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, Über komplexe Banachverbandsalgebren, J. Funct. Anal. 37 (1980),
no. 3, 382–400, DOI 10.1016/0022-1236(80)90050-6 (German, with English
summary). MR581429 (81m:46064)
, FF-Banachverbandsalgebren, Math. Z. 177 (1981), no. 2, 193–205,
DOI 10.1007/BF01214199 (German). MR612873 (82f:46060)
, Banachverbandsalgebren mit einer natürlichen WedderburnZerlegung, Math. Z. 185 (1984), no. 4, 521–531, DOI 10.1007/BF01236261
(German). MR733772 (85h:46070)
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, Über Reynoldsoperatoren und “Mittelwert bildende” Operatoren auf
halbeinfachen F -Banachverbandsalgebren, Math. Nachr. 162 (1993), 329–337
(German). MR1239593 (95c:47042)
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MR1202880 (94d:47027) 47B38 46B42 46E30 47A10 47B60
Abramovich, Y. A. [Abramovich, Yuriı̆ Aleksandrovich] (1-INPI) ;
Arenson, E. L. ; Kitover, A. K.
⋆Banach C(K)-modules and operators preserving disjointness. (English
summary)

Pitman Research Notes in Mathematics Series, 277.
Longman Scientific &Technical, Harlow; copublished in the United States with John
Wiley &Sons, Inc., New York, 1992. vi+159 pp. ISBN 0-582-21020-8
In this research monograph the authors study the properties, in particular the spectral
properties, of weighted composition operators in spaces of measurable (vector-valued)
functions in the abstract framework of C(K)-modules. Here a Banach space X is called
a C(K)-module if there is also given a closed subalgebra A of the space L(X) of all
bounded linear operators which is isometrically isomorphic to an algebra C(K) for some
compact Hausdorff space K. A Banach C(K)-module X has the property that every
closed principal A-submodule has naturally the structure of a Banach lattice. This local
structure of Banach lattices allows the authors to extend the notions of order ideal,
center, disjointness and disjointness-preserving operators to Banach C(K)-modules.
The class of Banach C(K)-modules includes all Banach lattices, lattice-normed spaces
and certain tensor products of Banach lattices with Banach spaces. Many of the results
in this monograph are first obtained for Banach lattices and then extended to Banach
C(K)-modules. Even in the Banach lattice case the authors obtain some remarkable
improvements of known results; e.g., they prove the following theorem: If X is a Banach
lattice with the property that the Lorentz seminorm lX (x) = inf{supα kxα k: 0 ≤ xα ↑
|x|} is a norm and if T is a disjointness-preserving operator on X with mutually
disjoint powers, then the spectrum σ(T ) is rotation invariant. This result holds in
particular for any Banach function space of measurable functions, and it considerably
improves all previously known results in this direction. Another remarkable result is the
generalization of Bade’s theorem obtained by the authors. They prove that if X is a
C(K)-module as defined above, then every linear operator (a priori not assumed to be
continuous) which maps every C(K)-invariant subspace into itself belongs to the weak
operator closure of C(K) in L(X). Moreover, this closure is a reflexive operator algebra
and can be characterized as the center of X. The authors also obtain a dual version
of Bade’s theorem: the center of the C(K)-module X ∗ coincides with the space of
operators for which each σ(X ∗ , X)-closed C(K)-invariant subspace of X ∗ is invariant.
For further results, in particular for results about disjointness-preserving operators
on Banach C(K)-modules, we refer the reader to this interesting book. One warning
is however in order: unfortunately (in the reviewer’s opinion) the authors came only
halfway in adopting common notation and terminology in the English literature on
this subject; e.g., they use xdy (which is the common Russian notation) to denote
x ⊥ y and use the term “unextending operator” (a literal translation of the Russian
term), which has not been used before in the English literature on this subject, whereas
other commonly used terms could have been used. Finally, the reviewer notes that the
statement of Proposition 12.15(3) is slightly incorrect. The reader should consult the
(correct) proof for the correct statement.
Anton Schep
c Copyright American Mathematical Society 1994, 2014
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MR638681 (83a:46014) 46A40
Aiena, P. ; Oliveri, U.
Pure states in ordered locally convex Hausdorff spaces.
Rend. Circ. Mat. Palermo (2) 29 (1980), no. 3, 427–434 (1981).

Consider a locally convex Hausdorff vector space E ordered by a cone K which has an
interior point e. A linear functional f on E is said to be a (K, e)-pure state whenever
(a) f ≥ 0 (i.e., f (x) ≥ 0 holds for all x ∈ K), (b) f (e) = 1, and (c) 0 ≤ g ≤ f implies
g = λf for some 0 ≤ λ ≤ 1. Theorem 1: If M is a subspace of E and e ∈ M , then every
(KM , e)-pure state (where KM = K ∩ M ) extends to a (K, e)-pure state. Theorem 2:
If A is a real commutative ordered Banach algebra and M is a subalgebra with e ∈
M , then each maximal convex algebra ideal of M extends to a maximal convex algebra
ideal of A.
C. D. Aliprantis
c Copyright American Mathematical Society 1983, 2014
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MR2892579 (Review) 46B42 46H05 47A10 47B65
Alekhno, Egor A. (BE-BELM)
The irreducibility in ordered Banach algebras. (English summary)
Positivity 16 (2012), no. 1, 143–176.

The author extends the study of the spectral theory of positive elements in ordered
Banach algebras initiated in two papers by H. Raubenheimer and S. Mouton [Indag.
Math. (N.S.) 7 (1996), no. 4, 489–502; MR1620116 (99i:46035); Positivity 1 (1997),
no. 4, 305–317; MR1660397 (2000a:46070)].
After some preliminaries, the author studies the Frobenius normal form of a positive
element, algebras with a disjunctive product, spectral properties of irreducible elements,
and some applications to the spectral theory of positive elements. We mention that the
theorem about the Frobenius normal form was obtained in the previous literature
but from another point of view [J. J. Grobler and C. J. Reinecke, Integral Equations
Operator Theory 28 (1997), no. 4, 444–465; MR1465321 (98g:47030); R.-J. Jang and
H. D. Victory Jr., Pacific J. Math. 157 (1993), no. 1, 57–85; MR1197045 (93m:47042)].
I think that this work is very elaborate and the results obtained are interesting.
Rodica-Mihaela Dăneţ
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MR593826 (81m:47053) 47B55 47B05
Aliprantis, Charalambos D. ; Burkinshaw, Owen
Positive compact operators on Banach lattices.
Math. Z. 174 (1980), no. 3, 289–298.

The authors prove some compactness theorems for positive linear operators with compact majorants. The principal results of interest are as follows. Let Ei (i = 1, 2, 3, 4) be
Banach lattices and let Si , Ti (i = 1, 2, 3) be positive linear maps from Ei to Ei+1 such
that 0 ≤ Si ≤ Ti for i = 1, 2, 3. If each Ti is compact, then the composition S3 S2 S1 is
likewise compact. Similarly, if either E1′ or E2 has order continuous norm, then the composition S2 S1 is compact. These results complement the result of the reviewer and D.
H. Fremlin [Israel J. Math. 34 (1979), no. 4, 287–320 (1980); MR0570888 (81g:47037)]
that if T1 is compact, then S1 is also compact, provided the norms on E1′ and E2 are
order continuous. Some examples are given to show that the results cannot be improved.
Peter Dodds
c Copyright American Mathematical Society 1981, 2014
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MR1214920 (94d:47035) 47B65 47A10 47A58
Aràndiga, F. (E-VLNCM) ; Caselles, V. [Caselles, Vicent] (E-VLNCM)
Approximations of positive operators and continuity of the spectral radius.
J. Operator Theory 26 (1991), no. 1, 53–71.

One of the main and typical results of this interesting paper is the following one: Let
E be a Banach lattice over C and let (Tn ) be a sequence of positive linear operators
converging strongly to the operator T . Moreover, assume that lim k(Tn − T )+ k = 0 and
that the spectral radius r(T ) of T is a pole of the resolvent with finite–dimensional
projection. Then the sequence (r(Tn )) of the spectral radii of Tn converges to T .
The paper also contains interesting applications of this and related results, e.g., to
a transport equation. Moreover, the paper fascinates by a masterly use of ultrapower
techniques which are interesting in themselves.
Unfortunately, there are many irritating misprints of which I mention
only the folL
lowing most misleading ones: (1) p. 56, 6th line from above, read λ∈πσ(T ′ ) in place
L
of λ∈σ(T ′ ) ; (2) same line, read mE ′ (b
z ) = 0 in place of mE ′ (z) 6= 0; (3) p. 56, 10th line
from above, read λ > r(T − P T ) in place of λ < r(T − P T ).
{For Part II see the following review.}
Manfred Wolff
c Copyright American Mathematical Society 1994, 2014
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MR1156436 (94d:47036) 47B65 47A75
Aràndiga, F. (E-VLNCM-AN) ; Caselles, V. [Caselles, Vicent] (F-FRAN)
Approximations of positive operators and continuity of the spectral radius. II.
Math. Z. 209 (1992), no. 4, 547–558.

Let E be a weakly sequentially complete Banach lattice and let T = T1 + T2 be a positive
linear irreducible operator on E, where T1 , T2 ≥ 0 and T2 is an abstract kernel operator.
Suppose that the spectral radius r(T ) of T is a Riesz point of the spectrum of T . Under
these hypotheses the authors prove the following theorem: Let (Sn ) be a sequence of
positive linear operators converging uniformly on order intervals to T , and assume
that k(Sn − T )+ k → 0. Let (vn ) be a sequence of positive normalized vectors such that
limn kSn vn − r(Sn )vn k = 0. Then vn → v where v is the unique positive normalized
solution of T v = r(T )v.
This result and some others related to it are proved by an interpolation technique of
Davis et al. and by a corresponding convergence result for operators on reflexive Banach
lattices of Part I of this paper [J. Operator Theory 26 (1991), no. 1, 53–71; see the
preceding review].
Manfred Wolff
c Copyright American Mathematical Society 1994, 2014
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MR1297007 (95j:47045) 47B65 47A10 47A58 47B60
Aràndiga, F. (E-VLNC-A) ; Caselles, V. [Caselles, Vicent] (E-BALE-MI)
Approximations of positive operators and continuity of the spectral radius. III.
(English summary)
J. Austral. Math. Soc. Ser. A 57 (1994), no. 3, 330–340.

In Parts I and II [J. Operator Theory 26 (1991), no. 1, 53–71; MR1214920 (94d:47035);
Math. Z. 209 (1992), no. 4, 547–558; MR1156436 (94d:47036)] the authors proved
among other things the following interesting theorems: Let Tn , T ≥ 0 be bounded linear
operators on a weakly sequentially complete Banach lattice E such that (Tn ) converges
uniformly on order intervals to T and such that (k(Tn − T )+ k) converges to 0. Under
certain additional hypotheses on T the sequence (r(Tn )) of the spectral radii converges
to the spectral radius r(T ) of T . In the paper under review they generalize these
results including estimates on the speed of convergence. Let us mention in particular
the following two interesting results. Theorem 2.2: Let E be an arbitrary Banach lattice,
let T , Tn be as above, and assume that (Tn ) converges strongly to T and that (k(Tn −
T )+ k) converges to 0. If r(T ) is a Riesz point of the spectrum σ(T ) then r(Tn ) is a Riesz
point of σ(Tn ) for n sufficiently large.
Theorem 3.2: Let E be reflexive and assume that T ≥ 0 is irreducible and satisfies
some additional hypotheses. Assume that r(T ) is a Riesz point. Then for any λ of the
peripheral spectrum of T there exists a constant k > 0 and a sequence (λn ) with λn ∈
σ(Tn ) such that |λn − λ| ≤ kkTn x − T xk where x is the unique (up to a complex number
of modulus 1) normalized solution of T x = λ x.
The main method in the proofs is a sophisticated use of ultrapowers. It is surprising
that this method yields such strong estimates. In my opinion these methods allow generalizations of the results above to the case of discrete approximation as considered in [H.
O. Fattorini, The Cauchy problem, Addison-Wesley, Reading, MA, 1983; MR0692768
(84g:34003)(Chapter 5.7)]. These generalizations would have applications, e.g., to nuManfred Wolff
merical problems.
c Copyright American Mathematical Society 1995, 2014
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MR631633 (83h:47027) 47B55 43A22
Arendt, Wolfgang
On the o-spectrum of regular operators and the spectrum of measures.
Math. Z. 178 (1981), no. 2, 271–287.

If E is a Banach lattice, the linear span of the positive operators on E is denoted Lr (E)
and is called the space of regular operators on E. There is a norm k · kr on Lr (E) which
dominates the operator norm and is defined by the formula kT kr = inf {kSk: S ≥ 0,
|T z| ≤ S|z| for all z ∈ E }. With respect to this norm Lr (E) is a Banach algebra, and the
spectrum of a regular operator in this algebra is called the o-spectrum of the operator.
Generally, the o-spectrum of a regular operator is larger than the usual spectrum of the
operator. The main objective of the first part of the paper under review is to show that
if T in Lr (E) is r-compact in the sense that T is the r-norm limit of finite rank regular
operators, then the spectrum of T and o-spectrum of T coincide. The author gives an
example of a compact positive operator that is not r-compact and whose o-spectrum
is uncountable. The second part of the paper is an application of the first part to the
spectral analysis of convolution operators.
Paul S. Muhly
c Copyright American Mathematical Society 1983, 2014
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MR908795 (89g:47048) 47B55 46B30 47B05 47D15 47D30
Arendt, Wolfgang (D-TBNG) ; Schwarz, Hans-Ulrich (DDR-KMU)
Ideale regulärer Operatoren und Kompaktheit positiver Operatoren zwischen
Banachverbänden. (German) [Ideals of regular operators and compactness of
positive operators between Banach lattices]
Math. Nachr. 131 (1987), 7–18.

The subspace K(E, F ) of all compact operators in the space of all bounded linear
operators L(E, F ) between two Banach spaces E and F is, for the sequence spaces lp
(1 ≤ p < ∞) and c0 , of a special nature. It is well known that if E = F = c0 or E = F = lp
(1 ≤ p < ∞), then K(E) := K(E, E) is the only nontrivial two-sided ideal of the algebra
L(E) := L(E, E). If 1 ≤ q < p < ∞, then K(lp , lq ) = L(lp , lq ). The purpose of this paper
is to investigate the same question for the space of compact and order-bounded linear
operators between Banach lattices. To get the flavor of the many interesting results
the paper contains we quote the following: (1) For all 1 < p < ∞, the only two-sided
ideal of Lr (lp ), the Banach algebra of all order-bounded linear operators on lp , which is
also a sublattice of Lr (lp ), is the ideal K r (lp ) of all the compact order-bounded linear
operators. (2) If 1 ≤ q < p < ∞, then Lr (lp , lq ) = K r (lp , lq ) and Lr (c0 , lq ) = K r (c0 , lq ).
(3) The dual space of a Banach lattice E has an order-continuous norm if and only
if every positive operator of E into l1 is weakly compact and in that case Lr (E, l1 ) =
K r (E, l1 ).
W. A. J. Luxemburg
c Copyright American Mathematical Society 1989, 2014
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MR691284 (84c:47048) 47D30 47B55
Arendt, W. ; Sourour, A. R.
Ideals of regular operators on l2 .
Proc. Amer. Math. Soc. 88 (1983), no. 1, 93–96.

The paper provides an order-theoretic analogue of the fact that in the Banach algebra
of all bounded operators on a separable Hilbert space the set of all compact operators is
the only nontrivial closed ideal. A bounded operator A in l2 with matrix (amn ) is said to
be regular whenever the matrix (|amn |) also defines a bounded operator |A| (called the
modulus of A). Every finite rank operator is regular. The vector space Lr of all regular
operators is a Banach subalgebra of L(l2 ), and under the r-norm kAkr := k|A|k is also a
Banach lattice. An algebra-ideal I of Lr which is also a lattice-ideal (i.e., |B| ≤ |A| and
A ∈ I imply B ∈ I) is referred to as an ideal of Lr . The norm closure in Lr of the finite
rank operators is denoted by Kr . The main results: (1) Kr is the only nontrivial closed
ideal in Lr ; and (2) Kr contains every proper ideal of Lr .
When l2 is replaced by L2 = L2 [0, 1] the situation is different. In this case, Kr (L2 ) is
the smallest closed ideal in Lr (L2 ). The paper concludes with the following interesting
question: Is Kr (L2 ) the only nontrivial closed ideal in the Banach lattice algebra of
kernel operators on L2 ?
C. D. Aliprantis
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MR849713 (87j:47052) 47B55 47A10 47A55
Arendt, W. (D-TBNG) ; Sourour, A. R. (3-VCTR)
Perturbation of regular operators and the order essential spectrum.
Nederl. Akad. Wetensch. Indag. Math. 48 (1986), no. 2, 109–122.

For regular operators on a Banach lattice the authors introduce the order essential
spectrum and the order Weyl spectrum. Their aim is to investigate the relations between
these spectra and the notions of spectrum, essential spectrum, Weyl spectrum and order
spectrum. Moreover, they consider perturbation-theoretical problems with respect to
these spectra.
M. Demuth
c Copyright American Mathematical Society 1987, 2014
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MR1020394 (91f:46072) 46J10 06F25 46H10
Basly, Mohamed (TN-TUNIS)
Produit naturel pour les F F -algèbres de Banach réticulées de type C(X).
(French. English summary) [Natural product for lattice-ordered Banach
F F -algebras of type C(X)]
Funct. Approx. Comment. Math. 18 (1989), 63–66.

An F F -algebra is a (real) lattice-ordered Banach algebra A(+, ∗) such that x ∧ y =
0 implies x ∗ y = 0. For X a compact space, C(X) denotes the (Riesz) space of (realvalued) continuous functions on X with the usual sup norm. The author seems to say
that (C(X), +, ∗) is an F F -algebra if and only if there is an α ∈ C(X) such that 0 ≤
α ≤ 1 and α(t) = 1 for some t ∈ X for which f ∗ g is the pointwise product of f , g, and
α (and hence is commutative). (This latter statement is inferred by the reviewer from
a more ponderous statement in the language of abstract measures.) It follows that, for
any x ∈ X, {f ∈ C(X, +, ∗): f (x) = 0} is a maximal ideal of C(X, +, ∗) if and only if
x ∈ {t ∈ X: α(t) > 0}. The paper depends heavily on a familiarity with the contents of
a paper by E. Scheffold [Math. Z. 177 (1981), no. 2, 193–205; MR0612873 (82f:46060)].
The reviewer is unable to follow the details of the proof of the main result.
REVISED (May, 2003)
Current version of review. Go to earlier version.
Melvin Henriksen
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MR2379731 (2009b:46102) 46H05 46B40 46H10 47B60
Behrendt, D. [Behrendt, Darren Robin] (SA-UJ) ;
Raubenheimer, H. [Raubenheimer, Heinrich] (SA-UJ)
On domination of inessential elements in ordered Banach algebras. (English
summary)
Illinois J. Math. 51 (2007), no. 3, 927–936.

The authors consider questions of the following type: Let A be a Banach algebra (over
C, with an identity, and semiprime) ordered by a so-called algebra cone, and let a and b

be elements of A such that 0 ≤ a ≤ b, and suppose that b has a certain property. Does a
then inherit that property?
Volker Runde
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MR1083344 (92d:46054) 46B42 46J99 47B60 47B65
Bernau, S. J. (1-TXEP) ; Huijsmans, C. B. (NL-LEID)
On the positivity of the unit element in a normed lattice ordered algebra.
Studia Math. 97 (1990), no. 2, 143–149.

Let T : E → E be a linear operator on a normed Riesz space with T greater than or
equal to the identity operator. An elementary
Pn proof is provided for the result that if T
is Cesàro bounded (i.e., the sequence (k k=0 T k k/(n + 1)) is bounded), equivalently
Abel bounded, then T is equal to the identity operator. The condition of power bounded
(i.e. sup kT n k < ∞) or a contraction implies Cesàro bounded. It is also shown by the
same arguments that if A is a lattice normed algebra with unit e and kek ≤ 1, then e ≥
0. This was first shown by Scheffold in the case of complete norm.
W. A. Feldman
c Copyright American Mathematical Society 1992, 2014
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MR2466228 (2010a:46107) 46H05 46B99 47A10
Braatvedt, Gareth (SA-UJ) ; Brits, Rudi (SA-UJ) ;
Raubenheimer, Heinrich (SA-UJ)
Gelfand-Hille type theorems in ordered Banach algebras. (English summary)
Positivity 13 (2009), no. 1, 39–50.

Let A be a Banach algebra. A subset C ⊂ A is said to be a cone if C + C ⊂ C, λC ⊂
C for each λ ≥ 0, C · C ⊂ C and the identity I ∈ C. A cone C in a Banach algebra C
induces an order in A, namely, for a and b in A we say that a < b if b − a is in C. An
element a in A is said to be Cesàro bounded if there is an M > 0 such that
n
X

ak ≤ M (n + 1) for n = 0, 1, 2 . . . ,

k=0

and is said to be Abel bounded if there is an M > 0 such that
(1 − θ)

∞
X

θ k ak ≤ M

for each 0 < θ < 1.

k=0

J. J. Grobler and C. B. Huijsmans [Quaestiones Math. 18 (1995), no. 4, 397–406;
MR1354120 (96i:47001)] and J. Sánchez-Álvarez, J. Zemánek and the reviewer [Proc.
London Math. Soc. (3) 91 (2005), no. 3, 761–788; MR2180462 (2006j:47053)] showed
that uniformly Abel bounded, which means
(1 − θ)

n
X

θ k ak ≤ M

for each 0 < θ < 1 and n = 0, 1, 2, . . .

k=0

is equivalent to Cesàro bounded. Thus both of them imply Abel boundedness.
On the other hand, there are several extensions of a theorem of I. Gelfand [Rec. Math.
[Mat. Sbornik] N. S. 9 (51) (1941), 49–50; MR0004635 (3,36d)], which asserts that if
the spectrum σ(x) = {1} and x and x−1 are Abel bounded, then x = I.
The authors of the present paper ask for conditions on C under which Abel boundedness implies Cesàro boundedness. They prove the following assertion:
Assume that C is closed (in the algebra) and normal, that is, there is α > 0 such that
if 0 < x < y, then kxk ≤ αkyk. Then Abel boundedness implies Cesàro boundedness.
As a corollary, they show that if any element x with single spectrum σ(x) = {1} and
x and x−1 are both Abel bounded, then x is the identity. The authors also show other
interesting results in which they relate several kinds of boundedness of the powers. They
also provide conditions for the nilpotency of an element x − I.
Alfonso Montes-Rodrı́guez
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MR0234285 (38 #2602) 46.55
Brown, G. [Brown, Gavin]
Type 0 semi-algebras in Banach algebras.
J. London Math. Soc. 43 1968 482–486

A semi-algebra in a Banach algebra B is a subset A of B such that x + y, αx and x · y
belong to A whenever x and y are in A, and α is real and ≥ 0. It is said to be closed if
it is closed in the norm topology of B. If A is closed the difference algebra A − A is a
Banach algebra in the so-called cone norm.
In earlier work on semi-algebras in the Banach algebra C(X) of real continuous
functions on a compact space X, Bonsall defined a type n semi-algebra to be one such
that f ∈ A implies f n /(1 + f ) ∈ A, where n is a fixed non-negative integer. (See F. F.
Bonsall [Proc. London Math. Soc. (3) 10 (1960), 122–140; MR0112034 (22 #2892); Proc.
Internat. Sympos. Linear Spaces (Jerusalem, 1960), pp. 101–114, Jerusalem Academic
Press, Jerusalem, 1961; MR0154105 (27 #4064)], and E. J. Barbeau [Trans. Amer.
Math. Soc. 120 (1965), 1–16; MR0182889 (32 #371)].)
This paper, presenting work from the author’s Ph.D. thesis [“Norm and stability
properties of semi-algebras”, Univ. Newcastle upon Tyne, Newcastle upon Tyne, 1966],
generalizes results on type 0 semi-algebras to the case where B is any commutative
Banach algebra, with carrier space MB and principal semi-algebra B + (defined as {x ∈
B: m(x) ≥ 0 all m ∈ MB }). Let A be a type 0 semi-algebra, that is, x ∈ A implies (1 +
x)−1 ∈ A, and let A be closed. The main results are: (1) S = A − A is closed in B. Also,
S is strictly real (m(x) is real for all x ∈ S, m ∈ MS ) and A is its principal semi-algebra.
(2) If the norm and the spectral radius coincide on A, then there is a compact Hausdorff
space X such that A is isometrically isomorphic to C + (X).
{There is an error: The inequality (2) on p. 485 is false, but it is not hard to find
another proof that the zε converge. Misprints: p. 482, line 5: for the second B read A.
p. 485, line 8*: for X read S.}
J. D. Pryce
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MR0244767 (39 #6081) 46.55
Brown, Gavin
Norm properties of a class of semi-algebras.
J. London Math. Soc. 44 1969 329–339

The author exhibits a class of Banach algebras in which a natural positive semi-algebra
can be identified by a simple multiplicative property of the norm. From the author’s
introduction: “Let C[0, 1] denote the Banach algebra of all real-valued continuous
functions on the closed unit interval under the uniform norm. For any positive integer
n, let An denote the subset of C[0, 1] consisting of those non-negative functions whose
first n differences are non-negative. The closed semi-algebras {An }n∈N have already
motivated a large part of semi-algebra theory. Here we study the difference algebras
of these semi-algebras and their cone norms. Our starting point is the following result
proved by F. F. Bonsall [Lectures on some fixed point theorems of functional analysis,
Tata Inst. Fund. Res., Bombay, 1962; MR0198173 (33 #6332)]: If A is a closed semialgebra in a (real) Banach algebra, then the difference algebra S = A − A is itself a
Banach algebra under the cone norm and k kS . k kS is the Minkowski functional of the
absolutely convex hull of the unit ball of A.”
The main result shows that for each n, An can be recovered from its difference
algebra Sn by the formula kf n+1 kn = (kf kn )n+1 if and only if f ∈ ±An , where k kn
denotes the cone norm on Sn . In the case n = 1 this appears in the form “a function of
bounded variation is monotonic and of constant sign if and only if the variation of its
square equals the square of its variation”. The proof, by induction, involves ingenious
computation.
An integral representation for kf kn is obtained. It is shown that Sn contains inverses
of its non-vanishing
Tfunctions, and hence that its carrier space is [0, 1]; however, that of
the algebra S∞ = Sn is the unit disc. Finally, it is shown that Sn is an abstract (L)
space with respect to the cone norm and the order induced by An .
Like the author’s earlier work [J. London Math. Soc. 43 (1968), 482–486; MR0234285
(38 #2602)], this article forms part of his Ph.D. thesis [“Norm and stability properties of
semi-algebras”, Univ. of Newcastle, Newcastle upon Tyne, 1966]. See also F. F. Bonsall
[Proc. London Math. Soc. (3) 10 (1960), 122–140; MR0112034 (22 #2892)].
J. D. Pryce
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MR1340482 (96h:46069) 46H05 06F25 46B42 47B60 47B65
Burger, I. (SA-POTCH) ; Grobler, J. J. [Grobler, Jacobus J.] (SA-POTCH)
Spectral properties of positive elements in Banach lattice algebras. (English
summary)

First International Conference in Abstract Algebra (Kruger Park, 1993).
Quaestiones Math. 18 (1995), no. 1-3, 261–270.
The authors study Banach lattice algebras with a multiplicative unit, looking for spectral
properties of positive elements which are analogous to those of positive operators on
Banach lattices. The method used is to take a Dedekind-complete Banach lattice algebra
E with a separating algebraic unit element and right continuous multiplication and to
postulate the existence of a large enough set of one-dimensional elements, at least one of
which must be order continuous and one of which must be idempotent. For compact x ∈
E the corresponding operator x T of multiplication on the left by x is compact. Suppose
x > 0 and x is order continuous and irreducible. Let r( · ) denote spectral radius. The
authors prove that if x is also compact then r(x) = r(x T ) > 0. Additionally, they show
(Perron-Jentzsch) that if xk is compact then r(x) > 0 and r(x) is an eigenvalue with
algebraic multiplicity 1 whose eigenvector u satisfies eu > 0 for all nonzero components
e of the unit element. For further details and a Frobenius-type theorem giving cyclic
behavior of the eigenvalues of modulus r(x) we refer to the paper itself. The paper draws
on earlier work of the second author [Nederl. Akad. Wetensch. Indag. Math. 49 (1987),
no. 4, 381–391; MR0922442 (88k:47053)].
{For the entire collection see MR1340467 (96c:00020)}
S. J. Bernau
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MR1082002 (91k:47083) 47B65
Burlando, Laura (I-GENO)
Monotonicity of spectral radius for positive operators on ordered Banach spaces.
Arch. Math. (Basel) 56 (1991), no. 1, 49–57.

