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Abstract

We consider scalar lattice differential equations posed on square lattices in two space dimensions. Under
certain natural conditions we show that wave-like solutions exist when obstacles (characterized by “holes”)
are present in the lattice. Our work generalizes to the discrete spatial setting the results obtained in [9]
for the propagation of waves around obstacles in continuous spatial domains. The analysis hinges upon the
development of sub and super-solutions for a class of discrete bistable reaction-diffusion problems and on a
generalization of a classical result due to Aronson and Weinberger that concerns the spreading of localized
disturbances.
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1 Introduction

Consider a subset A C Z? that results after removing a finite (possibly zero) number of points from
the standard square grid. Write int(A) C A for the collection of grid points for which all four nearest
neighbours are also included in A and write 9A = A \ int(A) for the remaining points, which can
be interpreted as the boundary of A. Fix a detuning parameter 0 < a < 1 and consider the bistable
nonlinearity g(u) = u(1 — u)(u — a).
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In this paper we are interested in the scalar lattice differential equation (LDE)
Ui () = wig,5(8) + w1 (£) + wim1,5(8) + wij—1 () — duij (t) + g(ui (1)), (4,7) € int(A), (1.1)

augmented by rules on JA that ensure that the homogeneous states © = 0, u = a and v = 1 are
equilibria for the full problem. We encourage the reader to think of this system as the discrete
analogue of the scalar Nagumo PDE

6tu(xay’ t) = 8mu(337y7t) + 8yyu(x7yat) + g(u(x, yat))a (xay) € Q? (12)

posed on an exterior domain Q = R? \ K for some compact (possibly empty) obstacle K, with
Neumann boundary conditions on 0f).
In the unobstructed case A = Z2, it is known that (1.1) admits planar travelling wave solutions

u;j(t) = @(iop, + jo, + ct), ®(—o00) =0, D(00) =1, (1.3)

which propagate with speed —c in the direction (o}, 0,,) with a fixed monotone wave profile ®. Our
goal here is to show that these unobstructed waves persist in an appropriate sense, after removing
points from Z2. In particular, we give conditions under which (1.1) with A # Z? admits so-called
entire asymptotic plane-wave solutions. Such solutions are defined for all ¢ € R and satisfy the
temporal limits

lim sup |u;;(t) — ®(ioy + jo, + ct)| = 0. (1.4)
[t]l—o0 (4,5)eA

As such, the present work can be seen as a direct (partial) generalization of the results concerning
the obstructed PDE (1.2) that were obtained by Berestycki, Hamel and Matano in the landmark
paper [9].

Viewed from a dynamical system perspective, the limits (1.4) suggest that u(t) can be seen as
a homoclinic excursion to and from an unobstructed travelling wave, with large transients when
the wave front meets the obstacle. In particular, the wave-like solutions constructed in the present
paper can be seen in the wider context of so-called transition fronts, which can roughly be defined as
global in time solutions for which the width of the interfacial region connecting the limiting values
is uniformly bounded in time. This nomenclature allows classical travelling waves and more general
wave-like solutions to be discussed within a common framework. Besides the work [9] mentioned
above, results concerning the existence of transition fronts have appeared in a wide range of settings,
including diffusive random media [39], reaction-diffusion-advection PDEs [7] and time-dependent
reaction-diffusion PDEs [8]. As far as we know however, the present paper is the first that features
transition fronts for LDEs in higher space dimensions.

Reaction-Diffusion Problems

The discrete and continuous Nagumo systems (1.1)-(1.2) can both be seen as phenomenological
models in which two stable equilibria compete for dominance in a spatial domain. In modelling
contexts one often thinks of these equilibria as representing material phases or biological species.
The competition is caused by the opposing dynamical effects of the reaction and diffusion terms
present in (1.1)-(1.2). Indeed, both equations feature a thresholding nonlinearity that promotes high
frequencies together with a diffusion operator that attenuates them. The main questions center on
how the long-term behavior of these reaction-diffusion systems is impacted by the balance between
these dynamical features.

In the past, the PDE (1.2) has served as a prototype system for the understanding of many basic
concepts at the heart of dynamical systems theory, including the existence and stability of planar
travelling waves and the study of obstacles. Multi-component versions of (1.2) such as the Gray-
Scott model [20] play an important role in the formation of patterns, generating spatially periodic
structures from equilibria that destabilize through Turing bifurcations.



More recently, spatially discrete systems such as (1.1) have started to attract an increasing
amount of attention. Dramatic increases in computer power have made these systems considerably
more accessible and have clearly demonstrated that discrete models can capture dynamical behaviour
that their continuous counterparts can not. Understanding the causes and consequences of these
differences is a major theme that continues to drive researchers in this area, motivated by both
mathematical and practical considerations.

On the mathematical side, the shift from the PDE (1.2) with Q = R? to the LDE (1.1) with
A = 72 breaks two important symmetries, namely the translational invariance and spatial isotropy
of R?. In the sequel two fundamental consequences of these broken symmetries are encountered. In
addition, the discrete Laplacian in (1.1) is a bounded operator while the continuous Laplacian in
(1.2) is unbounded. This requires the use of delicate techniques when comparing the spectral and
dynamical properties of these two operators, as discussed in [4].

On the practical side, many physical and biological systems have a discrete spatial structure. It
is hence important to develop mathematical modelling tools that can incorporate such structures
effectively. Indeed, genuinely discrete phenomena such as phase transitions in Ising models [5], crystal
growth in materials [11], propagation of action potentials in myelinated nerve fibers [6] and phase
mixing in martensitic structures [40] have all been modelled using equations similar to (1.1). We
expect this list to get longer over time as the available mathematical techniques for discrete systems
are improved.

Finally, we remark that the LDE (1.1) arises as the standard finite difference spatial discretization
of the PDE (1.2). As such, the study of (1.1) and its variants provides information on the impact of
discretization schemes and is therefore of importance in the field of numerical analysis. In order to
faithfully replicate the PDE behavior in numerical simulations, the vested interest here is to actually
suppress as best as possible the novel features appearing in discrete systems. Such issues are explored
in [2, 15, 26]. In this paper we take the neutral perspective that the discrete model is set and we
seek to understand its behavior in its own right.

Existence of Waves

In the unobstructed PDE (1.2) with Q = R?, the balance between diffusion and reaction is resolved
through the formation of planar travelling waves

u(z,y,t) = ®(xop, + yo, + ct); ®(—00) =0, d(00) =1, (1.5)

which form the skeleton of the global dynamics [1]. These waves can be thought of as a mechanism
of transport in which the fitter species or more energetically favourable phase invades the spatial
domain. The existence of these waves can be established via phase-plane analysis [19], since the wave
profile necessarily satisfies the planar ODE

c® =" + g(®). (1.6)

Here we have assumed the normalization U% + 02 = 1. Notice that the underlying spatial dimension
and the direction (o, 0, ) are not visible in the travelling wave ODE (1.6), which means that existence
results in one spatial dimension can easily be transferred to higher spatial dimensions in a radially
symmetric fashion.

By contrast, substitution of the discrete travelling wave Ansatz (1.3) into the LDE (1.1) with
A = Z? leads to the mixed type functional differential equation (MFDE)

c@(€) = ®(§+on)+RE—on) + P&+ 0u) + B(§ —0y) —4D(€) + g(D(€)). (1.7)

The broken translational invariance is manifested by the fact that the wavespeed ¢ appears in
(1.7) in a singular fashion. This leads to the phenomenon of propagation failure, in which a sufficient
energy difference between the two stable equilibrium states is needed for propagation of waves,
together with the appearance of step-like wave solutions [5, 6, 17, 33].



The broken spatial isotropy is manifested by the explicit presence of the propagation direction
(0h,0y) in (1.7). This leads to direction-dependent wave speeds, wave forms and even pinning regions.
In particular, waves can fail to propagate in certain directions that resonate with the lattice whilst
travelling freely in others. This phenomenon has been studied when the bistable nonlinearity is
piecewise linear via classical analysis [12], as well as for more general nonlinearities via numerics
[16, 30], homoclinic-unfolding [36] and center manifold analysis [25].

Stability of Waves

While existence results for travelling wave solutions to the PDE (1.2) with Q = R? do not depend on
the spatial dimension, stability results do. In fact, it has long been known [18] that travelling fronts
for one dimensional versions of (1.2) are nonlinearly stable under small perturbations, provided one
allows for a small phase shift in the wave. Results in four or more dimensional problems have also
been available for some time [41]. However, the first stability result in the critical case of two spatial
dimensions was only obtained relatively recently by Kapitula [32].

The key feature that complicates the stability analysis of plane waves in two dimensions is that
the interface, by which we mean a level set of the function u(z,y,t) = ®(x + ct), is no longer
localized in space at a point as it is in one dimension, but rather spread out over an entire line. This
means that a phase shift is a big perturbation from the perspective of LP (p < o0): the difference
®(x 4+ 7) — ®(x) does not live in LP for any 7 # 0 (with p < o00). Thus it is not unreasonable to
expect that a localized perturbation does not lead to a phase shift. On the other hand, one must
now be concerned with long wave deformations of the interface in the direction transverse to that of
propagation. Such deformations manifest themselves as curves of essential spectrum that touch the
origin. This typically leads to slow algebraic decay at the linear level, which in the two dimensional
case is notoriously difficult to control.

There are two main approaches towards establishing the stability of travelling waves. The first
is based on spectral methods, Green’s functions and bootstrapping or fixed-point arguments. This
approach was developed by Kapitula [32] for the planar unobstructed PDE (1.2). Very recently [24],
we were able to extend it to the planar unobstructed LDE (1.1), thereby generalizing earlier work by
Bates and Chen [3] featuring a four-dimensional non-local setting. The advantage of this approach
is that only weak spectral assumptions need to be imposed on the underlying system. On the other
hand, such methods typically employ rather crude estimates on the nonlinear terms and hence yield
rather weak estimates for the basin of attraction.

The second approach is based on comparison principles and yields stronger estimates for the
basin of attraction, at the price of requiring more structure on the underlying system. The inclusion
of obstacles in (1.1)-(1.2) is a rather strong perturbation from the unobstructed systems, so it is not
surprising that comparison principles are the method of choice in the present context.

We remark that comparison principles were used in an early paper [41] to prove the stability of
waves in an unobstructed four dimensional version of the PDE (1.2). Here the algebraic decay of the
interfacial deformations described above is rather fast, considerably easing the analysis. However,
besides the partial results in [34], the first successful use of the comparison principle in two dimensions
was actually a byproduct of the analysis [9] on which this paper is based. It is therefore not surprising
that part of our work here can be seen as a companion paper to [24], in the sense that we give an
alternative proof of the nonlinear stability of travelling waves to the unobstructed planar LDE (1.1)
with A = Z2.

The Program

As mentioned above, our contribution in this paper is to extend some of the main results in [9)
to the spatially discrete setting. In fact, the main steps that underpin our arguments here closely
mimic the program developed in [9]. In the remainder of this introduction we therefore describe this



program in some detail, explaining the achievements in [9] and the technical modifications required
to extend them to the discrete setting.

Let us therefore consider either (1.1) or (1.2), with A # Z2 or Q # R2. One starts by considering
the unobstructed wave when it is still far away from the obstacle, but moving towards it. As time
progresses, the wave scatters from the obstacle and the goal is to prove that the wave eventually
recovers its shape. To this end, one can distinguish the following three temporal regimes and study
them separately:

(i) the pre-interaction regime in which the obstacle is so far away from the wave front that
the obstacle essentially sees only an equilibrium solution;

(ii) the interaction regime in which the wave front and the obstacle interact strongly, producing
a large transient; and finally,

(iii) the post-interaction regime in which the wave front is again far from the obstacle.

In order to construct the desired entire asymptotic plane wave solution, one roughly needs the
following ingredients:

(i) a stability result which guarantees that the plane wave doesn’t change much in the pre-
interaction regime;

(ii) a bound showing that the transient produced during the interaction regime is spatially local-
ized;

(iii-A) a result that describes the final state of compact subsets of the medium, long after the wave
front has passed through the region and the transients have died down; and finally

(iii-B) powerful estimates on the basin of attraction of the travelling planar wave that can accommo-
date the large spatially localized transients generated during the interaction regime.

Pre-interaction regime

Continuous Setting The main task in this step is to prove that the asymptotic requirement

lim sup |u(z,y,t) — ®(x+ ct)] =0, (1.8)
== (3 )N

with @ as in (1.6), fixes a unique solution to the obstructed PDE (1.2) that is defined for all ¢ € R.
The arguments used to achieve this in [9] are all one-dimensional in nature, in the sense that the sub
and super-solutions that are used in the construction of u depend only on the coordinate x parallel
to the direction of the wave.

In particular, a well-known squeezing technique is employed that goes back to the classic work
of Fife and McLeod [19]. Roughly speaking, this technique allows additive initial perturbations to
wave-like structures to be traded off for an asymptotic phase offset. Since this general principle lies
at the heart of many other arguments in this paper, we discuss it here in some detail.

