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Introduction

A famous conjecture of Artin (1927) [3, 9] asserts that for every non-zero
rational number ¢ the set of prime numbers g for which ¢ is a primitive root
possesses a density inside the set of all prime numbers. The original conjecture
included a formula for this density, but calculations by Lehmer [14] indicated
that this formula must be wrong. A corrected version of the conjecture [31, Intr.,
Sect.23; 2, Intr.] was proved by Hooley [11, 12] under the assumption of certain
generalized Riemann hypotheses.

In this paper we are concerned with a generalized form of Artin’s conjecture,
which recently arose in connection with Euclid’s algorithm [23, 30, 19] and the
construction of division chains [5, 20] in global fields. Our main contribution is
a necessary and sufficient condition for the conjectural density of the set of
primes in question to be non-zero. As an application of this result we prove a
theorem about the existence of a euclidean algorithm in rings of arithmetic type.
For an application to arithmetic codes we refer to [15].

We discuss the various ways in which Artin’s conjecture has been
generalized.

First, instead of the rational numbers one can’consider an arbitrary global
field K, as in [3]. Prime numbers are then replaced by non-archimedean prime
divisors p of K.

Secondly, a congruence condition can be imposed on these primes [30, 19].
This is even of interest in the case K=Q: for example, among all primes for
which 27 is a primitive root there are no primes which are —1 mod 4, while,
conjecturally, there are infinitely many which are 1 mod4. Using class field
theory we can formulate such a congruence condition on p as a condition on the
Artin symbol (p, F/K), for some finite abelian extension F of K. Thus, in the
given example, the condition ¢g= — 1 mod 4 is equivalent to the requirement that
(g, Q(i)/Q) is the non-identity element of the Galois group Gal(Q(i)/Q). A
further generalization is achieved if we replace F by an arbitrary finite Galois
extension of K, and the Artin symbol by the Frobenius symbol.
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The third generalization is due to Cooke and Weinberger [5]. The condition
that the non-zero element ¢ of K is a primitive root mod p can be reformulated
as follows: if {¢t)> denotes the subgroup of the multiplicative group K* of K
generated by ¢ and IZ,, the residue class field at p, then the map {¢t)> — IZ: should
be defined and surjective. The generalization consists in replacing {t)> by an
arbitrary finitely generated subgroup W < K*. In the applications one often takes
W to be the group of units of a suitable subring of K.

A fourth generalization which has been considered [14, 17, 5] consists in
weakening the condition that W— Iz;‘,‘ be surjective. Instead, one requires that
the index of the image of Win K} divides some fixed positive integer k.

Other types of generalizations, not considered here, can be found in [6-8,
16]; compare also Section 8.

We refer to Section 2 for the precise formulation of the generalized conjec-
ture, and its heuristic derivation. Not surprisingly, the various generalizations do
not affect the status of the conjecture: in the function field case it is a theorem,
and in the number field case it is true modulo certain-generalized Riemann
hypotheses. This is shown in Section 3, by a trivial reduction to results of Bilharz
and Queen [3, 19] and Cooke and Weinberger [5].

In the applications of the conjecture it is obviously relevant to know under
which conditions the conjectural density vanishes. This problem is less trivial
than in the case of Artin’s original conjecture, since our formula is an infinite
sum rather than an infinite product. Our solution is stated in Section 4, and the
proof occupies Sections 5, 6 and 7.

In Section 8 we mention various problems to which our results apply. The
application to Euclid’s algorithm is considered in detail in Section 9.

1. Notations

In this paper K is a global field, i.e. a finite extension of the rational number
field Q or a function field in one variable over a finite field. In the first case we
simply call K a number field, we denote by Ay its discriminant over Q, and we
put p=1. In the second case, K is called a function field, and p denotes its
characteristic.

Throughout this paper we use the letters m, n, d, possibly with subscripts, to
denote squarefree integers >0 which are relatively prime to p, also at places
where this is not explicitly required. Similarly, by ! we always mean a prime
number different from p. The functions of Moebius and Euler are denoted by u
and ¢, respectively;, g|r means that g divides r, and gfr has the opposite
meaning. The number of elements of a set S is denoted by #S.

Let R be a ring. Then R* is its group of units, R*? is the subgroup of g-th
powers, and if te R* then (t) is the subgroup generated by t. The ring of integers
is indicated by Z, and F, is a finite field of q clements.

The restriction of an automorphism ¢ of a field L to a subfield L of L is
denoted by o|L. If L/L is a Galois extension, then Gal(L/L) is its Galois group,
and id, is the identity automorphism of L. The composite of two fields L, and
L, is denoted by L,-L,. By {, we mean a primitive g-th root of unity.
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A prime p of K is a non-archimedean prime divisor of K. The associated
normalized exponential valuation is denoted by ord,, and K, is the residue class
field at p. We put Np=4#K,,.

If S is a set of primes of K, then the lower and upper Dirichlet densities
d_(S) and d _(S) are defined by

d_(8)=liminf( . (Np)~ S)/(Z(NP) %),

s-1+0 peS

d,(8)= thfP(ZS (Np)~ S)/(Z (Np)™)
s—1 pe
(the sums in the denominators are over all primes p of K). Generally,
0=<d _(S)=d_ (5)=1.Ifd_(S)=d . (S) then this common value is denoted by d(S)
and called the Dirichlet density of S. It may be remarked that all our resulis
remain valid if, in the number field case, we replace Dirichlet density by natural
density. For the function field case this is not true [3].

If p is a prime of K and L/K is Galois, then the Frobenius symbol (p, L/K)
denotes the set of those aeGal(L/K) for which there is a prime g of L extending
p such that cq=q and Ga=o"? for all xcL,, where & is the automorphism of L,
induced by o. This is a non-empty subset of Gal(L/K), and if p is not ramified in
L/K then it is a conjugacy class.