Let T ∈ B(E), where E is a Banach space partially ordered by a cone K and where
B(E) denotes the Banach space of bounded linear operators mapping E into E. Let
r(T ) denote the spectral radius of T . It is well known that if K is generating and normal,
then the following very natural implication holds: 0 ≤ S ≤ T , S, T ∈ B(E), implies that
r(S) ≤ r(T ). The situation changes dramatically if the cone K fails to possess some
of the above properties. The author shows that there exist a Banach space partially
ordered by a cone K which is normal and total but not generating, and a pair of Knonnegative bounded linear operators S and T such that 0 ≤ S ≤ T , whilst r(S) > r(T ).
Another example shows that the monotonicity of the spectral radius may fail to hold if
E is ordered by a cone K which is generating but not normal. As one can guess, the
above examples are related by the famous characterization of generating cones via their
duals due to Kreı̆n and Grossberg, and vice versa.
Other types of negative results are associated with the implication that 0 ≤ S ≤ T , T
compact, implies S 3 is compact when the order cone K is a Banach lattice cone. The
author constructs a total cone K such that E is not a Banach lattice, and operators S
and T such that 0 ≤ S ≤ T , where S 3 may not be compact and, moreover, S may not
have any compact power.
I. K. Marek
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MR834316 (87i:47050) 47B55 46B30
Caselles, V. [Caselles, Vicent]
On irreducible operators on Banach lattices.
Nederl. Akad. Wetensch. Indag. Math. 48 (1986), no. 1, 11–16.

Let E be a (complex) Dedekind complete Banach lattice. The space of order continuous
linear functionals on E is denoted by En∗ , and we assume that En∗ separates the points
of E. Denote by (En∗ ⊗ E)dd the band generated by the order continuous finite rank
operators on E in the space Lb (E) of all order bounded operators on E. Note that, if E
is a Banach function space, then (En∗ ⊗ E)dd is precisely the set of all absolute integral
operators in E. A positive operator T on E is called a Harris operator if there exists a
natural number h and an operator K ∈ (En∗ ⊗ E)dd such that 0 < K ≤ T h . Furthermore,
a positive operator T in E is said to be (band) irreducible if {0} and E are the only
T -invariant bands. By the well-known Ando-Krieger theorem, if 0 < T ∈ (En∗ ⊗ E)dd is
irreducible, then the spectral radius r(T ) > 0 [see, e.g., A. C. Zaanen, Riesz spaces, II,
North-Holland, Amsterdam, 1983; MR0704021 (86b:46001)].
The main purpose of the paper under review is to extend the Ando-Krieger theorem
to Harris operators. In fact, it is shown that if T is a positive order continuous irreducible
Harris operator in E, then r(T ) > 0. In addition, using this result, some other conditions
on a positive operator T which imply that r(T ) > 0 are discussed.
B. de Pagter
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MR901175 (88j:47054) 47B55 47A10
Caselles, Vicent (E-VLNC)
On the peripheral spectrum of positive operators.
Israel J. Math. 58 (1987), no. 2, 144–160.

From the introduction: “An interesting problem in the theory of positive operators in
Banach lattices is to know what properties of T ∈ L(E), where E is a Banach lattice,
are inherited by S ∈ L(E) if we know that 0 ≤ S ≤ T .”
The main result of this paper is of the type described above, namely: Let E be a
Banach lattice and let S, T ∈ L(E) be such that 0 ≤ S ≤ T and their spectral radii are
equal, r(T ) = r(S). Then, if r(T ) is a Riesz point of σ(T ) (that is, if r(T ) is a pole of
the resolvent (z − T )−1 whose residue is of finite rank), then r(S) is a Riesz point of
σ(S).
Irina Popa
c Copyright American Mathematical Society 1988, 2014
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MR1112090 (92h:47006) 47A10 47B07 47B60
Cherdak, V. B.
On the order spectrum of r-compact operators in lattice-normed spaces.
(Russian)
Sibirsk. Mat. Zh. 32 (1991), no. 1, 148–152, 221; translation in Siberian Math. J. 32

(1991), no. 1, 123–126.
Let T be a regular operator on a Dedekind complete Banach lattice X. Recall that
apart from the traditional spectrum σ(T ) there exists an o-spectrum σo (T ) provided
we consider T as an element of the Banach algebra of all regular operators. W. Arendt
[Math. Z. 178 (1981), no. 2, 217–287; MR0631633 (83h:47027)] found the conditions
ensuring that σ(T ) = σo (T ). In the present article Arendt’s method is generalized to
prove a similar result for r-compact operators on lattice-normed spaces.
Yu. A. Abramovich
c Copyright American Mathematical Society 1992, 2014
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MR0458153 (56 #16356) 46E30 46J99
Chiţescu, Ion
Köthe spaces that are Banach algebras with unit.
Bull. Math. Soc. Sci. Math. R. S. Roumanie (N.S.) 18(66) (1974), no. 3-4, 269–271

(1976).
A function space is the collection of all real- or complex-valued functions which are
measurable on a measurable space (X, ε, µ); such a space is denoted by M . M+ denote
the set of all positive extended real-valued functions on X. A function norm is a positive
extended real-valued function on M+ which respects the natural order in M+ and which
is positive homogeneous and subadditive on M+ . It is shown in this paper that the only
function norm ρ, up to equivalence as a Banach space, that makes Lρ a Banach algebra
with a unit is the L∞ norm. Here if ρ denotes a function norm then Lρ denotes that
subspace V of functions f in M such that ρ(|f |) < ∞.
REVISED (1979)
Current version of review. Go to earlier version.
M. Rajagopalan
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MR1006639 (90g:47055) 47B38 28B15 46G10 46J99 47A67
Choy, Stephen T. L. (SGP-SING)
Positive operators and algebras of dominated measures.
Rev. Roumaine Math. Pures Appl. 34 (1989), no. 3, 213–219.

Let S be a locally compact semitopological semigroup and B the Borel sets of S. Let
A, B be Banach algebras and let B be ordered by the closed cone K. If C0 (S, A) is the
space of all A-valued continuous functions on S which vanish at ∞ equipped with the
sup-norm, then a continuous linear operator T : C0 (S, A) → B has a measure m: B →
′′
′′
L(A, B ), the space of continuous linear operators from A into B , which represents T .
If A is a B ∗ algebra, then T is positive if and only if T (f f ∗ ) ∈ K for f ∈ C0 (S, A). The
author shows that T is positive if and only if m(E)(xx∗ ) ∈ K ∗∗ (dual cones) for every
E ∈ B, x ∈ A.
A weakly compact operator T : C0 (S) → A is said to be dominated if its representing
measure has bounded variation. Denote all such operators by D(S, A). The author gives
a description of D(S, A) in terms L1 subalgebras with respect to positive measures and
then uses the characterization to describe the dual of D(S, A).
C. W. Swartz
c Copyright American Mathematical Society 1990, 2014
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MR0491402 (58 #10658) 06A70 47B55
Dai, Taen Yu ; DeMarr, Ralph
Positive derivations on partially ordered linear algebra with an order unit.
Proc. Amer. Math. Soc. 72 (1978), no. 1, 21–26.

Let A be a real linear associative algebra which is partially ordered so that it becomes a
directed partially ordered linear space and 0 ≤ xy whenever 0 ≤ x, y ∈ A. Suppose also
A is Dedekind σ-complete (xn ∈ A, x1 ≥ x2 ≥ · · · ≥ 0 implies inf{xn } exists) and has an
order unit u (for each x ∈ A there exists a real number δ such that −δu ≤ x ≤ δu). A
positive derivation f on A is a linear map from A into itself such that f (xy) = xf (y) +
f (x)y for all x, y in A with the additional property that f (x) ≥ 0 whenever x ≥ 0. An
element x in A is a generalized nilpotent if for each real number b > 0, there exists v in A
(depending on b) satisfying the inequality −v ≤ bn xn ≤ v for all positive integers n. Note
that every nilpotent is a generalized nilpotent. The authors’ main result is that the range
of any positive derivation f on A is a set of generalized nilpotents. The motivation for
this theorem is the second author’s result that every Banach algebra B(X) of bounded
linear operators on a Banach space X can be ordered so that it has all the properties
of the algebra A given above [Canad. J. Math. 19 (1967), 636–643; MR0212579 (35
#3450)]. The authors also give several examples which show that (i) the existence of an
order unit in A is necessary and (ii) the range may include generalized nilpotents which
are not nilpotent. Note that if A is also a Banach algebra where x ≤ y implies kxk ≤ kyk,
the theorem implies that the range of f is a set of quasinilpotents. Nicholas P. Jewell
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Maximal left ideals of the Banach algebra of bounded operators on a Banach
space. (English summary)
Studia Math. 218 (2013), no. 3, 245–286.

Consider a Banach space E and let B(E) be the Banach algebra of bounded linear
operators on E. Given a subset Γ of B(E), let LΓ be the smallest (not necessarily
closed) left ideal of B(E) which contains Γ. Motivated by previous work of the ﬁrst
author and W. Żelazko [Studia Math. 212 (2012), no. 2, 173–193; MR3008440], this
paper asks two questions: Firstly, does B(E) always contain a maximal left ideal not
equal to LΓ for a ﬁnite Γ (that is, not ﬁnitely-generated)? Secondly, is every ﬁnitelygenerated maximal left ideal ﬁxed, that is, of the form {T : T x = 0} for a ﬁxed vector
x?
The paper proves a number of key results. Theorem 1.1 shows that for any maximal
left ideal L, either L is ﬁxed or it contains all ﬁnite-rank operators; notice that these
properties are mutually exclusive, so this is a genuine dichotomy. Theorem 1.3 is another
dichotomy result: if L is a closed left ideal, and either L is ﬁnitely-generated or E is
reﬂexive, then either L is contained in a ﬁxed (maximal) left ideal or L contains the
ﬁnite-rank operators.
Theorem 1.4 shows that the second question has a positive answer for many classical,
and exotic, Banach spaces such as: E has a Schauder basis and is complemented in E ∗∗ ,
E = c0 , E is a Hilbert space, E is a Banach space which has a few operators. However,
the authors construct a counter-example in general: if X is the Argyros-Haydon space
[S. A. Argyros and R. G. Haydon, Acta Math. 206 (2011), no. 1, 1–54; MR2784662
(2012e:46031)], then with E = X ⊕ ℓ∞ , the authors give an explicit description of a
maximal two-sided ideal in B(E) of codimension one which is singly generated, but not
ﬁxed. However, in Theorem 1.6 it is shown that E does not give a negative answer to
the ﬁrst question.
In addition to building the necessary theory to prove these results, Section 3 of the
paper studies the question of counting the number of maximal left ideals in B(E).
The paper is very well written and carefully referenced, and the reader can learn a
lot of interesting facts about operators on Banach spaces from this paper. Some open
questions are provided at the end.
Matthew D. Daws
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The paper studies the second dual M (G)′′ of the measure algebra of a locally compact
group G when M (G)′′ is equipped with the (first) Arens product extending the convolution on M (G). As M (G)′ is a commutative von Neumann algebra (namely, the universal
e where G
e
enveloping von Neumann algebra of C0 (G)), it may be identified with C(G)
′
′′
is the spectrum of M (G) . One may therefore identify M (G) with the measure space
e and this is the viewpoint taken in the paper under review.
M (G),
e is called the hyper-Stonean envelope of G. Of course one can deThe space G
fine the hyper-Stonean envelope for any locally compact space, and the paper begins
with a detailed discussion on Stonean and hyper-Stonean spaces with an emphasis on
hyper-Stonean envelopes. An interesting sample result is the following: all uncountable, compact, metrisable spaces have the same hyper-Stonean envelope, for which the
authors give a topological characterisation.
Let us then go through the main results of the paper concerning M (G)′′ . First, if G
and H are two locally compact groups such that M (G)′′ and M (H)′′ are isometrically
isomorphic, then G and H are topologically isomorphic (meaning that there is a group
isomorphism between G and H that is also a homeomorphism). In other words, the
Banach algebra M (G)′′ determines G. The special case where G and H are compact is
due to F. Ghahramani and J. P. McClure [Bull. London Math. Soc. 29 (1997), no. 2,
223–226; MR1426002 (98f:43001)]. (The paper under review includes a slightly shorter
proof of this special case.)
e unless G is
e is not closed under the multiplication of M (G)′′ ∼
Second, G
= M (G)
′′
e as a subset of M (G) using point masses in M (G).
e This
discrete. Here we identify G
theorem is related to a result about L∞ (G) due to A. T. M. Lau, A. R. Medghalchi and
J. S. Pym [J. London Math. Soc. (2) 48 (1993), no. 1, 152–166; MR1223900 (94k:43003)]:
The spectrum of L∞ (G) is closed under the multiplication of L1 (G)′′ ∼
= L∞ (G)′ if and
only if G is either discrete or compact. The authors first prove the theorem for T, R,
0
Zℵ
n and the p-adic integers and then use inheritance properties and structural results to
extend the theorem to all non-discrete locally compact groups. The authors also prove
e For example, a non-discrete
more refined results about the multiplication of points in G.
e
G always admits two points in G that multiply to a continuous measure.
The paper then considers the topological centre problem for M (G)′′ , that is, whether
the topological centre of M (G)′′ consists merely of M (G) (viewed through the canonical
embedding). In [J. Funct. Anal. 224 (2005), no. 1, 217–229; MR2139110 (2006b:46063)],
M. Neufang solved the problem for non-compact locally compact groups with nonmeasurable cardinality, so the most important case left out was that of compact groups.
First the authors show that for any locally compact group G certain subsets of the
spectrum of L∞ (G) determine the topological centre of L1 (G)′′ , which is known to be
L1 (G). (Note that the recent paper by T. Budak, N. Işık and Pym [Bull. Lond. Math.
Soc. 43 (2011), no. 3, 495–506; MR2820139 (2012f:43003)] gives very strong results of
this type when G is a non-compact locally compact group.) Then the authors offer some
progress towards a solution for the topological centre problem for M (G)′′ in the compact
case. It should be mentioned that the general problem, which is very difficult, was
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recently solved by V. Losert et al. [“Proof of the Ghahramani-Lau conjecture”, preprint,
http://www.math.yorku.ca/∼steprans/Research/PDFSOfArticles/GLConj7.pdf].
The paper closes with eight open problems.
Pekka Salmi
c Copyright American Mathematical Society 2014
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Many vector spaces appearing in the theory of unitary representations of locally compact
groups have a structure of Banach lattices. Usually this structure is not explicitly
studied. The authors undertake a systematic investigation of the representations of
groups into Riesz spaces. A positive representation of a group G into a Riesz space E
is a group homomorphism of G in the group of lattice automorphisms of E. Various
notions of irreducibility for positive representations are considered. They prove that
every positive representation of a finite group in a finite-dimensional Riesz space is a
direct sum of irreducible representations. They also obtain an explicit description of the
irreducible positive representations of finite groups. A notion of inducing is introduced,
and analogs of the Frobenius reciprocity and the imprimitivity theorem are obtained.
We refer to the paper for precise statements. Interesting examples like the regular
representation of Z in l∞ or in l1 are briefly mentioned.
A. Derighetti
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FEATURED REVIEW.
The introduction of this paper describes its content so clearly and adequately that
we cannot avoid the temptation of using parts of it for our report. Moreover, in writing
this report we were in touch with the authors, and we use this opportunity to thank
them for answering some of our questions and for sending us a preprint of a sequel to
the paper under review. This sequel is entitled “Algebras of multiplication operators in
Banach function spaces”, and we will briefly mention its content later on.
We begin by reminding the reader of the classical bicommutant theorem due to von
Neumann, which is a starting point of this work. According to this theorem, for each
unital selfadjoint algebra B of operators on a Hilbert space, the bicommutant Bcc of B
coincides with the closure of B in the weak operator topology τw . This result was an
important part of von Neumann’s program of the axiomatization of quantum physics.
This and the intrinsic beauty of von Neumann’s theorem have made the questions
associated with this theorem an object of intense study in “pure” functional analysis.
The general question of describing conditions on an operator algebra under which the
bicommutant coincides with the closure of the algebra in the weak operator topology is
far from being answered. It is known [D. Sarason, Pacific J. Math. 17 (1966), 511–517;
MR0192365 (33 #590)] that the hypothesis of the selfadjointness of B is essential for
the validity of von Neumann’s theorem (even if the algebra B is commutative). This fact
explains one of the serious problems arising when one wants to generalize this theorem
to algebras of operators on Banach spaces: it is not clear which algebraic properties
should replace selfadjointness.
On the other hand, the paper begins with some encouraging examples that suggest the
possibility of extending the von Neumann theorem. We need some notation to describe
these examples. The symbols C[0, 1] and Lp [0, 1], where 1 ≤ p ≤ ∞, have their usual
meaning, and we consider C[0, 1] as a subalgebra of L∞ [0, 1]. Each function ϕ ∈ L∞
generates a natural multiplication operator Mϕ : f 7→ ϕf which is bounded on each Lp .
Following the authors we denote by Mp the unital algebra {Mϕ : ϕ ∈ C[0, 1]} of all such
multiplication operators on Lp generated by the multipliers from C[0, 1]. It is possible to
verify that for each finite p the bicommutant Mcc
p coincides with the algebra {Mϕ : ϕ ∈
=
{M
:
ϕ
is
Riemann
integrable}.
L∞ [0, 1]} and that Mcc
ϕ
∞
These results (of which the latter is much more surprising) can certainly be considered
as the desired extensions of von Neumann’s theorem, and they lead the authors to
the next more general question for the following algebras of multiplication operators.
Replace C[0, 1] by an arbitrary closed subalgebra A of L∞ (µ), and consider in the space
L(Lp ) of all continuous operators on Lp (µ) the algebra Mp (A) = {Mϕ : ϕ ∈ A}. The
measure µ here can be any non-pathological measure; to be exact, the authors deal
with the class of Maharam measures. What is the bicommutant of this algebra? The
purpose of this work is to give a complete answer to this question. At this point it is
important to mention that this answer depends heavily on whether p is finite or not, and
also on whether one deals with real or complex algebras. The first distinction is more
important, as the solution for infinite p was hard to guess, while the finite p case has its
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“antecedents”, at least for the algebra L∞ (µ) over a σ-finite measure (for p = 2 this is
Theorem IX.6.6 in J. B. Conway’s book, A course in functional analysis [Springer, New
York, 1985; MR0768926 (86h:46001)], and for other finite p the same proof can easily be
adapted). We will confine our attention mostly to spaces over the reals, mentioning the
complex case only briefly. Theorem 1.1 handles the case when p is finite and states that
Mp (A)cc = τw − cl(Mp (A1 )), where A1 denotes the smallest unital subalgebra of L∞ (µ)
containing A.
To formulate the answer for p = ∞ we need an additional concept of upper and lower
elements. Namely, if U is a unital subalgebra of L∞ (µ) and f ∈ L∞ (µ) then consider
f ↑ = sup{u ∈ U: u ≤ f } and f ↓ = inf{u ∈ U: f ≤ u}, where the sup and inf above
are taken in the Dedekind complete vector lattice L∞ (µ) and should not be confused
with the pointwise sup and inf. The collection R(U) = {f ∈ L∞ : f ↑ = f ↓ } is called the
Dedekind closure and was introduced by S. Kaplan. The Dedekind closure is a closed
unital subalgebra of L∞ (µ) and this object is crucial for formulating the answer for
p = ∞ in Theorem 1.2, which states that M∞ (A)cc = M∞ (R(A1 )). In the case of the
complex field, the algebraPA1 in the statement of Theorem 1.1 should be replaced by a
“selfadjoint” hull A# = { fj g j : fj , gj ∈ A} and in the statement of Theorem 1.2 by a
naturally defined Dedekind closure of A# in L∞
C (µ).
Section 2 contains many well-chosen examples illustrating the main results, the proofs
of which are given in Sections 3 and 4. The concluding section, Section 5, has further
examples and relevant remarks. A few words about the proofs. They are rather involved
but neatly presented, and show that the problem at hand has a much more intimate
relationship with the theory of vector and Banach lattices than one might suspect. The
main ingredients of the proofs are the operator of the conditional expectation and a
detailed analysis of the structure of the Dedekind closure.
The moment one starts reading through the proofs the question arises as to what
extent the concrete geometry of Lp spaces is essential for the results obtained in the
paper. The authors themselves answer this question in the above-mentioned preprint, in
which—among many other things—they extend the results of the paper under review
to a much more general class of Banach spaces, in particular to (L1 , L∞ ) interpolation
(fully symmetric) Banach function spaces with order continuous norm. Notice that
from an example by J. Dieudonné [Portugal. Math. 14 (1955), 35–38; MR0078667
(17,1228b)] it follows that the interpolation condition above is essential. For the details,
more connections and, of course, the proofs, we refer the reader to these interesting
papers.
Yu. A. Abramovich and Arkady K. Kitover
c Copyright American Mathematical Society 1997, 2014
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Let E be a Banach function space on a Maharam measure space and U a subalgebra
of L∞ . Let M = {Mϕ : ϕ ∈ U} be the corresponding algebra of multiplication operators
on E. The authors consider the weak operator closure M, the bicommutant Mcc (both
taken in L(E)), and M(U), where U is the Ts (L∞ , L1 )-closure of U in L∞ . They show
that M ⊆ Mcc and that if E ⊆ L1 + L∞ is fully symmetric (in the sense that kf kE ≤
Rt
Rt
kgkE whenever 0 f ∗ ≤ 0 g ∗ for every t > 0, where f ∗ is the decreasing rearrangement of
f ), then Mcc ⊆ M(U). This extends an earlier result by the same authors concerning Lp
spaces [Proc. London Math. Soc. (3) 72 (1996), no. 2, 458–480; MR1367086 (97a:47068)];
the case p = 2 is a form of von Neumann’s bicommutant theorem. The paper is carefully
and elegantly written and contains full descriptions of some useful examples.
D. H. Fremlin
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C(K)-representations and R-boundedness. (English summary)
J. Lond. Math. Soc. (2) 76 (2007), no. 2, 498–512.