For the unobstructed PDE (1.2) with = R?, the squeezing mechanism can be exhibited by
constructing a super-solution of the form

u(z,y,t) = @(x+ct+ Z(t)) + 2(t), (1.9)

with z decreasing from zg to 0 and with Z increasing from 0 to Z,. To better understand the crucial
relationship between the asymptotic phaseshift Z,, and the additive perturbation z, we note that
the super-solution residual J = u; — ugz, — g(u) is given by

T =20 + %+ g(®) — g(® + 2). (1.10)



Close to the interface, the term g(®) — g(® + 2) ~ —¢'(®)z is negative and must be dominated
by the positive term Z®’. This requires that Z dominate z and 2. On the other hand, close to the
spatial limits ® — 0 and ® — 1 we have ¢'(®) < 0, so this regime requires z to dominate z. These
observations allow us to define z(t) as a slowly decaying exponential, which gives the relation

Zoo ™~ / z(t)dt ~ zg (1.11)
0

between the asymptotic phase shift and the size of the initial perturbation.

In one spatial dimension, this technique (along with others) has been used to establish the
nonlinear stability of travelling waves under asymptotic phase shifts. In our present context, a slight
variant is used in [9] to establish the uniqueness of the entire solution u for (1.2) with (1.8) that was
mentioned above.

On the other hand, the existence of this solution w is harder to establish. The main procedure
in [9] is to split the plane R? into two half-planes along a vertical line, with the obstacle contained
entirely in one of the half-planes. One can then focus on time regimes where the bulk of the incoming
wave is contained in the obstacle-free half-plane. Following ideas in [21, 23], one can then trap the
desired entire solution u between the sum and the difference of two counter-propagating wave fronts.
This allows the use of a limiting argument to show that the solution u actually exists.

Discrete Setting The main ideas of the PDE analysis described above can be carried over to the
LDE setting without major complications. Indeed, arguments based on the comparison principle are
well-developed for systems posed on one-dimensional lattices; see for example [14, 29]. Care must
however be taken when studying the counter-propagating wave fronts, as the discrete Laplacian
causes cross-talk between the two-half planes that needs to be carefully controlled. This analysis is
carried out in §6.

Interaction regime

Continuous Setting The main issue in this phase is to show that the large perturbations that
arise when the wave front hits the obstacle are spatially localized. In particular, in [9] the authors
show that whenever the obstacle R?\ €2 is bounded, the entire solution u that satisfies the temporal
requirement (1.8) also admits the spatial limits

lim  |u(z,y,t) — ®(z+ct)] =0, (1.12)
2] +]y|—o0
locally uniformly in t.

For the transverse direction y — oo, this result can be established using standard parabolic
estimates, since the obstacle can effectively be pushed to y = —oco and hence ignored in the limit.
The analysis for x — —oo is more subtle and does need to take the obstacle into account. In order
to do this, two branches of modified nonlinearities ggt are constructed in [9] with the property that
g5 < g < gj. These modified nonlinearities have zeroes at g~ (—d) = g7 (§) = 0 and g~ (1 — §) =
gt (1 +6) = 0. This allows travelling waves for the unobstructed problem with nonlinearities g% to
be effectively used as sub and super-solutions for the original obstructed problem.

Discrete Setting The parabolic estimates and limiting arguments described above can be readily
transferred to the discrete setting; see §7. On the other hand, special care needs to be taken in the
construction of the modified nonlinearities gi which we perform in §3. This is related to the fact
that the existence of travelling waves (¢, ®) for unobstructed lattices hinges on a delicate analysis of
the MFDE (1.7); see [35]. Together with our generalization of the classical spreading speed result,
this requires smoothness on the part of the nonlinearities beyond that which was used in [9].



Post-interaction regime - rest state

Continuous Setting The first key result obtained in [9] for this phase is that one has the temporal
convergence

lim w(z,y,t) = uo(z,y), (1.13)
t—oo

locally uniformly in (x,y), where u, is a stationary solution to the obstructed PDE (1.2) that admits
the spatial limits

lim  weo(z,y) =1, (1.14)

|z|+|y|—o0

together with Neumann boundary conditions on 0f2.

Let us briefly comment on the interpretation of this spatial limit. A classical result due to
Aronson and Weinberger [1, Thm. 5.3] for the unobstructed PDE (1.2) with = R? states that
an initial disturbance from the u = 0 rest state that occupies a large area of the spatial domain
and is large in amplitude, will eventually spread to fill out the entire spatial domain. The radial
speed of this spreading is comparable to that of a travelling planar wave. In [9, Lem. 5.2] a similar
result was established for the obstructed case 2 # R2. In particular, the authors established that
disturbances such as those described above continue to spread out in all directions, providing one
restricts attention to regions of space that are sufficiently far away from the obstacle. This provides
a mechanism by which the disturbance caused by the incoming wave can bend around the obstacle.
In particular, the favoured state u = 1 invades the domain in an asymptotic sense.

It is clear that the homogeneous equilibrium u., = 1 is a candidate for the temporal limit (1.13)
discussed above. It is however by no means clear that this is the only candidate. The second key
result in [9] gives geometric conditions on the obstacle R? \  that are sufficient to guarantee that
in fact us, = 1. These conditions are satisfied if the obstacle is star-shaped or directionally convex,
but are far from being sharp. For example, a recent result due to Bouhours [10] characterizes a class
of admissible perturbations to such obstacles that still allow one to prove us, = 1.

Discrete Setting The main issue in the discrete setting is that an analogue of the classic Aronson
and Weinberger spreading speed result described above is not readily available in the literature. This
situation is remedied in §4, where we construct expanding sub-solutions based on the gluing together
of planar travelling waves. The main obstruction here is that the speeds and profiles of these planar
waves are direction-dependent, which prevents us from using a radially symmetric construction and
requires a delicate balancing of angular dependent terms.

Naturally, such a spreading result can only be established if the wave speeds are strictly positive
for every direction. In the discrete case, an important role is therefore reserved for the pinning
phenomenon discussed above, which can block propagation in certain directions. In the present
paper we avoid such complications and stay away from the pinning regime. This issue is discussed
further in §9.

We also do not fully explore the issues concerning the geometry of the obstacle. We do however
show in §7 that directionally convex obstacles force the identity us, = 1, which allows our results to
be applied to an important class of non-empty bounded obstacles.

Post-interaction regime - convergence to wave

Continuous Setting In this final step of the program, the large transients generated in the
interaction regime must be controlled in a frame that moves along with the unobstructed wave. As
discussed above, this analysis leads naturally to a large basin nonlinear stability result for planar
travelling wave solutions to the unobstructed PDE (1.2) with £ = R2. For presentation purposes, we
will focus our discussion here on this unobstructed special case. Indeed, the inclusion of the obstacle



merely adds technical complications that do not contribute to the understanding of the differences
between the continuous and discrete frameworks.
The main task is to construct a super-solution for (1.2) with 2 = R? of the form

u(w,y,t) = ®(z +ct +0(y,t) + Z(t)) + 2(1), (1.15)

which adds transverse effects to the Ansatz (1.9) discussed earlier. As before, the function z decreases
from zg to 0 while Z increases from 0 to Z,. Both z and Z should be thought of as small terms. By
contrast, the new function 6 should be allowed to be arbitrarily large at ¢ = 0, provided that it is
localized in the sense (-, 0) € L? and that it decays to zero as t — oo uniformly in y. This function
controls deformations of the wave interface in the transverse direction.

We note that any localized initial perturbation from the wave can be dominated by the initial
condition in (1.15) by choosing zy positive and as small as we wish, at the cost of a larger value
for ||6(-,0)||z2. Assuming for the moment that Z., scales with zg, this freedom implies that we
can dominate the transients caused by such a perturbation by a family of super-solutions that have
arbitrarily small asymptotic phase offsets Z,. A similar argument with sub-solutions then establishes
the convergence to the planar wave without any asymptotic phase shift.

The difference in behaviour between one and two spatial dimensions is hence caused by the extra
transverse direction, along which perturbations can diffuse in a sense without causing a phase shift.
The assumption that the initial transverse perturbation 6(-,0) is localized is crucial here. Indeed, if
6(-,0) is not localized but still very small, the perturbations can not only cause phase offsets of the
underlying wave, but can also prevent solutions from converging to any translate of the wave at all
[38].

We now proceed to discuss the choices made in [9] for the functions 6, Z and z, which ensure
that (1.15) is indeed a super-solution with Z., ~ z. As before, we write J = u; — Au — g(u) for
the super solution residual. A short computation shows that we can split 7 into the three parts

j:jglb+\7heat+s7nly (116)
which with the shorthand £ = z + ¢t + 0(y,t) + Z(t) can be written as
Tgi (@, Y, 1) Z(t)®'(€) + 2(1) + g(2(€)) — g((€) + 2(1)),

jheat(z7y7t) = <I>’(§)(8t9(y,t)fﬁyyﬁ(y,t)), (1.17)
jnl(wvyat) —@//(5)[8y9(y7t)]2

Exactly as discussed earlier, one can ensure that Jgn(z,y,t) > 0 by picking z(t) to be a slowly

decaying exponential. This gives the desired proportionality Z., ~ 2. Since ®” does not admit a

sign, the two remaining terms Jheat and Jpn need to be treated together. The structure of Jheat

strongly suggests a relation with the heat equation and that is precisely what is exploited in [9].
To set the stage, let us introduce the functions

v(y,t) = eV h(y,t) = —u(y,1) (1.18)

1
VAt
and remark that the one dimensional heat kernel h(y,t) can be seen in an appropriate sense as the
solution of the initial value problem

Och = Oyyh, h(y,0) = 0(y). (1.19)

The choice for 0 used in [9] is now given by

Oy, t) = B(t+1)"2 w(y,y(t + 1)), (1.20)



in which v = ~(8) > 8 and 8 > 1 can be chosen to be arbitrarily large. In particular, the function
f can be seen as a modified heat-kernel where the diffusion is sped up by a factor v and the decay
rate at the center y = 0 is slowed down to S(t + 1)_2771. The partial derivatives 0,0, 9,0 and
Oyyf can all be explicitly evaluated and yield rational functions of ¢ and y multiplied by v(y,t).
Exploiting a uniform bound |®”(£)| < K®'(£), one can decouple ¢ from the pair (y, t) and guarantee
Theat + Tl > 0 by picking ~ appropriately.

Discrete Setting Considerable modifications must be made to the procedure outlined above
before it can be used in the discrete setting. To appreciate the difficulties involved, let us consider
the discrete analogue of the super-solution Ansatz (1.15). Choosing (op,0,) € Z?\ {(0,0)}, this can
be written as

ui(t) = ®(iop + jou + ct + bio, —jo, (1) + Z(t)) + 2(t). (1.21)

Writing J for the appropriate super-solution residual, we note that it can again be split up into three
components J = Jgib + Jheat + Jul that are the discrete analogues of (1.17). For the presentation
here it is only necessary to fully write out one of these terms. Indeed, introducing the shorthands
& =ioy,+ jop +ct and |l =io, — jop € Z, we restrict our attention to the component

Theat = (E)01(t) — (€ + o) (O, (t) — 0:(1)) — @' (€ — 1) (B1—0, () — O1(t))

=0 (§ = 00) (10, (1) = Ou(t)) — D'(& + 00) (01—0,, (1) — O1(1)),

which is a sum of first differences in 6, each multiplied by a different shifted version of ®’. Since
Jheat 1O longer factors as a positive function of £ times a parabolic operator acting on 6, it is not
at all clear how the approach described above for the continuous setting can be mimicked.

Our inspiration to deal with this challenge comes from the art of normal form transformations.
In particular, we add four specially chosen auxilliary terms to the Ansatz (1.21). This replaces the
shifted coefficients ®'(£ & o,) and ®'(£ &+ o) that appear in Jheat by unshifted coefficients ®'(§),
while generating additional terms that only involve higher order differences in 6 or products of lower
order differences.

This construction relies on solving linear inhomogeneous MFDEs. More specifically, the four
new terms added to (1.21) can all be factorized as a first difference in 8 multiplied by £-dependent
functions pf and p that satisfy

[Lop(§) = @' (Etoy) — af®'(6),  #=hv. (1.23)

Here the linear operator Lo : W1 (R, R) — L*°(R,R) is given by

(1.22)

[Lopl(§) = —cp'(§) +p(€+on) +p(E+0y) +p(€—o0on)+p€—0,) —4p(§)
+4' (®(£))p(E)

and the constants ai are fixed by the requirement that the system is actually solvable. The details
of this construction rely heavily on the linear Fredholm theory developed by Mallet-Paret [35]. In
any case, let us remark here that Ly is related to the linearization of the travelling wave MFDE
(1.7) around the solution ®. Indeed, we have L£y®' = 0, which means that we expect the asymptotics
pi (&) ~ £D/(€) as & — oo as the right hand side of (1.24) is resonant.

It is worthwhile to pause here to fully understand the ramifications of our analysis up to this
point. With the new terms, we obtain

Theat = P'(§) {9.1(15) — af (0140, (1) = 61(t)) — o, (B1—0, () — 61(2))
—a; (10, (1) = 01(8)) = 0 (1, (8) = O1(1)) ] + B0t

(1.24)

(1.25)



in which the higher order terms contain, amongst others, products of second order differences in 6
and the functions pi (€). It is now tempting to try to proceed as in the continuous case, writing h;(t)
for the solution of the initial value problem

h(t) a3t [higo, (t) — i(t)] + o [hi—o, (t) — hu(t)]

+ay (Mo, (1) = ()] + o5 [hi—o, () = hu(1)], (1.26)
hi(0) = di0

and building @ from h in a fashion similar to (1.20). For v > 1, this choice would imply that
sup;cz 0:(t)| remains roughly constant over long periods of time, while k-th order differences in ¢
would roughly decay at the rate t—%/2.