The notations F, C, W, r, k, M, ¢, q(n), L,, C,,
Section 2, and for “GRH” we refer to Sections 3 and 9.

a,, a are introduced in

2. The Generalized Conjecture

Let there be given a global field K, a finite Galois extension F of K, a subset
CcGal(F/K) which is a union of conjugacy classes, a finitely generated sub-
group W K* of rank r=1 modulo its torsion subgroup, and an integer k>0
which is relatively prime to p. We are interested in the set M=M(K, F, C, W, k)
of primes p of K which satisfy the following conditions:

(p, F/K)=C,
ord,(w)=0 for all weW,
if : W— K* is the natural map, then the index of (W) in K* divides k.

Notice that we have excluded the case W is finite. In this case it is easily seen
that also M is finite.

The conjecture is that M has a density. In order to state the formula for the
conjectural density we introduce some new notation. For a prime number I4p
let g(I) be the smallest power of I not dividing k and let L,=K({,,, W"") be
the field obtained by adjoining all g(l)-th roots of elements of W to K. Notice
that g(!)=1 for all but finitely many I, and that L, is a finite Galois extension of
K. Similarly, if n is a squarefree integer >0, relatively prime to p, then we define
qgmy=]T4q, L,=K(ym, W'*™). Clearly, L, is the composite of the fields L, I|n.

ln
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Further, we define C, < Gal(F - L,/K) by
C,={oeGal(F-L,/K): (6{F)eC, and (c¢|L)=*id;, for all [|n}
and we put
a,=#C, /4 Gal(F- L,/K)=4C,/[F - L,: K1.
If n divides m, then
(21) a,2a,=0.

It foliows that the sequence (a,) has a limit, if # ranges over all squarefree
integers >0 prime to p, ordered by divisibility. Let

22) a=lima,.

(2.3) Conjecture. The densilty d(M) exists and is equal to a.

We quickly review the heuristic reasoning underlying the conjecture, and will
at the same time prove half of it:

24) d,(M)=Za.

(2.5) Lemma. Let p be a prime of K which satisfies
(2.6) ord,(w)=0 Sor all weW,

(27) ord,(2-4x)=0 if K is a number field.

Then the index of Yy(W) in IZ;}‘ divides k if and only if for all prime numbers I%p
we have

(2.8) (p, Ly/K)+{id, .

Notice that only finitely many p are excluded by (2.6) and (2.7). Some
condition on p is necessary: —7 is a primitive root mod 2, but (2, Q(Vj)/Q)
={idgy =}

Proof of (2.5). “If . If the index of y(W) in K* does not divide &, then for some

prime number [ it is divisible by g(l); notice that the index is relatively prime to
p, since K3 is. That means

29 qOHK}
(210) Y(W)c K20,

But, since p satisfies ord,(I- 1)=0 and ord,(w)=0 for all we W, by (2.9) and (2.6),
these conditions simply express that p splits completely in K((,q, W'4¥)=L,
so (p, L /K)={id,,}, contradicting (2.8).

“Only if . Let the index of Y (W) in K* divide k, and let  be a prime number
*p. If ord,(I-1)>0 then K is a number field, and the presence of the I-th roots of
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unity in L, implies, by condition (2.7), that p ramifies in L,/K, so
(p, L/K)#{id.}. Hence we may assume that ord,(/-1)=0. Then if p splits
completely in L /K, we necessarily have (2.9) and (2.10) (again using (2.6)),
contradicting that the index of y/(W) in K* divides k. We conclude that p does
not split completely in L,/K, so (p, L ,/K)=b= {id;,}. This proves (2.5).

Now let M, be the set of those primes p of K for which

(p, F/K)=C,

(p, L/K)#{id,} for all I|n.
Clearly
2.11) M,oM, if nlm,

and Lemma (2.5) implies that M differs by at most a finite set from the “limit”
(Y M,. We calculate the density of M,. Formal properties of the Frobenius

s;/mbol imply that M, differs by at most a finite set from

(2.12) {p: (p,F-L,/K)=C,}

so Tchebotarev’s theorem [13, Ch. VIII, Sect.4] implies that
d(M,)=$C, /4 Gal(F-L,/K)=a,.

Thus we see that Conjecture (2.3) is equivalent to the assertion that

(2.13) d((\M,)=limd(M,).

A trivial example shows that (2.13) is certainly not a generality following from
(2.11): if M, consists of all primes except the first n ones, in some numbering of
the primes, then d(M,)=1 for all n, and () M,=# so d(ﬂ M,)=0. Weinberger

[29] proved that (2.13) even can fail in a situation closely resembling ours.
In any case, it is true that

d,(M)=d (Y M,)Sd,(M,)=d(M,)=a,

for all n, which, in the limit, gives (2.4).
(2.14) Proposition. We have

_azp, . dic(‘li)] where c(d)=$(C ~Gal(F/F nLy).
Proof. For d|n, put

D,;={oceGal(F-L/K): (6|F)eC, and (¢|L))=id,, for all !{d}.
The principle of inclusion and exclusion [22] gives

#Cu= Y u(d)- 4D,

d|n
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To count D,, notice that
D,={oeGal(F-L,/L,): (c|F)eC}.

For every oeD,, we clearly have (o|F)eCnGal(F/FnL,). Conversely, if
1eCnGal(F/FnL,), then t has precisely one extension to an element of
Gal(F-L,/L,;), which in turn can be extended in [F-L,:F-L,] ways to an
element o of D;. We conclude that

#D,=[F-L,:F-L;]-c(d)

SO
O H#C, o ud)c@d)
=F-L,:K] ",%, [F L, K]

This proves (2.14).
Remark. 1t follows that

amy HOIO)

(2.15) Y LK

since the sum is absolutely convergent, as can be proved by the methods of
Sections 5 and 6. The formula leaves something to be desired, since it does not
even enable us to answer the question of when a=0. We return to this question
in Section4. It will turn out that the definition of a is a handier tool than
formula (2.15).

3. The Status of the Conjecture

(3.1) Theorem. If K is a function field, then Conjecture (2.3) is true. If K is a
number field, then Conjecture (2.3) is true-if for every squarefree integer n>0 the
{-function of L, satisfies the generalized Riemann hypothesis.