Let K be a compact Hausdorff space and X be a Banach space. The authors study
continuous representations Φ: C(K) → L(X), where C(K) stands for the space of all
continuous functions from K to C.
In this framework, it is useful to find a regular σ-additive spectral measure P : B(K) →
L(X), where B(K) denotes the σ-algebra of Borel subsets of K, such that
Z
f dP for every f ∈ C(K).
Φ(f ) =
K

The first main result of the paper asserts that such a P does exist, whenever the set
{Φ(f ): f ∈ C(K), kf k ≤ 1} is R-bounded in L(X).
The proof partly relies on results concerning Banach lattices that are useful in studying
the orbits
{Φ(f )(x): f ∈ C(K)},
where x ∈ X is fixed. Conditions are given on X ensuring that the R-boundedness
condition is automatically satisfied.
These results are applied to prove that, if Φ1 : C(K1 ) → L(X) and Φ2 : C(K2 ) → L(X)
are two commuting continuous representations, and if, say, Φ1 is R-bounded, then there
exists a continuous representation Φ: C(K1 × K2 ) → L(X), which extends Φ1 and Φ2 in
an obvious sense.
This result is an analogue of a result obtained by T. A. Gillespie [J. Funct. Anal. 148
(1997), no. 1, 70–85; MR1461494 (98h:47048)], and the proof uses some arguments due
Richard Becker
to Gillespie.
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Measures of noncompactness of operators in Banach lattices.
J. Funct. Anal. 78 (1988), no. 1, 31–55.

Let E be complex Banach lattice. A subset D of E is said to be almost order bounded if
for every ε > 0 there exists 0 ≤ u ∈ E such that k(|f | − u)+ k ≤ ε for all f ∈ D. For a norm
bounded subset D of E let ρ(D) := inf{δ > 0: (∃0 ≤ u ∈ E) (∀f ∈ D)k(|f | − u)+ k ≤ δ}.
The ball measure of noncompactness of D will be denoted by β(D). A subset D ⊂ E
is said to be PL-compact whenever D is pϕ -precompact for every 0 ≤ ϕ ∈ E ∗ , where
pϕ (x) := h|x|, ϕi, x ∈ E. It is shown that β(D) = ρ(D) for PL-precompact subsets of D.
If T is an order bounded linear operator from a Banach lattice E into a Banach lattice
F , then its measure of non-semicompactness is defined by ρ(T ) := inf{k ≥ 0: ρ(T D) ≤
kρ(D) for all norm bounded D ⊂ E}. An order bounded operator T ∈ Lb (E, F ) is said
to be AM-compact whenever T maps order bounded sets into relatively compact sets.
For AM-compact operators it is shown that β(T ) = ρ(T ). With respect to the essential
spectral radius ress (T ) := limn→∞ (β(T )n )1/n the authors show that if 0 ≤ S ≤ T and
S is AM-compact, then ress (S) ≤ ress (T ). If E is a Banach function space with order
continuous norm, then the same result holds if one assumes S to be an integral operator.
Finally, we mention that if the dual E ∗ is nonatomic, then every norm bounded
disjointness preserving operator T of E into E has the property that ress (T ) = r(T ). For
further results concerning other classes of operators such as the Maharam operators we
refer to this interesting paper.
W. A. J. Luxemburg
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Fixed point theorems in ordered Banach algebras and applications. (English
summary)
Panamer. Math. J. 9 (1999), no. 4, 83–102.

Let X be a real Banach algebra and let K be a normal cone in X such that KK ⊂
K, where KK = {xy: x, y ∈ K}. Assume that A and B are two operators defined
on a segment in X and satisfying some regularity type conditions (for example, A is
continuous and Lipschitzian, B is continuous, bounded and A, B are monotone with
respect to the order determined by a cone K). Then the equation A(x)B(x) = x has
a solution in X which can be obtained via the procedure of successive approximation.
Similar results are proved in other settings (for example, B is completely continuous)
with help of the technique associated with measures of noncompactness. Application to
a nonlinear integral equation is also given.
Józef Banaś
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MR2590616 (2011a:46072) 46H15
Dirksen, Sjoerd (NL-DELF-IAM) ; de Jeu, Marcel (NL-LEID-MI) ;
Wortel, Marten (NL-LEID-MI)
Extending representations of normed algebras in Banach spaces. (English
summary)

Operator structures and dynamical systems, 53–72, Contemp. Math., 503, Amer. Math.
Soc., Providence, RI, 2009.
Let A be a normed algebra. The authors study the possibility of extending a given
Banach representation of an ideal J ⊂ A to all of A. Additionally, given a Banach
representation π of A, they study the possibility of defining representations of the
various centralizer algebras of A which are compatible with π. In particular: (1) Let X
be a Banach space, whose space of bounded linear operators is denoted by B(X), and
let J ⊂ A be an ideal which has a bounded left approximate identity. If π: J → B(X) is
a nondegenerate representation, then π extends uniquely to a representation of A. (2)
If A has a bounded left approximate identity, and if π: A → B(X) is a nondegenerate
faithful representation which is a topological algebra isomorphism of A and π(A), then
A and its double centralizer algebra M(A) embed canonically into the left centralizer
algebra Ml (A) of A. Within identification, one has A ⊂ M(A) ⊂ Ml (A), and π extends
uniquely to a representation π: Ml (A) → B(X); π is an isomorphism of topological
algebras between Ml (A) and the left normalizer of π(A) in B(X). There are special-case
results when A is ordered, or when A has a bounded involution, X is Hilbert, and π is
involutive. The right-sided versions of the results are also developed, since they are not
symmetric with the left.
{For the entire collection see MR2590612 (2010g:46082)}
David A. Robbins
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MR1135978 (93d:46073) 46H05 46H25 46J45
Dixon, P. G. (4-SHEF)
Topologically nilpotent Banach algebras and factorisation.
Proc. Roy. Soc. Edinburgh Sect. A 119 (1991), no. 3-4, 329–341.

For a Banach algebra A, let NA (n) denote the supremum of all kx1 x2 · · · xn k1/n for
kxi k ≤ 1, and SA (N ) the supremum of all kxn k1/n with kxk ≤ 1. The algebra is said to
be topologically nilpotent if lim NA (n) = 0, and is said to be uniformly topologically nil
if lim SA (n) = 0. In the present paper, the author starts by giving a quantitative version
of the fundamental result of J. K. Miziolek, T. Müldner and A. Rek [Studia Math.
43 (1972), 41–50; MR0306909 (46 #6030)] that these two concepts are equivalent for
commutative algebras. For certain ordered Banach algebras, he then shows that a weaker
condition on the sequence kxn k1/n is equivalent to A being uniformly topologically nil.
The main result of the present paper is that if SA (n) → 0 rapidly enough, then, even
in the noncommutative case, A is topologically nilpotent. In a note added in proof, the
author mentions that V. Müller has constructed a uniformly topologically nil Banach
algebra which is not topologically nilpotent. This example is part of an interesting joint
paper of the author and Müller which will appear in Studia Math.
In their 1972 paper, Miziolek et al. observed that no topologically nilpotent algebra
can have a bounded approximate identity. Because of this result, much of the subsequent
research has emphasized the incompatibility of topological nilpotence with various factorization properties. In the present paper, the author shows that A being topologically
nilpotent precludes AX = X for any nonzero Banach module.
Sandy Grabiner
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Dodds, P. G. ; Fremlin, D. H.
Compact operators in Banach lattices.
Israel J. Math. 34 (1979), no. 4, 287–320 (1980).

The principal result is that each positive operator from a Banach lattice E into a
Banach lattice F which has a compact majorant is itself compact provided the norms of
E ′ and F are order continuous. In order to obtain this theorem the authors introduce
the class of AMAL-compact operators T ∈ L(E, F ) for which all bicompositions jv′ ◦ T ◦
ju are compact for every 0 ≤ u ∈ E, 0 ≤ v ′ ∈ F ′ and the canonical injections ju : Eu → E
and jv′ : F → (F, v ′ ) [H. H. Schaefer, Banach lattices and positive operators, see p. 260,
Springer, New York, 1974; MR0423039 (54 #11023)]. The paper contains also a very
extensive investigation of related classes of operators such as kernel operators, DunfordPettis operators and their order and compactness properties. It may be added that
recently the main result has been extended considerably by C. D. Aliprantis and O.
Burkinshaw [Math. Z. 174 (1980), no. 3, 289–298].
R. J. Nagel
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Drnovšek, Roman (SV-LJUBMP)
Triangularizing semigroups of positive operators on an atomic normed Riesz
space. (English summary)
Proc. Edinburgh Math. Soc. (2) 43 (2000), no. 1, 43–55.

Beginning with the well-known work of T. Andô [J. Fac. Sci. Hokkaido Univ. Ser. I.
13 (1957), 214–228; MR0092127 (19,1067b)] and its generalization by H.-J. Krieger
[Beiträge zur Theorie positiver Operatoren, Akademie Verlag, Berlin, 1969; MR0415403
(54 #3491)] there have been a number of results implying the existence of invariant
subspaces for positive operators on Banach lattices; a good summary is contained in the
expository paper of Y. A. Abramovich, C. D. Aliprantis and O. Burkinshaw [Rend. Istit.
Mat. Univ. Trieste 29 (1998), suppl., 3–79 (1999); MR1696022 (2000f:47062)]. Some
special cases of the Ando-Krieger theorem were extended to semigroups of quasinilpotent
operators by M. D. Choi et al. [Indiana Univ. Math. J. 42 (1993), no. 1, 15–25;
MR1218704 (94e:47009)].
The paper under review contains several interesting results on the existence of invariant subspaces (in fact, invariant ideals) for certain semigroups of operators on normed
Riesz spaces. One theorem is the following: A multiplicative semigroup of positive operators on a normed Riesz space has a nontrivial invariant closed ideal if there is a positive
atom in the space such that each of the operators in the semigroup is quasinilpotent at
the atom. If the Riesz space is atomic and the operators in the semigroup are quasinilpotent at each of the atoms in a maximal orthogonal system of positive atoms, then it is
shown that there is a chain of invariant bands that is maximal in the lattice of all bands.
Also, a positive operator that is not “ideal-triangularizable” is constructed on a Banach
lattice that contains an atom (by perturbing a well-known example of Schaefer), providing a counterexample to a question of M. T. Jahandideh [Proc. Amer. Math. Soc.
125 (1997), no. 9, 2661–2670; MR1396983 (97j:47052)].
P. Rosenthal
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Common invariant subspaces for collections of operators. (English summary)
Integral Equations Operator Theory 39 (2001), no. 3, 253–266.

The author uses joint spectral radius and the Lomonosov-Hilden technique to prove
the following theorem: Let X be a Banach space of dimension at least two and C a
collection of bounded operators on X. If C is finitely quasinilpotent at a nonzero vector
x0 ∈ X (i.e. for any finite subset F of C, the joint spectral radius of F at x0 is 0) and
C contains a nonzero compact operator, then C and C′ (the commutant of C) have a
common nontrivial invariant subspace.
The author uses the Lomonosov-Hilden technique again to obtain the following
Banach lattice analogue: Let E be a Banach lattice of dimension at least two and C a
collection of bounded positive operators on E. If C is finitely quasinilpotent at a nonzero
positive vector and some member of C dominates some nonzero AM-compact operator
then C and C♯ (C♯ = {C ∈ X: T C ≤ CT for all T ∈ C}) have a common nontrivial closed
ideal.
Combining this result with the result of Y. V. Turovskiı̆ [J. Funct. Anal. 162 (1999),
no. 2, 313–322; MR1682061 (2000d:47017)] that multiplicative semigroups of quasinilpotent operators are finitely quasinilpotent, the author generalizes B. de Pagter’s theorem
[Math. Z. 192 (1986), no. 1, 149–153; MR0835399 (87d:47052)] to semigroups and shows
that a multiplicative semigroup of quasinilpotent compact positive operators on a Banach lattice of dimension at least two has a nontrivial invariant closed ideal.
Gordon Wilson MacDonald
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MR0087906 (19,434a) 46.1X
Dye, H. A. ; Phillips, R. S.
Groups of positive operators.
Canad. J. Math. 8 (1956), 462–486.

Let C0 (X) denote the space of all real-valued continuous functions f (x) vanishing
at infinity of the locally compact Hausdorff space X, metrized by the norm kf k =
supx |f (x)|, and let σ → Uσ be a representation of the group G of homeomorphisms
of X by bounded positive operators on C0 (X). Then Uσ admits a factorization Uσ =
Lθ(x,σ) Tσ into the flow Tσ (Tσ f (x) = f (xσ)) and the multiplication Lθ (Lθ(x,σ) f (x) =
θ(x, σ)f (x)), where, for each σ, θ(x, σ) is a positive continuous function on X bounded
away from 0 and ∞ and satisfying θ(x, στ ) = θ(xσ, τ )θ(x, σ), θ(x, e) = 1 (e is the
identity of G). The representation Uσ is equivalent to a pure flow Tσ (1) (Lθ′ Uσ Lθ′ −1 =
Tσ (1) ) if and only if θ has the form θ(x, σ) = g(x)/g(xσ). Such is the case if the flow
x → xσ is ergodic. The automorphism group of the group of all positive operators on
C0 (X) pertaining to a given flow is discussed, yielding the characterization of the group
of flow-related automorphisms modulo inner automorphisms. In these discussions, a
cohomology argument on θ(x, σ) is introduced as an algebraic vehicle. The canonical
factorization Uσ = Lθ Tσ implies that the infinitesimal generator of a strongly continuous
one-parameter group of bounded positive operators on C0 (X) is, under appropriate
conditions, represented as a differential operator of the first order.
K. Yosida
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MR0194893 (33 #3099) 47.10
Esajan, A. R.
On estimating the spectrum of the sum of positive semi-commuting operators.
(Russian)
Sibirsk. Mat. Ž. 7 1966 460–464

Let E be a Banach space with a positive cone. The positive operators B1 , B2 , · · · , Bs
in E are said to be semi-commuting in case Bi Bj ≤ Bj Bk (i < j; i, j = 1, 2, · · · , s).
Conditions
are P
given under which it can be concluded that the spectral radius satisfies
Ps
s
r( k=1 Bk ) ≤ k=1 r(Bk ). Two results are given which provide conditions assuring
that if A and B are non-zero positive operators, then there does not exist a number α
with 0 < α < 1 such that AB ≤ αBA.
R. G. Bartle
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MR734664 (85i:47038) 47B55 47D10
Greiner, Günther (D-TBNG)
A spectral decomposition of strongly continuous groups of positive operators.
Quart. J. Math. Oxford Ser. (2) 35 (1984), no. 137, 37–47.

Let A be the generator of a strongly continuous group (T (t))t∈R of positive operators
on an (order complete) Banach lattice E. If there exists a µ ∈ ρ(A) ∩ R (hence the line
Re λ = µ belongs to ρ(A)) then E is the direct sum of T (t)-invariant projection bands
I> and I< such that σ(A|I> ) [resp. σ(A|I< )] consists of all points λ ∈ σ(A) with Re λ >
µ [resp. Re λ < µ]. The projection band I> [resp. I< ] is the set of all x ∈ E with the
property (µ − A)−1 |x| ≤ 0 [resp. ≥ 0]. As a consequence, if µ ∈ ρ(A) ∩ R there exist
positive constants m, M such that kT (t)xk ≤ M eµt x for t ≥ 0, x ∈ I< and kT (t)xk ≥
meµt x for t ≥ 0, x ∈ I> .
Heinz Langer
c Copyright American Mathematical Society 1985, 2014
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MR696523 (84f:47046) 47D10 22B99
Greiner, G. ; Groh, U.
A Perron Frobenius theory for representations of locally compact abelian
groups.
Math. Ann. 262 (1983), no. 4, 517–528.

Representations of a general locally compact abelian group G as groups of positive
operators on a Banach lattice are studied with special reference to the properties of
spectrum, point spectrum, and essential spectrum. It is shown in particular that the
spectrum and the point spectrum are cyclic subsets of the dual group Ĝ, and that they
specialize to subgroups of Ĝ in the irreducible case.
Y. Domar
c Copyright American Mathematical Society 1984, 2014
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MR981746 (90e:46037) 46H05 46B30 46H30
Grobler, J. J. [Grobler, Jacobus J.] (SA-POTCH)
The zero-two law in Banach lattice algebras.
Israel J. Math. 64 (1988), no. 1, 32–38.

This note improves on theorems of H. H. Schaefer [same journal 59 (1987), no. 2, 241–
244; MR0920086 (88m:47066)] and A. R. Schep [“A remark on the uniform zero-two
law for positive contractions”, Preprint; per bibl.]. The present note proves that if A is
a unital Banach lattice algebra and if a is an element of A+ with kak ≤ 1, then either
kan+1 − an k = 2 for each nonnegative integer n, or else kan+1 − an k → 0 as n → ∞; also,
the peripheral spectrum of a is cyclic.
M. M. Day
c Copyright American Mathematical Society 1990, 2014
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MR1354120 (96i:47001) 47A10 46H05
Grobler, J. J. [Grobler, Jacobus J.] (SA-POTCH) ; Huijsmans, C. B. (NL-LEID)
Doubly Abel bounded operators with single spectrum. (English summary)
Quaestiones Math. 18 (1995), no. 4, 397–406.

A classical result due to Gel′fand asserts that an element x of the unital Banach
algebra A is the identity e if σ(x) = {1} and x is doubly power-bounded. The latter
means that kxn k ≤ C for all integers n. Here σ(x) is the spectrum of x and C is a
positive constant. There are several generalizations or variations. Recently, M. Mbekhta
and J. Zemánek [C. R. Acad. Sci. Paris Sér. I Math. 317 (1993), no. 12, 1155–1158;
MR1257230 (95b:47010)] proved the same conclusion as in Gel′fand’s theorem but
with doubly Cesàro bounded elements instead of doubly power-bounded elements. This
means that one has kMn (x)k ≤ C and kMn (x−1 )k ≤ C, where Mn (x) = (e + x + · · · +
xn )/(n + 1).
The main result of this paper extends the result of Mbekhta and Zemánek to doubly
Abel bounded elements. This is obtained by replacing Cesàro means with Abel means.
The relation between the two notions is also analyzed for Banach algebras and Banach
lattice algebras.
Catalin Badea
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MR528730 (80b:15006) 15A09
Haynsworth, Emilie ; Wall, J. R.
Group inverses of certain nonnegative matrices.
Linear Algebra Appl. 25 (1979), 271–288.

The group inverse of a matrix A, if it exists, is the unique matrix A# which satisfies
AXA = A, XAX = X, and AX = XA. Let S ={Ak : k a positive integer}. The authors
characterize (1) the nonnegative matrices A for which A# ∈ S, (2) the nonnegative
matrices A for which the Moore-Penrose inverse A+ ∈ S, and (3) the stochastic matrices
A for which A# ∈ S.
Thomas H. Foregger
c Copyright American Mathematical Society 1980, 2014
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MR629613 (82j:15004) 15A09 15A48
Haynsworth, Emilie ; Wall, J. R.
Group inverses of certain positive operators.
Linear Algebra Appl. 40 (1981), 143–159.

If K is a cone in Rn , then an n × n matrix A which maps K into K is called a positive
operator on K. The set of all positive operators on K is denoted by π(K). In a previous
paper, the authors have characterized all nonnegative matrices with the property that
the group inverse (A# ) or the Moore-Penrose inverse (A+ ) of the matrix is equal to
some power of the matrix [same journal 25 (1979), 271–288; MR0528730 (80b:15006)].
The purpose of the paper under review is to generalize these results to certain positive
operators on certain polyhedral cones. More precisely, the aforementioned n × n matrices
A have the following form: There exist an n × r matrix P with P ⊺ P = Ir and an r × r
matrix M ≥ 0 such that AP = P M and A ∈ π(K) for K = G(P ), the polyhedral cone
generated by the columns of P . Necessary conditions are then given under which A# or
A+ is equal to Ak for some positive integer k.
J. J. Buoni
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MR1969064 (2004b:15041) 15A48 47B60
Herzog, Gerd (D-KLRH-1)
Generalized M -matrices and ordered Banach algebras. (English summary)

Special issue on nonnegative matrices, M -matrices and their generalizations
(Oberwolfach, 2000).
Linear Algebra Appl. 363 (2003), 125–131.
Summary: “A matrix A ∈ Rn×n is an M -matrix if and only if the mapping x 7→ −Ax is
quasimonotone increasing (qmi) and if the right spectral bound of −A is negative. Here
qmi is meant with respect to the natural cone K = {x ∈ Rn : xk ≥ 0}. One possibility of
generalizing M -matrices is to consider qmi linear mappings on Rn with respect to other
cones K ⊆ Rn . We present results on such mappings in the Banach algebra setting and
discuss some special cones. Moreover, by means of one-sided estimates it is possible to
get information on the right spectral bound of qmi mappings.”
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Herzog, Gerd (D-KLRH-1) ; Lemmert, Roland (D-KLRH-1)
On quasipositive elements in ordered Banach algebras. (English summary)
Studia Math. 129 (1998), no. 1, 59–65.

Summary: “Let a real Banach algebra A with unit be ordered by an algebra cone K.
We study the elements a ∈ A with exp(ta) ∈ K, t ≥ 0.”
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Herzog, Gerd (D-KLRH-1) ; Lemmert, Roland (D-KLRH-1)
On Riccati equations in ordered Banach algebras. (English summary)
Demonstratio Math. 35 (2002), no. 4, 783–790.

Summary: “We consider Riccati differential equations in ordered Banach algebras A,
and prove invariance and comparison theorems for the case when the right-hand side
of a Riccati equation is quasimonotone increasing on the set of quasipositive elements
(which are the quasimonotone increasing linear mappings in the case that A is the
operator algebra of an ordered Banach space).”
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A note on a theorem of Raubenheimer and Rode. (English summary)
Proc. Amer. Math. Soc. 131 (2003), no. 11, 3507–3509 (electronic).

From the text: “Let (A, k · k) be a complex Banach algebra with unit e and kek = 1.
A set W ⊆ A is called an algebra wedge if W is closed, W + W ⊆ W, λW ⊆ W (λ ≥
0), W · W ⊆ W , and e ∈ W . As usual, by setting a ≤ b whenever b − a ∈ W we obtain a
reflexive and transitive relation on A, and call A ordered by W . In the sequel let σA (a)
and r(a) denote the spectrum and the spectral radius of a ∈ A, respectively.
“H. Raubenheimer and S. Mouton [Indag. Math. (N.S.) 7 (1996), no. 4, 489–502;
MR1620116 (99i:46035)] proved the following version of the Perron-Frobenius Theorem.
Theorem 1. Let A be ordered by an algebra wedge W such that the spectral radius is
increasing on W . Then r(a) ∈ σA (a) for all a ∈ W .
“The purpose of this note is to prove the converse of this result: Theorem 2. Let a ∈ A
be such that r(a) ∈ σA (a). Then there exists an algebra wedge W such that the spectral
radius is increasing on W , and a ∈ W .”
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A given (non-ordered) Banach algebra is slightly extended to a certain ordered Banach
algebra. This makes it possible to apply techniques on ordered Banach algebras to obtained results strictly in terms of the original algebra; for instance, concerning numerical
ranges, exponentials and roots.
Jaroslav Zemánek
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Herzog, Gerd (D-KIT-IAN) ; Schmoeger, Christoph (D-KIT-IAN)
Suprema of chains of operators. (English summary)
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Given a real or complex Banach space E, let L(E) denote the Banach algebra of all
continuous linear operators on E endowed with the operator norm and let E ⊆ L(E)
be a real Banach space with respect to this norm. Assume that E is ordered by a cone
K ⊆ E. In the paper under review, the authors introduce a property (which they call
property (P)) for the cone K and prove that if this property holds, then each chain
which is bounded from above has a supremum. Two examples of spaces of operators
E ⊆ L(E) which are ordered by cones with property (P) are discussed. In the first
example the space E is a complex Hilbert space and E is the real Banach space of all
linear and symmetric operators in L(E), endowed with the cone K = {A ∈ E : hAx, xi ≥
0, ∀x ∈ E}. The second example is a general result and is therefore considered to be a
proposition which states that if a real Banach space E is ordered by a regular cone K (i.e.
each increasing and order bounded sequence is convergent) that satisfies the condition
K − K = E, then the set K = {A ∈ L(E) : A(K) ⊆ K} of all monotone operators is a
cone in E = L(E) and K has property (P).
Jan Hendrik Fourie
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Huijsmans, C. B. (NL-LEID)
An inequality in complex Riesz algebras.
Studia Sci. Math. Hungar. 20 (1985), no. 1-4, 29–32.

Let L be a Riesz algebra (lattice ordered algebra) which is Archimedean and relatively
uniformly complete. The author considers the vector space complexification L + iL of L
with modulus defined by |ϕ| = |f + ig| = sup{|f cos θ + g sin θ|: 0 ≤ θ ≤ 2π]. The main
result of this article is the fact that the triangle inequality |ϕψ| ≤ |ϕ| |ψ| is valid for all
ϕ, ψ in L + iL.
Rosalind Reichard
c Copyright American Mathematical Society 1988, 2014
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MR934473 (89f:46106) 46J05 46B30 46H05
Huijsmans, C. B. (NL-LEID)
Elements with unit spectrum in a Banach lattice algebra.
Nederl. Akad. Wetensch. Indag. Math. 50 (1988), no. 1, 43–51.

