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Let R be a ring. The we denote by Gfl(R) the Grothendieck group of finite length

R-modules. From the notes on such groups we recall the following.

Let R be a Noetherian domain of dimension 1 and K its fraction field. Let V be a

finite dimensional K vector space. Then a lattice L in V is an R submodule of V

which is finitely generated and projective as an R module and such that the K-span

of L is all of V .

For two such lattices L1 and L2 we have defined the index [L1 : L2] as the element of

Gfl(R) satisfying

[L1 : L2] = [L1/L3]− [L2/L3]

where L3 is a lattice contained in the intersection of L1 and L2.

If L is a lattice in V of dimension d, then ∧d
RL is a lattice inside ∧d

KV of rank 1.

Theorem. Suppose L1 and L2 are lattices in V of dimension d, then [L1 : L2] =

[∧dL1 : ∧dL2].

Sketch of proof. If L1 and L2 are free R-modules, then there is an automorphism α

of V such that L2 = αL1 and we know from the theory of Grothendieck groups that

AutKV //

det $$IIIIIIIII Gfl(R)

K×

;;vvvvvvvvv

commutes. By multilinear algebra, the index of the top exterior powers is the deter-

minant of the endomorphism. So we see the theorem holds true in this case. For the

general case we reduce to the free case by localising.

If R is a Dedekind domain then Gfl(R) is naturally isomorphic to the ideal group

I(R) of R. In this case we have a more direct way to compute the index of two

lattices. Consider latices L1 and L2 inside a vector space V of dimension d. Then

∧dL1 and ∧dL2 are inside the one-dimensional vector space ∧dV . If we now choose a

basis of this vector space it becomes K and the two lattices become fractional ideals

and the index is given by

[L1 : L2] =
{
α ∈ K : α∧dL1 ⊂ ∧dL2

}
.

Suppose T is a bilinear pairing of a vector space V of dimension d, that is, a bilinear

map V × V −→K. We call T non-degenerate if the induced map

φ : V −→ V ∗

x −→ [y−→T (x, y)]

is an isomorphism of K vector spaces. Conversely, any K-linear map ψ : V −→V ∗

gives rise to a bilinear pairing sending (x, y) to [ψ(x)](y).
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Let T be a pairing and corresponding φ the corresponding map V −→V ∗. Then for

any positive integer k we get a map

∧kφ : ∧kV −→∧k(V ∗).

Since∧k(V ∗) is naturally isomorphic to (∧kV )∗, we see that we get an induced pairing

∧kT on ∧kV . Moreover this pairing is non-degenerate if and only if T is.

Let L be a lattice inside the vector space V of dimension d and let T be a pairing

on V . Then we define the discriminant of L relative to T as the image in K of

∧dL ⊗R ∧dL under the induced pairing of T on ∧dV . If T is non-degenerate, the

disciriminant is a fractional ideal of R and is denoted ∆L,T . If T is degenerate, then

the disciriminant is 0. From the definition we see at once the the class [∆L,T ] of the

discriminant is a square in the class group of R.

If we fix a basis of L, say L =
⊕d

i=1Rei, then we can compute the discriminant as the

ideal generated by Det(T (ei, ej))ij. Looking at the behaviour of this formula under

a change of basis, we see that this deteminant is well-defined up to a square in R∗.

For example, if R is Z then this determinant is independent of the chosen basis. In

this case one often takes this determinant as the definition of the discriminant, as it

gives slightly more information.

Suppose now that R is a Dedekind domain. We list a few properties relating discri-

minants and indices in this case.

1. If L1 and L2 are two lattices in V , then ∆L1,T = ∆L2,T [L2 : L1]
2.

2. If L1 ⊂ L2 are two lattices in V and T is non-degenerate, then ∆L1,T = ∆L2,T

if and only if L1 = L2.

3. Let L be a lattice and write L∗ for HomR(L,R). Let φ be the map L−→L∗

sending x to y 7→ T (x, y). Then we can compute the discriminant as ∆L,T =

[L∗ : im(φ)].

We usually apply the theory we have just developed in the following setup. Let A

be a Dedekind domain, K its field of fractions, L a finite extension of K and B an

A-algebra that is an A-lattice in L. In this case there is a natural pairing on L: the

trace map, which sends (x, y) to Tr(xy). This pairing is non-degenerate if and only

if L is a separable extension of K. From now on we assume this. We define the

discriminant ∆B/A of B over A as ∆B,Tr.

In this context we have the notion of a trace dual, B†, the set {x ∈ L : Tr(xB) ⊂ A}.
The trace dual is also an A-lattice in L. Note that we have an A-module isomorphism

B†−→B∗ sending x to the map y−→Tr(xy). Both B∗ and B† are also B-modules

and the above isomorphism is actually an isomorphism of B-modules. If B is a

Dedekind domain, then B† is a fractional B-ideal. Its inverse is called the different

and we write DB/A.

Since B is contained in B†, the different (its inverse) is contained in B, so DB/A is a
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non-zero B-ideal. We see that

∆B/A = [B† : B] as A-modules

DB/A = [B† : B] as B-modules.