There are however three important issues that complicate such an attempt. First of all, the
heat-like problem (1.26) contains convective terms, in contrast to (1.19). These terms manifest
themselves as e*?# — 1 = O(iw) contributions when Fourier-expanding the first differences in 6 in
the I-direction. When scaling time as in (1.20), one must therefore take care that only the diffusive
effects are sped up, since the convective effects do not generate terms of a definite sign.

The second problem is that the ¢-dependent terms that behave as £®’(€) can never be dominated
by the signed terms proportional to ®'(¢) that can be obtained by carefully exploiting (1.26). It is
therefore necessary to use Jgi, for this purpose. This implies that we would need Jgi, ~ 2(t) ~ 1,
since these troublesome terms come with second order differences in 6. Unfortunately, this gives
Z(t) ~ 1n(t), destroying any hope of closing a stability argument.

Finally, the third problem is caused by the fact that (1.26) does not actually capture all the
diffusive effects present in the problem. Indeed, second order differences in 6 also generate O(w?)
contributions in Fourier space. Naturally, this leads to trouble when trying to control the second
order terms in (1.25), even if they are multiplied by functions proportional to ®'(¢).

In order to solve the second and third problems, it is necessary to perform an additional step
in the normal form inspired expansion. In particular, we add a large number of extra terms to the
Ansatz (1.21) in order to explicitly control all second order differences in 6 and all products of first
order differences in 6.

Although this operation is a bookkeeping nightmare, it serves two crucial purposes. First of all, it
ensures that all diffusive effects are made visible. It is here that the link to our prior work [24] based
on spectral techniques becomes apparent, since we recover a condition on the essential spectrum that
ensures that the diffusion coefficient is non-zero. Furthermore, the decay rate of all remaining terms
is pushed to at least t=3/2, corresponding to third order differences in 6. Since this latter function is
integrable over [1,00), these terms can be successfully absorbed into Jgp.

In contrast to the continuous setting, we therefore see that the three separate components g1,
Jheat and Jy1 of the super-solution residual need to be analysed together. In addition, one can no
longer use decaying exponentials for the global functions Z(t) and z(t), which requires considerably
more care to be taken at many points in the analysis. These issues are explored in detail in §5, which
we consider to be the heart of this paper.

Organization

This paper is organized as follows. In §2 we state our main results along with their underlying
assumptions. A comparison principle that is used throughout the paper is established in §3, along
with asymptotic properties of planar travelling wave solutions to the unobstructed LDE. In §4 we
establish a result similar in spirit to [1, Thm. 5.3], stating that large disturbances from the zero
rest state fill the entire unobstructed lattice Z2, provided the support of the initial condition is
large enough. Sub and super-solutions providing a large basin of attraction for the waves mentioned
above are constructed in §5. In §6 we focus on the behavior of the obstructed LDE and establish
the existence of an entire solution that resembles an unobstructed wave as t — —oco. The behaviour
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of this entire solution in several limiting regimes is studied in §7. The proof of our main result is
presented in §8, followed by a discussion in §9.

Reader’s guide In order to prevent disruptions to the flow of ideas, the proof of many of our
results is deferred to the second part of their respective sections. Constants that are used across
different sections are given names, constants used only within a section are given numbers, while
constants used only within proofs are given primes. We also use primes to denote derivatives, but
trust that no confusion shall result.

Acknowledgments Hoffman acknowledges support from the NSF (DMS-1108788). Hupkes ac-
knowledges support from the Netherlands Organization for Scientific Research (NWO). Van Vleck
acknowledges support from the NSF (DMS-1115408 and DMS-1419047).

2 Main Results

In this section we outline our two main results. The first result concerns a two-dimensional obstacle
free lattice and is essentially a stability result for travelling planar fronts. The second result shows
that these travelling planar fronts persist in an appropriate sense after perturbing the lattice by
removing grid points.

2.1 Homogeneous Lattice

Let us first consider the spatially homogeneous LDE
i (t) = [ATu(t)]i; + g(ui; (1)), (2.1)
in which the plus-shaped discrete Laplacian acts on a planar sequence u € £°>°(Z?;R) as
[ATu)ij = wig1,j + Wijr1 + Wie1y + wij—1 — du;. (2.2)
The conditions on the nonlinearity g that we will need are summarized in the following assumption.

(Hg) The nonlinearity g : R — R is C2-smooth and has a bistable structure, in the sense that there
exists a constant 0 < a < 1 such that we have

9(0) =g(a) =g(1) =0,  ¢'(0)<0, ¢'(1) <0, (2:3)
together with

g(u) <0 for u € (0,a) U(1,00), g(u) >0 for u € (—o0, —1) U (a, 1). (2.4)

We note that the results in [35] guarantee that (2.1) has planar travelling wave solutions for every
possible direction of propagation. The key requirement in our next assumption is that all these waves
travel at a strictly positive speed.

(H®) For each angle ¢ € [0,27], there exists a wave speed ¢ > 0 and a profile ®; € C*(R,R) that
satisfies the limits

lim ®c(¢) =0, lim ®c(¢) =1 (2.5)

£——o0 £—+o0
and yields a solution to the homogeneous LDE (2.1) upon writing

u;(t) = Pe(icosC + jsin¢ + cct). (2.6)
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For the remainder of this subsection, we fix a specific angle (, € R and write
(oh,00) = (cos (y, sin () (2.7)

whenever tan (, ¢ Q. On the other hand, we refer to (. as a rational angle if tan ¢, € Q, in which case
we define (o, 0,,) in a different way. In particular, for rational angles ¢, we pick a pair (o, 0,) € Z2
with ged(op, 0,) = 1, for which we have the identity

[UIQL + 0'12;]1/2(608 («,sin C*) = (U}La O'v)- (2.8)

As a consequence of (H®), for every ¢, € R there exists a wave speed ¢ > 0 and a wave profile
® € C1(R,R) that satisfies the limits (2.5), so that the LDE (2.1) admits a solution

wij(t) = ®(ioy, + jo, + ct). (2.9)

We emphasize here that the pair (c, ®) is a rescaled version of the pair (cc,, ®.,) for rational angles
Cx. We choose to use this rescaling here to highlight certain resonances that play a role in the
discussion below.

A standard approach towards establishing the stability of the wave solution (2.9) under the
nonlinear dynamics of the LDE (2.1) is to consider the linear variational problem

bij (t) = [ATv(t)]ij + ¢/ (®(ion + jo, + ct))vi; (). (2.10)

As can be seen, the linear operator on the right hand side of this system does not have constant
coeflicients and hence cannot be diagonalized via Fourier transform. It can however be partially
diagonalized if one takes the Fourier transform in the direction that is perpendicular to the prop-
agation of the wave, i.e., upon taking iop + jo, = constant. We pursued this strategy in [24] for
rational angles (.. For each transverse spatial frequency w € [—7, 7], we arrived at an LDE posed
on a one dimensional lattice that is parallel to the direction of propagation. This LDE is given by

n(t) = ewvwvnﬂm (t) + e_whwanrUv (t) + e_wuwvnfah (t) + ewhwvnffm (t) — dv, ()

(2.11)
+4' (®(n + ct))va(t),

in which n = ioy, + jo, € Z. As explained in detail in [27, §2], there is a close relationship between
the Green’s function for the LDE (2.11) and the linear operators

L, :WH*[R,C) — L*R,C), w€[-m,7], (2.12)
that act as
[Lopl(§) = —cp' (&) + e 7“p(§ 4 on) + e p(€ + 0y) + e p(€ — op) + € 7p(€ — 0y)
—4p(€) + g’ (2(€))p(6).
(2.13)

The formal adjoints of these operators are written as

LY :WEe(R,C) — L=(R,C), w € [—m, ], (2.14)
and act as
[£50)(€) = cd'(§) +e " 7¥q(€ — o) +eT'7r9q(§ — ay) + T 70q(E + on) + e 7§ + ay)
—4q(&) + ¢/ (2(6))a(8)-
(2.15)
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Indeed, the designation of formal adjoint is justified by an easy computation, which shows that

oo o0
| a©em©d= [ e d (216)
— 00 — 00

holds for all pairs p,q € WL (R, C).

We emphasize here that the definitions above for the operators £, and L}, do not require the
angle (. to be rational or the frequency w to be restricted to the interval [—m,7]. However, for
rational angles one can exploit the fact that the shifts 5, and o, are integer-valued to derive two
important periodicity properties. Indeed, for rational angles (, we have L 19, = L. In addition,
an easy computation shows that

6_27”1(£w — Neonie = L, — 2mile — A (2.17)
for all A € C and ¢ € Z, in which the exponential shift operator e, is defined by

[e0](€) = " (€). (2.18)

In particular, for all w € [—m, 7] and rational angles (., the spectrum of £, is invariant under the
operation A — A\ + 2mic.

As discussed in detail in [24], the operator Lo encodes stability properties of the wave (¢, @)
under perturbations that are constant in the direction transverse to propagation. In any case, it is
easy to verify that Lo®' = 0 holds regardless of the angle (. € R. The results in [35] show that L
is a Fredholm operator of index zero with a one-dimensional kernel. In addition, these results give
the existence of a strictly positive bounded function ¥ € C'(R,R) for which

LET =0, / ()P (¢) dE = 1. (2.19)
R
In view of the characterization
Range(Co) = {/ € L>(R:R): [ W(©)£()d¢ =0, (2.20)

this directly implies that A = 0 is a simple eigenvalue of Ly for all angles (. € R.

The next result shows how this simple eigenvalue behaves as w is varied. It basically states that
there is a branch of simple eigenvalues A\, and eigenfunctions ¢, for the operators £, with w = 0. For
rational angles (., one can also exploit the periodicity properties above to show that the spectrum
of L, lies to the left of the line Re A = —, with the exception of simple eigenvalues at A, + 2wicZ.

Proposition 2.1. Consider the unobstructed LDE (2.1) and suppose that (Hg) is satisfied. Pick a
direction (. € R and suppose that the requirements stated in (H®) all hold, but only for the angle (..
Then there exists a constant d,, > 0 together with pairs

(Ao, 6u) € Cx WH2(R,C), (2.21)
defined for each w € (—d,,0s), such that the following holds true.

(i) There exists 05 > 0 such that for allw € (—0d,,0,), the operator L, — A is invertible as a map
from W1°(R,C) into L*°(R,C) for all X\ € C that have 0 < |A — \,| < dy.

(ii) The only nontrivial solutions p € WH*(R,C) of (L, — Au)p = 0 are p = ¢, and scalar
multiples thereof.

(iii) For allw € (—d,,0.,), the equation (L,—M,)v = ¢, does not admit a solution v € W1 (R, C).

(iv) The maps w — A, and w +— ¢, are C*-smooth, with \g = 0 and ¢g = P’.
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In addition, in the special case tan(, € Q, there exists > 0 such that the operator L, — X\ is
invertible as a map from WH°(R,C) into L>°(R,C) for all w € (—6y,0,) and for all X € C that
have

ReA > -4, A — A, ¢ 2micZ. (2.22)

Proof. Statements (i) through (iv) can be obtained by following the implicit function argument
developed in the proof of [24, Prop. 2.2]. The final statement follows from the periodicity properties
discussed above together with (i) and [24, Lem. 6.2]. O

In the present paper we focus on developing a comparison-principle based approach to understand
the stability of (2.9), avoiding the spectral techniques that lie at the heart of [24]. Nevertheless, we
need to impose one of the spectral conditions stated in [24]. In particular, the next assumption
ensures that the curve w — A, touches the origin in a quadratic tangency that opens up on the left
side of the imaginary axis.

(HS)¢, Recalling the curves w — (A, ¢.,) defined in Proposition 2.1, we have the Melnikov identity

(L dlo=o < 0. (2.23)

We emphasize here that [24, Lem. 6.3] guarantees that (HS)c, is satisfied whenever ¢, ~ &% and
Cix > 0 for some k € Z. In addition, during all the numerical experiments that we presented in
[24, §6], we never encountered a case where (HS), fails. The interesting fact to note here is that
when tan (. ¢ Q, our results show that the comparison principle is sufficiently strong to guarantee
that control over the spectral curve for (w,\) = (0,0) automatically gives control over the rest
of the spectrum. We have limited a-priori knowledge concerning this remainder, unlike the strong
information for rational angles stated in the final part of Proposition 2.1.

We are now ready to state our first main result, which will be proved in §5. Compared to the
small-perturbation stability result in [24], we note that here the initial deviation from the wave can
be very large in compact regions and the angle (, is not required to be rational. On the other hand,
in [24] the perturbations are not required to decay in the direction parallel to the wave propagation
as they are here.

Theorem 2.2. Consider the unobstructed LDE (2.1) and suppose that (Hg) is satisfied. Pick a
direction (. € R and suppose that the requirements stated in (H®) all hold, but only for the angle
Ce. In addition, suppose that (HS)¢, is satisfied.

Consider any C'-smooth function U : [0,00) — (°°(Z?;R) that satisfies the LDE (2.1) for all
t > 0. Suppose furthermore that we have the spatial limit

Ui5(0) = ®¢. (icos i + jsinG,)| — 0, ] + [j] — oo. (2.24)
Then we have the uniform convergence

sup |U;;(t) — ®¢, (i cosls + jsin(y + ¢, t)] — 0, t — 00. (2.25)
(4,7)€Z?