Let E be a Banach lattice algebra with positive unit element. If a is positive and
invertible with a−1 positive and the spectrum of a is {1}, then a is equal to the unit
element. An elementary proof for this result is presented. It is elementary in the sense
that it does not rely on representation theory for Banach lattices. The result is also a
consequence of the work of H. H. Schaefer, M. P. H. Wolff and W. Arendt [Math. Z.
164 (1978), no. 2, 115–123; MR0517148 (80b:47048)] who used representation theory in
W. A. Feldman
their proof.
c Copyright American Mathematical Society 1989, 2014
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MR1340473 (96g:46013) 46B42 06F25 47B60
Huijsmans, C. B. (NL-LEID)
A characterization of complex lattice homomorphisms on Banach lattice
algebras. (English summary)

First International Conference in Abstract Algebra (Kruger Park, 1993).
Quaestiones Math. 18 (1995), no. 1-3, 131–140.
In this paper, the author presents an interesting version of the celebrated theorem
of W. Żelazko (which states that a bounded linear functional ϕ of a complex Banach
algebra A with unit e is multiplicative (i.e. an algebraic homomorphism) if and only
if, for all a ∈ A, ϕ(a) ∈ σ), for the case of complex Banach lattice algebras with a
positive unit element e. For such algebras it is shown that the order ideal generated
by e is a projection band and that its linear lattice homorphisms are multiplicative. It
is then shown that a bounded linear functional ϕ is a lattice homorphism (and hence
multiplicative) if, for every element a, ϕ(a) is contained in the spectrum of the element
which is the projection of a on the projection band generated by e.
{For the entire collection see MR1340467 (96c:00020)}
W. A. J. Luxemburg
c Copyright American Mathematical Society 1996, 2014
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MR826666 (87f:47055) 47B55 46A40
Huijsmans, C. B. (NL-LEID) ; de Pagter, B. [de Pagter, Ben] (NL-DELF)
Averaging operators and positive contractive projections.
J. Math. Anal. Appl. 113 (1986), no. 1, 163–184.

The authors are mainly concerned with generalizations of two theorems about positive
contractive projections on C0 (X). The generalizations are: (i) If A is an Archimedean
semiprime f -algebra satisfying the Stone condition, then every positive contractive
projection T on A satisfies the identity T (a · T b) = T (T a · T b) for a, b ∈ A. (ii) In
addition, T is averaging if and only if the range of T is a subalgebra. (We recall that
averaging operators are defined by the condition T (a · T b) = T a · T b.) For C0 (X), (i) is
due to G. L. Seever [Pacific J. Math. 17 (1966), 159–166; MR0192356 (33 #581)] and
(ii) to J. L. Kelley [Illinois J. Math. 2 (1958), 214–223; MR0103409 (21 #2179)].
In contrast to the analytic proofs given by Seever and Kelley, the authors’ proofs are
algebraic and order-theoretic. The analysis is neatly packaged in results taken from the
theory of orthomorphisms on vector lattices. Some very elegant techniques are used.
The Schwarz inequality is extended to Archimedean semiprime f -algebras. The proof
of this is standard once one has proved the “standard” fact that λ2 a + 2λb + c ≥ 0 for
all real λ and all a, b, c in an Archimedean semiprime f -algebra, implies that b2 ≤ ac.
The Schwarz inequality is important in subsequent arguments and can also be used to
prove Proposition 4.6: T (a · T e) = T a (a ∈ A), when A is an Archimedean f -algebra
with unit element e and T a positive contractive projection on A. The range of a positive
projection on an Archimedean f -algebra is known to be a vector lattice, in its induced
∗
order, under a ∨ b = T (a ∨ b). It is also an f -algebra under the new multiplication a ∗
b = T (ab).
The paper is well written, has an excellent bibliography, and contains the key counterexamples to show that its hypotheses are necessary as well as sufficient.
S. J. Bernau
c Copyright American Mathematical Society 1987, 2014
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MR566945 (83a:90182) 90C48 49B27
Itskovich, I. A.
Linear models of optimization in real Banach algebras admitting of natural
ordering. (Russian)

Models and methods of investigating economic systems (Russian), pp. 60–90, ‘‘Nauka’’
Sibirsk. Otdel., Novosibirsk, 1979.
The subject of this paper is linear programming in real commutation Banach algebras
with an identity. In Section 1 it is shown that such an algebra E can be ordered if it
satisfies the following conditions. (A) E has nontrivial ideals. (B) The intersection of all
its maximal ideals consists of only the zero element. (C) The dimension of its quotient
space relative to any of its maximal ideals is 1. This means that a pointed convex closed
solid nonnegative cone K ⊂ E exists such that (a) the identity e ∈ K, (b) x ∈ K and
y ∈ K ⇒ xy ∈ K and (c) int K is a group under multiplication.
In Section 2, the set F of all multiplicative functionals over E is considered together
with continuous linear functions determined by algebra elements according to the rule:
x(f ) := (x, f ), x ∈ E, f ∈ F .
In Section 3, the operation of multiplication of linear functionals over E by elements
of E is introduced: for any a ∈ E and g ∈ E ∗ , ag is a functional from E ∗ such that
(x, ag) = (ax, g) for x ∈ E.
P∞
In Section 4, it is demonstrated that the exponential function exp(x) := n=0 xn /n!,
x ∈ E, maps E onto the set int K of all positive elements.
Let E1 and E2 be two algebras satisfying conditions (A)-(C), K1 and K2 be their
nonnegative cones and A be a linear bounded operator from E1 into E2 . Section 5 deals
with the linear programming problem λ0 : = sup{(x, c)|Ax + y = b, x ∈ K1 , y ∈ K2 }, b ∈
E2 , c ∈ E1∗ , and its dual µ0 := inf{(b, u)|A∗ u − v = c, u ∈ K2∗ , v ∈ K1∗ }. Here, as usual,
K ∗ := {v ∈ E ∗ : (x, v) ≥ 0 for all x ∈ K} is the conjugate cone for K. In particular, the
duality theorem (λ0 = µ0 ) and the criteria of optimality (feasible elements x, y and u,
v of primal and dual problems respectively are optimal ⇔ they are connected by the
complementary slackness conditions xv = 0 and yu = 0) are proved.
Section 6 is devoted to the question of variables scaling in primal and dual problems.
In Section 7 the self-dual problem (∗) inf{(b, f ): Af ≤ b, f ≥ 0}, f ∈ E ∗ , b ∈ E, with a
skew-symmetric operator A (i.e. A∗ = −A) is examined. It is proved that this infimum
is zero and a feasible element f is optimal ⇔ (b − Af )f = 0 (complementary slackness
condition). An example of such a problem, namely

Z 1
Z 1
(s − t) df (t) ≤ b(s) ,
inf
b(t) df (t)|df (t) ≥ 0,
0

0

b ∈ C[0, 1], is investigated in full in Section 8.
In concluding Section 9 a pair of dual LP problems
(1)
(2)

sup {(b2 , f2 ): Df2 + y1 = b1 , f2 ∈ K2∗ , y1 ∈ K1 } ,
inf {(b1 , f1 ): D∗ f1 − y2 = b2 , f1 ∈ K1∗ , y2 ∈ K2 }

is considered, where D: E2∗ → E1 is a linear bounded operator and D∗ is its adjoint. It
is stressed that this pair is equivalent to the problem inf{(b, f )|Af + y = b, f ∈ K ∗ , y ∈
K} of type (∗), where b := [b1 , −b2 ], y := [y1 , y2 ], f := [f1 , f2 ], K := K1 × K2 and the
operator A: E1∗ × E2∗ → E1 × E2 , Af := [Df2 , −D∗ f1 ], is skew-symmetric. It is shown
that (i) the cone B1 := D(K2∗ ) + K1 coincides with E1 ⇔ ∃f2 ∈ K2∗ r 0 with Df2 < 0
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(something similar is valid for B2 := D∗ (K1∗ ) − K2 ); (ii) if Bi = Ei , then the feasible set
in problem (i) is not bounded for every bi ∈ Ei , i = 1, 2.
{For the entire collection see MR0566942 (81a:90006)}
Z. Waksman
c Copyright American Mathematical Society 1983, 2014
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MR2465374 (2009k:46047) 46E05 46J10 47B33 47B38
Jiménez-Vargas, A. (E-ALM-AMA) ; Villegas-Vallecillos, Moisés (E-ALM-AMA)
Order isomorphisms of little Lipschitz algebras. (English summary)
Houston J. Math. 34 (2008), no. 4, 1185–1195.

Let (X, d) be a metric space and α ∈ (0, 1]. A scalar-valued function is said to satisfy
the Lipschitz condition with respect to the metric dα defined by dα (x, y) = (d(x, y))α if
there exists a positive constant k such that
|f (x) − f (y)| ≤ k · dα (x, y), for all x, y ∈ X.
Such a function is called a Lipschitz-α function and the set of bounded Lipschitz-α
functions forms a Banach space under the norm kf kα = pα (f ) + kf k∞ , where
pα (f ) = sup{|f (x) − f (y)|/dα (x, y): x, y ∈ X, x 6= y}
and kf k∞ is the usual sup norm. This Banach space is denoted by Lip(X, dα ). (It
should be noted that sometimes one considers the norm on Lip(X, dα ) given by
max(pα (f ), kf k∞ ). However, the sum norm given in the definition above satisfies the
multiplicativity property needed for a Banach algebra.) By lip(X, dα ) (called a little
Lipschitz algebra) is meant the closed subspace of Lip(X, dα ) consisting of all those
Lipschitz-α functions with the property that for each ε > 0, there exists δ > 0 such that
0 < d(x, y) < δ implies |f (x) − f (y)|/dα (x, y) < ε. We note that both Lip(x, dα ) and
lip(X, dα ) are unital self-adjoint commutative Banach algebras with respect to pointwise multiplication and they are ordered vector spaces as well, where f ≥ 0 means that
f (x) ≥ 0 for all x ∈ X. A linear map T between two ordered vector spaces of scalarvalued functions is called an order isomorphism if it is bijective and both T , T −1 are
order preserving.
Order isomorphisms between Lip(X, d)-spaces have been studied, for example, by
N. Weaver [Pacific J. Math. 164 (1994), no. 1, 179–193; MR1267506 (95b:46031)] and
M. I. Garrido Carballo and J. Á. Jaramillo [Monatsh. Math. 141 (2004), no. 2, 127–
146; MR2037989 (2004k:46034)], who obtained results in the spirit of the Banach-Stone
theorem for spaces of continuous functions. The goal of the paper under review is to
determine the form of all order isomorphisms between little Lipschitz algebras. Here is
the main theorem:
Let (X, dX ) and (Y, dY ) be compact metric spaces and let α, β ∈ (0, 1). A bijective
β
linear map T : lip(X, dα
X ) → lip(Y, dY ) is an order isomorphism if and only if there exist
a nonvanishing positive function a in lip(Y, dβY ) and a Lipschitz homeomorphism h from
(Y, dβY ) onto (X, dα
X ) such that T is of the form
T (f ) = a · (f ◦ h), for all f ∈ lip(X, dα
X ).
Moreover,
T −1 (g) = [1/(a ◦ h−1 )] · (g ◦ h−1 ), for all g ∈ lip(Y, dβY ).
The function h is obtained by showing that the support of the functional δy ◦ T is a
singleton x ∈ X, and by defining h(y) = x. Here δy , for y ∈ Y , means the evaluation
functional, and the support of δy ◦ T is the set of all x such that for each neighborhood
U of x there is a Lipschitz-α function f whose co-zero set is contained in U and
such that (δy ◦ T )(f ) 6= 0. A consequence of the theorem is that the two little Lipschitz
algebras are order isomorphic if and only if the corresponding metric spaces are Lipschitz
Richard Fleming
homeomorphic.
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MR0044040 (13,360b) 46.3X
Kadison, Richard V.
A representation theory for commutative topological algebra.
Mem. Amer. Math. Soc., 1951, (1951). no. 7, 39 pp.

This paper is devoted to the study of the functional representation method and the
unification of theorems developed in recent years after the early work of Stone, Gelfand,
Kakutani and others on the commutative spectral theory. They center around the
characterization of the space C(X) of all real or complex-valued continuous functions
on a compact X and rest on the availability of the Tychonoff, Stone-Weierstrass and
Krein-Milman theorems. The author starts out (§2) with the following general result.
Theorem 2.1: Let V be an Archimedian ordered vector space with an order unit. Then
the natural map of V into the real C(X), where X is the compact weak closure of the
set of all extreme maximal ideals of V , is an isomorphism with respect to the units.
Here the representation space is not the too big set of all maximal ideals, so the result
applies at once to the next cases. In §3 the Stone algebra theorem is derived from the
preceding. Theorem 3.1: Let A be a real algebra which is an Archimedian ordered vector
space with unit (in both senses), complete in the natural norm, where x ≥ 0, y ≥ 0
imply xy ≥ 0. Then A is isomorphic to a real C(X). The algebra A is not assumed
commutative or associative nor are squares required to be positive; these facts follow
from the others. §4 derives the Kakutani-Krein lattice theorem from Theorem 2.1 by
showing that the natural map is now onto and that the set of extreme maximal ideals
is already closed. §5 treats the Banach space characterization of a real C(X) due to
Arens and Kelley by methods emphasizing the order situation. The long §5 is devoted
to proving some real Banach algebra representation theorems by purely real methods
and to passing from these to the basic real and complex theorems of Gelfand. In doing
so the analytic functions techniques are not avoided although a version of the real
Mazur-Gelfand theorem is proved by non-complex methods. Theorem 6.3: Let A′ be a
real Banach algebra (kxyk ≤ kxk · kyk) containing a dense subalgebra A with unit 1,
k1k = 1, such that (x2 + 1)−1 exists in A′ for x ∈ A and (x2 − 1)−1 does not exist in
A′ for x ∈ A, kxk = 1. Then A′ is isomorphic to a real C(X). The author points out
that the theorem as it stands with conditions on the incomplete A is needed later on.
Theorem 6.3 is used to show that a real Banach algebra with unit 1, k1k = 1, where
kx2 k = kxk2 and (x2 + 1)−1 always exists is isomorphic to a real C(X) and to get the
important representation as a complex C(X) of a commutative B ∗ -algebra (complex
Banach algebra with map x → x∗ such that (x + y)∗ = x∗ + y ∗ , (λx)∗ = λx∗ , x∗∗ = x,
(xy)∗ = y ∗ x∗ , kxx∗ k = kxk · kx∗ k) with unit. §7 reduces any polynomial identity on the
norm to that of Gelfand. Finally, §8 applies these results to commutative C ∗ -algebras
(uniformly closed self-adjoint algebras) of operators in a Hilbert space. Most of the
proofs in this paper are neater than those already existing in the fairly complete list of
references at the end.
L. Nachbin
c Copyright American Mathematical Society 1952, 2014
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MR0054175 (14,883e) 46.3X
Kelley, J. L. ; Vaught, R. L.
The positive cone in Banach algebras.
Trans. Amer. Math. Soc. 74, (1953). 44–55

Lemmas are proved on ordered Banach spaces R such that the non-negative cone C
contains an element e where kek = 1 and {y| ke − yk ≤ 1} ⊂ C. For example, in such
a space (a) kf k = f (e) for f ∈ C ′ , the cone polar to C, and (b) dist (−x, C) = sup
{f (x)|f ∈ C ′ and kf k ≤ 1}. It is then observed that if a Banach algebra is ordered via
a positive cone which is the closure of the set of sums of squares (sums of elements
xx∗ when ordering self-adjoint elements of *-algebras), the hypotheses of these lemmas
apply. By this means in a systematic manner a number of P
known and new theorems are
∞
proved. In the latter category is the following: let f (t) = n=−∞ an eint be absolutely
convergent and realvalued and let S be the class of all (two-ended sequences) which are
zero except for a finite number of terms with non-negative indices; then


 
max sup f (t) 0 ≤ t < 2π , 0
)
( ∞
∞
X
X
bm bm−n | b ∈ S .
= inf
|an +
n=−∞

m=−∞

S. Sherman
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MR0175937 (31 #213) 13.98 46.55
Krivine, J.-L.
Anneaux préordonnés. (French)
J. Analyse Math. 12 1964 307–326

A sample of the ideas. A is a commutative ring with 1 over Q in which -1 is not a sum of
squares. A preorder Π on A is a subset, closed under addition and multiplication, which
contains all squares, but does not contain -1. Then |Π| = Π ∩ −Π is a proper ideal. An
order is a preorder with |Π| = 0, and A is a pseudofield if Π is total, |Π| ∪ −|Π| = A,
and also x 6= 0 implies xy ≥ 1 for some y. Then A/|Π| is a pseudofield if and only if Π is
′
maximal. Theorem: If Π is a preorder on A, then
P x1 , · · · , xn do not all belong to |Π | for
′
some maximal extension Π of Π if and only if
λi xi ≥ 1 for some λi . Theorem: Let K
be an ordered field, L a real closed extension.
Then
p1 , · · · , ph , elements of K[x1 , · · · , xn ],
P
have no common root in L if and only if
qi pi = 1 + λ1 r1 2 + · · · + λt rt 2 for some qi ,
rj in K[x1 , · · · , xn ] and λj in K. Theorem: If A is a formally real field and x, y ≥ 0 in
no total order on A, then ω0 + ω1 x + ω2 y + ω3 xy = −1 for some sums of squares ωi ; an
analogous extension of Artin’s theorem on positive functions is presented.
The envelope E of Π is the intersection of all maximal Π′ containing Π, and the
radical R, that of all |Π′ |. Elementary characterizations of E and R are given. If Π is
Archimedean in the sense that each x ≤ n for some integer n, then E consists of all x ≥
−1/n (all n > 0), and R of all x such that −1/n ≤ x ≤ 1/n (all n > 0). An Archimedean
pseudofield is a subring of R containing Q. Thus if Π is an Archimedean preorder,
the maximal extensions Π′ of Π correspond to homomorphisms χ from A into R. The
spectrum Sp(A), consisting of all such χ, is compact in a natural topology, and A is
dense in the ring of continuous real functions on Sp(A). If A is an
R algebra over R, the
non-negative linear forms on A are precisely the forms T (x) = x̂ dµ for µ a positive
Radon measure on Sp(A).
Applications to real Banach algebras are given. If x is positive on Sp(A), then x =
α2 + x1 2 + · · · + xn 2 , α 6= 0 in R and the xi in A. The norm kxk is the limit inferior of
real λ ≥ 0 such that both λ + x and λ − x are sums of squares. If A is L1 (N ), N the
natural numbers, as convolution algebra, then Sp(A) = [−1, 1], and one has a result on
positive entire series on this interval.
If A is L1 [0, ∞), with 1 adjoined, as convolution
RR
algebra, then
k ∈ L∞ satisfies
k(x + y)f (x)f (y) dxdy ≥ 0 for all f in A if and only
R −px
if k(x) = e
dµ(p) for some bounded positive µ. Application to commutative C ∗ algebras is also included.
R. C. Lyndon
c Copyright American Mathematical Society 1966, 2014
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MR1825056 (2002k:43003) 43A35 43A10
Lashkarizadeh Bami, M. (IR-TPM)
Generalized positive definite functions and completely monotone functions on
foundation semigroups. (English summary)
J. Sci. Islam. Repub. Iran 11 (2000), no. 3, 245–252.

The aim of this paper is to introduce and study completely monotone functionals on an
ordered Banach algebra B into a proper H ∗ -algebra A, giving an integral representation for such functionals and to apply this theory to completely continuous monotone
functions on weighted foundation semigroups. The main result is an integral representation for the generalized w-bounded continuous completely monotone A-valued functions
with respect to positive A-valued measures on the space of w-bounded continuous nonnegative semicharacters on a foundation semigroup S with a Borel measurable weight
function w.
The paper also contains a section devoted to generalized representations and positivedefinite functions on weighted foundation semigroups in which a generalized version of
Bochner’s theorem on foundation semigroups is given.
Liliana Pavel
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MR2108364 (2005m:47086) 47D03 47A15 47B38 47B65
MacDonald, Gordon [MacDonald, Gordon Wilson] (3-PRIN-MS) ;
Radjavi, Heydar (3-DLHS-MS)
Standard triangularization of semigroups of non-negative operators. (English
summary)
J. Funct. Anal. 219 (2005), no. 1, 161–176.

In the first part of the paper the authors consider the question when a (multiplicative)
semigroup of non-negative (= positive) operators on Lp (X, µ) (for 1 ≤ p < ∞) of the
form scalar plus compact is triangularizable via standard subspaces if each operator in
the semigroup is triangularizable via standard subspaces. In the terminology of Banach
lattices, standard subspaces are precisely closed ideals (in fact, bands) of Lp (X, µ). The
obtained results extend in a number of directions the known theorem that a semigroup of
positive compact quasinilpotent operators on Lp (X, µ) has a nontrivial invariant band.
This theorem was given simultaneously in the monograph of H. Radjavi and P. Rosenthal
[Simultaneous triangularization, Springer, New York, 2000; MR1736065 (2001e:47001)]
and, for the case of general Banach lattices, in the paper by the reviewer [Integral
Equations Operator Theory 39 (2001), no. 3, 253–266; MR1818060 (2001m:47012)].
The second part of the paper introduces a generalized determinant function on
positive operators which are of the form identity plus trace class. It is shown that the
submultiplicativity of this generalized determinant function on a semigroup is equivalent
to the standard triangularizability of the semigroup. This result generalizes the known
finite-dimensional theorem (see Theorem 5.1.6 in the monograph mentioned above).
Roman Drnovšek
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MR607012 (82c:46027) 46B30 46J10
Martignon, Laura
Banach f -algebras and Banach lattice algebras with unit.
Bol. Soc. Brasil. Mat. 11 (1980), no. 1, 11–17.

The author permutes some standard facts about representation theory for Archimedean
lattice groups and Archimedean lattice rings, to produce a necessary and sufficient
condition for a Banach lattice algebra to be representable as C(K) with K compact.
S. J. Bernau
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MR1106817 (92g:47048) 47B65 47B07 47D03
Martı́nez, Josep (E-VLNC-AN) ;
Mazón, José M. [Mazón Ruiz, José M.] (E-VLNC-AN)
Quasi-compactness of dominated positive operators and C0 -semigroups.
Math. Z. 207 (1991), no. 1, 109–120.

One of the most interesting problems in the theory of positive operators is the following. If S, T : E → E are two positive operators on a Banach lattice such that 0 ≤
S ≤ T , then what are the properties of T that are inherited by S? In connection
with compactness properties this problem has been studied extensively in the past
[see P. G. Dodds and D. H. Fremlin, Israel J. Math. 34 (1979), no. 4, 287–320;
MR0570888 (81g:47037); O. Burkinshaw and the reviewer, Math Z. 174 (1980), no.
3, 289–298; MR0593826 (81m:47053); Trans. Amer. Math. Soc. 283 (1984), no. 1, 369–
381; MR0735429 (85e:47025)]. In this paper the authors study this domination problem
when the operator T is quasi-compact, i.e., when there exist a compact operator K and
some n such that kT n − Kk < 1. Here are three sample results: (1) If T is quasi-compact
and r(T ) < 1, then S is also quasi-compact. (2) If E is also Dedekind complete and
σ(T ) = σ0 (T ) (where σ0 (T ) is the spectrum of T in the algebra Lr (E) of all regular operators), then ress (S) ≤ ress (T ). (3) Let E = Lp (µ) with 1 < p ≤ ∞ and let {T (t)}t≥0
and {S(t)}t≥0 be positive C0 -semigroups of operators with generators A and B, respectively, such that 0 ≤ S(t) ≤ T (t) for each t ≥ 0. If each T (t) is quasi-compact and the
semigroup {S(t)}t≥0 is uniformly bounded, then each S(t) is quasi-compact.
For proofs and more results we refer the reader to the interesting paper.
C. D. Aliprantis
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MR780352 (87g:47076) 47B55 46A40 47D20
McPolin, P. T. N. ; Wickstead, A. W. (4-QUEEN)
Relatively central operators on Archimedean vector lattices. III.
Quart. J. Math. Oxford Ser. (2) 36 (1985), no. 141, 75–89.

For the discussion below H will be a cofinal vector sublattice of an Archimedean vector
lattice E. The vector space of relatively central operators is defined by Z(E|H) =
{T : E → H: there exists λ > 0 such that x ∈ E, h ∈ H and |x| ≤ |h| ⇒ |T x| ≤ λ|h|}.
The vector space Z(E|H) is a partially ordered algebra and it has been studied by
the authors in part II [see the preceding review]. In this paper they continue their
investigation of relatively central operators in connection with some other types of
operators.
The authors first present some examples to establish that Z(E|H) is not a vector
lattice, in general. Afterwards they consider operators T : E → H and introduce the
notions of relatively ideal preserving operators (for all x ∈ E there exists λx > 0 such
that h ∈ H and |x| ≤ |h| imply |T x| ≤ λx |h|), relatively band preserving operators (h ∈
H, x ∈ E and x ⊥ h imply T x ⊥ h), and relative orthomorphisms. The authors present
conditions under which these new operators are actually relatively central. For instance,
they show that if E is a normed vector lattice, then every bounded relatively ideal
preserving operator is relatively central.
In another direction, the authors commence an investigation of the relationship
between projections and relatively central operators. Also, they study the extremal
structure of certain sets of relatively central operators.
C. D. Aliprantis
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MR832971 (87g:47075) 47B55 46A40 47D20
McPolin, P. T. N. ; Wickstead, A. W. (4-QUEEN)
Relatively central operators on Archimedean vector lattices. II.
J. Austral. Math. Soc. Ser. A 40 (1986), no. 3, 287–298.