We use “GRH” as an abbreviation for the Riemann hypotheses mentioned
in (3.1). In the function field case “GRH” refers to an empty set of hypotheses.
We refer to [27, 12] for a method to find, in the number field case, a smaller set
of Riemann hypotheses which is also sufficient for the validity of (2.3).

Proof of (3.1). First let K be a function field. In this case Bilharz [3] proved the
original conjecture—ie., F=K, C={idg}, W infinite cyclic, k=1-—modulo
certain Riemann hypotheses for function fields, which were later shown by Weil
to be correct [28, 4]. From what Bilharz actually proved [3, p. 485, italicized] it
is not hard to derive the more general conjecture. Compare also the details
given by Queen [19]. This finishes our discussion of the function field case.
Next let K be a number field, and assume GRH. Then, according to Cooke
and Weinberger [5, Theorem 1.1], Conjecture (2.3) is true at least in the case F
=K, C={idg}. Thus, to prove (3.1) it suffices to prove the following lemma.

(3.2) Lemma. If (2.3) is true in the case F=K, C={idg}, then it is generally true.
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Proof. Let M=M(K, F, C, W, k) be as in Section 2, and put
M'=M(K, K, {idg}, W, k).

We define a as in (2.2), and &' denotes the corresponding quantity for M’. We
must prove: if d(M’) exists and equals «', then d(M) exists and equals a.
To see this, let C” be the complement of C in Gal(F/K), put

M"=M(K,F,C", Wk),

and let @’ correspond to M". Then one easily sees that
a/ =a+a//‘

Also, M’ differs by only a finite set from the disjoint union M U M", so
d_(M)sd_(M)+d (M").

But, by assumption, d_(M')=d(M')=d, and from (2.4) it follows that
d,(M")<a". We conclude that d_(M)=a' —a’=a, and combined with (2.4) this
gives d(M)=a, as required. This proves (3.2) and (3.1).

4. The Non-Vanishing of the Density
(4.1) Theorem. Let h be the product of those prime numbers l+p for which
W K*19 Then the following assertions are equivalent :
42) a+0;
(43) a,+=0 forall n;
(4.4) there exists geGal(F((,)/K) such that
(o|F)eC,
(olL)*id,,  for every | with L,c F({,).

Remark. 1t is not hard to show that & is finite, cf. (5.1), (6.1).
The implication (4.2)=>(4.3) is trivial, since a,=a=0 for all n, by (2.1). The
converse

4.5) if a,+0 for all n then a=+0

will be proved in Sections 5 and 6.

Notice that the existence of ¢ in (4.4) is equivalent to the non-vanishing of
a,,, where m is the product of those [ for which L,< F({,); again, m is finite. This
remark makes (4.3)=-(4.4) obvious, and the remaining implication (4.4)=-(4.3) is
proved in Section 7.

(4.6) Theorem. Let h be the product of those prime numbers lsp for which
W< K*1O  Then if M is infinite, there exists ceGal(F((,)/K) with

(a|F)eC,
(o|L)=*id;, for every | with L ,c F((,).
Conversely, if such a o exists and GRH is true, then M is infinite and d(M)> 0.
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Proof. If no such o exists then by (4.1) there exists n with a,=0, so C,=#. Then
the set (2.12) is empty, so M, is finite, and the same is then true for M.
Conversely, if such ¢ exists and GRH is true, then a>0 by (4.1) and d(M)=a by
(3.1). Hence, d(M)>0 and M is infinite. This proves (4.6).

Thus, modulo GRH, the set M can only have density zero if it is finite.

In many applications, W satisfies the condition

(4.7) there is no integer g>1 with W< K*4,

This is true, for example, if W is the group of units of an integrally closed
subring of K with infinitely many units.

(4.8) Corollary. If W satisfies (4.7) and GRH is true, then M is infinite if and
only if C is not contained in U Gal(F/L,), the union ranging over those prime
numbers l# p for which L,cF. "

Proof. Apply (4.6), and notice that h=1. This proves (4.8).

5. Proof of (4.5): the Number Field Case

In this section we assume that K is a number field.

(5.1) Lemma. For all but finitely many prime numbers | the natural map
W/W'— K*/K* is injective.

Proof. The group K* is the direct sum of a finite group and a free abelian group
of infinite rank. Further, W= K* is finitely generated. These two facts easily
imply that K*/W is again the direct sum of a finite group and a free abelian
group of infinite rank. So for only finitely many prime numbers ! the group
K*/W has I-torsion, and for all others the map W/W'— K*/K*!is injective. This
proves (5.1).

(5.2) Lemma. Let | be a prime number satisfying

(5.3) [ does not divide 2- Ay

(5.4) the map W/W'—K*/K*! is injective.

Then [L,:K]=q() - @lg(D), and the largest abelian subextension of K<L, is
K(Cqa)-

Proof. Clearly, K(Cq(,,).is a subextension of L, and (5.3) implies that [K({,,): K]
=@(q()). To calculate [L,: K({,)] we first prove that the natural map

(5.5) W/W'>K({Lu)*/K(Cu)*!

is injective.

Let weW, w¢ W' Then w¢K*', by (54), so X'—w is irreducible over K.
Combining this with [K({,):K]=1—1 we see that the splitting field of X'—w
has degree I(I—1) over K, and has a non-abelian Galois group; here we use 42,
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Since K({,;) has an abelian Galois group, the splitting field of X'—w is not
contained in K({,;). We conclude that w is no l-th power in K({,4), thus
establishing that (5.5) is injective.