2.2 Obstructed Lattice

In order to formalize the concept of removing grid points from a lattice, we start by introducing
some notation. In particular, for any (i,7) € Z? we write

Nazz(i,§) = {(i+1,5). (4,5 +1), (i = 1), (i,5 — 1)} C Z° (2.26)
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to denote the set of nearest neighbours for the grid point(¢, 7). Obviously, we can now restate the
definition (2.2) as

[A+u]ij = Z [’U,il)j/ - uij]. (2.27)
(5" ENZ2 (4,5)

Consider now a bounded set K, C Z2, which should be interpreted to be missing from the
lattice. We write

A =72\ Kops (2.28)
to refer to the remaining grid points. In addition, for any point (i,j) € A, we write
NA(%]) :NZQ(Za])ﬁAa (229)

which represents the set of traditional nearest neighbours of (7, ) that are not contained in Kops.
We use the suggestive notation

8A:{(ZaJ)GANZZ(/LvJ)#NA(ZaJ)} (230)

to denote the set of points in the lattice that are nearest neighbour to a site in the obstacle K.
Let us now consider a sequence v € £>°(A,R) and introduce the punctured discrete Laplacian
that acts as

[AIJ{ULJ = Z [Ui’j’ — vij] (231)
(i,37)ENA(3,7)

for (¢,7) € A. Obviously, we have
[Afvli; = [AYoly, (i) € A\ OA. (2.32)
Our main goal in this paper is to study the obstructed LDE
() = [ALu(®)y + g(u(®),  (5,) € A. (2.33)

As a consequence of our choice for AX, one can interpret this LDE as the analogue of a reaction-
diffusion PDE posed on an exterior domain under Neumann boundary conditions.

Besides the conditions imposed above on the homogeneous LDE (2.1), we need to impose the
following two conditions on the obstacle Kgps.

(HK1) The obstacle set Kyps is bounded and A = Z2 \ K is connected, in the sense that for every
(i,7) € A and (¢', ) € A, there exists an integer N > 0 and a sequence {(ix, ji)}r_o C A with

(Z.07j0) = (i/aj/)a (ZNL]N) = (27.7)7 (234)
so that for every 1 < k < N we have

(ir, k) € Na(ig—1, jx—1)- (2.35)

(HK2) The obstacle K, is directionally convex, in the sense that there exists a line £ C R? so
that the following holds true. For any (i,5) € OA and (¢/,j') € Kops that are related via
(7/,7") € Nz2(3, §), we have

d((i',5),¢) < d((4,5).¢), (2.36)

in which d((z,y),¢) > 0 denotes the distance between a point (z,y) € R? and the line £ C R?.

15



These conditions can be seen as the discrete analogues of the restrictions imposed in [9]. However,
we remark here that we exclude the star-shaped obstacles that are allowed in [9]. In any case, it is
easy to see that any obstacle that consists of a single point automatically satisfies both (HK1) and
(HK?2).

We are now ready to state our second main result, which is the discrete analogue of [9, Thm.
1.3]. It basically states that there is an entire solution to (2.33) that looks like a travelling planar
wave travelling towards the obstacle for ¢ < —1, gets scattered by the obstacle at ¢ = O(1) and
gradually recovers its shape as the wavefront moves away from the obstacle for ¢ > +1.

Theorem 2.3. Consider the obstructed LDE (2.33), pick a direction (. € R and suppose that
(Hg), (H®), (HS)¢., (HK1) and (HK2) are all satisfied. Then there exists a C'-smooth function
U:R — (>°(A,R) that satisfies the obstructed LDE (2.33) for all t € R, admits the inequalities

0<Uyt) <1, Ui;(t) >0 (2.37)
forallt € R and (i,5) € A and enjoys the temporal limits

sup |U;;(t) — ®¢ (icosCy + jsindy + c¢, t)] — 0, t — o0, (2.38)
(4,5) €A

together with the spatial limit

sup |U;j(t) — ®¢, (i cos s + jsiny + ¢, t)| — 0, li| + [j] — oc. (2.39)
teR

In addition, if V : R — (*°(A;R) is another C'-smooth function that satisfies the obstructed LDE
(2.33) for allt € R with

sup |Vi;(t) — ®¢, (icosCy + jsinCy + . t)] — 0, t — —o0, (2.40)
(4,5) €A

then we have U = V.

3 Preliminaries

In this section we consider an obstacle K,ps C Z2, which at times will be taken to be empty, and
study the LDE

i (t) = [AFu®)]ij + g(ui; (1), (5,4) €A, (3.1)

in which A = Z? \ K,p,s. We formulate a comparison principle for (3.1) and focus on the asymptotic
behaviour of travelling wave solutions to (3.1) with K,ps = (. We are specifically interested in the
dependence of these waves on the direction of propagation and the specific form of the nonlinearity,
which we will often need to distort.

For the purposes of this section, we need to relax the smoothness requirements present in (Hg).
In particular, we introduce the following condition on the nonlinearity g.

(hg)ss The nonlinearity g is C'-smooth, while the map u +— ¢'(u) is locally Lipschitz continuous. In
addition, there exists a constant 0 < a < 1 such that we have

9(0) =g(a) =g(1) =0,  ¢'(0)<0, 4'(1) <0, (3.2)
together with

g(u) < 0 for u € (0,a) U (1,00), g(u) > 0 for u € (—o0,—1) U (a,1). (3.3)
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We start by formulating a weak and strong version of a comparison principle for (3.1). The weak
version does not need the obstacle to be finite or connected as required by (HK1).

Proposition 3.1. Pick any subset Kous C Z*, consider the LDE (3.1) and suppose that (hg)ss is
satisfied. Consider a pair of functions u,v € C1([0,00),£>(A,R)) that satisfy the uniform bounds

—1<u;(t) <2, —1<wv;(t) <2, (j)ed,  t=0, (3.4)
together with the initial inequalities
uij(0) = v35(0),  (i,7) € A (3.5)

Suppose furthermore that for any t > 0 and all (i,7) € A, at least one of the following two properties
is satisfied.

(a) We have the differential inequalities
g (t) 2 [Axu(®)]ij +g(uig (1), 0(t) < [Av(®)]i; + g (vii (1)) (3.6)

(b) We have the inequality wu;;(t) > v;;(t).
Then we in fact have u;;(t) > v;;(t) for all (4,5) € A and t > 0.

Corollary 3.2. Consider the setting of Proposition 3.1. Suppose that the obstacle Kqops satisfies
(HK1) and that there exists (ig,jo) € A for which u;,j,(0) > v;j,(0). Then we have the strict
inequality

Ujj (t) > Vi (t), (’L,]) €A, t > 0. (37)

Proof. Suppose that for some t, > 0 and (i4,j+) € A, we have u;_;_(ts) = v;_;. (t+). Since u;;(t) >
v;5(t) for all t > 0 and (¢, ) € A, we must have ¥;_;, (t.) = ¥;, ;. (t+). In particular, this implies

[Axu(t)]ij. = [AXvt)]i.j., (3.8)

which in turn shows that we must have u;;(t.) = vi;(ts) for all (4,7) € Na(ix, j«). Exploiting the
connectedness of A, this argument can be repeated to show that u(t.) = v(t.), which contradicts
the uniqueness of solutions to (3.1) in backward time. O

We now turn our attention to travelling wave solutions of the unobstructed system (3.1) with
A = Z2. To this end, we pick an arbitrary pair (oj,0,) € R?, assuming only that O'}QL + 02 #£0.
Inserting the travelling wave Ansatz

u;(t) = @(iop + jo, + ct) (3.9)
into the homogeneous LDE (3.1), we arrive at the travelling wave MFDE
c®(§) = ®(E+on)+RE+ )+ B(E—on) + B(§ —0y) —4D(€) + g(D(€)). (3.10)

The following assumption relating to the existence of solutions to (3.10) with non-zero wave speed
is used frequently throughout this entire paper.

(h®)s3 The travelling wave system (3.10) admits a solution (¢, ®) for some ¢ # 0 and bounded function
® € C*(R,R) that satisfies the limits

lim ®(¢) =0, lim ®(¢) = 1. (3.11)

£——o0 §——+o0

17



We note that the C'-smoothness of the nonlinearity g prescribed by (hg)gs ensures that the C?-
continuity mentioned in (h®)gs is automatic upon assuming that ® is merely continuous.

An important role is played by the asymptotic rates at which the wave profile ® approaches its
limiting values. To study these rates, we introduce the limiting spatial characteristic functions

A7 (z) = cz—(2cosh(opz) + 2cosh(o,2) —4) — ¢'(0),

N , (3.12)
(z) = e¢z—(2cosh(opz) + 2cosh(o,z) —4) — ¢'(1).

It is well known that the real roots of the equations A*(z) = 0 are directly related to the asymptotic
convergence rates discussed above.

Lemma 3.3. Consider the characteristic equations (3.12) and suppose that (hg)ss and (h®)ss both
hold. Then there exist constants ng > 0 that satisfy the identities

Ny = 2cosh(opng) + 2cosh(oyng ) — 4+ ¢'(0),
—cend = 2cosh(opng) + 2cosh(oyng) — 4+ g'(1), (3.13)
which implies that
AT (—ng) =A"(ng) =0. (3.14)

In addition, if either A*(—n) =0 or A=(n) = 0 holds for any n > 0, then we must have n = ng or
1 =1y respectively.
Finally, if the inequalities

>0, g <y (3.15)
are both satisfied, then the inequality

g'(0) > g'(1) (3.16)
must also hold.

Proof. The statements follow directly from the observation that [A*]”(z) < 0 for all z € R, together
with the limits lim, 4., A*(2) = —oco and the inequalities A*(0) > 0. O

Proposition 3.4. Consider the travelling wave MFDE (3.10), assume that (hg)ss and (h® )ys both
hold and recall the spatial exponents 77% defined in Lemma 3.3. Then there exist constants Kg > 1,
kg > 0 and Cf}!E > 0 such that for every £ < 0 we have

B(¢) — O‘gefnilél‘ < Kge (e tre)le]
o'(¢) — n;c;e—nqilfl‘ < Kge (natra)lel (3.17)
D1(¢) — g [PCqe k| < Kgem tratrolel,

while for every & > 0 we have
(1—®(&)) — Cgefnfglﬁll < Kgeatra)lél
(&) — ngcge—ni,\ﬁ\ < Kge~(ma+ra)lél (3.18)
V(e + 205 e < Kgem Ot
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Proof. These bounds follow directly from [35, Thm. 2.2]. O
Corollary 3.5. Consider the setting of Proposition 3.4. Then there exist constants
0 < ajoy, < agps 0< By < BE, (3.19)

such that for every & < 0 we have

Boge Ml < d) < ggpe—naa’
Oélz)we_n;m < ¥ < al:pe_n;m’ (3.20)
while for every & > 0 we have
ﬁfgwe—ﬁglﬁl < 1-9() < ﬁf{pe_”dt‘f‘
(3.21)

+ +
o e~ lél < (¢ < aj‘pe_"@'f'.

ow —

Proof. These identities follow directly from Proposition 3.4, upon exploiting the fact that the in-
equalities 0 < ®(§) < 1 and ®'(£) > 0 hold for all £ € R. O

Corollary 3.6. Consider the travelling wave MFDE (3.10) and assume that (hg)ss and (h® )ss both
hold. Then for every M > 1, there exists a constant Kgnigg = Kenigr (M) so that

") |, [2'(<)
(&) | [2(8)
holds for every pair ((,€&) € R? for which |¢ — & < M.

Proof. This follows from the fact that ®'(£) > 0 for all £ € R together with the asymptotic bounds
stated in Proposition 3.4. O

‘ + ’ ’ S Kshift (322)

Our final main result in this section roughly states that the properties described above for the
wave (¢, ®) vary continuously upon changing the direction (o}, 0,) and perturbing the nonlinearity
g. We note that the results in [35, Thm. 2.1] cover neither variations in the direction of propagation
nor smoothness properties of asymptotic expansions, so we take the opportunity here to discuss
these issues in depth.

In order to state the result, we introduce for any 7 € R and any interval Z C R the exponentially
weighted function spaces

BCy(Z,R) = {peC(T,R)|supecze M |p(¢)| < oo},
BCHI,R) = {pe CYZI,R)|supecse M[p(&)|+[p'(€)]] < oo}

Proposition 3.7. Consider the travelling wave MFDE (3.10) and suppose that (hg)ss and (h® )ss
with ¢ > 0 are both satisfied. Fiz 6, > 0 sufficiently small and consider the set

(3.23)

Q={(4,0,,0,):0< 8 <6, and |0}, — on| + |0}, — 00| < I} (3.24)

Then for any p = (8,0},0%) € Q, there exist C*-smooth functions @ff :R — R and constants cff >0
such that the following properties hold.

(i) For any p = (6,0},,0,) € Q, the MFDEs
e [@)(€) = o€ +oy)+ Pp(E+0y) + O (6~ o) + Py (€ —0y) — 4P ()
+95 (25(6))

are satisfied for all & € R. Here the maps u — gf;t(u F9) satisfy (hg)ss, while for any uw € R
we have g(j)[(u) = g(u) and g5 (u) < g(u) < g(}"(u).

(3.25)
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(it) For any p = (6,0},0,) € Q, we have [PE] (€) > 0, together with the four limits

lime .o ®F(8) = +9, limg 4 oo () 1+44.
(i1i) For any p = (6,0},,0,) € Q, the functions V[/pi : R — £°(Z%, R) defined by

[WiE]i; (t) = @F (ahi+ olj + cit) (3.27)

satisfy the differential inequalities

- +
Ji; (1) <0< T35 (), (3.28)
in which

Ti(t) = [WE;(t) — [ATWE®); — g((WiEi (1)) (3.29)

In addition, if 6 = 0, then we have W, = W;‘ and the inequalities in (3.28) are equalities.