Let H be a cofinal vector sublattice of an Archimedean vector lattice E. In part I [Proc.
Roy. Irish Acad. Sect. A 80 (1980), no. 2, 191–208; MR0620620 (82g:47027)] Wickstead
introduced and studied the collection Z(E|H) of all (linear) operators T : E → H which
have the property that there exists some λ > 0 such that x ∈ E, h ∈ H and |x| ≤ |h|
imply |T x| ≤ λ|h|. The vector space Z(E|H) is a partially ordered vector space under
its natural ordering and it is an algebra under composition.
In the present paper the authors investigate the structure of Z(E|H) as an algebra
under composition. In particular, they study the relationship between the properties of
having an identity, being abelian and being semisimple. If H is Dedekind complete in
its own right, then they show that the preceding properties are equivalent. The authors
also study spectral properties of operators in Z(E|H). If E is a Banach lattice and H is
closed, then for a nonzero operator T ∈ Z(E|H), its spectrum relative to Z(E|H) (which
in this case is a Banach space) is the same as that of T |H relative to the center Z(H)
of H, and that of T relative to L(E). The limitations of the theorems are illustrated by
examples and counterexamples, and some open problems are posed.
{For part III see the following review.}
C. D. Aliprantis
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MR1041484 (91e:46060) 46H05 46H20
Miller, John Boris (5-MNSH)
The natural ordering on a strictly real Banach algebra.
Math. Proc. Cambridge Philos. Soc. 107 (1990), no. 3, 539–556.

The author considers real Banach algebras in which every element has real spectrum.
Such algebras are commutative modulo the radical, by a theorem of I. Kaplansky [Duke
Math. J. 16 (1949), 399–418; MR0031193 (11,115d)]. The main result shows that the
principal component of the group of invertible elements is a generating convex cone
consisting of the elements with strictly positive spectra. This cone is used to define a
partially ordered algebra structure and the corresponding open-interval topology. This
topology is compared with the norm and spectral radius seminorm topologies. The
existence of square roots of positive elements is established together with continuity
of this operation with respect to the open-interval topology. The dual cone of positive
functions is also studied.
Jaroslav Zemánek
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MR1961634 (2004d:47074) 47B60 46H05 47A10 47B65
Mouton, S. [Mouton, Sonja] (SA-STEL)
Convergence properties of positive elements in Banach algebras. (English
summary)
Math. Proc. R. Ir. Acad. 102A (2002), no. 2, 149–162.

The author studies qualitative properties of the peripheral spectrum of a positive
operator (Riesz points, poles of the resolvent) and the possibility of their extension to
positive approximants of the operator. The corresponding continuity properties of the
Laurent series coefficients are also considered.
Jaroslav Zemánek
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MR1962967 (2004d:47075) 47B60 46H05 46H30 47A60 47B65
Mouton, S. [Mouton, Sonja]
A spectral problem in ordered Banach algebras. (English summary)
Bull. Austral. Math. Soc. 67 (2003), no. 1, 131–144.

The author studies the problem of positivity of the holomorphic functional calculus on
positive elements. This is motivated by a particular case, the long-standing problem, of
when a positive operator with spectrum consisting of 1 only will necessarily majorize
the identity. An analogue of the Perron-Frobenius eigenvalue is found for the lower
bound of the spectrum of a positive operator with respect to a certain inverse-closed
cone.
Jaroslav Zemánek
References

1. B. Aupetit, A primer on spectral theory (Springer-Verlag, New York, Heidelberg,
Berlin, 1991). MR1083349 (92c:46001)
2. F.F. Bonsall and J. Duncan, Complete normed algebras (Springer-Verlag, New York,
Heidelberg, Berlin, 1973). MR0423029 (54 #11013)
3. J.J. Grobler and C.B. Huijsmans, ‘Doubly Abel bounded operators with single
spectrum’, Quaestiones Math. 18 (1995), 397–406. MR1354120 (96i:47001)
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Mouton, S. [Mouton, Sonja]
On spectral continuity of positive elements. (English summary)
Studia Math. 174 (2006), no. 1, 75–84.

The author proves the continuity of the spectral radius of positive elements in ordered
Banach algebras. An ordered Banach algebra is a Banach algebra A with a cone, that
is, a set C ⊂ A which is closed under addition, multiplication and scalar multiplication
by nonnegative scalars. Clearly, the relation x ≤ y if y − x ∈ C defines an order on
A. C is called normal if there exists α > 0 such that kxk ≤ αkyk, whenever 0 ≤ x ≤
y in A. For any element a ∈ A, ̺(x) denote the spectral radius of x, δ(x) denote the
distance of spectrum of x from 0 in C and A(x) = {y ∈ A: x ≤ y, xy ≤ yx or yx ≤ xy
and d(̺(x), Sp(x)) ≥ d(α, Sp(x)) for all α ∈ Sp(y)}. The author proves that if C is
closed and normal, then for x ∈ C and y ∈ A(x), Sp(y) ⊂ Sp(x) + ̺(x − y). The author
generalizes the inequality ̺(x + y) ≤ ̺(x) + ̺(y) for commuting elements x, y of any
Banach algebra A to the setup when A is an ordered Banach algebra with normal cone
C and for x, y ∈ C satisfy xy ≤ yx or yx ≤ xy. Besides a couple of results for spectral
radius in ordered Banach algebra A, the author also proves the following. Let C be
normal in an ordered Banach algebra, x ∈ C and y ∈ A be such that x ≤ y, xy ≤ yx
or yx ≤ xy, and (α1 − x)−1 ∈ C for all α ∈ Sp(y) r Sp(x). Then Sp(y) ⊂ Sp(x) + ̺(x −
y).
Dinesh Jayantilal Karia
References

1. B. Aupetit, A Primer on Spectral Theory, Springer, New York, 1991. MR1083349
(92c:46001)
2. L. Burlando, Continuity of spectrum and spectral radius in Banach algebras, in:
Functional Analysis and Operator Theory, J. Zemánek (ed.), Banach Center Publ.
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Mouton, S. [Mouton, Sonja] (SA-STEL)
On the boundary spectrum in Banach algebras. (English summary)
Bull. Austral. Math. Soc. 74 (2006), no. 2, 239–246.

Let A be a complex Banach algebra with unit, and let S be the set of invertible elements
of A. This article considers various properties of ∂S, the topological boundary of S, as
well as properties of the boundary spectrum, defined by S∂ (a) = {λ ∈ C: λ − a ∈ ∂S}.
Particular attention is paid to the case where A is an ordered Banach algebra.
{Reviewer’s remark: The last equality in Theorem 2.15 appears to be superfluous,
since, if T is an isomorphism, then its kernel must be zero.}
Thomas Ransford
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MR2470837 (2009m:46072) 46H05
Mouton, S. [Mouton, Sonja] (SA-STEL)
A condition for spectral continuity of positive elements. (English summary)
Proc. Amer. Math. Soc. 137 (2009), no. 5, 1777–1782.

Summary: “Let a be an element of a Banach algebra A. We introduce a compact subset
T (a) of the complex plane, show that the function which maps a onto T (a) is upper
semicontinuous and use this fact to provide a condition on a which ensures that if (an )
is a sequence of positive elements converging to a, then the sequence of the spectral
radii of the terms an converges to the spectral radius of a in the case in which A is
partially ordered by a closed and normal algebra cone and a is a positive element.”
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MR1881716 (2003e:46076) 46H05 46B40 47A10 47B65
Mouton, H. du T. (SA-STEL-EEL) ; Mouton, S. [Mouton, Sonja] (SA-STEL)
Domination properties in ordered Banach algebras. (English summary)
Studia Math. 149 (2002), no. 1, 63–73.

An ordered Banach algebra A has a cone A+ which is closed under multiplication, and
the cone is said to be “normal” if there is k > 0 for which 0 ≤ a ≤ b =⇒ kak ≤ kbk. This
guarantees that the cone is “proper”, in the sense that A+ ∩ −A+ = {0}, and also that
the spectral radius | · |σ is “monotone”, in the sense that 0 ≤ a ≤ b =⇒ |a|σ ≤ |b|σ . In this
note the authors address “domination properties”: If 0 ≤ a ≤ b then which properties
of b are transmitted to a? Membership of the radical of A is one such property; the
authors show that this is true under each of a number of auxiliary conditions on the
cone A+ .
Robin Harte
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Mouton, S. [Mouton, Sonja] (SA-STEL) ;
Raubenheimer, H. [Raubenheimer, Heinrich] (SA-OFS)
More spectral theory in ordered Banach algebras. (English summary)
Positivity 1 (1997), no. 4, 305–317.

In a recent paper Raubenheimer and S. Rode [Indag. Math. (N.S.) 7 (1996), no. 4, 489–
502; MR1620116 (99i:46035)] introduced their concept of an “ordered Banach algebra”,
having a positive cone A+ closed under unrestricted multiplication; they showed that if
this cone is also topologically closed and “normal” then the Perron-Frobenius theorem
holds; the spectral radius of a positive element is included in the spectrum: 0 ≤ a ∈
A =⇒ |a|σ ∈ σ(a). Here they turn their attention to the Kreı̆n-Rutman theorem,
and show (Theorem 3.2) that if the spectral radius is a pole of the resolvent then
it is also an eigenvalue, simultaneous for both left and right multiplication, with a
positive eigenvector. This is the case if for example a ∈ A is “Riesz” with respect to
an “inessential” ideal J ⊆ A; in this situation they find (Theorem 4.1) that, provided
the quotient cone (A/J)+ also gives “spectral radius monotonicity”, the “peripheral
spectrum” of a ∈ A consists of isolated points. We might remark that all this seems to
work if the positive cone is only required to contain the product of commuting pairs of
its elements.
Robin Harte
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Ng, Kung-fu
A representation theorem for partially ordered Banach algebras.
Proc. Cambridge Philos. Soc. 64 1968 53–59

Let A be a real algebra that is also a Banach space. Continuity and commutativity of
multiplication are not assumed. Let U denote the unit ball. Suppose that A is ordered
by a strict semialgebra A+ , and that U is order-convex. Then there is an isometric,
order-preserving isomorphism of A with a space C0 (X) (X locally compact, Hausdorff)
if and only if the following conditions are satisfied: (i) U is directed by the ordering; (ii)
if a, b ∈ A+ ∩ U , then ab ≤ a, b; (iii) for each a ∈ A+ , there exist sequences {bn }, {cn } in
A+ ∩ U such that a = lim abn = lim cn a. Simple examples are given to show that these
conditions are independent. The result generalises M. H. Stone’s theorem on ordered
algebras with a multiplicative identity that is also an order-unit [Proc. Nat. Acad. Sci.
U.S.A. 26 (1940), 280–283; MR0002023 (1,338e)].
G. J. O. Jameson
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MR1456587 (98k:47073) 47B65 47A10 47A35
Räbiger, Frank (D-TBNG-MI) ; Wolff, Manfred P. H. (D-TBNG-MI)
Spectral and asymptotic properties of dominated operators. (English
summary)
J. Austral. Math. Soc. Ser. A 63 (1997), no. 1, 16–31.

Let E be a Banach lattice and let T be a positive linear operator from E into E. Let S be
a linear operator dominated by T , i.e., |S(x)| ≤ T |x| for all x ∈ E. The authors study the
relationship between the peripheral spectra of T and S. In case S is also positive they
obtain, e.g., the result that if T satisfies the growth condition (G), then σ(S) ∩ r(T )Γ ⊆
σ(T ) ∩ r(T )Γ, where Γ denotes the unit circle in the complex plane. The analogous
result for the point spectra is obtained under the hypothesis that T is Abel ergodic or
that E is a KB-space. Assuming that r(T ) is a Riesz point of T , the authors prove that
for any dominated operator S the essential spectral radius ress (S) satisfies the strict
inequality ress (S) < r(T ). In the final section the authors study the inheritance of some
asymptotic properties such as almost periodicity, strong convergence of the powers.
{See also the following review [ MR1446832 (98k:47074)].}
Anton Schep
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Räbiger, Frank (D-TBNG-MI) ; Wolff, Manfred P. H. (D-TBNG-MI)
Spectral and asymptotic properties of resolvent-dominated operators. (English
summary)
J. Austral. Math. Soc. Ser. A 68 (2000), no. 2, 181–201.

This is a continuation of the authors’ earlier paper [J. Austral. Math. Soc. Ser. A 63
(1997), no. 1, 16–31; MR1456587 (98k:47073)], which was concerned with bounded operators. Here they study pseudo-resolvents, and more particularly unbounded operators
A and B on a complex Banach lattice E such that B is resolvent-dominated by A in
the sense that |(s − B)−1 x| ≤ (s − A)−1 |x| for all x ∈ E and all sufficiently large real
s. This requires that A is resolvent-positive in the sense of W. Arendt [Proc. London
Math. Soc. (3) 54 (1987), no. 2, 321–349; MR0872810 (88c:47074)], and in particular
s(A) < ∞, where s(A) = sup{Re λ: λ ∈ σ(A)}.
A typical result is that if B is resolvent-positive and resolvent-dominated by A and
(s − A)−1 satisfies a certain growth condition as s ↓ s(A), then σ(B) ∩ (s(A) + iR) ⊆
σ(A). There are similar results concerning the peripheral part of the point spectrum, the
essential spectrum and quasi-compactness. The results are applied to the generators of
C0 -semigroups, showing that various spectral conditions on a positive semigroup imply
stability, ergodicity or almost periodicity of dominated semigroups.
C. J. K. Batty
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Raubenheimer, Heinrich (SA-OFS)
The o-spectrum of r-asymptotically quasifinite-rank operators.
Quaestiones Math. 7 (1984), no. 3, 299–303.

The author introduces the class of r-asymptotically quasifinite-rank operators (which
properly contains the class of r-compact operators introduced by W. Arendt [Math. Z.
178 (1981), no. 2, 271–287; MR0631633 (83h:47027)]). If E is a complex Banach lattice,
and if T is a regular operator on E, then T is said to be r-asymptotically quasifiniterank if [Ωr (T n )]1/n → 0 as n → ∞, where Ωr (T ) = inf{kT − Ckr : C ∈ E ′ ⊗ E}. (Here
k kr denotes the usual r-norm on the space Lr (E) of all regular operators on E.) The
principal result of the paper is that the spectrum and the o-spectrum coincide for such
operators.
Peter Dodds
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Raubenheimer, Heinrich (SA-OFS)
r-asymptotically quasifinite rank operators and the spectrum of measures.
Quaestiones Math. 10 (1986), no. 1, 97–111.

The operators of the title were previously introduced by the author [same journal
7 (1984), no. 3, 299–303; MR0771655 (86c:47050)] and, in the present paper, are
characterized as those regular linear mappings T on a complex Banach lattice E for
which λ − T is invertible in the space of regular operators on E modulo the ideal of
finite rank operators, for each nonzero complex λ. The author gives several applications
to the spectral analysis of convolution operators on compact groups. These are closely
related to earlier work of W. Arendt [Math. Z. 178 (1981), no. 2, 271–287; MR0631633
(83h:47027)].
Peter Dodds
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On regular Riesz operators. (English summary)
Quaest. Math. 23 (2000), no. 2, 179–186.

Let E be a Banach lattice and let Lr (E) denote the regular operators on E. By Kr (E)
we denote the r-compact operators on E, i.e., T ∈ Kr (E) if T is a limit of finite-rank
operators in the regular norm. An operator is now said to be r-asymptotically of finite
rank if T + Kr (E) is quasi-nilpotent in Lr (E)/Kr (E). One of the first results of this
paper is that an operator T is r-asymptotically of finite rank if and only if it is a Riesz
operator and the order spectrum of T equals the spectrum of T . Another result is that
T is r-asymptotically of finite rank if and only if T ′ is r-asymptotically of finite rank.
Then the author indicates some partial results concerning the domination problem of
positive Riesz operators. If 0 ≤ S ≤ T and T is a Riesz operator such that the order
spectrum of T equals the spectrum of T , then S is a Riesz operator. It remains an
open question whether this holds without the assumption on the equality of the two
spectra.
Anton Schep
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Cones in Banach algebras. (English summary)
Indag. Math. (N.S.) 7 (1996), no. 4, 489–502.

The Perron-Frobenius theorem says that the spectral radius of a positive matrix is
in the spectrum, and this extends to positive operators on Banach lattices [H. H.
Schaefer, Banach lattices and positive operators, Springer, New York, 1974; MR0423039
(54 #11023)]. In the theory of positive operators the “positive cone” is usually induced
from a positive cone on the underlying space, and properties such as “normality” are
expected to follow from corresponding properties of the cone on the space. Here the
authors work in the algebra of operators, making the simplest assumptions about the
positive cone A+ ⊆ A, in particular that A+ A+ ⊆ A+ , i.e. the unrestricted product of
positive elements, is positive, and inferring (Theorem 4.1) that the spectral radius is
“monotone”: that is, 0 ≤ a ≤ b implies |a|σ ≤ |b|σ . This spectral radius monotonicity
in turn yields (Theorem 5.2) the Perron-Frobenius result that 0 ≤ a implies |a|σ ∈
σ(a): the argument is by contradiction involving Stirling’s formula, and taken from
B. de Pagter and A. R. Schep [J. Funct. Anal. 78 (1988), no. 1, 31–55; MR0937631
(89d:47079)(Prop. 3.3)]. This is indeed very neat, even if the unrestricted positivity is
a bit strong, excluding for example the usual positivity for Hilbert space operators and
C ∗ -algebras. Thus if we only assume the implication 0 ≤ a, 0 ≤ b, ba = ab =⇒ 0 ≤ ab
then we get “commuting spectral radius monotonicity”, which is enough for the PerronFrobenius theorem. In fact the authors here do obtain the C ∗ case (Theorem 6.5): to
achieve commuting spectral radius monotonicity when ab − ba = 0 ≤ a ≤ b consider the
closed C ∗ subalgebra generated by a = a∗ and b = b∗ , whose commutativity does not
Robin Harte
even need Fuglede’s theorem.
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Render, H. (D-DUIS)
Lattice structures of ordered Banach algebras.
Illinois J. Math. 36 (1992), no. 2, 238–250.

Conditions are considered for a Banach algebra A with approximate identity and
ordered by a multiplicative cone to be isomorphic to a sublattice and subalgebra of
C(X), the space of continuous real-valued functions on a compact space. It is shown
that a partially ordered (real) vector space is a vector lattice if and only if it satisfies a
disjoint decomposition property (DDP), i.e., each z can be written as x − y for x and y
positive and disjoint ([0, x] ∩ [0, y] = {0}), and the Riesz decomposition property. For A
with closed multiplicative cone, it is established that the following conditions (and some
others) are equivalent: A possesses the DDP and products of disjoint positive elements
are zero; A is an almost f -algebra (a lattice and products of disjoint positive elements
are zero); A is isomorphic to a sublattice (and subalgebra) of C(X). If A has a closed
multiplicative cone containing all squares then A is isomorphic to a subalgebra of C(X).
Consequences of this and uniqueness of the positive cone are considered.
W. A. Feldman
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Sanchez, Luis A. [Sánchez, Luis Ángel] (E-UPCT-ACE)
Convex cones associated to generalized cones in RN . (English summary)
Linear Algebra Appl. 433 (2010), no. 11-12, 2122–2138.

Applications of algebra (e.g. groups, rings, ideals, fields, modules, vector spaces, tensor spaces and other extensions) are the cornerstone of modern mathematics. A priori,
the axiomatic definitions of a given set of algebraic structures often exploit this notion.
For example, multilinear algebra, viz. the theory of k-linear alternate forms, has invoked the small vibration analysis of mechanical systems [F. R. Gantmakher and M. G.
Kreı̆n, Oszillationsmatrizen, Oszillationskerne und kleine Schwingungen mechanischer
Systeme, Wissenschaftliche Bearbeitung der deutschen Ausgabe: Alfred Stöhr. Mathematische Lehrbücher und Monographien, I. Abteilung, Bd. V, Akademie Verlag, Berlin,
1960; MR0114338 (22 #5161)] and the theory of totally positive matrices, non-negative
matrices and associated linear algebraic systems [T. Ando, Linear Algebra Appl. 90
(1987), 165–219; MR0884118 (88b:15023); A. Berman and R. J. Plemmons, Nonnegative matrices in the mathematical sciences, revised reprint of the 1979 original, Classics
Appl. Math., 9, SIAM, Philadelphia, PA, 1994; MR1298430 (95e:15013)]. In fact, the
consideration of linear algebra from a modern perspective sheds light on the analysis of
certain differential equations, involving the basic concept of monotonicity and positivity
theory of monotone systems [M. W. Hirsch and H. L. Smith, in Handbook of differential
equations: ordinary differential equations. Vol. II, 239–357, Elsevier B. V., Amsterdam,
2005; MR2182759 (2006j:37017); H. L. Smith, Monotone dynamical systems, Math. Surveys Monogr., 41, Amer. Math. Soc., Providence, RI, 1995; MR1319817 (96c:34002)].
Interestingly, dynamical behavior, in the light of positive operators, explicates a set of
direct consequences of Perron-Frobenius theory. For a given set of positive eigenvectors,
the consideration of the existence of dominant eigenvalues reveals the spectral properties of arbitrary cones of rank k. In this sense, the notion of a positive operator led
the author to provide a generalized Perron-Frobenius theory [L. Á. Sánchez, J. Differential Equations 246 (2009), no. 5, 1978–1990; MR2494695 (2010b:37067)]. From the
perspective of totally positive operators, this is a new geometric insight into the classical
operator theory. The author has introduced [op. cit.] the notion of generalized cones for
a new class of monotone systems, as a special case of the present consideration, namely,
the fact that the cones of rank 2 possess a Poincaré-Bendixson property.
In this setting, the present paper extends the notion of periodic orbits of the abovementioned two-dimensional classical setting to the case of arbitrary finite dimensions.
Thereby, a number of interesting applications of vector space theory are intertwined
with matrix theory, operator theory, dynamical systems and function analysis. Namely,
this paper examines multilinear properties of certain convex cones associated to the
generalized Euclidean cones: it offers the underlying spectral properties of generalized
cones of rank k in RN associated to convex cones in the space of alternate k-linear
forms over RN . The consideration of the present work offers far-reaching consequences
in the theory of generalized positive operators, such as the proof of a Perron-Frobenius
theorem. Namely, it is shown here that the notions of convex cones and generalized
cones have a strong connection with the stability of periodic orbits. For a given cone
of rank k in RN , the author has constructed a convex cone K in the space of k-linear
alternating forms over RN such that the underlying positive operators induce standard
positivity with respect to the cone K. This provides a new geometric proof of the
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Perron-Frobenius results [G. Fusco and W. M. Oliva, Ann. Mat. Pura Appl. (4) 160
(1991), 63–76 (1992); MR1163201 (95c:15042); M. A. Krasnosel′skiı̆, E. A. Lifshits and
A. V. Sobolev, Positive linear systems, translated from the Russian by Jürgen Appell,
Sigma Ser. Appl. Math., 5, Heldermann, Berlin, 1989; MR1038527 (91f:47051)].
In detail, this paper describes the beautiful connection of total positivity to the skewsymmetric product of a given set of vectors, and gives a broad generalization of the
theory of totally positive matrices through its combination with the geometrical setup
of positive linear operators. From the perspective of k-linear alternating forms, the
author provides a set of purely algebraic properties. This offers a wider explanation
of the geometrical and topological properties that underlie the theory of convex cones.
The third section of the present paper is devoted to the cone of rank k ∈ N. Namely,
it constructs the associated convex cones, in the space of alternate k-linear forms Λk ,
from the basic definitions and noteworthy properties of convex cones. In Section 4, the
author provides the theory of generalized positive operators and shows that it induces
positive operators with respect to associated convex cones in Λk . This offers a new
proof of the classical Perron-Frobenius theorem of positive operators. In Section 5, the
author gives a very well-known example of a generalized cone defined as the number of
sign changes of the concerned coordinate vectors in RN . Although such a consideration
already exists in the literature [T. Ando, op. cit.; F. R. Gantmakher and M. G. Kreı̆n,
op. cit.; E. A. Lifshits and A. V. Sobolev, op. cit.], at least at some level of abstraction,
from the viewpoint of previous work the author has reformulated those results in order
to fit the existing considerations into a generic approach. Finally, the author closes his
consideration by showing a set of prospective applications in stability theory, periodic
orbits and new autonomous systems [L. Á. Sánchez, J. Math. Anal. Appl. 317 (2006),
no. 1, 71–79; MR2205312 (2006j:34087); Nonlinear Anal. Real World Appl. 10 (2009),
no. 4, 2151–2156; MR2508426 (2010d:34109); B. Schwarz, Pacific J. Math. 32 (1970),
Bhupendra Nath Tiwari
203–229; MR0257466 (41 #2117)].
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MR1213325 (94e:47045) 47B38 43A22 47A10
Saxe, Karen (1-MACA)
Essential order spectra of convolution operators. (English summary)
Indag. Math. (N.S.) 4 (1993), no. 1, 79–89.