An easy inductive argument now shows that the natural map W/We—
K(C)* /K (Lgay**? is also injective, so Kummer theory tells us that Gal(L/K((,))
is canonically 1somorph1c to the character group W =Hom(W, {{4w) Thus
[L;:K( (,))] # W=gq(ly (since W has no I-torsion, by (5.3)), which proves the
first assertion of (5.2). Further, Gal(L,/K) is isomorphic to the semidirect product
of W by Gal(K (¢ )/ K), with the latter group acting on W via (¢ quy- Again Esing
that [+2 one finds that the commutator subgroup of Gal(L,/K) equals W, so
K ({,q) is the maximal abelian subextension of K < L;. This proves (5.2).

(5.6) Lemma. Let [ be a prime number satisfying the following conditions.
(5.7) 1 does not divide 2- A,
(5.8) the map W/W'— K*/K*! is injective,

(5.9) there exists no prime p of K for which ord,(l)>0 and ord, (w)%0 for some
weW.

Further, let d be a squarefree integer, not divisible by . Then the fields L, and
L,-F are linearly disjoint over K.

Proof. Since L,/K is Galois is suffices to prove that L,nL,-F=K. Let N
=L,nL,; - F. Then N/K is a solvable Galois extension, so if N4 K then there
exists an abelian subextension N'/K, N'c N, N'+K. From N'<L, and (5.2) we
then have N'=K({,,)), which by (5.7) implies that N'/K is ramified at every
prime p lying over ! (ie., for which ord,(/)>0). On the other hand, N'cL,;-F
implies that N’/K can only ramify at primes p of K for which

ord,(d)>0
or ord,(w)*0 for some weW,
or ord,(4;)>0.

By (d,))=1, (5.9) and (5.7) none of these primes lies over [, contradicting what we
just proved. This proves (5.6).

Proof of (4.5) in the Number Field Case. Suppose a,+0 for all n. We prove that
a+0.
Let I and d be as in (5.6). Then (5.6), the definition of C,, and (5.2) give

[Ly;-F:K}=[L;:K] - [Ly - F:K]
#Ch=([L,;:K]-1)-#C,
(5.10) [L;:K]l=q()-o@D)=q)*"-(1-1/D,
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SO 1
Ag=4ay,- (1 —'[T?]“)
I

Now let n be the product of those I which violate at least one of the conditions
(5.7), (5.8), (5.9). Then for any multiple m of n it follows by induction on the
number of prime numbers dividing m/n that

aw=dr- 1 <1‘[L,1:K])

so in the limit

6.11) a=a,-] (1-[L11:K]).

iyn

From (5.10) and r=1 it is clear that the infinite product converges and is non-
zero. So a,+0 indeed implies that a=0. This proves (4.5} if K is a number field.

6. Proof of (4.5): the Function Field Case

In this section K is assumed to be a function field, and we denote by P the free
abelian group

P=@Z,
P

the direct sum ranging over all primes p of K. There is a natural group
homomorphism K*— P mapping x to (ord,(x)),, and the kernel of this map is
finite, consisting of the non-zero constants in K.

(6.1) Lemma. For all but finitely many | the induced map W/W'—P/IP is
injective. -

Proof. Similar to the proof of (5.1). This proves (6.1).

(6.2) Lemma. Let m be such that any l|m satisfies

(6.3) K contains no primitive l-th root of unity;

(6.4) W/W'>P/IP is injective.

Then [L,:K(,m)1=q(m), and K((y,) is the largest totally unramified sub-
extension of K< L,,.

Proof. From (6.4) it follows that the natural map W/W'— K*/K*! is injective, for
any l|{m. Using (6.3), one finds by the argument in the proof of (5.2) that also
WIW'! = K(Cym)*/K(Lgm)*' is injective. Kummer theory then implies that
[Ly: K(yem)]=HW/W42™), and by (6.3) this equals g(m)".

Let N be the maximal totally unramified subextension of K<L, . Clearly
K(lym) <N, and if the inclusion holds strictly then N contains w'/* for some I|m
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and some we W, w¢ W'. By (6.4), we then have 1} ord,(w) for some prime p of K,
so N/K is ramified at this p, contradiction. This proves (6.2).

(6.5) Lemma. Let n be the product of those prime numbers [+ p which satisfy at
least one of the following conditions:

(6.6) K contains a primitive I-th root of unity;
(6.7) the map W/W'— P/l P is not injective;

(6.8) there is a prime p of K which ramifies in F/K, with ramification index
divisible by 1.

Further, let m be relatively prime to n. Then we have:

69) F.-L,nL,=F-L,nK({;m)

(6.10) [F-L,,:K]=[F-L,:K]-q(n)-[F- L,({ym): F - L,]
(6.11) if m=m,-m,, then

(F-L,nL,)-(F-L,AL,)=F -L,nL,.

g

Proof. (6.9). The inclusion o is clear. By (6.8), all ramification indices in the
extension K< F-L, are composed of prime numbers dividing pn, and all
ramification indices in K < L,, are composed of prime numbers dividing m. Since
(pn,m)=1, it follows that F - L, ~ L, is totally unramified over K, so (6.2) implies
that F- L, L, < K({4(m). This implies the opposite inclusion.

(6.10). We have:

{F-L,F-L]=[F-L,-L,:F-L.]
=[L,:F-L,nL,]
=[L,:F-L,nK(ym)] by (6.9)
=q(m)"- [K(gem): F-Lyn K({gem)] by (6.2)
=q(my - [F-L,((qum):F-L,]1.
Multiplying by [F - L,: K] we obtain (6.10).

(6.11). Let G=Gal(K({,»)/K). This is a cyclic group, since {
subfield. Define the subgroups H,, H,, H of G by

q(m li€s in a finite

H;= Gal(K(Cq(m))/K(Cq(mi)))’ i=1,2,
H =Gal(K(Cym)/F - L, 0 K{gm))-
Since m is squarefree, we have (m,,m;)=1 50 K({;m,)) - K({yomy) = K({yem) and

HynH, = {idg, .} But G is cyclic, so $H; and #H, are relatively prime. Then
also the index of H in H- H, is relatively prime to the index of H in H-H,, so

H-H ~H-H,=H.
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In terms of fields, this means
(F - Ly K Cgom) - (F - Ly Ky = F - Ly K Cyom).
By (6.9), this is equivalent to (6.11). This proves (6.5).
(6.12) Lemma. Let f, g be two functions defined on squarefree integers such that
(6.13) f(d) is a real number, 0L f(d) =1,
(6.14) g(d)eZ, g(d)>0
Jor all d, and such that
(6.15) f(didy)=f(dy) f(dy),
(6.16) g(d,d,)=Ileast common multiple of g(d,) and g(d,)
for all d,, d, with (dl,dz)% 1. Then for all m we have

u(d) f(d) iUl
d% g(d) = H(l g(l))'

{ prime

Proof. See [10, 21]. This proves (6.12).