(iv) Upon writing ne = min{ng,ng }, the maps

Cegr o ER
(.0 ) o { iy 417~ B EBCy, (RR) (3:30)
Ly o~V =@ €BC_y,, (RR)
are Cl-smooth, with
C(j)iah,av =6 q)(:)t,oh,,av =0o. (3.31)

(v) For any p = (6,0},,0,) € Q, the function ®; + § satisfies the asymptotic estimates (3.17)-
(8.18) with constants Ko > 1 and ke > 0 that are independent of p, constants nfg > 0 that
depend C'-smoothly on (o},,0),) but are independent of &, together with constants Cflf that
depend C'-smoothly on (\/(_5, ay,,00). A similar statement holds for the functions CIJ; —9.

v

In the remainder of this section we provide the missing proofs for the results stated above. We
start by establishing the weak comparison principle, closely following the arguments in [29, Prop.
4.1], which in turn are based on [13].

Proof of Proposition 3.1. Upon writing w;;(t) = u,;(t) — v;;(t) together with

Li(t) = /O g' (vij (1) + Ywi;(t)) o, (3.32)

the estimate

Y

[ARw(®)ij + g(ui; (1) — g(vi; (1))
= [ARw(®)]y + Lij(wi; (t)
holds for all (¢,5) € A and ¢ > 0 for which condition (a) is satisfied.
In order to show that w;;(t) > 0 for all t > 0 and (¢, j) € A, let us assume to the contrary that
this is false. In particular, suppose that there exist t, > 0, (i, j«) € A for which w;, ;. (t.) = =0 < 0.
Picking € > 0 and K’ > 0 in such a way that ¢ = 25X ™ we can now define

wi;(t) (3.33)

T :=sup{t > 0| w;;(t) > —ee?X" for all (4,§) € A}. (3.34)
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The C'-smoothness of w guarantees that 0 < T” < t,. In addition, we have
inf w; (T = —ee?X'T", 3.35
Jnf (1) (3:35)

since otherwise the smoothness of w as map into ¢*°(A,R) would allow the constant 7" to be

increased. Without loss of generality we may therefore assume that (0,0) € A and wpo(7") <

! !
—Tee2K'T

8
Consider now the function
_ 3 ’
wij(téﬁ) = —6(1 + ﬁzz‘j)eﬂ( Y (3.36)

in which 8 > 0 is a parameter and z € £°°(A;R) has 290 = 1, lim;j4|jj—o0 2ij = 3, 1 < 2 < 3 and

|A} 2| < 1. Write 8, € (%, 1] for the minimal value of 3 for which w;;(t) > w,;(t; ) holds for all
(i,7,t) € A x [0,7"]. Since

3 : 9
lim w(t 5.) = —e[ ]+ 36.)e* Kt < —geeQK t (3.37)

|#]+[5]—o00

there exist (i, jo) € A and 0 < tg < T” such that w;, j,(to) = w;o (to; Bs). The definition of 3, now
implies that

Wi go(to) < by 5 (to; Bx), (3.38)
In addition, by positivity of the off-diagonal coefficients in AX, we have
[AXw(to)ig o = [AXw (o3 B)io,jo- (3.39)

Using the fact that w;, j,(to) < 0, we see that (a) and hence (3.33) is satisfied, which leads to the
estimate

—£€K’62K’t0 > wi—o,jo (to) > w107j0 (to)
> [AXw(to)lio.jo + Zio.jo (to)Wig o (to) (3.40)
> [AXw™ (to; B)iojo + Zio.jo (to)wy, ;, (tos Bs)-

In particular, we obtain the bound

7 / /
—ZEK/GQK fo > —3e[1+ M']e2K Mo, (3.41)
in which
M' = sup |¢'(u)]. (3.42)
—1<u<2

This leads to a contradiction upon choosing K’ > 1 to be sufficiently large, showing that indeed
w;;(t) > 0 for all (4,5) € A and t > 0. O

We now turn our attention to the results stated in Proposition 3.7. Our first concern is to
construct the distorted nonlinearities mentioned in item (i).

Lemma 3.8. There exist two C'-smooth functions

L r (3.43)

+
R —
T x ( 00,12

that satisfy the following properties.
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(i) For any v € (0,<5) and any u € [v,1 — v], we have 75 (u,v) = u.

2

1
)12
(ii) For any v € (0, 15) and any u € (—oo, —1?) U (1 — 12, 00), we have

7 (u,v) = u+v?, (3.44)
while for any v € (0, 15) and any u € (—o0,v?) U (14 %, 00), we have
T (u,v) = u— V7 (3.45)
(iii) For any v <0, we have 7% (s,v) = s for all s € R.

(iv) For any 0 < v < % and u € R, we have the bound

<1-6v<d75(u,v) <1, (3.46)

|~

together with
7 (u,v) <u <71 (u,v). (3.47)
(v) There exists a constant Cy > 1 such that
(0,7 (u,v) — 0y7E (v, )] < C4 Ju — v (3.48)
holds for all v < % and (u,v) € R2.

Proof. We restrict ourselves to defining a function 77 : R? — R that satisfies the stated properties
whenever u < % and v < % To this end, we define the three open sets

Vi = {r<0tu{u>vr}cCR?
Vo = {v>0andu< —v?} CR? (3.49)
Vi = {r>0and —v? <u<v}CR?

together with the three smooth functions
7 :R? - R (u,v) — u,
7 :R? - R (u,v) — u+ 12, (3.50)
5 Rx{r>0t >R  (uwv)— [CL1+60 1 (14+v)3(s+1v2)(s —v)]ds.

Upon writing 7+ (u, v) = 7(u, v) whenever (u,v) € V;, we have constructed a C'-smooth function
7T :V =R, where V =V; UV, U V5.

We now set out to show that 7+ can be extended to the boundary dV in a smooth fashion. First
of all, notice that

Ours(u,v) = 1+6v7 11 +v) 3 (u+v?)(u—v)
> 1-6vt(1+v) (v +1v2)?
> 1-6vi(1+4v)? (3.51)
> 1—-6v
> 3
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In addition, for any v > 0 we have
Out3 (12, v) = Oym3(v,v) = 1 (3.52)
by construction, while a short computation shows that
m3(—v?%,v) =0, T3(v,v) = v. (3.53)
Differentiating these last two identities with respect to v, we obtain
—200,3(—1v2,v) + 0,13(—1%,v) =0, Outs(v,v) + Oy13(v,v) =1, (3.54)
which shows that for all v > 0 we have
O, m3(—v% v) = 2u, d,13(v,v) = 0. (3.55)

This suffices to show that 7+ can be extended to a C'-smooth function on R?\ {0, 0}.
In order to establish Cl-smoothness at (0,0), we compute

m3(u,v) = u+ 12+ 207 (1 +v) B + (L+v) 3 [20° + 3(v — 1)(u? — v*) — 62 (u+v?)].  (3.56)
We define 71(0,0) = 0, which together with

1 1
1 — + = 1i — T =
ll}ﬁ)l T (0,v) ll}ﬁ)l V’TC}(O,I/) 0 (3.57)
allows us to conclude
0,77(0,0) = 1, d,7%(0,0) = 0. (3.58)

It hence remains to show that for any sequence {(ug,vx)} C Vs with (ug,v,) — (0,0) we have
Outs(ug,vg) — 1 and 9,73 (ug, vi;) — 0. We compute

duts(u,v) = 14601 (1+v) 3w+ (1+v)3[6(r — 1)u— 617,
om(u,v) = 2v—20"2(1+v)3ud —6v (1 +v) 4
=3(1+v) 4205 +3(v — 1) (u? — v*) — 6% (u+ 1v?)] (3.59)
+(1+v) 3100 + 3(u? — v*) — 12(v — 1)v® — 120(u + v?) — 1203].
In view of the fact that |ux| < wvp <1 and vy | 0, the desired limits can now be read off.
Finally, the Lipschitz property (v) can be easily verified using (3.59). O

Lemma 3.9. Suppose that (hg)ss is satisfied. For any sufficiently small § > 0, there exist nonlin-
earities gf;t : R — R such that the following properties are satisfied.

(i) For all u € R we have the inequalities
95 (u) < g(u) < g§ (). (3.60)
(11) Recalling the constant a appearing in (hg)ss, we have the identities
95 (=0) = g5 (@) =g; (1=0) =0,  gf(6) =g5(a) = g5 (1 +8) =0, (3.61)
together with the inequalities
gf;t(u) >0, u € (—o0,£8) U (a,1 £ d)
g5 (u) <0, u € (£6,a) U (1 +6,00). (3.62)
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(i) We have the equalities

Dgjs (=0) = Dg(0) = Dgj (+6), Dgs (1 —6) = Dg(1) = Dg5 (1 +9). (3.63)

(iv) The maps (u,v) — gli (u) are C*-smooth. In addition, for fived § > 0 the maps u — Dgj (u)
are locally Lipschitz.

(v) There exists kais > 0 such that we have

g5 (u) — g(u) < —Kaisd (3.64)
for any —6 < u <0, together with
95 (u) — g(u) > Kaisd (3.65)
foranyl<u<1+49.
Proof. Upon writing
g5 () = g(r (u,V9)), g (w) =g(r~ (u,V5)), (3.66)

the properties (i) through (iv) follow immediately from Lemma 3.8.
Addressing item (v), we note that there exists 6, > 0 such that ¢'(u) < 1¢’(0) < 0 for all
|u] < . In addition, since

Dgjy (u) = Dg(r*(u, ﬁ))@ufr(u, Vé) (3.67)

with u < 77 (u, \/3) < u+46 and % < Oyt (u, \/3) < 1, we see that we can pick £’ > 0 in such a way
that

Dy;s (u) < =/, Dg(u) < —+', -5 <u<0, (3.68)
possibly after restricting § > 0. We now find, for any —§ < u <0,
95 (u) = g(u) = Dgg (u1)(u + 6) — Dg(uz)u, (3.69)
for some — < uy < u < up < 0. In particular, if —% <u <0, we have
g5 () ~ 9(u) < Dy (wn)u+8) < '3, (3.70)

while if -6 < u < —g we have

| S

g5 (1) = g(u) < —Dg(uz)u < -’ (3.71)

The inequality for g; follows analogously. O

Linearizing the travelling wave MFDE (3.10) around the wave (¢, ®), we arrive at the homoge-
neous MFDE

(&) = v(€ + on) + (€ — o) +v(§ + 0y) +v(§ — 0y) — 4v(§) + g (2(E)) (&) (3.72)

Our analysis in the remainder of this section hinges upon understanding solutions to (3.72) that
decay at specified exponential rates on half-lines.

24



In particular, we choose four exponents ’7;: and nsil in such a way that
+ + + +
0 <my <ng < Mg < 21y, (3.73)

while all non-real roots of A*(z) =0 have Rez ¢ [—n;,0] and all non-real roots of A~(z) = 0 have
Rez ¢ [0,n;,]. Using these exponents, we introduce the constant

o = max{|on|, |oy|} (3.74)

together with the function spaces

BCY = {veC(0,00),R): [[v]l g = supesg el [u(&)] < oo},

BC; = {veC((=00,0,R): [[v]| po = supecg e [u(€)] < oo},

BCE, = {v€C(=0.50).B): ollpes, = supes_p el + Q) <00}, )

BCTy = {v€C((=00,0],R) : [[vl pce = supg<, €™ El[u(€)] + |v'(§)]] < o0},

with similar definitions for BCf:'SE, BC?fS and BCi‘?fs.
Returning to (3.72), we introduce the solution spaces

P, = {v € BC’lefs : [Lov](€) =0 for all £ < O}, (3.76)
QO = {veBCF:[Lov](§) =0 for all £ > 0}.

We note that we are abusing notation here in the sense that in addition to the definition (2.12), w

are interpreting £y as an operator from BC1 = BC’fJg and also as an operator from BC1 s BC’fS
In order to capture the initial conditions associated to the functions in the solution spaces (3.76),

we will use the notation eveu € C([—0o,0],R) to denote the state of a continuous function u at &,

which is defined by

[eveu] (V) == u(§ +09), Y € [—o,0]. (3.77)

This allows us to define the segment spaces

Py = {¢€C(-0,0],R): ¢=evov for some v € P},
Qs = {¢ € C([-o,0],R) : ¢ = evou for some v € Qfs}, (3.78)
B = span{evo®'}.