Given an arbitrary complex Borel measure µ ∈ M (G) on a locally compact group G
and any 1 ≤ p ≤ ∞, let Tµ,p denote the corresponding convolution operator on Lp (G).
It is well known that its spectrum σ(Tµ,p ) is always contained in the spectrum σ(µ) of
µ in the measure algebra M (G), but examples show that this inclusion may be proper.
On the other hand, for amenable G, W. Arendt has shown that σ(µ) coincides with the
order spectrum of the operator Tµ,p , i.e. the spectrum of Tµ,p in the Banach algebra
of all regular operators on the Banach lattice Lp (G) [see Math. Z. 178 (1981), no. 2,
271–287; MR0631633 (83h:47027)].
In the paper under review, similar results are obtained for certain essential spectra
of such convolution operators. The main result is Theorem 2.4 which states that, for
any complex Borel measure µ on a compact group G, the essential spectrum, the Weyl
spectrum, and the Browder spectrum of µ in the Banach algebra M (G) are all identical
and also coincide with the order essential spectrum, the order Weyl spectrum, and the
order Browder spectrum of the convolution operator Tµ,p for any 1 ≤ p ≤ ∞. The latter
terms have a canonical meaning which is carefully explained in the paper. Moreover, a
number of interesting facts concerning these essential spectra are presented in a general
setting, mainly based on the monograph by B. A. Barnes et al. [Riesz and Fredholm
theory in Banach algebras, Pitman, Boston, MA, 1982; MR0668516 (84a:46108)].
Michael M. Neumann
c Copyright American Mathematical Society 1994, 2014
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MR0115090 (22 #5893) 46.00
Schaefer, Helmut
Some spectral properties of positive linear operators.
Pacific J. Math. 10 1960 1009–1019

Let E be a partially ordered Banach space with positive cone K, T a positive operator
(bounded linear operator in E that maps K into itself), r the spectral radius of T , and
Rλ its resolvent operator. The author proves that certain topological conditions on K
imply properties of the spectrum, spectral radius, and resolvent of an arbitrary positive
operator. Also, by imposing conditions on the positive operator stronger conclusions are
obtained. A positive operator T is said to be quasi-interior if there exists λ > r such
that T Rλ x is a quasi-interior point of K for every non-zero point x of K. Among other
results it is proved that if T is quasi-interior and r is a pole of Rλ , then (1) r > 0 and r
is a simple pole of Rλ , and (2) every characteristic vector of T in K corresponding to
r is quasi-interior to K. Certain additional conditions are given which imply that the
nullspace of rI − T has dimension one.
F. F. Bonsall
c Copyright American Mathematical Society 1961, 2014
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MR0218912 (36 #1996) 47.25 28.00
Schaefer, H. H.
Invariant ideals of positive operators in C(X). I.
Illinois J. Math. 11 1967 703–715

Let X be a compact Hausdorff space, C(X) the algebra of continuous complex-valued
functions on X, and T a positive linear operator on C(X). In this paper the author
begins a systematic study of the closed T -invariant ideals of C(X), called T -ideals,
using (among others) spectral techniques drawn from the work of M. G. Kreı̆n and
M. A. Rutman [Uspehi Mat. Nauk 3 (1948), no. 1 (23), 3–95; MR0027128 (10,256c);
translated in Amer. Math. Soc. Transl. No. 26 (1950); MR0038008 (12,341b)] and the
author’s own earlier work on ordered spaces and spectral operators [e.g., Math. Z. 82
(1963), 303–313; MR0205081 (34 #4916)].
Theorem 1: Every maximal T -ideal is of the form Iϕ = (f ∈ C(X): ϕ(|f |) = 0}, for a
suitable normalized eigenvector ϕ of the adjoint operator T ′ . Here 0 is the eigenvalue
for ϕ if and only if ϕ is a point measure concentrated at a point of X where T e vanishes
(e is the identity of C(X)).
T is called ergodic if for each f ∈ C(X) the closed convex hull of the orbit of f
(under the powers of T ) contains a function invariant under T . T is called a Markov
operator if T e = e. Theorem 2: If T is ergodic and Markov, and if Φ is the set of all
positive normalized T -invariant measures on X, then ϕ → Iϕ is a bijection of the set of
all extreme points of Φ onto the family of all maximal T -ideals. Every T -ideal of the
form Iϕ is the intersection of the maximal T -ideals containing it. “Ergodic” cannot be
dropped from the hypotheses in this theorem.
The author gives examples, subsidiary comments and corollaries, including a dual to
Theorem 2 concerning stochastic operators on a space L1 (µ).
R. A. Raimi
c Copyright American Mathematical Society 1968, 2014
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MR0233216 (38 #1539) 47.25
Schaefer, H. H.
Invariant ideals of positive operators in C(X). II.
Illinois J. Math. 12 1968 525–538

Let X be a compact Hausdorff space, C(X) the Banach algebra of continuous complexvalued functions on X, and T a positive linear operator on C(X). This paper is the
second part of a study of the ideals in C(X) that are invariant under T , and continues
the nomenclature, numeration and bibliography of Part I [same J. 11 (1967), 703–715;
MR0218912 (36 #1996)]; this review will do the same.
The intersection of all maximal T -ideals is called the T -radical, R; if R = (0), T is
called radical-free. Denote n−1 (I + T + · · · + T n−1 ) by M n. The main theorem of Section
4 says that if T is ergodic and Markovian, then f ∈ R if and only if limn M n|f | = 0.
As a corollary (under the same hypotheses), a sufficient condition for T to be radicalfree is that there exist a strictly positive T -invariant measure on X. This condition is
necessary if X is also metrizable.
In Section 5 the author collects and adds to known results concerning the peripheral
spectrum of T , that part of the spectrum lying on the circle of radius r(T ), the spectral
radius (with a similar definition for the peripheral point spectrum). T is said to be
uniformly ergodic if M n is a Cauchy sequence in norm, and irreducible if (0) is the only
T -ideal. Some theorems are as follows: If T is uniformly ergodic and kT k = r(T ) = 1,
then each element of the peripheral spectrum of T is an eigenvalue of the second adjoint
of T . If T is irreducible and Markovian, the peripheral spectrum is a subgroup of the
circle group.
In Section 6, T is assumed to be weakly compact but no longer Markovian or
ergodic. A number ρ ≥ 0 is called a distinguished eigenvalue of the adjoint T ′ if T ′
has a positive eigenvector for ρ. Theorem: Suppose that T ≥ 0 is weakly compact and
radical-free. Then, for each distinguished eigenvalue of T ′ , the corresponding eigenspace
is a vector sublattice of the dual space of C(X), and these sublattices are mutually
orthogonal. Moreover, each positive normalized eigenvector of T ′ is a unique convex
combination (barycenter) of those (normalized, positive) eigenvectors that belong to
the same eigenvalue and determine maximal T -ideals.
R. A. Raimi
c Copyright American Mathematical Society 1969, 2014
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MR0470748 (57 #10494) 47B55 47A10
Schaefer, Helmut H.
On the o-spectrum of order bounded operators.
Math. Z. 154 (1977), no. 1, 79–84.

The author discusses the difference between spectra of a regular operator calculated in
the algebra of regular operators and in the algebra of bounded operators, respectively.
The setting is that of a complex Banach vector lattice.
S. Kutateladze
c Copyright American Mathematical Society 1979, 2014
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MR565135 (81f:47038) 47B55 47D05
Schaefer, H. H.
Ordnungsstrukturen in der Operatorentheorie. (German)
Jahresber. Deutsch. Math.-Verein. 82 (1980), no. 1, 33–50.

This is a survey lecture given by the author at a meeting of the German Mathematical Society in Hamburg. Its contents give a rather complete idea about the material
considered. (1) Operator ideals. (1.1) Preliminaries, (1.2) Order-bounded operators,
(1.3) Cone absolutely summing and majorized operators, (1.4) Integral operators. (2)
The theory of the spectrum. (2.1) Preliminaries, (2.2) The symmetry of the peripheral spectrum, (2.3) Irreducible and peripheral point-spectrum, (2.4) Groups of positive
operators. (3) One-parameter semigroups. (3.1) Preliminaries, (3.2) The resolvent of
a generator A, (3.3) The spectrum of A, (3.4) Characterization of A. The proofs are
omitted.
{Reviewer’s remark: It is worthwhile to mention that the paper of A. K. Kitover
[Dokl. Akad. Nauk SSSR 250 (1980), no. 4, 800–803; MR0560379 (81d:47028)] makes a
contribution to the topic of Section 2 and that V. Ja. Stecenko [Uspehi Mat. Nauk 22
(1967), no. 3(135), 242–244; MR0215116 (35 #5959)] proved a theorem which is very
close to Theorem 2D (due to Niiro and Sawashima).}
Yu. A. Abramovich
c Copyright American Mathematical Society 1981, 2014
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MR666257 (84j:47071) 47D05 47B55 47D10
Schaefer, H. H.
Some recent results on positive groups and semigroups.

From A to Z (Leiden, 1982), pp. 69–79, Math. Centre Tracts, 149, Math. Centrum,
Amsterdam, 1982.
The classical Perron-Frobenius theory describes properties of the spectrum of positive
matrices (i.e. matrices with nonnegative entries). This theory has been extended to
positive operators on a Banach lattice [H. H. Schaefer, Banach lattices and positive
operators, see Chapter V, Springer, New York, 1974; MR0423039 (54 #11023)]. More
recently, the spectral theory of a single positive operator has been applied to groups of
positive operators and generalized to one-parameter semigroups of positive operators.
The article under consideration gives a survey of this development. In Section 1 the
situation for a single operator is reviewed briefly. Spectral properties of groups of positive
operators are discussed in Section 2. As an application, estimates for the norm-distance
of distinct elements of the group are given. In Section 3, finally, some results are selected
out of the Perron-Frobenius theory of one-parameter semigroups of positive operators.
The presentation parallels that of the single operator (Section 1); this underlines the
unity of the basic ideas involved, although there are considerable differences in the
methods of proof. The article is of an expository nature, making the theory accessible to
the nonspecialist. Results and basic ideas are illuminated by the consideration of special
cases like positive operators on C(K) or matrices. The specialist will find new aspects
and applications as well as a list of open problems.
{For the entire collection see MR0666249 (83h:46007)}
W. Arendt (Zbl 486:47024)
c Copyright American Mathematical Society 1984, 2014

128

Citations
From References: 6
From Reviews: 4
Previous

Up

Next

MR517148 (80b:47048) 47B55 47D10
Schaefer, Helmut H. ; Wolff, Manfred [Wolff, Manfred P. H.]; Arendt, Wolfgang
On lattice isomorphisms with positive real spectrum and groups of positive
operators.
Math. Z. 164 (1978), no. 2, 115–123.

The main result is the following theorem. Let T be a lattice isomorphism of a Banach
lattice E. The following two statements are equivalent: (i) T is in the center Z(E), i.e.,
|T x| ≤ n(T )|x| for all x ∈ E and some n(T ) ∈ N; (ii) the spectrum σ(T ) of T consists
of positive real numbers only. An immediate corollary shows that if T is a lattice
homomorphism satisfying σ(T ) = {1}, then T is the identity on E. Some interesting
applications are given.
A. V. Bukhvalov
c Copyright American Mathematical Society 1980, 2014
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MR0324475 (48 #2827) 47B55
Scheffold, Egon
Das Spektrum von Verbandsoperatoren in Banachverbänden. (German)
Math. Z. 123 (1971), 177–190.

Seien E ein reeller Banachverband und T ∈ L(E) ein Verbandsoperator auf E (d.h. es
gilt |T x| = T |x| für alle x ∈ E). In natürlicher Weise werde T auf die Komplexifizierung
Ẽ von E fortgesetzt, auf der durch |z| := sup{(cos α)x + (sin α)y: 0 ≤ α ≤ 2π} und kzk :=
k|z|k für z = x + iy ∈ Ẽ ein Absolutbetrag und eine Norm erklärt werden. Der Autor
untersucht das Spektrum solcher Operatoren und zeigt u.a., daß die Verbandsoperatoren
ein zyklisches Spektrum besitzen. Umgekehrt existiert zu jeder kompakten zyklischen
Menge der komplexen Ebene C ein Verbandsoperator, der diese Menge als Spektrum
besitzt (A ⊂ C heißt zyklisch, wenn aus α = |α|γ ∈ A folgt |α|γ k ∈ A für alle ganzen
k). Falls E ein Banachverband stetiger Funktionen ist, kann diese Charakterisierung
verschärft werden. Außerdem werden Bedingungen für die Zyklizität des peripheren
Spektrums von T und T ′ angegeben, wenn T aus der umfassenderen Klasse der positiven
Operatoren aus L(E) stammt bzw. wenn T ein positives Element einer kommutativen
Banachverbandsalgebra mit Einselement ist.
H. Schwetlick
c Copyright American Mathematical Society 1974, 2014
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MR581429 (81m:46064) 46H20 46B30
Scheffold, Egon
Über komplexe Banachverbandsalgebren. (German. English summary)
J. Funct. Anal. 37 (1980), no. 3, 382–400.

A real Banach lattice algebra A is simultaneously a real Banach lattice and a real
algebra satisfying 0 ≤ xy and kxyk ≤ kxk · kyk for 0 ≤ x, y ∈ A. The author studies
complex Banach lattice algebras which are complexifications of real Banach lattice
algebras and he aims for a Gel′fand theory for such spaces. It turns out that this is
possible as soon as the absolute values of the continuous multiplicative linear forms are
again multiplicative. In that case the spectrum of A is shown to be cyclic. R. J. Nagel
c Copyright American Mathematical Society 1981, 2014
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MR612873 (82f:46060) 46J35 46B30
Scheffold, Egon
FF-Banachverbandsalgebren. (German)
Math. Z. 177 (1981), no. 2, 193–205.

A real Banach lattice algebra (B.1.a.) A is a real Banach lattice and an associative
algebra over R such that xy ≥ 0 and kxyk ≤ kxkkyk for positive elements x, y ∈ A. A
complex B.1.a. is the complexification of such a real algebra with kzk = k|z|k, where |z| =
sup{(cos α)x + (sin α)y: 0 ≤ α < 2π}, z = x + iy. An FF-algebra satisfies moreover the
condition that inf(a, b) = 0 implies ab = 0 for a, b ∈ A. In Section 1 the author studies
CR (X), X a compact Hausdorff space, as an FF-algebra with some nonpointwise
multiplications. In Section 2 it is shown, among other results, that FF-algebras are
commutative, that they are algebraically and lattice isomorphic to function B.1.a.’s in
the case when they are semisimple, and that radicals in such algebras are given by
rad A = {x ∈ A: x3 = 0}. In Section 3 it is shown that unital B.1.a.’s are algebraically,
norm, and lattice isomorphic to B.1.a.’s of type C(X).
W. Żelazko
c Copyright American Mathematical Society 1982, 2014
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MR733772 (85h:46070) 46H10 46B30
Scheffold, Egon (D-DARM)
Banachverbandsalgebren mit einer natürlichen Wedderburn-Zerlegung.
(German) [Banach lattice algebras with a natural Wedderburn decomposition]
Math. Z. 185 (1984), no. 4, 521–531.

A real Banach lattice algebra A is a real Banach lattice and an associative algebra
such that x, y ≥ 0 implies xy ≥ 0 and kxyk ≤
kxk kyk. To each positive u in A there
S∞
corresponds a principal lattice ideal Au = n=1 {x ∈ A: |x| ≤ nu} which is lattice
isomorphic to CR (Ku ), where Ku is a compact Hausdorff space. It is assumed that A
as a Banach algebra has the identity e. In the first section the author discusses the role
of this assumption and proves Theorem 1, that Ae is a subalgebra of A isometrically
isomorphic to CR (Ke ) also as a real Banach algebra. One also has A = Ae ⊕ (Ae )⊥
(Theorem 3). If CR (K) is a unital Banach lattice algebra under some multiplication ∗,
then (f ∗ g)(t) = (1/e(t))f (t)g(t) (Theorem 4). In Section 2 the author deals with the
lattice (Ae )⊥ . He considers the following condition O: inf(|a|, |b|) = 0 implies r(ab) = 0,
where r is the spectral radius and a and b are arbitrary elements in A. Put N ∗ = {x ∈
A: r(|x|) = 0}. Then (Ae )⊥ = N ∗ if and only if the condition O holds, and then (Ae )⊥
is the Jacobson radical of A, so that Theorem 3 in this case gives a Wedderburn type
decomposition.
W. Żelazko
c Copyright American Mathematical Society 1985, 2014
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MR788952 (86i:46056) 46J99 46B30
Scheffold, Egon (D-DARM)
Über den Spektralradius bei kommutativen Banachverbandsalgebren.
(German) [On the spectral radius in commutative Banach lattice algebras]
Arch. Math. (Basel) 44 (1985), no. 4, 365–368.

Let A be a commutative real Banach lattice algebra with unit e (e > 0, kek = 1).
Previously the author had shown that A is an order direct sum of a lattice ideal Ae
generated by e and its orthogonal completion A⊥
e . The main result of the paper states
that the following are equivalent: (i) r(z) = r(|z|) for all z in AC , (ii) r(z) = 0 for all z in
(A⊥
W. Żelazko
e )C . Here r is the spectral radius and BC is the complexification of B.
c Copyright American Mathematical Society 1986, 2014

134

Citations
From References: 0
From Reviews: 0
Previous

Up

Next

MR991863 (90i:46090) 46H10 46B30
Scheffold, E. (D-DARM)
Über Banachverbandsalgebren mit multiplikativer Zerlegungseigenschaft.
(German) [On Banach lattice algebras with multiplicative decomposition
property]
Acta Math. Hungar. 52 (1988), no. 3-4, 273–289.

Continuing his previous paper [J. Funct. Anal. 37 (1980), no. 3, 382–400; MR0581429
(81m:46064)] the author gives several further results on Banach lattice algebras with
multiplicative decomposition property. They concern homomorphisms, maximal strucW. Żelazko
ture ideals and the decomposition property itself.
c Copyright American Mathematical Society 1990, 2014
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MR1006654 (90f:46046) 46E25 46E05 46J25 46J35
Scheffold, Egon (D-DARM)
Über F F -Banachverbandsalgebren C(K) und ihren assoziierten Operator.
(German. English summary) [On F F -Banach lattice algebras C(K) and their
associated operator]
Rev. Roumaine Math. Pures Appl. 34 (1989), no. 4, 347–354.

This paper deals with a special type of multiplication on the Banach lattice of all realvalued continuous functions C(K) on a compact Hausdorff space K. This nontrivial
multiplication is denoted by ∗. Definition: Under this multiplication C(K) is called an
F F -Banach lattice algebra provided that the following four conditions hold: (i) C(K) is
a real associative algebra; (ii) f ∗ g ≥ 0 for all nonnegative f, g ∈ C(K); (iii) inf(f, g) =
0 implies f ∗ g = 0 for f, g ∈ C(K); and (iv) kf ∗ gk ≤ kf k kgk for all f, g ∈ C(K). The
simplest example is C(K) under the familiar pointwise multiplication of functions.
According to Theorem 1.2 of an earlier paper by the author [Math. Z. 177 (1981),
no. 2, 193–205; MR0612873 (82f:46060)], the multiplication ∗ can be represented as
follows: there exists a uniquely determined continuous map t 7→ µt from K into the
set M (K)+ of nonnegative Radon measures on K, endowed with the topology induced
Rby the topology σ(M (K), C(K)), such that, for all f, g ∈ C(K), we have f ∗ g(t) =
f g dµt for all t ∈ K.
k
R
This gives rise to a positive linear operator T , kT k ≤ 1, defined by (T f )(t) = K f dµt
for all f ∈ C(K) and t ∈ K. Note that T f = eK ∗ f for all f ∈ C(K), where eK ≡ 1 on
K. Definition: The operator T described above is called the operator associated with
the F F -Banach lattice algebra (C(K), ∗). Note that f ∗ g = T (f g) for all f, g ∈ C(K).
The author presents several results on this associated operator T . We need appropriate
notation
before describing a few such results. Set U := {t ∈ K: µt (eK ) > 0} and B :=
S
t∈K Sµt , where Sµt is the carrier of µt , and U0 = B ∩ U .
Theorem 1: Let T be a positive endomorphism of C(K) with kT k ≤ 1. Further, let
µt := T ′ εt for all t ∈ K (where εt denotes the Dirac point mass at t, and T ′ denotes
the adjoint map). Through the equation f ∗ g := T (f · g) a multiplication ∗ is defined on
C(K), which makes C(K) into an F F -Banach lattice algebra precisely if the operator
T has the property (S) µt = µt (eK )εt for all t ∈ B.
Example: Define the positive endomorphism T on C[0, 2] as follows: T f (t) = (1 −
R
−1 2−t
t)
f (u) du for 0 ≤ t < 1, T f (t) = (2 − t)f (t), for 1 ≤ t ≤ 2. Then B = [1, 2] and
1
T has property (S), so that C[0, 2] becomes an F F -Banach lattice algebra under the
multiplication f ∗ g = T (f g).
A characterization of the regular maximal ideals in (C(K), ∗)—identified with the set
M of all nontrivial real-valued linear multiplicative functionals—is given in the next
theorem. Theorem 2: Let U ∩ B 6= ∅; then M = {µt (eK )εt : t ∈ U ∩ B}. Corollary 3: The
radical R of (C(K), ∗) consists of all functions that vanish identically on the set U ∩ B.
The author also gives a characterization of the annihilator A of (C(K), ∗), where A =
{f ∈ C(K): f ∗ C(K) = 0}. Theorem 4: Let f ∈ C(K); then f ∈ A if and only if f ≡ 0
on B.
Definition: A Banach lattice algebra A is called an F -Banach lattice algebra (note the
single F ) when inf(a, b) = 0 implies inf(c, a, b) = inf(a, c, b) = 0 for all a, b, c ∈ A and c ≥
0. Theorem 5: The quotient algebra C(K)/A is an F -Banach lattice algebra, and the
quotient algebra C(K)/R is a semisimple F -Banach lattice algebra.
The next result describes the spectrum of T . Theorem 6: Let T be the operator
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associated with the F F -Banach lattice algebra (C(K), ∗). Then: (i) The operator T
is invertible precisely if U = B = K. In the case when T is invertible, σ(T ) = {eK ∗
eK (t): t ∈ K}. (ii) If T is not invertible, then σ(T ) = {0} ∪ {eK ∗ eK (t): t ∈ B}.
The final result of the paper is Theorem 7, whose exact statement we omit. This
theorem shows that the double dual of (C(K), ∗), furnished with the Arens product, is
itself an F F -Banach lattice algebra, having T ′′ as its associated operator.
The interested reader should consider looking up the author’s earlier paper [op. cit.].
With the exception of the result on the Arens product (Theorem 7), most results in the
present paper are related to, and often dependent upon, results in the 1981 paper.
Christopher C. White
c Copyright American Mathematical Society 1990, 2014
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MR1124955 (92h:46027) 46B42 46H05 46J05
Scheffold, Egon (D-DARM)
Der Bidual von F -Banachverbandsalgebren. (German) [The bidual of Banach
F -algebras]
Acta Sci. Math. (Szeged) 55 (1991), no. 1-2, 167–179.

The main result of the paper is the following: the norm (= order) bidual A′′ of a Banach
f -algebra A is again a Banach f -algebra with respect to the Arens multiplication.
Recently, this result was generalized by the reviewer for the nonnormed case: If A is an
f -algebra A with separating order dual A′ , then the order bidual A′′ , equipped with
the Arens multiplication, is also an f -algebra [see the reviewer, J. Operator Theory 22
(1989), no. 2, 277–290; MR1043728 (91d:46061)]. The author also proves the following
nice characterization: The only Banach f -algebras for which the second dual has an
algebraic unit element of norm 1 are of type C0 (X).
C. B. Huijsmans
c Copyright American Mathematical Society 1992, 2014
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MR1213518 (94g:46052) 46J05 46B42
Scheffold, Egon (D-DARM)
Über den ordnungsstetigen Bidual von F F -Banachverbandsalgebren. (German)
[On the order-continuous bidual of F F -Banach lattice algebras]
Arch. Math. (Basel) 60 (1993), no. 5, 473–477.

A Banach lattice is called a Banach f -algebra if inf(a, b) = 0 implies ab = 0. The main
result states that the order continuous bidual (A′ )′n of a Banach f -algebra with the
Arens product is a Banach f -algebra and therefore commutative.
A. Alexiewicz
c Copyright American Mathematical Society 1994, 2014
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MR1239593 (95c:47042) 47B65 47B48
Scheffold, Egon (D-DARM)
Über Reynoldsoperatoren und “Mittelwert bildende” Operatoren auf
halbeinfachen F -Banachverbandsalgebren. (German) [On Reynolds operators
and averaging operators on semisimple F -Banach lattice algebras]
Math. Nachr. 162 (1993), 329–337.