(6.17) Lemma. Let s be an integer, s > 1, and for any integer u>Qrelatively prime to
s let e(u) be the smallest integer t >0 with s’ =1 mod u. Then
5 1
u>0, u- e(u)
(u,8)=1

is convergent.

Proof. See [18, Ch.V, Lemma 8.3; 21]. This proves (6.17).

Proof of (4.5) in the Function Field Case. Let n be as defined in (6.5). We prove that
a,+0 implies that a=0.
Let m be relatively prime to n. For 1€ C,, define

C(1)={oeGal(F-L,,/K): (¢|F-L,)=1, and (¢|L)=*id;, for all l|m},
am(‘t) =#Cm(1)/[F ' an:K] ’
a(t)=lim a,(1)
the limit being over all squarefree integers m> 0 which are relatively prime to pn,

ordered by divisibility; it is easily seen to exist.
Clearly, we have

Com={J Cnu(r)  (disjoint union),

1eC,

Apm = Z am(‘[)s

teCp

a=Y a(x).

1eCyp
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We claim that a(t) >0 for every e C,. Since C, is non-empty (by a, = 0) this implies
a>0. Put

c(r,m)z{l if teGal(F-L,/F-L,nL,),

0 else.

Notice that (6.11) implies
(6.18) c(t,m)=c(r,my)-c(t,m,) if m=m;m,.
Applying the principle of inclusion and exclusion as in (2.14) we find that

¢ s e d)
“'"(T)‘d,zm [F-L,:K]

which by (6.10) is equal to

1 5 ud)-c(v,d)-q(d)""
[F-L,:K] i5 [F - Ly({gu): F- L]

Putting f(d)=c(z,d)- q(d)~", g(d)=[F - L,(y): F - L,] we find

Ly HdfQ
[FL:Kl & g@d

a,(1)=

We are in a position to apply Lemma (6.12). Conditions(6.13) and (6.14) are
obviously satisfied, and (6.15) is clear from (6.18). To prove (6.16), let Q be the largest
finite field contained in F-L,, and notice that

g(d)=[Q(yw): Q] =min{t>0: (#Q)' =1 mod g(d)}.
We conclude that
1 U]
w2y 1] (1—g(_l)).

The infinite product

I L) I (1 ~sat)

lynp

is clearly convergent if r > 2, and if r = 1 it converges by Lemma (6.17). It follows that

1 S0
a(T)g[FLnK]HI (I*M)>Oa

as required. This proves (4.5).
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7. Proof of Theorem (4.1)

In this section, h is as defined in (4.1).

(7.1) Lemma. Let [ be a prime number =p. Then all prime numbers dividing
[L,-F(Cy):F(C,)] are =1 Further, if [L,-F({,):F((y)] is not divisible by 1, then
L,cF(,).

Proof. The degree [F({,,()): F({,)]isadivisorof I—1,and L,- F({,) is obtained from
F({,,,) by successively adjoining zeros of polynomials X ' —a«. At each stage, sucha
polynomial is either irreducible or completely reducible. Hence [L,-F((,):
F(£,,L))] is a power of I. This implies the first assertion of the lemma. Moreover,
if I does not occur in [L;- F({,): F({,)], then L,- F({,)=F({,, (), so

(7.2)  L,=F(Gh C)-

Ifnow W < K*1 then [ divides h, so { ,€F({,), and this gives L, F({,), as required.
So suppose Wis not contained in K*4®, Then for some we W the polynomial X4
—w has no zero in K, and this easily implies that for some ve K with v?/V!'e W the
polynomial X'~ v has no zero in K. Then X' —uv is irreducible over K, and it has a
zero in L, and hence in F({,,{,). Since [F({,,{,): F({,)] is relatively prime to [, it
must actually have a zero in F({,). But F({,) is normal over K, so it now follows that
all zeros of X'—v are in F({,). Therefore {,eF({,), so (7.2) gives L,=F({,). This
proves (7.1).

Proof of (4.1). We must prove that (4.4) implies (4.3). So let m be the product of those
! for which L,= F({,); then (4.4) means that C,,+@. We prove that this implies
C,=+# for every multiple n of m. Then a,+0 for all n, which is (4.3).

The proof that C,=# is by induction on the number ¢ of primes dividing n/m.
The case t =0 is obvious. So let t >0, and let I be the largest prime number dividing
n/m. Put ny =n/l. The inductive hypothesis tells us that C, =@. Since Lf m, we know
from (7.1) that [ divides [L,-F({,):F((s)], while all prime factors of
[L,,-F({y):F({,)] are < some prime number dividing n, and therefore <l. We
conclude that L;- F({,) is not contained in L, - F({,), so a fortiori

(73) L, FgL, L, -F=L,-F.
Now let teC, ; that is, 7 is an automorphism of L, - F with
(t|F)eC,
(t|Ly)#*id;,  for all I'|ng.
By (7.3), we can extend T to an automorphism of L, - F which is not the identity on

L,. This gives an element of C,, so C,+.
This proves Theorem (4.1).