In view of the asymptotics (3.17)-(3.18), the fact that the kernel of Ly is one-dimensional implies
that

PN Qg = {O}, PsNB= {O}, QsNB= {0} (3.79)

In order to obtain a splitting for the state space C([—o, o], R) involving the components (3.78), we
need to exploit the Hale inner product [22]. In the current setting, this bilinear form is given by

(0.6 i= c006(0) = [ 00 - o a8~ [ o+ o) a0 (3.80)
0
for any pair ¢,¢ € C(|—0,0],R). The Hale inner product is non-degenerate in the sense that if

(¥, ¢) =0 for all ¥ € C([—0o,0],R), then necessarily ¢ = 0 [37]. As a consequence of [37, Thm. 4.3],
we now have the characterization

P ® Qg ® B={¢ € C([—0,0],R) | {evo ¥, ¢) = 0}, (3.81)
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in which we have recalled the function ¥ defined by (2.19). Let us now pick a one-dimensional space
I' € C([—o,0],R) that has the property that ¢ € T satisfies ¢ = 0 if and only if (evo¥, ¢) = 0. We
now see that

C([—0,0,R) =B® Qs @ P ®T. (3.82)

As customary, the solution ® to the travelling wave equation (3.10) breaks when changing the
parameters (¢, oy, 0,). The key ingredient we will use in this section is that the arising gap can be
captured in the finite dimensional space I'. As a consequence, the size of such gaps can be measured
effectively by means of the Hale inner product. This is particularly useful in view of the identity

SeleveW,ever) = W(E)[Lov](8), (3.83)

which holds for any pair v € C1(R,R) and ¢ € R.
We now turn our attention to the perturbed linearization

cv'(€) = v(§ + 03) +v(€ — 03) +v(€ +07) +v(§ — 0y) — 4v(€) + g’ (R(€))v(€)- (3.84)
For convenience, we introduce the parameter ¢’ = (¢, 0}, 07,) and the set
D,(8,) ={(c,0},,00) € R® 1 | — | + |0}, — on| + |o), — 04| < &4 and o’ = o}, (3.85)
in which we have introduced the notation
o' =max{|oy|, |0y} (3.86)

We note that the restriction ¢’ = o is a purely technical one in order to ensure that the state
space C([—o,0],R) remains unaffected. In light of the fact that (3.10) remains invariant under the
transformations

E— AE, (oh,00) = X Hon, 00), c— Ac, (3.87)

this restriction will not hinder our ability to describe waves travelling in arbitrary directions suffi-
ciently close to (o, 0y).
For any ¢’ € Dy(d,), we introduce the differential operator £(¢") that acts as

[L(q")0](§) = =V (&) + v(€+ 0},) +v(€+0y,) +v(E —a,) +v(€ —0,) —4v(§) + g’(<I>(£))v((¢:%).8 |

As above, this operator will be interpreted as a linear map on both BC’%S and BCffs, mapping into
B C’f"s' and BCy, respectively.

We now borrow some convenient results from [31] that describe how £(¢’) and the spaces (3.78)
vary with ¢’. For explicitness, we write

¢ = (¢, 0h,00). (3.89)

Lemma 3.10 (see [31, §5]). Suppose that (hg)ss and (h®)ss are both satisfied and pick d4 > 0
sufficiently small. Then for any ¢' = (¢, 0}, 0.) € Dy(d,), there exist linear maps

uH, (q) : Qs — BCF, uh, (q') : Ps — BCOT), (3.90)
that satisfy the following properties.

(i) For any (¢q,¢p) € Qs X P and ¢ € Dy(dy), the function vt = ug (¢')dq satisfies
[L(¢)vT)(€) =0 for all £ > 0, while v~ = up, (¢')¢p satisfies [L(q" )v™](§) = 0 for all £ < 0.
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(ii) Pick any q' € Dy(84) and consider any pair (vF,v™) € BCf?fs X BC’%S for which [L(q")vT](€) =
0 for all £ > 0 and [L(¢")v™](§) =0 for all £ <0 Then we must have

vt =uh, (¢ g evov™, v” =up, (¢ )p evov™. (3.91)

(iii) For any q' € Dy(d,), we have the identities

g, evoug,, (¢)=1, Hp evoup, (¢') = 1. (3.92)

(iv) The maps

up,. (¢') € L(Qss, BCY,
q/ — { Qfs ( l,f ) (393)

u}‘gfs(q’) € E(Pfs, BCle’fS)
are C'-smooth.

Lemma 3.11 (see [31, §3] ). Suppose that (hg)ss and (h®)ss are both satisfied and pick 64 > 0
sufficiently small. Then for any ¢' = (¢, 0}, 0.,) € Dy(d,), there exist linear maps

£t (¢): BCE — Bcf?fs, L. .(q):BCy — Bcffs (3.94)

that satisfy the following properties.

(i) For every f* € BCE and ¢’ € Dy(3,), the function vt = L (¢')fT satisfies [L(¢')vT](€) =
FT(&) for all € >0, while v— = L. (¢')f~ satisfies [L(q")v™](§) = f~ (&) for all £ < 0.

(ii) For every f* € BCE and ¢ € Dy(d,), we have the identities

I, ev Efnv ¢)ft =0,
anevoli, (q) (3.95)
pevoli,(¢)f~ = 0.
(iii) The maps
+ () + o
. L () € L(BCE, BCE,) (3.96)
L3 (@) € L(BCy, BCYy)

are C1-smooth.

The next result can be seen as a continuation result for the two halves of the wave profile &' upon
varying ¢. In particular, we construct two solution families for the homogeneous MFDE (3.84) that
decay at the relevant slow exponential rate. This will allow us to control the constants appearing in
the asymptotic expansions (3.17)-(3.18).

Lemma 3.12. Suppose that (hg)ss and (h® )ss are both satisfied and pick 6, > 0 sufficiently small.
Then for any ¢ = (¢, 0},,0.,) € Dy(dq), there exist functions

bt =bT(¢) € BCf?Sl, b= =b(¢) € BCIGVSl (3.97)
that satisfy the following properties.
(i) We have [L(¢")bT(¢)](€) =0 for all £ > 0, together with [L£(q" )b~ (¢")](€) =0 for all £ < 0.
(ii) The maps ¢’ — b (¢') € BCf?Sl and ¢ — b= (¢') € BC16,51 are C*-smooth, with b*(q,) = ®'.
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(i4i) For all ¢ € Dy(8,) we have Mgevob™ (q') = evo®’, together with

Hg,.evobt(¢) =0, Ip, evob~ (¢') = 0. (3.98)

(iv) Upon writing 77;, > 0 for the exponent defined in Lemma 3.3 applied to the characteristic
equation

A (2) = ¢z — (2cosh(0},2) + 2 cosh(o7y,2) — 4) — ¢'(1) (3.99)

and similarly defining n, > 0, there exist constants C;? > 0 and Ko > 1 such that for all
q € Dy(d,) we have

b © —Cre | < Kae, g20

IN

(3.100)

b= (@)€) — Ce M| < Rpermld, g <o,
In addition, the maps ¢’ — qu? are C'-smooth.

Proof. Since the maps ¢’ +— r];', are C''-smooth, we can construct a map ¢’ — b (¢') that satisfies
conditions (ii) - (iv) simply by using

by (¢)(€) = (nh/ngle),  €>1 (3.101)
and ensuring that bf (¢')(¢) = ®'(¢) for € € [~0, ).
We now write b+ (¢') = b (¢') +v(¢’') and ﬁnd that (i) now requires that the function v(q’) satisfy
[£(a")v(d](€) = fo (&) = —[L(d)bg (d)](€),  &=0. (3.102)
By construction however, we see that f,, € BC;, which allows us to write
v(q') = L (¢) fo € BCYy, (3.103)

which depends C'-smoothly on ¢’ and has v(g.) = 0. This ensures that (ii) and (iv) remain satisfied.
In addition, a simple multiplicative rescaling allows (iii) to be restored. O

Based on the ingredients above, we can follow the procedure developed in [31] to implement a
version of Lin’s method. In particular, we combine the two inverses Emv( ") to construct solutions
to L(¢')v = f up to a gap at zero, which can be contained in the one-dimensional space T.

Lemma 3.13 (see [28, Lem. 5.10]). Suppose that (hg)ss and (h®)ss are both satisfied and pick
8q > 0 sufficiently small. Then for any ¢' = (', 0},,0%,) € Dy(dq) and any pair (f~, fT) € BC, x
BCf‘g, there is a unique quadruplet

(v7,a7, 0%, a%) € BCT, xR x BCF xR (3.104)
for which the pair
w(g) = v (¢) +a" (@ (¢) € BCS,,  wi(q) =v(q)+a*(q)b*(q) € BCZ, (3.105)
satisfies the following properties.

(i) For all & > 0 we have [L(¢)v7](§) = [L(¢)w™](&) = f~(§), while for all &€ > 0 we have
[£(¢")vF1(&) = [L(g)wT](§) = FH(E).

(ii) We have the inclusions evowT € P @ Qg BT
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(iii) The gap between wt and w™ at zero satisfies evolw™ —w™] € T.
Upon writing

(U_, Oé_, U+7 Oé+) = L3(q/)(f_’ f+)
for the quadruplet described above, the map

¢+ La(d) € £(BCy x BCE, BCF, x R x BCE, x R)

is C''-smooth. In addition, the gap at zero satisfies the identity
0

(evo¥,evolwt —w™]) = /

— 00

We are now ready to construct a solution to the MFDE

dW'(&) = W +o,)+W(E+o,)+W(E—o0p)+W(E—oay,) —4W(E)
+g5 (W(8))
on half-lines. We note that the asymptotic estimates (3.17)-(3.18) allow us to write
®E) = v+ lng] TR, §<o,
o¢) = l+of—[g] '), €£=-o0

for some pair (v, v}) € BClef X BC .- Introducing the notation
h™=@Ww,a") € BC'le,fs x R, ht =@t a™) e BCf?fs x R,
we fix 6 > 0 and define the functions
W=(€) = —d+vr+v™ + (a7 +[ng] )b () £<o,
WHRDIE) = 1-d+vf +vF+ (" =gl )07 (d)  £= -0

B(E)[Llqn ) )(€) de + / W) [Llg )t (€) de.

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)

(3.111)

(3.112)

We intend to find a pair (b=, h") such that (3.109) with W = W (k™) is satisfied for £ > 0, while

(3.109) with W = W~ (h™) is satisfied for £ < 0. Plugging this Ansatz into (3.109), we find

—[L(@)7](©) = Ry ,(h758),  £<0,

SO = RE ST, €30, (3.113)
with nonlinear terms
Ry s(h:6) = (c—r)(€) + v (E+0h) +v5 (€ = a}) — vg (€ +0n) —vs (€ — o)
+v(E+0y,) +vi (€ —0y) —vi (E+0u) —vi (€ —0w)
+95 (W*(h*)) — g(5 + W*(h*))
+Ro(v™(€) + a7 (@)(©) + Iz ] b~ (@) (€) — 2/(9)]:)
RE 50456 = (=W (€) + ol (€ +0}) + v (€ —0p,) — vl (E+on) —vf (€ —on)
+v+( +ol)+ovF(E—ol)—vi(E+a,) —vi(E—0y)
g5 (WH(hT)) —g(6 + WT(hT))
+Ro (07 (€) + o b (¢)(€) — ] b (a)(€) — () €).
(3.114)
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in which we have introduced the expression

Ro(v;€) = g(@(€) +v) — g(2(&)) — ¢'(2(E))v. (3.115)
Lemma 3.14. Suppose that (hg)ss and (h®)ss are both satisfied, pick sufficiently small constants

dq > 0 and 6o > 0 and an arbitrary constant My > 1. Then there exists a constant C4 > 1 and an
exponent kg > 0 such that for any sets

(v, vf,0f) € [BCEL), (at,af,a5) eR? (3.116)
that have
oW s, + 10 Isee, + w2 lIpee, < Mas o™+ ][ +]ag ] < M, (3.117)
any 0 < 0 < and any ¢ € Dy(d,), we have the estimates

2
HRZJ(W?@*;JHB < G0+ Cild — gl + Callat [+ [t pee, ] (3.118)

o
together with

HR,5 vl,al,-) R,é(v27a§r,-)

Ca[Vo+[lof | poe, + 17 | peg, + e[+ laz]]

<
‘Bc;g -
x[ Ja _0‘2’+H”1 USLHBcs?fS]-

(3.119)
Similar estimates hold for the nonlinearities Ry s
Proof. Notice first that for every u € R, there exists 0 < 9 < 1 so that
7 (u— 6,V3) — u = [0, 7 (—6 + Yu, V3) — 87T (—4, V)] u. (3.120)

Using the Lipschitz property (v) obtained in Lemma 3.8 for 8,7, together with the bound (3.46),
one finds that there exists C] > 1 so that

195 (=6 + ) — g(u)| < C} min{v/3, [ul} Ju (3.121)
holds for all w € R and all 0 < § < dg. In a similar fashion, for all such v and ¢ we have
|95 (=0 +u) — g(u)| < Cf min{V/6, |1 —ul} |1 —ul. (3.122)
In particular, whenever 1 —u € BC’;l , we can estimate

o
2m51 ~Mgs
¥

los(— 8+ u()) = g(u) [ e < C18 273

|1 — “HBcjl . (3.123)
In addition, exploiting the Lipschitz continuity of ¢’, for any u € BC’:Ir one easily estimates
2
IRo(); Mipezr < Ch lulles - (3.124)

for some C% > 1, which suffices to establish (3.118). The Lipschitz bound (3.119) can be obtained
using standard arguments, again exploiting the Lipschitz continuity of ¢’ and 9,77. U
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Proof of Proposition 3.7. Fix 6y > 0 and §, > 0 sufficiently small. On account of the estimates in
Lemma 3.14, a fixed point argument can be used to construct for any ¢’ € Dy(d,) and 0 < § < &y, a

pair (h;, hi) = (hs,hi)(q,0) with
(hi s hE) = La(d) (R 5 (0550, Ry 5 (B 0)). (3.125)

In addition, the map (¢',v) — (hy,hf)(¢’,v?) is Ct-smooth with (h;,h})(q,0) = 0. The functions
WH(h}) and W= (h]) together define a solution to the travelling wave system (3.109) provided
evo[WT(h}) — W=(h;)] = 0 € T. This one dimensional equation implicitly defines ¢ as a C-
smooth function of (v/d, a,,0,), which can be seen by exploiting (3.108) and using the identity
Jz W (§)P'(€) d€ =1 to verify the conditions of the implicit function theorem. Similar computations
can be found in [27]. This concludes the construction of the pairs (c, , ®, ).

