

2
− 1

3
q3 − εq sin(t)

where ε � 1 and the corresponding (Hamiltonian) system. In this exercise we
analyse the existence of transverse homoclinic orbits for all ε 6= 0.

(a) Determine the system that corresponds to this Hamiltonian.

(b) Sketch the phase plane for ε = 0. For this, determine fixed points, their char-
acter and possible homoclinic or heteroclinic orbits.

(c) Determine an expression for p and q for all homoclinic and heteroclinic solutions
that exist for ε = 0. Give an explicit calculation.
Hint: Use the expression for the Hamiltonian and the value of the Hamiltonian
of the solutions.

(d) Determine the Melnikov function. For this you can use that∫ ∞
−∞

cos(t)

cosh2( t2)
dt = 4

π

sinh(π)
.

When do transverse homoclinic orbits exist?

(e) Assume that the transverse intersection occurs for t = t∗. Sketch the unstable
and stable manifolds in (q, p)-space for t < t∗, t = t∗ and t > t∗.

2.) Consider the undamped sine-Gordon equation

dθ

dt
= v

dv

dt
= − sin(θ) + ε(α+ γ cos(t))

where 0 < ε� 1.

(a) Determine the corresponding Hamiltonian.

(b) Sketch the phase plane for ε = 0. For this, determine fixed points, their char-
acter and possible homoclinic or heteroclinic orbits.

(c) For ε = 0, determine an expression for θ and v for all homoclinic and heteroclinic
solutions that satisfy −3π

2 < θ < 3π
2 . Give an explicit calculation.

Hint: Substitute θ = 4φ.



(d) Use the Melnikov method to determine bifurcation curves near which quadratic
homoclinic tangencies occur.
Hint: You can use that ∫ ∞

−∞

cosn(t)

cosh(t)
dt =

π

coshn(π/2)

for n = 0, 1.

3.) Consider
d2x

dt2
+ f(x) = εg(x, t)

where 0 < ε � 1, F ′(x) = f(x), g(0, t) = 0 and F (0) = 0. Assume that for ε = 0
there exists a solution homoclinic to the saddle fixed point (x, y) = (0, 0).

(a) Determine the Hamiltonian H of the system for ε = 0.

(b) Now take ε 6= 0. Show that the saddle fixed point persists, determine it and
denote it by pε.

(c) Determine the value of H at the (first) intersection of W u(pε) with the x-axis
and denote it with Hu. Also, determine the value of H at the (first) intersection
of W s(pε) with the x-axis and denote it with Hs.

(d) By using Hs and Hu, determine a condition to test if the manifolds W u(pε)
and W s(pε) intersect transversally (or not). Relate it to the Melnikov method.