Let A be a Banach lattice algebra which is also an f -algebra and assume that A is
semisimple as a Banach algebra. Let T be a linear operator from A into A. Then T
is called a Reynolds operator if T (f T g + gT f ) = T f T g + T (T f T g) for all f, g ∈ A and
T is called an averaging operator if T (f T g) = T f T g for all f, g ∈ A. Let r(g) denote
the spectral radius of g ∈ A. Then the author proves in Theorem 2 of the paper that
r(T g) ≤ r(g) for all g ∈ A for a Reynolds operator T , and in Theorem 3 of the paper
that r(T g) ≤ r(T )r(g) for all g ∈ A for an averaging operator T . He then shows that
the bi-adjoint of a Reynolds (or averaging) operator is again a Reynolds (or averaging)
operator on the bidual A′′ of A with respect to the Arens multiplication on A′′ . This
result combined with Theorems 2 and 3 allows the author to extend a Reynolds (or
averaging) operator T on A to a Reynolds (or averaging) operator on a C(K)-space,
where K is a compact Hausdorff space. In the final section of the paper he then studies
Reynolds operators on a C(K)-space and applies his extension to obtain a result on the
existence of T -invariant ideals in A.
Anton Schep
c Copyright American Mathematical Society 1995, 2014
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MR1315492 (96d:46071) 46J99 46B42 46H99
Scheffold, Egon (D-DARM)
Über Bimorphismen und das Arens-Produkt bei kommutativen D Banachverbandsalgebren. (German. English summary) [On bimorphisms and
the Arens product in commutative D -Banach lattice algebras]
Rev. Roumaine Math. Pures Appl. 39 (1994), no. 3, 259–270.

Summary: “Let E, F and G be Banach lattices and let ϕ: E × F → G be bilinear and
positive. In this paper we give a representation for the Arens triadjoint ϕ∗∗∗ : E ′′ × F ′′ →
G′′ (in this context, ϕ∗ : G′ × E → F ′ ; ϕ∗∗ : F ′′ × G′′ → E ′ ). Without tensor products we
show the following duality relation: ϕ is a lattice bimorphism if a certain map ϕ′ is
interval preserving. As an application the following result is shown: For a commutative
d-Banach lattice algebra A (i.e. |ab| = |a| |b| for a, b ∈ A) the order continuous part (A′ )′n
of the bidual A′′ , equipped with the Arens product, is again a commutative d-Banach
lattice algebra.”
c Copyright American Mathematical Society 1996, 2014
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MR1459770 (2000b:46079) 46H05 43A10 46J99
Scheffold, E. (D-DARM)
Maßalgebren mit intervallerhaltender linksseitiger Multiplikation. (German)
[Measure algebras with interval-preserving left multiplication]
Acta Math. Hungar. 76 (1997), no. 1-2, 59–67.

A Banach lattice algebra A is a Banach lattice which, at the same time, is a Banach
algebra such that the positive cone A+ is invariant with respect to multiplication. Left
multiplication on a Banach lattice algebra A is said to be [almost] interval preserving if
a · [0, b] is equal to [resp., dense in] [0, ab] for a, b ∈ A+ . An L-algebra is a Banach lattice
algebra with an abstract L-space as the underlying Banach space. As an example, for Lalgebras having interval-preserving left multiplication, measure algebras M ((S, ϕ)) are
introduced as follows: Let S be a compact Hausdorff space, ϕ: S → S continuous and
satisfying ϕ2 = ϕ, and define s · t := ϕ(t) (s, t ∈ S). In this way (S, ϕ) becomes a compact
topological semigroup. The corresponding convolution measure algebra B := M ((S, ϕ))
(the dual of C((S, ϕ)) as a Banach space) is clearly an L-algebra and has the following
properties (among which the first is immediate, and the remaining two are shown to
hold in Theorem 3): (1) The norm is multiplicative on B + ; (2) left multiplication
on B is interval preserving; (3) B is Arens regular, i.e. the two Arens products on
its bidual coincide. The main result of this paper is that essentially (i.e. apart from
taking suitable subobjects) there are no other L-algebras having properties (1) and (2),
even if “almost interval preserving” is admitted. The crucial step towards this aim is
the following representation theorem (Theorem 6): If A is an L-algebra having almost
interval-preserving left multiplication and such that the norm is multiplicative on A+ ,
then its bidual, equipped with the first Arens product, is an M ((K, ϕ))-measure algebra
whose left multiplication is even interval preserving (A being an L-space, its dual is of
the form C(K) for some compact Hausdorff space K; ϕ is constructed in the proof of
Theorem 6). This in turn leads to the desired characterization (Theorem 7): L-algebras
having almost interval-preserving left multiplication and multiplicative norm on the
positive cone are exactly the solid closed subalgebras of M ((K, ϕ))-measure algebras;
moreover, they are necessarily Arens regular and their left multiplication is interval
preserving. Actually, only the hard part of this statement is to be found explicitly as
Theorem 7; the (easy) converse is contained implicitly in the paper and has been added
here by the reviewer.
Michael Grosser
c Copyright American Mathematical Society 2000, 2014
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MR2011927 (2004h:46052) 46H99 46B42
Scheffold, Egon (D-DARM)
Über Banachverbandsalgebren vom Typ 1. (German) [On Banach lattice
algebras of type 1]
Ark. Mat. 41 (2003), no. 2, 375–379.

A unital Banach lattice algebra A (with positive unit e of norm 1) is said to be of Type
1 if for every positive element a in A it follows that a(e + a)−1 is positive. The result
of this paper is the following. If in a Banach lattice algebra A of Type 1 every positive
element is invertible then A is isomorphic to the real numbers.
Gerard Buskes
References

1. Bonsall, F. F. und Duncan, J.,, Complete Normed Algebras, Springer-Verlag,
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3. Scheffold, E., Über komplexe Banachverbandsalgebren, J. Funct. Anal. 37 (1980),
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Note: This list reflects references listed in the original paper as accurately as
possible with no attempt to correct errors.
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MR2097087 (2005i:47062) 47B65 46B42 46H99 47A10
Scheffold, E. (D-DARM)
Über positive Resolventenwerte positiver Operatoren. (German. English
summary) [On positive resolvent values of positive operators]
Positivity 8 (2004), no. 2, 179–186.

This paper studies positive resolvent values of positive operators. Interestingly, some of
its content plays out on the larger scale of Banach lattice algebras. Indeed, the present
paper shows (Satz 4) that a positive invertible element x of a Banach lattice algebra A
is a resolvent value of an element in A+ if and only if it satisfies the so-called negative
principle (das negative Prinzip), i.e. if a ∈ A and λ < 0 and xa ≤ λa then xa ≤ 0. The
latter has immediate consequences (see, e.g., Satz 5 of the present paper) for positive
linear operators on Dedekind complete Banach lattices when one defines a positive
linear operator T on a Banach lattice E to satisfy the negative principle if T (x) ≤ λx for
λ ≤ 0 and x ∈ E implies that T (x) ≤ 0. That the negative principle plays an important
role in spectral properties of resolvents of positive operators is also shown by Satz 1 and
Satz 2 in the present paper.
In the last section of the paper the author looks at Banach lattices of the type C0 (X).
The author shows that a positive, invertible operator T on C0 (X) is the resolvent value
of a positive operator S on C0 (X) if and only if T satisfies the following: f ∈ C0 (X),
x0 ∈ X, T (f ) ≥ 0, and T (f )(x0 ) = 0 implies f (x0 ) ≤ 0. The latter property is named the
zero-minimum principle (das Prinzip vom Null-Minimum) by the author. For further
details we refer the interested reader to the paper.
Gerard Buskes
References
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Note: This list reflects references listed in the original paper as accurately as
possible with no attempt to correct errors.
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MR1019163 (90j:47046) 47B55 47A10 47A35
Schep, Anton R. [Schep, Anton Roelof ] (1-SC)
A remark on the uniform zero-two law for positive contractions.
Arch. Math. (Basel) 53 (1989), no. 5, 493–496.

Let E be an order complete Banach lattice, and let T : E → E be a positive contraction.
The main result of the paper is the following strong zero-two law for positive contractions
of order complete Banach lattices: if kT m+1 − T m kr < 2 for some m ∈ N ∪ {0}, then
limn→∞ kT n+1 − T n kr = 0.
The proof uses the order spectrum of order bounded operators defined by H. H.
Schaefer [Math. Z. 154 (1977), no. 1, 79–84; MR0470748 (57 #10494)], several simple
(but powerful) facts concerning Banach algebras, and previous results obtained by Y.
Katznelson and L. Tzafriri [J. Funct. Anal. 68 (1986), no. 3, 313–328; MR0859138
(88e:47006)] and Schaefer [Israel J. Math. 59 (1987), no. 2, 241–244; MR0920086
(88m:47066)]. In proving the main result, the author shows also that limn→∞ kT n+1 −
T n kr = 0 if and only if the intersection of the order spectrum of T with the unit circle
is either empty, or equal to {1}. The paper also contains several applications of the
zero-two law concerning the peripheral order spectrum of a positive contraction, and a
semigroup version of the main result.
The zero-two law proved in the paper is a natural extension of the strong zero-two
law for positive contractions of Lp -spaces, 1 ≤ p < ∞ of R. Wittmann [Math. Z. 197
(1988), no. 2, 223–229; MR0923490 (89d:47017)], while at the same time it strengthens
and is more general than the extension of the zero-two law obtained by Katznelson
and Tzafriri [op. cit.]. It is the most general strong zero-two law in Banach lattices
(the study of the strong zero-two laws was implicitly started by D. S. Ornstein and L.
Sucheston, the creators of the first zero-two laws [Ann. Math. Statist. 41 (1970), 1631–
1639; MR0272057 (42 #6938)]) obtained so far; its proof is both simple and elegant.
Radu Zaharopol
c Copyright American Mathematical Society 1990, 2014
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MR0288557 (44 #5754) 46.06
Schneider, H. [Schneider, Hans] ; Turner, R. E. L.
Positive eigenvectors of order-preserving maps.
J. Math. Anal. Appl. 37 1972 506–515

The authors study positive (not necessarily linear or continuous) maps on a partially
ordered Banach space. Their results have applications to the discontinuous SturmLiouville problem. They give a new proof of the fact that the spectral radius is in the
spectrum of a positive linear operator.
H. E. Lacey
c Copyright American Mathematical Society 1972, 2014
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MR2250317 (2007m:47005) 47A10 15A48 47B65 47H07
Seidman, Thomas I. (1-MD3-MS) ; Schneider, Hans (1-WI)
The spectral radius in partially ordered algebras. (English summary)
Linear Algebra Appl. 417 (2006), no. 2-3, 347–369.

Summary: “We prove theorems of Perron-Frobenius type for positive elements in partially ordered topological algebras satisfying certain hypotheses. We show how some of
our results relate to known results on Banach algebras. We give examples and state
some open questions.”
Jor-Ting Chan
References
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4. W. Rudin, Functional Analysis, second ed., McGraw-Hill, 1991. MR1157815
(92k:46001)
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6. T.I. Seidman, H. Schneider, M. Arav, Comparison theorems using general cones for
norms of iteration matrices, Linear Algebra Appl. 399 (2005) 169–186. MR2152416
(2006b:65051)
7. Richard S. Varga, Matrix Iterative Analysis, Prentice-Hall, 1962. MR0158502 (28
#1725)
Note: This list reflects references listed in the original paper as accurately as
possible with no attempt to correct errors.
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MR859735 (88d:47049) 47B55 46B30 47A10
Sourour, A. R. (3-VCTR)
Spectrum-preserving linear maps on the algebra of regular operators.

Aspects of positivity in functional analysis (Tübingen, 1985), 255–259, North-Holland
Math. Stud., 122, North-Holland, Amsterdam, 1986.
Let X be a complex Banach lattice and let L(X) denote the algebra of all bounded
linear operators on X. An operator T in L(X) is said to be regular if it is a linear
combination of positive operators, and the algebra of all regular operators on X is
denoted by Lr (X). Given T in Lr (X), denote by σ0 (T ) and σ(T ) its spectrum in Lr (X)
and L(X), respectively.
The aim of this note is to prove that the following statements (i)–(v) are equivalent
for a linear mapping ϕ from Lr (X) onto Lr (Y ), where Y is a second complex Banach
lattice: (i) σ(ϕ(T )) = σ(T ) for all T ∈ Lr (X). (ii) σ0 (ϕ(T )) = σ0 (T ) for all T ∈ Lr (X).
(iii) ϕ is a Jordan isomorphism. (iv) ϕ is either an algebra isomorphism or an algebra
anti-isomorphism. (v) ϕ takes one of the following forms: ϕ(T ) = AT A−1 (T ∈ Lr (X))
or ϕ(T ) = BT ∗ B −1 (T ∈ Lr (X)), where A [resp. B] is a bounded invertible operator
from X [resp., from X ∗ ] onto Y .
If ϕ satisfies (i)–(iv) and, in addition, is order preserving, then the map A [resp., B] in
(v) may be chosen to be a lattice isomorphism. As an immediate corollary, the author
observes that Lr (X) and Lr (Y ) are isomorphic as ordered algebras if and only if X and
Y are isomorphic as Banach lattices.
In addition to discussing the proof of the main result, the author indicates how
it is related to earlier work concerning spectrum-preserving or invertibility-preserving
mappings between Banach spaces or Banach algebras, including a recent paper by
him and A. A. Jafarian [J. Funct. Anal. 66 (1986), no. 2, 255–261; MR MR0832991
(87m:47011)]. The paper ends with a number of open questions.
{For the entire collection see MR0859713 (87h:47002)}
T. A. Gillespie
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MR502514 (80a:81030) 81C20 46N05
Srinivas, M. D.
Quantum generalization of Kolmogorov entropy.
J. Math. Phys. 19 (1978), no. 9, 1952–1961.

The question of generalizing to the quantum realm the notion of Kolmogorov dynamical
entropy has been the object of several investigations in recent years; the author cites
works by the reviewer [Z. Wahrsch. Verw. Gebiete 29 (1974), 241–252; MR0377536 (51
#13708); Comm. Math. Phys. 49 (1976), no. 3, 191–215; MR0434287 (55 #7254)] and
by A. Connes and E. Størmer [Acta Math. 134 (1975), no. 3–4, 289–306; MR0454657
(56 #12906)]. The present proposal differs from these in three major ways. First, rather
than using a C ∗ - or W ∗ -algebra approach, the author defines here a general dynamical
system (O, µ, ϕt ) as an aggregate formed by a quantum event space O, a state µ on O,
and a homomorphism ϕ from R into Aut O. The event space O, which is to be interpreted
as the set of all “operations”, is taken to be the set of all positive elements in the unit
ball of an ordered Banach algebra with identity; a typical such model is L+
1 (V ) ⊂ L(V ),
i.e. the set of all bounded linear mappings of a complete base normed space V into itself;
in conventional quantum mechanics, V = Ts (H), the space of all selfadjoint, trace-class
operators on a separable Hilbert space H. Second, a great emphasis is placed
on the
V
fact that the entropy is defined
sequentially,
as
it
involves
a
conjunction
defined
on
V
O in such a manner that A B is to be interpreted as the experimental procedure in
which the system is subjected to the sequence of experimental procedures A followed
by B. Third, no specific example of a dynamical system is given for which the potential
usefulness of these concepts could be explicitly exploited.
Gérard G. Emch
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MR0215116 (35 #5959) 47.20
Stecenko, V. Ja.
On a spectral property of an indecomposable operator. (Russian)
Uspehi Mat. Nauk 22 1967 242–244

The author continues the study of his earlier paper [Uspehi Mat. Nauk 21 (1966), no.
5 (131), 265–267; MR0201977 (34 #1854)]. Under the assumption that A is an indecomposable operator on a Banach lattice and its spectral radius r(A) is an eigenvalue of
both A and A∗ with positive eigenvectors, r(A) is proved to be a simple eigenvector of
A. Another topic is an estimate of the spectral radius of the sum of positive operators
B1 , B2 , · · · , Bn for which Bi Bj − Bj Bi are positive (i < j, i, j = 1, 2, · · · , n). When
Pn all Bi
are completely continuous, the following estimate is given without proof: r( i=1 Bi ) ≤
P
n
{
i=1 r(Bi ). In the review of the above-mentioned article, “indecomposable” was mistranslated as “irreducible”.}
T. Ando
c Copyright American Mathematical Society 1968, 2014
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MR592901 (82b:47048) 47B55 46B30
Synnatzschke, J.
Über einige verbandstheoretische Eigenschaften der Multiplikation von
Operatoren in Vektorverbänden. (German)
Math. Nachr. 95 (1980), 273–292.

The author considers complete vector lattices W, X, Y, Z and maps between various
associated spaces of regular operators Hr (X, Y ), Hr (W, Z). If A ∈ Hr (X, Y ), B is a
linear operator from Y to Z and C a linear operator from W to X then BAC is a linear
operator from W to Z. Most of the paper is devoted to studying the map B TC : A →
BAC in various guises. Properties such as positivity, regularity, and normality are
considered. Components of these maps are also studied, particularly with reference to
components of almost integral operators.
S. J. Bernau
c Copyright American Mathematical Society 1982, 2014
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MR0256187 (41 #844) 46.80
Taylor, Joseph L.
Noncommutative convolution measure algebras.
Pacific J. Math. 31 1969 809–826

From the author’s summary: “A convolution measure algebra is a partially ordered
Banach algebra in which the norm, order and algebraic operations are related in special
ways. Examples include the group algebra L1 (G) and the measure algebra M (G) on a
locally compact group G and, more generally, the measure algebra M (S) on any locally
compact semigroup S.
“This paper demonstrates several ways in which a convolution measure algebra can
be realized as an algebra of measures on a compact semigroup. A relation is established
between such realizations and certain classes of Banach space representations of the
algebra. These results give a partial extension to the noncommutative case of the
structure theory of commutative semi-simple convolution measure algebras.” P. Civin
c Copyright American Mathematical Society 1971, 2014
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MR0336344 (49 #1119) 46H15
Thompson, A. C. ; Vijayakumar, M. S.
An order-preserving representation theorem for complex Banach algebras and
some examples.
Glasgow Math. J. 14 (1973), 128–135.

Let A be a complex Banach algebra with unit e of norm 1. Let B = {f ∈ A∗ : f (e) = kf k =
1}, M ={f ∈ B: f (J) = 0 for some S
maximal left ideal J of A}, Ω = w∗ -closure of M , S the
∗
w -closed convex span of M , C = {λS: λ ≥ 0}, V = C − iC and K ={x ∈ A: Re f (x) ≥
0, for all f ∈ V }. The authors prove the following representation theorem: There is a
mapping ϕ from A into C(Ω) such that (a) ϕ is a continuous linear homomorphism from
A to a subspace of C(Ω); (b) ϕ is an order homomorphism with respect to the order
induced by the wedge K and the positive cone P of functions in C(Ω) with nonnegative
real and imaginary parts; (c) ϕ is an isomorphism if and only if K is a cone; (d) if K is
a cone, then ϕ is a homeomorphism if and only if K is normal.
P. Civin
c Copyright American Mathematical Society 1975, 2014
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MR2373493 (2008m:46042) 46B40 47B65
Toumi, Nedra
On some order ideals in Banach almost f -algebras. (English summary)
Int. Math. Forum 3 (2008), no. 1-4, 107–113.

Summary: “Let A be a Banach almost f -algebra, k ≥ 2 be a natural number and
a1 , . . . , ak ∈ A+ . Put bk = a1 · · · ak . Then the closure bk A of the set bk A of all products
bk a with a ∈ A is a vector lattice under the ordering and the multiplication inherited
from A with bk A+ as a positive cone. Moreover, we prove that, for all a ∈ A+ , every
principal order ideal Iak generated by ak is a subalgebra of A.”
c Copyright American Mathematical Society 2008, 2014
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MR1080661 (91j:47043) 47B65 47B60
Triki, Abdelmajid (TN-TUNIS)
Extensions of positive projections and averaging operators.
J. Math. Anal. Appl. 153 (1990), no. 2, 486–496.

In the first section, it is shown that each positive projection on a majorizing subspace
of a Dedekind complete vector lattice E admits an extension to a positive projection
on the whole of E. The remaining sections sharpen some results on positive contractive
projections and averaging operators due to J. L. Kelley [Illinois J. Math. 2 (1958), 214–
223; MR0103409 (21 #2179)] and G. L. Seever [Pacific J. Math. 17 (1966), 159–166;
MR0192356 (33 #581)] for C(K)-spaces and to C. B. Huijsmans and B. de Pagter [J.
Math. Anal. Appl. 113 (1986), no. 1, 163–184; MR0826666 (87f:47055)] in the setting
of Archimedean semi-prime f -algebras.
Peter Dodds
c Copyright American Mathematical Society 1991, 2014
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MR2160427 (2006d:46019) 46B42 46A40 46B40
Uyar, Ayşe (TR-GAZI-ED)
On Banach lattice algebras. (English summary)
Turkish J. Math. 29 (2005), no. 3, 287–290.

Let E be a Banach lattice f -algebra with unit e, kek = 1, in which for every a ∈ E +
the inverse a−1 exists. In this paper, the author shows that E is lattice-and-algebra
isometric isomorphic to R and this without using the assumption a−1 > 0. She also gives
an alternative proof to a result of Huijsmans.
REVISED (February, 2006)
Lahcène Mezrag
Current version of review. Go to earlier version.
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MR833906 (87h:46111) 46H99 06F25
Venter, Lucas
A multiplication inequality in complex Banach lattice algebras.
Quaestiones Math. 8 (1985), no. 3, 275–281.

Let A be a real lattice-ordered algebra. It is an immediate consequence of the definition
that |ab| ≤ |a| · |b| for all a, b in A. If A is uniformly complete, then the absolute value
in A can be extended to the complexification Ac = A ⊕ iA of A by means of the formula
|z| = sup{Re(eiθ z): 0 ≤ θ ≤ 2π}.
In this paper it is shown that the inequality |z1 z2 | ≤ |z1 | · |z2 | holds for all z1 and z2
in Ac . This result contains the special case that A is a Banach lattice algebra [e.g., E.
Scheffold, J. Funct. Anal. 37 (1980), no. 3, 382–400; MR0581429 (81m:46064)], and that
A is the algebra of order bounded operators on a Dedekind complete vector lattice.
{Reviewer’s remark: The result of this paper was also proved by C. B. Huijsmans
[“An inequality in complex Riesz algebras”, Studia Sci. Math. Hungar., to appear].}
B. de Pagter
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157

Citations
From References: 0
From Reviews: 0
Previous

Up

Next

MR998747 (90h:46084) 46H99 46A40 47B55
Venter, Lucas (SA-POTCH) ; Grobler, Jacobus J. (SA-POTCH) ;
van Eldik, Peter (SA-POTCH)
The peripheral spectrum in Banach lattice algebras.
Quaestiones Math. 12 (1989), no. 2, 175–185.

This paper is devoted to the spectral properties of positive elements in Banach lattice algebras. In particular, the peripheral spectrum is studied in some detail. Some extensions
of the results of E. Scheffold [J. Funct. Anal. 37 (1980), no. 3, 382–400; MR0581429
(81m:46064)] are obtained. The authors make a point of not using any representation
theorems in their proofs, and obtain their results by using the intrinsic lattice structure
B. de Pagter
of the Banach algebras involved.
c Copyright American Mathematical Society 1990, 2014
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MR886852 (89i:22011) 22D40 22D45 46L55 47B38 47B55 47D10
Vershik, A. M. [Vershik, Anatoliı̆ Moiseevich]
Measurable realizations of automorphism groups and integral representations of
positive operators. (Russian)
Sibirsk. Mat. Zh. 28 (1987), no. 1, i, 52–60.

Introduction (translated from the Russian): “In the 1930s the papers of L. V. Kantorovich laid the foundations of the theory of operators in partially ordered spaces.
Positive operators occupied a special place in those papers, and in the contemporary
studies of M. G. Kreı̆n and S. Kakutani. Although these studies later proceeded in various directions, one or even two interrelated aspects have not been extensively developed.
We have in mind the connection with measure theory and ergodic theory, in all their
breadth, and questions of operator algebras.
“Positive and regular operators (i.e., the differences of positive operators in the terminology of Kantorovich, B. Z. Vulikh and A. G. Pinsker [Functional analysis in partially
ordered spaces (Russian), Gos. Izdat. Tekhn.-Teor. Lit., Moscow, 1950; MR0038006
(12,340d)]), in particular, positive contractions in L2µ (X), are the basic object of study
in the theory of functional models, ergodic theory, and the theory of Markov processes.
Although a great deal is known about positive unitary operators, i.e., automorphisms,
the cases of positive contractions and Markov operators (polymorphisms) have been
much less studied, and the algebras of operators generated by positive operators or
by semigroups of such operators have scarcely been studied at all. At the same time
the need for such results exists also in ergodic theory and in the theory of representations, and in the theory of operator algebras. Moreover, the study of the semigroup of
Markov positive contractions as a convex compactum is closely connected with difficult
and important problems of convex analysis and its applications—a theory in which the
outstanding role of Leonid Vital′evich is well known.
“In the present paper, which is dedicated to the memory of Leonid Vital′evich
Kantorovich, we consider only a few problems from this field.
“The first of them is related to a problem on measurable realizations of groups of
positive unitary operators, i.e., to the question of singular lifting. We show how this
well-known problem in ergodic theory, solved earlier by us [Izv. Akad. Nauk SSSR Ser.
Mat. 29 (1965), 127–136; MR0172977 (30 #3192)], G. W. Mackey [Illinois J. Math.
6 (1962), 327–335; MR0143874 (26 #1424)] and G. Maruyama [J. Math. Soc. Japan
18 (1966), 303–330; MR0212160 (35 #3035)] can be studied by the general method of
linearization, presented in our 1965 paper [op. cit.] for locally compact groups, and we
also indicate the complications that arise for infinite-dimensional groups. Then we turn
to a question of the integral representation of positive and regular operators. Theorems
on the simultaneous integral representation of algebras spanned by positive operators
(Section 2) form an analogue of the theorem on the realization of groups. A direct
consequence of the theorem in §1 is a theorem on the compatible integral representation
of operators of a crossed product that is generated by the action of a group. In §2 we also
give an individual integral representation for an arbitrary positive (Markov) contraction.
For this purpose we present the basic concepts of the theory of polymorphisms. The
concept of a groupoid operator provides an abstract description of positive operators for
which our integral representation is just as convenient as it is for operators of a crossed
product.
“Questions which are still unsolved relate to nonlocally compact groups and to general
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polymorphisms. Here (Section 3) we present a number of counterexamples that illustrate
the complexity of the problem. In particular, we select a problem on describing a C ∗ algebra generated by all positive contractions.”
{English translation: Siberian Math. J. 28 (1987), no. 1, 36–43.}
c Copyright American Mathematical Society 1989, 2014
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MR859736 (87k:47075) 47B38 47A10
Weis, Lutz (1-LAS)
An extrapolation theorem for the 0-spectrum.