8. Examples

Let g be a prime number, and let g be an integer. We say that g is a Fibonacci
primitive root [24, 1] modulo ¢ if g is a primitive root mod q and satisfies the
congruence g°> =g+ 1 mod q. The following theorem was predicted by Shanks [24].
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(8.1) Theorem. If GRH is true, then the set S of prime numbers which have a
Fibonacci primitive root has a density, and

27

1

here | ranges over all prime numbers.
Proof (sketch). Let 3=(1 +]/§)/2 be a zero of X2 —X —1, and consider

Ml :M(Q(9)9 Q(99 C4)7 {idQ(8,§4)}= <‘9>5 1):
M, =M(Q(9),Q(3,La) {}, <9, 1)

where 7 is the non-trivial automorphism of Q(3, { ;) over Q(3). Then it is not hard to
see (cf. [24]) that

d({geS: g=1mod4})=%d(M,),
d({geS: g= —1mod 4})=d(M,)
)

d(S)=%d(M ) +d(M>)

if d(M,) and d(M ,) exist. If GRH is true, then (3.1), (5.11) and a short calculation
show that

9 1
oy =d) =55 T1 (1-7=5)

SO

9 20 1 27

where A is Artin’s constant:

N W

1
(8.2) A-——]_l[(l—m>=0-3739558136...

(see [32]). This proves (8.1).

(8.3) Theorem. Let b, ¢ be positive integers, (b,c)=1, and let teQ, t+0, 1, — 1. Put
d(t)=Aqup-

Then the set of prime numbers q for which

(84) g=bmodec,

(8.5) t is a primitive root mod g
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is finite if and, modulo GRH, only if we are in one of the following situations:
(8.6) llc, b=1modl, teQ*' for some prime number I;
d(1)

8.7) d(vc, (_IT

8.8) d(n)3c, 3d(1), (

) =1 (Kronecker symbol);

05 qen

Proof (sketch). The set we are interested in is

M=M(Qs Q(Cc)! {ab}a <t>’ 1)

where g, is the automorphism of Q({,) mapping {, to {*. By (4.6), this set is finite if
and, modulo GRH, only if Q({.,{,) does not have an automorphism satisfying

certain requirements; here h= [ | I. A straightforward analysis shows that the only
teQ*’
obstructions preventing the existence of such a ¢ are the conditions (8.6), (8.7) and

(8.8). This proves (8.3).

We remark that the if-part of (8.3) can be proved directly, using nothing more
than quadratic reciprocity; in fact, one finds that in each of the situations (8.6), (8.7)
and (8.8) the set of primes in question either is empty or only contains the prime
number 2. But the advantage of our approach is that one need not know beforehand
the list of exceptional situations: they are just the obstructions encountered during
the construction of g, and if in all other situations ¢ can be constructed one knows
that the list is complete (mod GRH).

Using (5.11) it is possible to derive a formula for the conjectural density of the set
of prime numbers satisfying (8.4) and (8.5). In each case the result is a rational
number times Artin’s constant (8.2).

The same remarks apply to other sets of primes of a similar type. For example,
we can consider the prime numbers g with the property that a given rational
number t # 0 has residue index k modulo g; i.e., the subgroup generated by (¢ mod g)
should have index k in F*. Here k is a given integer 2= 1. The set of such g is a subset
of

M(Q,Q, {idg}, <13, k)

since here it is only required that the residue index of ¢ divides k. To force equality,
we also require that k divides the residue index, i.e. that g splits completely in F
=Q(¢,, t*%). This leads to the set

M =M(Q, Q(y, t'™), {idg}, (£, k).

Applying (4.6) one finds that M is finite if and, modulo GRH, only if one of the
following conditions is satisfied, with ¢ and d(¢) as in (8.3):

(8.9) d(t)|k, and k is odd;

(8.10) t= —u? du)2k, k=2mod4 for some ueQ;
(8.11) t=u?"""3  d(=3u)lk, 34k, 2"k for some ueQ, meZ,,;
(8.12) t=—u?"""3, d(=3u)lk, 3tk 2"k for some ueQ, meZ ,;
(8.13) t=—uS, d(—6u)ik, 3tk, k=4mod8 for some ueQ.

This answers a question left open in [17].
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We can combine the various requirements. Thus, with b, ¢, t, k as before, we can
consider the set of prime numbers g satisfying

g=bmodc,

t has residue index k modulo g¢.

This set differs by only finitely many elements from
M=M@Q,F, C,{t),k)

where

F=Q(Cc7 Ckv tl/k)

and where C consists of those automorphisms ¢ of F for which
o(l)=0  ol)=0 o=t

(so #C <1).1tis again possible, by a straightforward but tedious analysis, to find the
complete list of obstructions preventing M from being infinite (mod GRH).

For more details on a similar example, related to arithmetic codes, we refer to
[15].

In the next section we apply our results to prove a theorem about euclidean
rings. Another application of the same type is found at the end of Cooke’s and
Weinberger’s paper [ 5]. Further, our Corollary (4.8) can be used to improve slightly
upon a result of Queen [20,Th.17].

To finish this section we mention some sets of prime numbers to which our
results do not immediately apply. Most of these can be dealt with by small
modifications of our method, and in case (8.16) the GRH can even be dispensed
with.

(8.14) The set of primes g for which 2 is a primitive root modulo g2.

{(8.15) The set of primes g for which the residue index of 2 is a power of 2.
(8.16) The set of primes g for which the residue index of 2 is squarefree (cf. [6]).
(8.17) The set of primes g for which both 2 and 3 are primitive roots (cf. [16]).

(8.18) The set of primes g for which a given positive integer t is the smallest
positive integral primitive root (cf. [117).

9. Euclid’s Algorithm

Let K be a global field, and let S be a non-empty set of prime divisors of K,
containing the set S, of archimedean prime divisors of K. We denote by Rg the ring
of S-integers in K:

Rs={xeK: ord,(x)=0 for all primes p¢S}.



218 H.W. Lenstra, Jr.

Thus, if K is a number field and §=S_, then R is the ring of algebraic integers in K.
We ask under which conditions there exists a euclidean algorithm on Ry, i.e. a
function ¥: Rg— {0} —Z , such that for all b, ceR;, c+0, there exist g, reRg with

b=gc+r, r=0or y(r)<yc).

