
Assignment-set 3 Bifurcations and Chaos

Deadline to hand in: 2 May 2016, 13.45u

1.) Define the function
ga = ax(1− x),

where a ∈ R. Recall that the stability of a point x is determined by the value of
|g′(x)|

(a) Describe the bifurcations that occur at a = −1 and a = 3.

(b) Determine all period 2 points.

(c) Now, we study the function on the interval I = [0, 1]. Determine a∗ such that
there exist exactly two x∗ ∈ g−1(I) ∩ I for which |g′(x∗)| = 1 and on the rest
of g−1(I) ∩ I, |g′(x)| > 1. Show that for a > a∗ there exists a µ > 1 such that
|g′(x)| ≥ µ on g−1(I) ∩ I. Determine the largest possible value of µ.

2.) In this exercise we analyse the behaviour of the discrete dynamical system given by
the family of cubic functions

fλ = λx− x3.

(a) Describe the dynamics of this family of functions for all λ < −1.

(b) Describe the bifurcation that occurs at λ = −1.

(c) Describe the dynamics of fλ when −1 < λ < 1.

(d) Describe the bifurcation that occurs at λ = 1.

(e) Find a value of λ, λ∗ for which fλ∗ has a pair of invariant intervals I± = [0,±x∗]
each of which is mapped surjectively to itself by fλ∗ , and which can be split
into two intervals I±1 and I±2 on which fλ∗ : I±1 → I± and fλ∗ : I±2 → I± are
bijective.

(f) Describe the change in dynamics that occurs when λ increases through λ∗.

(g) Describe the dynamics of fλ when λ is very large, and describe the structure
of its invariant set Λλ.

(h) Prove that for λ large, fλ is chaotic on Λλ by using chaotic dynamics.

3.) Consider the Horseshoe mapping f on the unit square S = [0, 1]× [0, 1] and the set
Λ = {x|f i(x) ∈ S,−∞ < i <∞}.

(a) Show that all the periodic orbits in Λ are of saddle type.

(b) Show that Λ contains countably many (infinite) heteroclinic and homoclinic
orbits.