The pairs (¢}, @) can be constructed in a similar fashion and the differential inequalities (3.28)
now follow from the identities

T (1) = g5 (Wi (1) — 9(Wi5 (1)), (3.126)
together with the inequalities (3.60). O

4 Spreading Speed

In this section we consider the homogeneous lattice and set out to prove that large disturbances
from the zero rest state spread out to fill the entire lattice Z2, provided the initial support of the
disturbance is sufficiently large. This is the analogue of the classic result [1, Thm. 5.3] obtained by
Aronson and Weinberger for bistable reaction-diffusion PDEs.

Proposition 4.1. Consider the unobstructed LDE (2.1), suppose that (hg)ss and (H®) both hold
and write ¢, = mineep 2x{cc}. Fiz any 0 < ¢ < c.. Then for any sufficiently small ) > 0, there exist
R =R(¢,n) >0 and T =T(c,n) > 0 such that the solution to the LDE (2.1) with initial condition

1—n Vi2+j2<R
uij(O) = 9 9 (41)
0 }z +J | >R

satisfies u;j(t) > 1 —n for allt > T and \/1> + j2 < R+c(t —T).

The main difficulty here is that it is no longer possible to construct a radially symmetric expand-
ing sub-solution, because the wave profiles are angular dependent. In addition, the technical trick
[1, (5.8)], which allowed a smooth flat core to be connected to an outwardly travelling wave via a
sharp interface, is no longer available. Instead, we work here with suitably stretched versions of the
angular dependent wave profiles in order to construct a wide transition area between the core and
the outgoing waves.

Lemma 4.2. Consider the unobstructed LDE (2.1) and suppose that (hg)ss and (H®) both hold.
Pick a sufficiently small 6o > 0 and recall the nonlinearities g5 defined in Lemma 3.9. Then for
all 0 < 6 < 0p and ¢ € [0,27] there exists a wave speed cc,s > 0 together with a wave profile
.5 € CH(R,R) that satisfies the MFDE

C(I)/C;é(g) = ‘1)4;6(5 + cos C) + @C;g(g + sin <) + (I)C;(s(g — COs C) + (DC;(?(f — sin C) - 4(b{,5(€)

+95 (Pe;5(6)) o)
4.2

and enjoys the limits

¢ lim q)c;(;(f) = —5, ¢ hI-P (I)C;(;({) =1-9. (43)
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In addition, there exists a constant C1 > 1 so that for all 0 < § < éy and ¢ € [0, 27|, we have the
uniform bound

P 5(¢)
(2le)] <, g-¢l<2 (4.4)
¥ 5(6)

Proof. The statements follow directly from Proposition 3.7. In particular, the uniform bound (4.4)
follows from the continuity properties stated in item (v) of this result. O

In order to connect the waves defined above to a flat inner core, we need to ensure that the wave
profiles are all cut off at the same value. In addition, we need to enforce a convexity condition in
the transition area. The next result handles these two requirements.

Lemma 4.3. Suppose that (hg)ss and (H®) both hold, pick a sufficiently small 9 > 0 and recall
the wave profiles ®¢.s defined in Lemma 4.2. Then for any hoo > 0, there exists a continuous map
The © [0,27] X (0,d0) — R and a continuous map Poo.p. : (0,00) — (1 —200,1), such that the shifted
profiles

Deioho (€) 1= s (§ + h (€ 0)) (4.5)
satisfy the following properties.
(i) For any d € (0,dp), we have

Csn () <0, £>0, 0<(¢<o2m (4.6)

(i1) For any § € (0,d¢), we have

Pesnn.(0)>1-25, 0<(<2m (4.7)

(iii) For any 6 € (0,00) and 0 < ¢ < 27, we have

D5 h (hoo) = Pooiho, (6) > 1 —26. (4.8)

(iv) For any fizred 0 < § < 8o, the map ¢ — 74 (¢, 8) is Cl-smooth.

Proof. We note first that the asymptotic estimates in Proposition 3.4 imply that the wave profiles
®¢.5(€) are convex down as & — +oo. In particular, the continuity properties of the asymptotic
coefficients that are stated in item (v) of Proposition 3.7 allow us to construct a continuous function
T+ (0,00) — R in such a way that for all ¢ € [0,27] and all 0 < § < o, we have the inequalities

Ls(+7(0) <0, £>0, (4.9)
together with
Bes(ra(8)) > 1 —26. (4.10)
Now, for every 0 < d < §y we define

D - D5 (T o), 4.11
1 (0) = max e(ra(0) + o) (4.11)

which depends continuously on §. We can now pick 7,,__(¢,0) in such a way that

D¢5(Theo (€,9)) = Pooina (6) (4.12)
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holds for all ¢ € [0, 27], which establishes (iii). Since ®¢ ; > 0, we necessarily have 74 (6, () > 7.(6),
which implies (i) and (ii).

The smoothness (iv) can be established by noting that for any « in the range of ®..,2, the implicit
definition

e (6) = a (4.13)

locally defines a C'-smooth function ¢ = &(a, ¢, ) on account of the fact that (I)/g;é > 0. This
observation also implies that the continuity of the map (¢,0) — 75, (¢,0) follows directly from the
continuity of 6 — ®oo.p (0). O

Our next result provides a bound on the angular derivatives of the wave profiles. We emphasize
that the constants K5 below cannot be taken to be uniform across 0 < § < §p, because the shifts
Th,., defined above generically become unbounded as § — 0.

Corollary 4.4. Suppose that (hg)ss and (H®) both hold and pick a sufficiently small 69 > 0. Then
there exists an exponent n. > 0 so that the following holds true.

For any he > 0 and any 0 < § < &y, there exists a constant Ko = K(0; hoo) > 1 such that the
estimates

OcPesn. (§) < Kae™™lEl ¢eR,  ¢e0,2n], (4.14)
hold for the wave profiles defined in Lemma 4.3.

Proof. The existence of the derivative with respect to ¢ follows from item (iv) of Lemma 4.3, together
with the smoothness properties established in item (iv) of Proposition 3.7. The exponential bound
(4.14) follows from items (iv) and (v) of Proposition 3.7. O

We now set out to construct an expanding sub-solution for the unobstructed LDE (2.1). We
introduce the set

D, ={p=(5,¢,p,heo,h) € R* x C*(R,R) for which (i), through (iii), below hold}, (4.15)
in which the three conditions are specified below.
(7)p Recalling 6y from Lemma 4.3, we have 0 < § < dy.
(i), We have p > 0 and 0 < ¢ < mingejo,2q] ¢¢;6-

(ii1), We have the inequalities 0 < A/(§) < 1 for all £ € R, together with the bound ||2"|| < oo and
the identity h(€) = h(0) = hoo > 0 for all £ > 0.

The variable p > 1 should be seen as the radius of the initial inner core where our sub-solution
is close to one and constant, while the function h should be seen as a stretching function that
smoothens the transition between an outer region where the sub-solution follows the wave profiles
and the inner region where the sub-solution is constant.

For any p = (8, ¢, p, heo, h) € D,, we now introduce the function u : [0, 00) — £>°(Z*;R) given by

wij(t) = wijip(t) = P pona (h(p + et = Rij)), (4.16)
where the pair (R;j,(;;) is defined in such a way that
i = R;jcos(ij), J = Ri;jsin(Gj), R;; > 0. (4.17)
In order to formulate conditions under which w is in fact a sub-solution for (2.1), we define
T () = Tijp(®)

4.18
= (1) — [ATu(t)]i; — g(ui;(t)). )
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Upon introducing the shorthand z;; = z;;(t) = p + ¢t — R;j, we may compute

T; @) = o (2ij) @ Cigi6,hoo (h(zi))
[ Peis1si0he (P(2it1,5)) + Py i he (M(zim1,5)) = 2@¢,550n0 (P(25))]
4.19
[(I)Q 4130, P00 ( Zi,j+1 ) + P 1i6,hee (h(zi,j—l)) —2P¢,;55ha (h(z”)ﬂ ( )
—g(q’cij;é,hoo (h(zz‘j)))
The wave profile equation (4.2) can be rephrased as
0 - 70(?7‘;6@21']';5,’1% (h(z'L]))

+[®cs0.ha ((2i5) + €08 Cij) + Peyyiona (h(zi5) — cos Gij) — 2®¢, 5 (h(2i5)) ]

[ Peiji0.h00 (A(2i5) +50Gij) + Pyi5ma (R(2i5) — s Ci5) — 2P, 56h00 (B(235)) ]

+95 (‘I’Cu;é,hm (h(zij)))-

(4.20)
Upon introducing for any sequence v : Z? — R the notation
50 = (Vi1 Vi g1, Vie 1,5, Vi -1, vij) € R, (4.21)
we may write
Tigp®) = —H1(Cij» 2ij(1);p) + R (3¢, 75 2(1); p) + R (n5¢, w5 2(1); ), (4.22)
in which we have defined the expressions
Hi(Gigs2i3p) = (ccim — ch'(2i5)) @, o, (R(2i5))
05 (P s (1(z09)) ) + 9(Peyisine (A(zi9)) )
’R’Q(ﬂ;;c’ W;;Z;p) = (bcw;évhoo (h(zlj) + cos CZ]) - (I)C1+1 330hoo ( Zi+1 ])) (4 23)
¢, 8ha (h(2i5) — €08 Gij) = R,y yiona (h(zim1,4)) '
Ra(m5¢,mh20) = O¢5ma ((2i5) +80Ci5) — Pe, s yvioha ((zi11))
¢, i6.h0 (P(2i5) = 8inGij) = e, s iohee (R(2i5-1))-

Roughly speaking, our goal is to show that H; can be used to dominate R, and R3. The following
series of results will focus on obtaining bounds for the first two of these three expressions, which in
view of the symmetry between Ro and Rg will suffice for our purposes.

Lemma 4.5. Suppose that (hg)ss and (H®) both hold. Then for any p € D,, the bound

Hi(Gijs 2i53P) = [Cefflm {ccs} — |6, 5. (h(zi)) (4.24)

holds for all pairs (C;j, zi;) € R.
In addition, there exists a constant k3 > 0 such that we have the bound

Ha(Cigs 2i5:p) = K30 (4.25)
for any p € Dy, and (¢;j, 2i5) € R? for which D38, ho (h(z”)) <0.
Proof. This follows directly from (i), together with item (v) of Lemma 3.9. O
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For convenience, we split the expression Rs into three parts by introducing the expressions

RQ’A('/TZ;C, ﬂ;;z;p) = D¢ i5na (R(2i5) + o8 Gij) — Peyi6.hee (h(z” + cos Cl-j))

8¢, 56,00 (h(2i5) — €08 Gi5) = D6, (235 — €08 Gij)).
Rop(m5C,m520) = ®isho. ((zij — €08 Cig)) = D¢, io.na (M(Zi11,5))

¢, i6,h0 (P27 + €08 Cij)) = Peyiona (h(zim1,5)), (420
Roc(mi¢mbzp) = @ sne (M(zit15)) = Peipr jiohe (M(Zig15))

¢ ha (M(2im15)) = ey o (P(2i-1,5))-
This allow us to write
Ro(n5¢, 152 p) = Ro,a (¢, w525 p) + Ra,p(15¢, 752 p) + Rao(755¢, 752 p) (4.27)
and we set out to bound each of the components separately.

Lemma 4.6. Suppose that (hg)ss and (H®) both hold. Then there exists a constant K4 > 1 such
that the following holds true.

Consider any p € Dy, any pair (i,j) € Z* and any t > 0 and suppose that at least one of the two
following conditions is satisfied:

(a) For all 2/ € R with |2’ — 2;;(t)| < 1, we have h'(2') = 1.
(b) For all £ € R with ‘f — h(zm(t))| < 2, we have ®"(£) < 0.
Then one has the estimate
R (n;C,m2(0);p) < Kal g (h(zij (t))) 1. - (4.28)

Proof. We rewrite Ry 4 as the difference

T=1j0=1
RQ,A(W;;C, W;;Z;p) = Q¢ 5he (h(zZJ + (o —7) cos Cij) + (c+7—1)cos Qj> |r:0 oeor  (429)
which allows us to apply the fundamental theorem of calculus to write
Eij(O',T) = Zij—‘r(O'—T)COSCij, (430)
&ijlo,m) = h(Eij(o, T)) + (0 +7 —1)cos (i ’
and obtain
2
Roa(mlComlizn) = Jo Jy @ (€5lonm) [1= (W (3i(0,7)) | cos?(Gy) dodr
Y (4.31)

- fol fol @’ (&j(o, 7))hu (Eij (o, T)) 0052(%') dodr.