Aspects of positivity in functional analysis (Tübingen, 1985), 261–269, North-Holland
Math. Stud., 122, North-Holland, Amsterdam, 1986.
Let (Ω, µ) be a finite measure space and let T be a bounded linear operator from
L∞ (Ω, µ) into itself that extends to a bounded linear operator T from Lp (Ω, µ) into
itself for all 1 ≤ p ≤ ∞. Then it is well known that σ(T Lp ) ⊂ σ(T L1 ) ∪ σ(T L∞ ), where
σ(T Lp ) denotes the spectrum of T as an operator in Lp .
It is shown that if T is a regular operator in Lp (µ) (1 < p < ∞), then there exists
a positive isometry J of Lp (µ) such that T̃ = JT J −1 extends to an endomorphism
T̃ : Lq (µ) → Lq (µ) for all 1 ≤ q ≤ ∞ and σ0 (T̃ Lq ) = σ(T̃ L1 ) ∪ σ(T̃ L∞ ) for all 1 < q <
∞, where σ0 is the order spectrum of T̃ in the sense of H. Schaefer. Similar results are
discussed for bounded operators acting on spaces Lp (X), where X is a Banach space.
{For the entire collection see MR0859713 (87h:47002)}
W. A. J. Luxemburg
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MR0399866 (53 #3708) 46H99
White, A. J.
Ordered Banach algebras.
J. London Math. Soc. (2) 11 (1975), no. 2, 175–178.

A complex algebra A is called an L-algebra if there is a partial order ≤ in terms of
which A is a complex L-space. If, in addition, A has the property that a ≥ 0, b ≥ 0 in A
imply ab ≥ 0 and kabk = kak · kbk then A is called an ordered L-algebra. If F ∈ A∗ , the
set PF = {a ∈ A: F (a) = kak} is a cone in A. F is said to be L-inducing if the partial
ordering generated by PF makes A into a complex L-space.
Suppose that F ∈ A∗ is L-inducing and kF k = 1. The author shows that A is an
ordered L-algebra in the order generated by F if and only if F is a multiplicative
linear functional. Suppose that F ∈ A∗ is L-inducing and a, b ∈ PF imply ab ∈ PF ; then
|ab| ≤ |a| · |b| with respect to the order generated by PF . These results are applied to
the theory of a commutative ordered L-algebra B. In particular, they help simplify
characterizations of commutative group algebras due to M. A. Rieffel [Trans. Amer.
Math. Soc. 116 (1965), 32–65; MR0198141 (33 #6300)] and J. L. Taylor [Acta Math.
126 (1971), 195–225].
B. Yood
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MR0420214 (54 #8228) 46A40 47B55
Wickstead, A. W.
The ideal centre of a Banach lattice.
Proc. Roy. Irish Acad. Sect. A 76 (1976), no. 4, 15–23.

Let E be a Banach lattice with a topological order unit, and Z(E) the ideal centre of E
consisting of all linear operators on E which are bounded in order by some multiple of
the identity operator. The author shows that Z(E), under its strong operator topology
S, is complete and provides information about E. For example, he shows that E has an
order unit if and only if Z(E) is metrizable. Compact operators in Z(E) are S-dense if
and only if the order intervals in E are norm-compact. Finally, the order-continuity of
the norm on E can also be characterized in terms of properties of Z(E).
Kung-fu Ng
c Copyright American Mathematical Society 1977, 2014
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MR0477671 (57 #17188a) 46A40
Wickstead, A. W.
The structure space of a Banach lattice.
J. Math. Pures Appl. (9) 56 (1977), no. 1, 39–54.

Citations
From References: 3
From Reviews: 4

MR0477672 (57 #17188b) 46A40
Wickstead, A. W.
The structure space of a Banach lattice. II.
Proc. Roy. Irish Acad. Sect. A 77 (1977), no. 9, 105–111.

In the first part of this paper the author gives a representation of the ideal centre of a
semisimple Banach lattice E. Let E be a Banach lattice; then the ideal centre Z(E) of
E is the space of all linear operators T on E for which there exists n ∈ N with −nx ≤
T x ≤ nx for all x ∈ E+ . The author calls E semisimple if every closed ideal I in E, such
that I + J = E for some closed ideal J, is equal to {0}. Let F (E) be the set of all weak* ∗
closed faces of E+
. Then M (E) will denote the set of all families of elements of F (E)
which have the property that finite intersections of members are nonzero, and which are
maximal with respect to this property. M (E) is called the structure space of B. If G ∈
F (E) let G∨ = {A ∈ M (E): G ∈ A}. As G varies over F (E) the sets G∨ form a base for
the closed sets of a compact T1 topology on M (E).
Then the main result of this paper is the following theorem: Let E be a semisimple
Banach lattice; there is an isometric order and algebra isomorphism T → T π of Z(E)
onto C(M (E)) such that, for F ∈ F (E) and T ∈ Z(E), T ∗ |F ≥ 0 if and only if T π |F ∨ ≥
0.
In the second part the author studies the relationship between the structure space of
two Banach lattices E and F when there is a linear lattice homomorphism T : E → F . A
typical example of the results in this direction is the following: Let E be a simple Banach
lattice (i.e., all its quotients by closed ideals are semisimple), I a closed ideal in E and
such that both E and J have Hausdorff structure spaces. Then M (J) is homeomorphic
0 ∨
to the Stone-Čech compactification of M (E) r (J+
) .
N. Popa
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MR620620 (82g:47027) 47B55 46A40 47D20
Wickstead, A. W.
Relatively central operators on Archimedean vector lattices. I.
Proc. Roy. Irish Acad. Sect. A 80 (1980), no. 2, 191–208.

Let E be an Archimedean vector lattice (Riesz space) and H a vector sublattice (Riesz
subspace). The linear operator T : E → H is said to be central relative to H if there
exists a number λ ≥ 0 such that x ∈ E, h ∈ H and |x| ≤ |h| together imply that |T x| ≤
λ|h|. This restricts the action of T only on the ideal generated by H. Therefore it is
assumed in the greater part of the paper that H is cofinal. The space of all linear
operators from E into H that are central relative to H is denoted by Z(E|H). If E =
C(X) with X compact and Hausdorff and H is closed and contains all constants, then
Z(E|H) consists precisely of all averaging operators, i.e., T (f h) = (T f ) · h for all f ∈
C(X), h ∈ H. For the operator order, Z(E|H) need not be a lattice, but it is a lattice
if H is Dedekind complete. If E is a Banach lattice and H is norm closed (and cofinal),
the compact operators in Z(E|H) form a lattice. There exists a natural norm kT kn on
Z(E|H), defined by
kT kn = inf{λ > 0: |T x| ≤ λ|h| for x ∈ E, h ∈ H and |x| ≤ |h|}.
If E is normal, kT kn and the operator norm need not be equivalent, but they are if
E is a Banach lattice. For general E and H Dedekind complete, the space of all order
continuous operators in Z(E|H) is an injective Banach lattice.
A. C. Zaanen
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MR1125740 (93g:47048) 47B65 46B42 47D30
Wickstead, A. W. (4-QUEEN)
An embedding of the algebra of order bounded operators on a Dedekind
complete Banach lattice.
Math. Z. 208 (1991), no. 1, 161–166.

Let E be a Banach lattice; Lr (E) is the space of regular operators on E, i.e., the
set of differences of operators ≥ 0, and Lr (E) is complete for the norm kT kr =
sup{k sup T ([−x, x])k; x ≤ 1}. Theorems: Assume moreover that E is Dedekind complete in (a), (b), (c). (a) If T ≥ 0 and is sup-preserving then σ0 (T ) is cyclic (σ0 (T )
denotes the spectrum for k kr ), i.e., (reiθ ∈ σ0 (T )) ⇒ (reinθ ∈ σ0 (T ) for all n). (b) If
T ≥ 0 and transforms intervals into intervals then σ0 (T ) is cyclic. (c) If T ≥ 0 and is
G-solvable then the subset of σ0 (T ) of maximal diameter is cyclic. (d) If T ≥ 0 and
transforms intervals into intervals then σ(T ) is cyclic.
The method consists of associating with E and with a set I of cardinality >|E| the
b of mappings f of I into E with values in a (nonfixed) interval of E; the author
space E
puts kf k = inf{kxk: |f (i)| ≤ x for all i ∈ I}.
Richard Becker
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MR1930989 (2004b:47069) 47B65 47B07 47L05
Wickstead, A. W. (4-QUEEN-PM)
The centre of spaces of regular operators.
Math. Z. 241 (2002), no. 1, 165–179.

This interesting paper, in a way, has its origin in [G. J. H. M. Buskes et al., Nederl.
Akad. Wetensch. Indag. Math. 48 (1986), no. 1, 1–9; MR0834315 (87f:47052)]. In the
latter an embedding of the algebraic tensor product of the center of two vector lattices
E and F , denoted Z(E) ⊙ Z(F ), into the center of the regular operators from E to F ,
denoted Z(Lr (E, F )), was used to obtain an up-down theorem in Lr (E, F ). The present
paper considers the injective tensor norm on Z(E) ⊙ Z(F ) and the order unit norm on
Z(Lr (E, F )) and then shows that the embedding into Z(Lr (E, F )) preserves the norm
if E and F are uniformly complete and the order dual of E separates the points. Thus
the embedding extends to an isometry (as well as algebra and order isomorphism) of
the injective tensor product Z(E) ⊙λ Z(F ) into Z(Lr (E, F )). The author then further
focuses on density of the embedding with applications to weakly compact and compact
operators. As just one illustration out of many of his results, he proves a theorem that
characterizes exactly the Banach lattices E, F that have the property that if 0 ≤ S ≤ T
are operators E → F and T is r-compact [see W. Arendt, Math. Z. 178 (1981), no. 2,
271–287; MR0631633 (83h:47027)], then S is r-compact. For further details and results
Gerard Buskes
we refer the reader to the paper under review.
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MR2179776 (2006e:46056) 46H35 46B42 47B49 47B65 47L10 47L45
Wickstead, A. W. (4-QUEEN-PM)
Order and algebra isomorphisms of spaces of regular operators. (English
summary)
Math. Ann. 332 (2005), no. 4, 767–774.

Let X and Y be (real) Banach spaces. It is well known that if U: L(X) → L(Y ) is an
algebra isomorphism then there exists a bounded bijective linear operator U : X → Y
such that U(T ) = U T U −1 for all T ∈ L(X) [C. E. Rickart, General theory of Banach
algebras, D. van Nostrand Co., Inc., Princeton, N.J., 1960; MR0115101 (22 #5903)]. In
the paper under review, the author provides an interesting Banach lattice version of
this classical result. More precisely, he proves that if X and Y in addition are Banach
lattices and if U: Lr (X) → Lr (Y ) is a lattice-ordered algebra isomorphism, then there is
a lattice isomorphism U : X → Y , so that U and U −1 are automatically bounded, such
that U(T ) = U T U −1 for all T ∈ Lr (X). Here Lr (X) denotes the lattice-ordered algebra
of all regular linear operators on X. Moreover, the author shows that each of the extra
conditions ‘U is an isometry for the operator norm’ and ‘U is an isometry for the regular
norm’ turns out to be necessary and sufficient for the associate linear operator U in
order to be isometric.
Karim M. Boulabiar
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MR2529410 (2010h:46024) 46B42 47B60 47L10
Wickstead, A. W. (4-QUEEN-CPM)
Banach lattices with topologically full centre. (English, Russian summaries)
Vladikavkaz. Mat. Zh. 11 (2009), no. 2, front matter, 50–60.

The centre Z(E) of a vector lattice E consists of those linear operators on E which
satisfy the inequality −λx ≤ T x ≤ λx for all x ∈ E+ and some λ ∈ R+ . The centre
Z(E) of a Banach lattice E is said to be topologically full if, whenever 0 ≤ x ≤ y,
x, y ∈ E, there is a sequence (Tn ) in Z(E) such that Tn (y) → x. Banach lattices with
topologically full centres were introduced by the author in [Quart. J. Math. Oxford
Ser. (2) 32 (1981), no. 126, 239–253; MR0615198 (82i:47069)]. “When is the centre a
maximal abelian subalgebra of continuous operators L(E) on E?” is the first question
the author deals with. In a Dedekind σ-complete Banach lattice, Z(E) is a maximal
abelian subalgebra of L(E). In Theorem 2.4, the author gives a simple proof to show
that if E is a Banach lattice with topologically full centre, then Z(E) is a maximal
abelian subalgebra of L(E). In 1988 M. Orhon [J. Karadeniz Tech. Univ. Fac. Arts Sci.
Ser. Math.-Phys. 11 (1988), 21–32 (1989); MR1103157 (92b:47050)] asked: if Z(E) is a
maximal abelian subalgebra of L(E), then must Z(E) be topologically full? The author
presents an example of an AM-space H with centre Z(H) not topologically full, but
so that Z(E) is a maximal abelian subalgebra of L(H). The author defines a linear
subspace J of a linear space E to be algebraically hyperinvariant for a linear operator T
on E if J is invariant for all linear operators on E which commute with T . In Theorem
3.1, it is shown that if E is an Archimedean vector lattice and T ∈ Z(E) which is not a
scalar multiple of the identity then there is a proper algebraically hyperinvariant band
for T . It is also shown that if E is a Banach lattice with topologically full centre and T ∈
Z(E) and J is a norm closed hyperinvariant subspace for T , then J is an order ideal.
The paper contains interesting conjectures and questions.
Şafak Ömer Alpay
c Copyright American Mathematical Society 2010, 2014
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MR0463881 (57 #3819) 46A40
Wils, Wilbert
The ideal center of partially ordered vector spaces.
Acta Math. 127 (1971), 41–77.

This paper is concerned with a partially ordered vector space E over R such that E =
E + − E + . For the most part it is assumed that E is the dual of a Banach space A with
a partial ordering that is regular in the sense of Davies, and such that the open unit
ball of A is directed. This implies that the ordering of E is regular and that the norm
is additive on E + . The positive part of the closed unit ball of E, denoted by K, is then
the prototype of a compact convex set.
Reinventing a device of R. C. Buck [Pacific J. Math. 11 (1961), 95–103; MR0123184
(23 #A513)] the author defines the ideal center of E as the set ZE of order bounded endomorphisms of E. He then shows that ZE is an order-complete commutative algebra
and that the extremal points of the positive part of the closed unit ball of ZE , identified
with the idempotent elements, form a boolean algebra, closed under arbitrary intersections. Then a set G in E + is a split face in the sense of Alfsen and Andersen if and only if
G = T E + , where T is an idempotent in ZE . With ∆ denoting the set of extremal points
of K, equipped with the facial topology, a simple proof of the isomorphism between
C(∆) and the weak* continuous elements of ZE (identified with ZA ∗ ) is given.
The most important part of the paper concerns the construction, for each g in K,
of a probability measure µg on K with barycenter g and pseudo-concentrated on the
primary elements of K (an element a of E + is primary if the ideal center Za of the order
ideal Va of E generated by a is trivial). It is proved that such a “central” measure exists
∞
and that it is the unique measure
R representing g that maps L (K, µg ) isomorphically
onto Zg g under the map ϕ 7→ ϕg dµg . This result generalizes the unique boundary
measure formula for simplices to arbitrary compact convex sets since the primary points
of a simplex coincide with the extreme points (in general they form a larger set). It
also generalizes the result of S. Sakai and the author from C ∗ -algebra theory, that
each state can be canonically disintegrated in primary states (i.e., states that induce
factor representations of the C ∗ -algebra). In view of the importance of disintegration
theory for operator algebras, the concept of central measures may well prove the most
important tool in convexity theory since the Choquet-Bishop-de Leeuw development.
One complication in this general setting is the fact that a split face of an order ideal
of E need not arise from a split face of E + , so that for example Zg cannot be regarded
as a quotient of ZE . This makes the identification of the primary points rather difficult,
and indeed it is an open problem whether the primary points form a Borel subset of
K, in the case when E is metrizable. The author presents a condition (Ext), trivially
satisfied for simplices and for state spaces of C ∗ -algebras, that assures the surjectivity
of the homomorphism ZE → Zg for each g in E + .
In § 2 of the paper the author claims a number of theorems for regular spaces. But
in this case the set of extremal rays of E + may well be void (take E = L∞ (R, λ) with
λ = Lebesgue measure), and so the contents of 2.5, 2.7 and 2.8 are wrong as stated.
However, if one assumes the norm to be additive on E + , the theorems are all restored.
{This review was received in 1971.}
G. K. Pedersen
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MR669926 (84f:47048) 47D10 22B99
Wolff, Manfred
Group actions on Banach lattices and applications to dynamical systems.

Toeplitz centennial (Tel Aviv, 1981), pp. 501–524, Operator Theory: Adv. Appl., 4,
Birkhäuser, Basel-Boston, Mass., 1982.
Let G be a locally compact abelian group and U an action of G on a Banach space X.
If U is nonquasianalytic, then there is a fairly good theory of spectral subspaces and
spectrum for U [see Yu. I. Lyubich et al., Funktsional. Anal. i Prilozhen. 7 (1973), 52–61;
MR0348036 (50 #534); Y. Domar and L.-Å. Lindhal, Ann. Inst. Fourier (Grenoble) 25
(1975), 1–32; MR0399872 (53 #3714); I. Ciorănescu and the reviewer, Rev. Roumaine
Math. Pures Appl. 21 (1976), 817–850; MR0417856 (54 #5904)]. Assuming that X is
a Banach lattice, the U (g)’s lattice isomorphisms and U nonquasianalytic, the author
deals with conditions under which the spectrum σ(U ) of U is the whole dual group Gˆ
of G. Sufficient conditions are (up to mild additional restrictions): U nondegenerate (for
each compact 0 6∈ K ⊂ G there is 0 < x ∈ X with inf{U (g)x, x} = 0 for all g ∈ K) or U
ergodic and injective. If Gˆ is “rich” (Rn , Tn and Z are rich, but Zn is, for n ≥ 2, poor),
then U nondegenerate is also a necessary condition for σ(U ) = Gˆ (up to an additional
restriction as above).
{For the entire collection see MR0669898 (83h:47002)}
László Zsidó
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MR770702 (86e:46046) 46J25 03H05 22D10
Wolff, Manfred P. H. (D-TBNG)
Spectral theory of group representations and their nonstandard hull.
Israel J. Math. 48 (1984), no. 2-3, 205–224.

This is a study of the spectrum of a strongly continuous representation of a locally
compact abelian group on a Banach space. In particular, results are obtained on the
Riesz part of the spectrum and on representations on Banach lattices. Some ideas go
back to Yu. I. Lyubich [Dokl. Akad. Nauk SSSR 200 (1971), 777–780; MR0288215 (44
#5413)]. A basic tool in the paper is an extension of the representation within the
Y. Domar
framework of nonstandard analysis.
c Copyright American Mathematical Society 1986, 2014
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MR849596 (87j:46045) 46B30 46J10 54H99
Zapata, Guido (BR-FRJ)
The Stone - Weierstrass theorem and a class of Banach lattice algebras.

Aspects of mathematics and its applications, 913–942, North-Holland Math. Library, 34,
North-Holland, Amsterdam, 1986.
Fixing a locally compact Hausdorff space X, let C0 (X) denote the space of all realvalued continuous functions on X which vanish at infinity, and consider a subset A of
C0 (X) for which the following properties hold: (i) A is both a vector sublattice and
a subalgebra of C0 (X); (ii) A strongly separates the points of X; (iii) A is equipped
with a lattice norm under which it is complete. The Banach lattice algebras of this
type which have the Stone-Weierstrass property (i.e., any subalgebra which strongly
separates the points of X is necessarily dense) are identified as those for which the
lattice norm is σ-continuous. Moreover, this “Dini condition” is shown to be equivalent
to various other classical assertions describing closures of algebraic entities such as
ideals or vector sublattices. An alternate characterization of the Banach lattice algebras
with σ-continuous norm that occur in the setting at hand provides perspective on these
results.
{Reviewer’s remark: The author is in good company when it comes to putting a “norm”
on the complexification of a real Banach space (p. 928), but this oversight probably does
not affect the validity of his work in that direction.}
{For the entire collection see MR0849544 (87f:00014)}
W. H. Summers
c Copyright American Mathematical Society 1987, 2014
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MR1184885 (93j:47056) 47B65 47A10
Zhang, Xiao-Dong [Zhang, Xiao Dong3 ] (1-FLAT)
Some aspects of the spectral theory of positive operators. (English summary)

Positive operators and semigroups on Banach lattices (Curaçao, 1990).
Acta Appl. Math. 27 (1992), no. 1-2, 135–142.
The author considers various aspects of the following (still open) problem: Let T be
a positive linear operator on a Banach lattice such that σ(T ) = {1}. Is it true that
T ≥ I? The first main result of the paper is that the answer is affirmative under
the additional hypothesis that there exist 0 < α < 21 and a constant c ≥ 0 such that
kT −n k = O(exp(cnα )) as n → ∞. In particular, if 1 is a pole of the resolvent of T , then
the answer is affirmative. The author also discusses the related question: Let T be a
positive contraction operator on a Banach lattice such that σ(T ) ⊂ {z: |z| = 1} properly.
Is it true that T is an isometry? The author shows that the answer is affirmative in case
T −n satisfies the same growth condition as above or when T is a lattice homomorphism.
{For the entire collection see MR1184871 (93e:47003)}
Anton Schep
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MR1213328 (94b:47047) 47B65 46A40 47A10 47B60
Zhang, Xiao-Dong [Zhang, Xiao Dong3 ] (1-FLAT)
On spectral properties of positive operators. (English summary)
Indag. Math. (N.S.) 4 (1993), no. 1, 111–127.

The peripheral spectrum of an operator T : X → X on a Banach space is the nonempty
compact set Per(T ) = {λ ∈ σ(T ): |λ| = r(T )}, where r(T ) denotes the spectral radius
of T . The peripheral spectrum of T is said to be cyclic if r(T )eiθ ∈ Per(T ) implies
r(T )einθ ∈ Per(T ) for each integer n. The classical Perron-Frobenius theorem asserts
that the peripheral spectrum of a nonnegative matrix is cyclic (as a matter of fact
it consists of kth roots of unity for some k). The long-standing problem for positive
operators on Banach lattices is whether or not their peripheral spectrum is cyclic.
In this work the author studies in a systematic manner some spectral properties of
positive operators that allow him to obtain (among other things) several interesting
cases of positive operators with cyclic peripheral spectrum. In particular, the author
considers an invertible positive operator T on a complex Banach lattice E with r(T ) = 1
and such that the unbounded connected component of ρ(T ) contains zero. Here is a list
of some sample results obtained by the author for such positive operators T . (In what
follows I denotes the identity operator on E.) (1) There exist a positive number a and
a positive integer k such that T k ≥ aI. (2) If T is also a lattice isomorphism satisfying
σ(T ) = {1}, then T = I. (3) There exists a positive integer k such that Per(T k ) = {1}.
(4) If σ(T ) is contained in the unit circle, then either σ(T ) coincides with the unit circle
or else σ(T ) is cyclic and consists of kth roots of unity for some positive integer k. (5) If
E is finite-dimensional and σ(T ) = {1}, then T ≥ I. If, in addition, T is a contraction,
then T = I.
Several examples illustrate the delicate points of the theorems. For more results and
proofs, we refer the reader to the interesting paper.
C. D. Aliprantis
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MR1746709 (2001m:47011) 47A11 34K40 47B99
Zima, Miroslawa (PL-PURZ)
On the local spectral radius in partially ordered Banach spaces.
Czechoslovak Math. J. 49(124) (1999), no. 4, 835–841.

Let A be a bounded linear operator on a Banach space X. If x ∈ X, then the local
spectral radius of A at x is r(A, x) := lim supn→∞ kAn xk1/n . If operators A and B
commute, then it is known that (∗) r(A + B, x) ≤ r(A, x) + r(B) and r(AB, x) ≤
r(A, x) r(B) for each x ∈ X [J. Daneš, Časopis Pěst. Mat. 112 (1987), no. 2, 177–187;
MR0897643 (88j:47004)]. In this paper, the author gives alternative conditions that
suffice for (∗) and applies them in the setting of functional-differential equations of
neutral type.
Thomas Len Miller
c Copyright American Mathematical Society 2001, 2014
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