The theory of indices now tells us that NL/K(DB/A) = ∆B/A.

In number theory we often consider the case where A = Z and K = Q. The ring B

then becomes a subring of OL, the ring of integers of L. In this case we have ∆B/Z =

[OL : B]2∆OL/Z. The latter discriminant is often refered to as the discriminant of

the number field L and written ∆L/Q. The properties of discriminants that we have

discussed can then be used to verify if a particular order within the number field is

actually the ring of integers.

Lastly, we mention the behaviour of the different and the discriminant in towers

of rings. Consider a Dedekind ring A with field of fractions K. Let L be a finite

separable extension of K and M a finite separable extension of L. Let B and C be

the integral closure of A in L and M respectively. Then we have

DC/A = DC/BDB/A

and

∆C/A = ∆
[M :L]
B/A NB/A(∆C/B).

To prove the first formula, let I be any C-ideal and observe we have the following

chain of implications.

I ⊂ D−1
C/B ⇔ TrC/B(I) ⊂ B ⇔ D−1

B/ATrC/B(I) ⊂ D−1
B/A

⇔ TrB/A(D−1
B/ATrC/B(I)) ⊂ A ⇔ TrB/A(TrC/B(D−1

B/AI)) ⊂ A

⇔ D−1
B/AI ⊂ D

−1
C/A

This concluded the proof of the first formula. The second one follows by applying

the norm to the first.

Finally, we indicate a way to compute discriminants in many cases. Let A be a

commutative ring and f a monic polynomial in A[z] of degree n . Put B = A[z]/f

and write B = A⊕ αA⊕ · · · ⊕ αn−1A, where α is the class of Y modulo f .

First of all, note that in this case HomA(B,A) is a free B-module of rank 1 generated

by λ :
∑

i aiα
i 7→ an−1. It is clear that as an A-module, HomA(B,A) is generated by

the λj :
∑

i aiα
i 7→ aj for j from 0 to n− 1. Let x =

∑
i aiα

i be in B. Note that we

have

λi+1(αx) = ai + λi+1(an−1α
n) = λi(x) + λn−1(x)λi+1(α

n),

so λi is in the B-span of λi+1 and λn−1. The result now follows by induction.

Finally, we claim that TrB/A is equal to f ′(α)λ in HomA(B,A). We have seen earlier

that the disciminant can be computed using a determinant of trace values. So an

easy description of the trace map as we have here makes it easy to compute the

discriminant. So how do we prove this equality?
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Consider the rings A = A[[ 1
x
]][x][ε], where ε2 = 0, and B = B ⊗A A = A[z]/f . Note

that in B we have the expansion

1

x− α
=

1

x

(
1 +

α

x
+
α2

x2
+ · · ·

)
.

One checks that traces and norms work on B and A in the way that one expects.

Applying the trace map to the previous formula we then obtain

Tr

(
1

x− α

)
=

∑
m≥0

Tr(αm)

xm+1
.

A straightforward computation shows that for all ξ we have N(1 + ξε) = 1 + Tr(ξ)ε.

From this we see that

N

(
1− ε

x− α

)
= 1− Tr

(
1

x− α

)
ε.

Also note that N(x− α) = f(x) and N(x− α− ε) = f(x− ε) = f(x)− f ′(x)ε.

Putting these together, we observe that

f(x)− f ′(x)ε = N(x−α− ε) = N(x−α)N

(
1− ε

x− α

)
= f(x)− f(x)Tr

(
1

x− α

)
holds and therefore we have

f ′(x) = f(x)
∑
m≥0

Tr(αm)

xm+1
.

When we multiply this expression by xk for some positive integer k we obtain a

formula of the form

f(x) · polynomial + f(x)

(
Tr(αk)

x
+ l.o.t.

)
= f ′(x)xk.

As the righthand side and the first term on the lefthand side are both polynomials,

so is the second term on the lefthand side. The leading term of this polynomial is

Tr(αk)xn−1. Since this expression lives in A[x], we can substitute α for x to obtain

an expression that holds in B. The first term on the left vanishes, as f(α) = 0. So

we get

αn−1Tr(αk) + (l.o.t. in α) = f ′(α)αk.

Applying λ to this expression we observe that Tr(αk) = (f ′(α)λ)(αk) holds for every

non-negative integer k. Since α0 upto αn−1 form an A-basis for B, we see that

Tr = f ′(α)λ holds in HomA(B,A).

As an encore, we shall show which element of B maps to the i-th coefficient map λi

in HomA(B,A). First of all, factor

f(x) = (x− α)(
n−1∑
i=0

cix
i)
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in B[x]. Note that ci−αci+1 is the (i+1)-th coefficient of f(x) and therefore we have

αci+1 − ci = −λi+1(α
n).

Compare this to the recurrence formula for the λi we derived earlier

αλi+1 = λi + λn−1λi+1(α
n).

Since cn−1 = 1 maps to λ = λn−1 we conclude by induction that ci maps to λi.
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