If such a  exists, we call Ry euclidean. It is well known that a necessary condition
for Ry to be euclidean is that it is a principal ideal ring, If Ry is euclidean, then its
smallest algorithm 3 is defined by

I(x)=min{(x): ¥ is a euclidean algorithm on Rg}.

It is easily verified that 3 is indeed a euclidean algorithm on Rg, cf. [23].
If S has precisely one element, then Ry is euclidean if and only if it is isomorphic
to one of the rings

Z,Z[3(1+Y -3, 21y - 11, 230+ -7,
Z[y -2}, Z[(1+y/ - 11)), F[X)]

where F is a finite field. Up to isomorphism there are precisely eight principal ideal
rings Rg with #S=1 which are not euclidean. They are

Z[31+)Y/ -19), 2B +Y/—43)],
Z[(1+Y —67)1, 2B+ -163)],
F[X, YI(Y?+Y+X3+X+1),
F,[X, YI(Y2+ Y+ X5+ X3+1),
F[X, YJ(Y?-X3+ X +1),

F X, YINY?+Y+X>+n)

where neF,, n¢F,. These results can be found in [23, 19].
In the case #S =2 we have the following theorem.

(9.1) Theorem. Suppose that Ry is a principal ideal ring, and that S = 2. Further, if
K is a number field, assume that for every squarefree integer n and every finite subset
S'cS the (-function of the field K({,, R%'") satisfies the generalized Riemann
hypothesis. Then Rg is euclidean, and its smallest algorithm 3 is given by

(9.2) 9(x)=) ord,(x)-n, (xeRs,x4=0)
p¢s

where the sum is over all primes of K which are not in S, and
n,=1 if the natural map R¥—KX* is surjective,

n,=2 else.

The Riemann hypotheses mentioned in this theorem will again be denoted by
“GRH".
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The function field case of (9.1) is due to Queen [19]. In the number field case
only a partial result was known: Weinberger [30] proved, modulo certain
generalized Riemann hypotheses, that if K has classnumberoneand S=S_, S =2,
a euclidean algorithm on Ry is given by

Y(x)= 3 ord,(x)-(n,+1)

p¢S

with n, as defined in (9.1). Since this function does not assume the value 1, it is
obviously not the smallest algorithm.

We remark that in the number field case all known euclidean rings Rg, #5 < o0,
are actually euclidean with respect to the norm function

N(x)=#(Rs/Rsx), xeRg, x#0.

Here no Riemann hypotheses are assumed. The rings Z[}/ﬁ], Z{{;,] are
examples of rings of unknown character: they are euclidean if GRH is true, but the
norm function is not a euclidean algorithm.

Before giving the proof of (9.1) we introduce some terminology. A divisor of K is
a formal product []p™®, m(p)eZ, m(p)=0 for all but finitely many p, with

p
p ranging over the non-archimedean prime divisors of K. For xe K*, the principal
divisor (x) is defined by (x) =[] p°*®*. The set of divisors of K is an abelian group

P
with respect to multiplication, and the principal divisors form a subgroup. Let b=
[Tp"® be a divisor with n(p) 20 for all p. A subgroup H of the group of divisors

ig said to have modulus b if

for every [[p™®eH and all p with n(p)>0
P

we have m(p)=0

and
(x)eH for all xeK* satisfying
ord,(x—1)zn(p) for all p with n(p)>0.

The primes p of K with p¢S are in one-to-one correspondence with the non-zero
prime ideals of Rg. We identify the group of fractional Rg-ideals with the group of
those divisors [ ] p™® for which m(p)=0 for all peS.

P

Proof of (9.1). Suppose, for the moment, that R is euclidean, and let § denote its
smallest algorithm, If me Rg is a prime element, Rgw=p, then Samuel’s results [23,
Sect.4] easily imply that 3(n)=n,. Since further 3(xy)=3(x)+9(y), by [23,
Prop. 12], we conclude that

9(x)= ) ord,(x)-n,, xeRg, x+0.
Pé¢S

So if the right hand side represents an algorithm on Ry, it is necessarily the smallest
one.
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In the rest of the proof let 3 be defined by (9.2), and assume GRH. We must
prove that 3 is a euclidean algorithm on R;. Let b, ceRg, ¢+0. We lock for an
element

reb+Rg-c
with
r=0 or 3r)<3c).

Dividing b and c by their greatest common divisor —they have one, since Ry is a
principal ideal ring — we may suppose that (b, c) = 1. Further, replacing S by a finite
subset which also yields a principal ideal ring and gives the same value for 3(c), we
may suppose that 2 =<$#S < o0.

If 3(c)=0, then ceR¥, so we can take r=0.

If 8(c)=1, then c is a prime element: Rgc=p, and n,=1. Then the map R¥ -

K¥*=>(Rg/Rsc)* is surjective, so we can find reR¥ with r=bmod Rgc. Clearly,

9(r) 0<1=9%c). )

If 8(c) = 3, then a suitable generalization of Dirichlet’s theorem on primes in
arithmetic progressions [13] tells us that every residue class in (Rg/Rgc)* contains
infinitely many prime elements. In particular, the residue class b+ Rgc contains a
prime element r, and then we have 3(r) <2 <3< 9(¢).

We are left with the case 3(c)=2. It would, in this case, be sufficient to find a
prime t of K, t¢S, with the following two properties:

9.3) n.=1,
(9.4) r=Ry-r for some reb+Rge.

This would give 3(r)=n,=1<2=98(c), as required.
Condition (9.3) simply means that the natural map

§-K7

1s surjective. Clearly, this is a condition of the type considered in Section 2, with W
=R, k=1. Notice that the rank of W, modulo its torsion subgroup, equals #S
—1=1.

Using class field theory [13] we translate the condition (9.4) into one of the type
“(p, F/K)= C”, as follows. For F we take what has been called the S-ray class field
with modulus c. More precisely, F is the class field of K with respect to the smallest
group of divisors with modulus Rg¢ which contains all non-archimedean peS. We
call this group of divisors H. Properties of F are:

(9.5) F/K is abelian,
(9.6) the conductor of F/K divides Ryc,
(9.7) all peS split completely in F,

and moreover F is the largest field with these properties, inside an algebraic closure
of K; cf [5].



On Artin’s Conjecture and Euclid’s Algorithm in Global Fields 221

Let I denote the group of divisors generated by all p not occurring in Rgc, and
let P be the subgroup {(x): xe K*,(x)el}. Since Ry is a principal ideal ring, we can

write any element of I as the product of an element of P and a factor |]p™®,
. peS
m(p)eZ, the product ranging over the non-archimedean peS. The latter factor is an

element of H, so I=P- H. Translating this statement on divisor groups into one
about their class fields, we find that

(9.8) K is the maximal totally unramified subextension of K< F.

By class field theory, the Frobenius symbol induces an isomorphism
I/H=Gal(F/K). But we have I=P- H, and a short calculation leads to

0.9) (Rs/Rse)*/W(R3)=Gal(F/K)

where y: R¥—(Rg/Rgc)* is the natural map. Let the automorphism of F/K
corresponding to (b+ Rgc)mod y/(R¥) be denoted by o. Then condition (9.4) is
equivalent to

9.10) (v, F/K)<{o}

ifr does not divide Rgc. We conclude that to prove the existence of r satisfying (9.3)
and (9.4) it certainly suffices to show that the set

M=M(K,F,{},R§,1)

is infinite. By (4.8) and the GRH assumption we have made, we know that indeed M
is infinite, except if ce Gal(F/L ;) for some prime number /<4 p with L,< F; here L,
=K({,, R¥''". That means

©9.11) L,cF°

where F?={xeF: o(x)=x}. To finish the proof of (9.1) it suffices to derive a
contradiction from (9.11).

In the function field case we are immediately done. Namely, the definition of L,
makes it clear that L,/K can only ramify at primes in S, if K is a function field ; but
F/K is unramified at these primes, by (9.6) or (9.7), so we can only have (9.11)if L /K
is totally unramified. By (9.8) this implies L, = K, which is absurd, since R} contains
elements which are no I-th powers in K.

In the remainder of the proof we therefore assume that K is a number field. The
only reason that the preceding argument does not apply is that L ,/K may ramify at
primes dividing . On the other hand, F/K only ramifies at primes dividing Rgc, so

(9.12) there exists a prime [¢S with ord,(c)>0 and ord(i)>0.

By (9.5)yand (9.11), the field L, is abelian over K. Since R¥ contains elements which
are no l-th powers in K, this implies

9.13) {,eK
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and
(9.14) [L,:K] is divisible by !

(in fact, it is a power of ).
We distinguish cases. From 3(c)=2 and (9.12) we see that there are precisely
three possibilities:

Rse=], n=2,
or Rge=l-m, m=n,=1, I+m,
or Rge=1?, n=1.

First let Rgc =1, n;=2. Since ord(I) > 0, the characteristic of the field Rg/l equals
I,s0 #(Rs/)* =1/ — 1 for some integer f >0. By (9.11)and (9.9) it follows that [L,: K]
divides I — 1, contradicting (9.14).

Next suppose that Rge=1-m, n;=n, =1, I&m. Then (Rs/Rsc)* =(Rs/)*®
(Rg/m)*, and the subgroup ¥/(R¥) projects onto (Rg/m)* since n,, = 1. Therefore
#((Rs/Rsc)*/W(REF)) divides #(Rgs/)* =1V —1, for some integer f>0, and this
leads to the same contradiction as in the preceding case.

In the remaining case: Rgc=I? n,=1, this contradiction cannot be derived.
Here Gal(F/K) is isomorphic to (Rg/12)*/ys(R¥); since y(R¥) maps onto (Rg/l)* this
is a factor group of the kernel of the natural map (Rg/[*)* —(Rg/l)*, which, in turn, is
an elementary abelian /-group. Therefore Kummer theory and (9.13) tell us that

9.15) F=K(x!', ..., x/

for some integer t=0 and certain x;e K*, x;¢ K*!,

Fix i, 1 £i<t, for the moment. Since F/K is unramified outside I, by (9.6), we
have ord,(x;)=0mod ! for all primes p #1 of K. But R; is a principal ideal ring, so
modifying x; by an I-th power we can achieve that

ord,(x;)=0 for all p¢Su{l},
O0=<ord(x)=<l—1.

We claim that ordy(x;)=0. In fact, if 1<ord(x;)<!—1 then a strictly local
computation shows that the [-component of the discriminant of K(x}/) over K
equals [/~ 1+ o) The conductor-discriminant product formula then implies that
the I-component of the conductor of K(x!/")/K is equal to [* ¥ -erdth/I=1 (O the
other hand, from K(x!/)= F and (9.6) we know that this conductor divides Ryc =12
Therefore 1+1-ord(l)/(I— 1) <2, which is impossible. This proves our claim that
ord(x;)=0.

We now have ord,(x;)=0 for all p¢S, so x;eR¥ for all i. By (9.15) this yields

FcK(RE')=L,

and combining this with (9.11) we find that F« L, F°cF,so F=L,=F° and o is
the identity automorphism of F. This is no contradiction, but it solves our problem:
namely, o = id means, by definition of g, that (b + R - ¢) is in the image y/(R¥) of R¥,
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so there exists re R¥ with reb+ Rgc, and then 3(r)=0<2=39(c), as required. This
proves (9.1).

It can be shown that the situation encountered at the end of this proof only
occurs for I=2. An example in which it does occur is given by

K=Q(C5)5 S:‘Soo’ RS:Z[CS:L
c=4, =2, [=the prime lying over 2.

Thus, there exists no prime element neZ[{s] which is 1 mod 4, for which the
natural map Z[{s]*—(Z[{s]/Z[{s]n)* is surjective. This disproves a conjecture
of Queen [19, Remark 2].
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