Note that for all 0 < ¢ <1 and 0 < 7 < 1, we have |Z;;(0,7) — 2;;| < 1 and |§; — h(z;;)] < 2. In
particular, if either (a) or (b) holds, the first term in (4.31) is non-positive, which allows us to apply
(4.4) and obtain the desired bound. O

Lemma 4.7. Suppose that (hg)ss and (H®) both hold. Then there exists a constant Ks > 1 such
that for any p € Dy, any (i,j) € Z* and any t > 0, we have the bound

1
1+ R;;’

R27B(7T$C,7r;;z(t);p) < K5<D/Cij;6,hoo (h(zij(t))> (4.32)

which can be sharpened to
Ra.p(m¢, 7f2(t)ip) = 0 (4.33)

whenever z;;(t) > 2.
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Proof. The triangle inequality
|Rij = Riy15] <1 (4.34)

gives the bound |z;; — zi4145] < 1 for all (i,7) € Z*. An application of the mean value theorem
implies

(I)Cij;&hoo (h(ZU — COS Cij)) — (bgij;&hw (h(zi+17j)) = (I)lCijuS (h(z*))h’(z*) [Zij — COS Cij — Zi+1,j} (4.35)

for some z, that has |z, — z;;| < 2. The identity (4.33) for z;; > 2 is now immediate.
Assume for the moment that (i,5) # (0,0). Exploiting the elementary observation

(Riv1,5 — Rij)(Rit1; + Rij) = R,y — R = 1+ 2i, (4.36)

a little algebra leads to the identity

1+24)(Rij—Rit1,5
Rit1j — Rij —cosGij = o5 (1 (=) "))- (4.37)

Again applying (4.34), we find

R — g 1 Jé]+]it1]
s~ -emta sk (14 ) a5

IN

(¥

oyl

In particular, for any (i,7) € Z? we may write

2
|Rit1,; — Rij — cos (| <

—_—. 4.39
T 14+ Ry (4.39)

Observing the identity 2,41 ; —2;; = Ri; — Ri+1,; and noting the estimate |h(z.) — h(2)| < |2z — 2] <
2, one can now exploit the uniform bound (4.4) to complete the proof. O

Lemma 4.8. Suppose that (hg)ss and (H®) both hold and recall the constant . defined in Corollary
4.4. Then for any p € Dy, there exists a constant K¢ = K¢(8, hoo) > 1 so that for any pair (i,j) € Z*
and any t > 0, we have the bound

R27C(7r;;C, W;;Z(t);p) < Kge MMzl 4 Rij)~ !, (4.40)
which can be sharpened to the identity
Rac(m5¢, m2(t)) = 0 (4.41)
whenever z;;(t) > 1.
Proof. First of all, there exists C’ > 0 for which the geometric bound
|Git1,y — Gigl S C'(1+ Ryy) ™! (4.42)
holds for all (,5) € Z2. We now exploit the mean value theorem to write
D¢, ibh ((2i41,5)) = P oo (Mzin15)) = 0cPessho (M2id15)) Gy — Gy) - (443)

for some (, € [0, 27]. The estimate (4.40) now follows upon combining (4.42) with (4.14).
Finally, the identity (4.41) follows from the fact that z; 1 ; > 0, which implies that h(z;1,;) = hoo
and hence

Oc®e, 6o (M(2i41,5)) = OcPe.i5has (hoo) = e Pooin, (6) = 0. (4.44)
O

36



We now show how to construct the stretching function h, reflecting the specific criteria that arise
in the statement of Lemma 4.6. This stretching function is then used to confirm the sub-solution
status of the functions (4.16).

Lemma 4.9. For any 6, > 0, there exist constants L = L(6p) > 3 and hoo = heo(0p) > 3 together
with a C?-smooth function h = h(d;) : R — R that satisfies the following properties.

(i) We have h(—L) =0 and h(§) = hoo for all £ > 0.
(i1) For all £ € R we have the bounds 0 < h'(§) <1 and —d, < h"(£) <O0.
(#ii) For all € < —L + 3 we have h'(§) = 1.

Proof. First of all, write £ = L — 3 and consider the polynomial

P(¢) = g + %ﬂ(g‘* + 20€%). (4.45)
It is easy to verify that
P(—¢) =0, P'(=0)=1, P"(-¢) =0, (4.46)
while also
P(0) = %e, P'(0)=0,  P"(0)=0. (4.47)
In addition, for all —¢ < £ < 0 we have
0< P& =03%2e+30) <1 (4.48)
and
0> P"(€) =6073(€2 + 4€) > P”(%é) = fgfl. (4.49)

We can hence find the desired function h by picking ¢ > 1 and writing h(£) =3 4+ &+ ¢ for £ < —¢,
together with h(¢) =3+ P() for —¢ < ¢ <0 and h(§) =3+ ¢ for £ > 0. O

Lemma 4.10. Suppose that (hg)ss and (H®) both hold and pick any 0 < ¢ < minge(o 2x]c.- Then
there exist constants hoo = hoo(c) > 0 and &y = do(c) > 0 together with a C?-function h = h(c) :
R — R, so that the following holds true.

For any 0 < § < &y, there exists a constant p = p(c,d) > 1 such that the function

i (t) = @¢yji5,n. ((p + ct = Rij)) (4.50)
satisfies the following properties.

(i) For allt >0 and (i,j) € Z* we have the differential inequality
g () < [ATu()]i;(t) + g (ui (1) (4.51)
(ii) For all (i,7) € Z* and t > 0 for which R;j < p+ ct, we have the inequalities
1 —26 < uj(t) = Pooin (0) <1—4. (4.52)
(#ii) For allt > 0 we have the spatial limits

li+j]—o00
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Proof. First, pick &' > 0 and dp > 0 sufficiently small to ensure that for all 0 < § < §y we have

i s —c] > K. 4.54
min [co6 — ] >k (4.54)
Now, pick J; in such a way that
1 /
Kiop < =k (4.55)

6

and recall the function h and constants L and h., defined in Lemma, 4.9.

Consider now the conditions (a) and (b) in Lemma 4.6. Our choice of the stretching function
h implies that we have h'(z) = 1 whenever z < —L + 3, which implies that (a) is satisfied for
zij < —L + 2. For z;; > —L + 2, we note that h(z;;) > 2. Since (I)gij;é,hoo (&) <0 for £ > 0, we see
that (b) is satisfied in this case. In particular, we may conclude that for all 0 < 6§ < §p and any ¢ > 0
we have

R2,A(7T;;C77T;;Z(t);p) < %H/q’/ﬁ;&,hm (h(zzj(t))) < %Hﬂ@j,zij(t);p). (4.56)
Turning our attention to Rg g, we note that Lemma 4.7 implies that
Rop(m5¢mh2(t);p) =0, zi(t) > 2. (4.57)
On the other hand, for z;; < 2 we see that
Rij=p+ct—zj;>p—2. (4.58)

In particular, by choosing p > 1 in such a way that

1
Ks(L+[p=2)7" < o, (4.59)
we can ensure that for all 0 < § < dg we have
1
Ro.B (W;QCJT%Z(??);I?) < ng(Cijazij<t)§p)- (4.60)

It remains to consider the term Ro ¢ in the range z;; < 1, for which we know R;; > p — 1. To
this end, fix a value for 0 < § < §g, recall the setting of Lemma 4.8 and choose h, > 1 in such a
way that

1
Kg(6, hoo)e M= < 580 (4.61)
holds, together with
¢C;67hoo(_h*> <0, (e [0, 271']. (462)
Lemma 4.5 implies that
1
Ra,c (ﬂ-;;(ﬂ W;gz(tﬁp) < EHl (Cij 25 (t); p) (4.63)

whenever h(z;;(t)) < —h,, which is equivalent to z;;(t) < z, for some z, € R. By possibly increasing
p > 1, we can now ensure that

KGe—ﬂ*‘h(Zij)lp—l S H/(blc;ﬁ}hoo (h(zzj)) (4.64)
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holds for all z, < z;; < 1. This in fact implies that (4.63) holds for all z;;(t) € R.
The terms present in Rz can be recovered from the terms in Ry by the symmetry (i,7,6) —
(j,1,0 + 7/2). In particular, we can now write

Tigp®) < =H1(Gijs 2i5(t); p) + 5H1(Cijs 2i5 (£);p) + 5H1(Cijy 265 (2); ) (4.65)
<0 '

which establishes (i). The remaining properties (i) and (iii) follow directly from properties of the
profiles ®¢.5. - O

Proof of Proposition 4.1. Pick dp = dp(c) and he = heo(c) from Lemma 4.10 above. For any small
n > 0, we can pick 0 < § < dy such that @, 5 () = 1 — 1 by continuity and the limit

15%1 oo, () = 1. (4.66)

The result now follows directly from Lemma 4.10. O

5 Large Disturbances

In this section we show how large but localized disturbances to planar travelling waves can be con-
trolled by suitably constructed sub and super-solutions. In particular, we show that such disturbances
eventually die out, showing that the planar waves are extremely robust.

Let us consider a planar wave that travels in the general direction (op,0,) € R?\ {0,0}. To
ease our notation, we introduce a new coordinate system that reflects the geometry of the wave. In
particular, we (somewhat misleadingly) write

n = 0y + jou,
(5.1)
I = io,—jop.

The first of these coordinates represents the direction parallel to the propagation of the wave, while
the second coordinate represents the direction perpendicular to wave motion. In the sequel we often
refer to n as the wave coordinate and [ as the transverse coordinate.

Let us write Z2 C R? for the set of all pairs (n,[) that can arise from the transformation (5.1).
For rational directions of propagation it is possible to pick (o}, 0,) € Z?2, which ensures the inclusion
72, C Z?. However, the inverse of the transformation (5.1) is given by

i = [of+o3]  (now +loy),
(5.2)

i = lot+02 7 (noy —loy),
which means that Z2 can be a strict sublattice of Z?. Since we intend to treat the variables n and [
somewhat independently, we often choose to ignore this issue in this paper and simply take (n,l) €
Z2. One can think of this choice as studying a finite number of independent systems simultaneously.
For directions of propagation that are not rational, the range Z?2 is no longer a subset of Z2. In this
case, we often take (n,l) € R? hence considering an infinite set of systems simultaneously.

Rewriting the homogeneous LDE (2.1) in terms of our new coordinates, we obtain the system
U (t) = [Agu®)]n + g(un(t)),  (n,1) €S, (5-3)
in which the set S can be one of

S e {z*R*Z%}, (5.4)
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depending on the circumstances. Here we have introduced the notation
Aful = Y [uwr — uyl, (5.5)
(n’,l’)e./\fs>< (n,l)
for any u : S — R, in which the neighbour set
N (n, ) ={(n+on,l+0y),(n+ 0y, l —0on), (n—op,l — 00), (n— 0y, L +04)} CS (5.6)

encodes the geometry of the new coordinate system. To avoid clutter, we use the shorthand A* = AZ
whenever it is clear which set is being used.
The planar travelling wave solutions (3.9) can now be written as

Uni(t) = ®(n + ct), (n,1) €S. (5.7)

The main results of this section construct sub and super-solutions for (5.3) that converge to shifted
versions of (5.7). Our versions are rather technical as we intend them to be strong enough to allow
the effects of the obstacle to be included later on. The properties (vi) - (viii) together with the fact
that we do not prescribe a specific choice for z should be seen in this light. On the other hand, the
algebraic decay properties imposed on z and stated in (iii) can be seen as direct consequences of the
discrete nature of the lattice.

Proposition 5.1. Consider any angle (. with tan(,. € Q and suppose that (Hg) and (HS)¢, both
hold. Pick (on,0,) € Z*\ {(0,0)} with the property that
\/ 02+ 02(cos (s, sin¢y) = (op, 00), ged(op,00) =1 (5.8)

and suppose that (h® )ss holds for this pair (op,0,) with ¢ > 0.
Then there exist constants

dc >0, 7, > 0, Kz >1, Ky > 1, Ny > 0, (5.9)
such that for any triplet (e, €2, €3) that has
0<26 <61 < 567 0<es<e (510)

and any pair Q1 > 0, Qpnase > 0, there exists a function 0 : [0,00) — €>°(Z;R) so that the following
holds true.
Consider any phase shift 9 € R and any function z : [0,00) — R that satisfies the conditions

(1), We have 2'(t) > —n,2(t) for allt > 0.
(13), We have 0 < z(t) < 2(0) = ¢ for allt > 0.
(iii)., We have z(t) > e3(1 4 t)73/2,

There exist functions W : [0,00) — (°(Z*R) and £* : [0,00) — £>°(Z%R) that satisfy the
following properties.

(i) The quantities

Ta(t) = Wy(t) = AW~ (O] — g(Wy (1)), (5.11)
Tht) = Wht) = AWt — g(WhH(1),
satisfy the bounds
jrﬁ(t) < —577%(15)7 (5.12)

for allt >0 and (n,l) € Z2.
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(i) For |l| <, we have
W (0) < @(n+ ct + 9 — Qphase) WH(0) > @(n+ ct + 9 + Qphase)- (5.13)

(iii) For every t > 0 and every (n,l) € Z*, we have the bounds

Q1) —e(l+1)7V2 < Wot) +2(t) < @(6,(1) +e(l+)7V2

5.14
(D) e+ 072 < Wi —2) < M) +en O
1Y) e have 0;(t) > orallt >0 an € 4, together with the uniform limit
i) We have 0 0 for all 0OandleZ h ith th if limi
lim [sup 6;(¢)] = 0. (5.15)
t—o0 €7
(v) Introducing the function
t
Z(t) = KZ/ z(t") dt’, (5.16)
0
we have the identities
1) = ntct+9—6(t) - Z(t),
n (5.17)
) = n+ct+0+0,(t)+ Z(2).
(vi) Consider any bounded set S C Z*. Upon writing
diam(S) = sup [In—n'|+1-1]], (5.18)
(n,l)es,(n',I")eS
we have the uniform bounds
max(y nes £, () — ming, nes £, (¢) < 14 diam(S),
. . 5.19
max, j)es &) — ming, jyes Eht) < 1+ diam(S), (5.19)
for every t > 0.
(vii) For any (n,l) € Z* with |I| < Q) and t > 0, we have
HOERS (5.20)
(viii) For any pairs (n,1) € Z* and (n',1') € N5 (n,1), we have the bounds
W) — Wik, (1)] < Kye w0, (5.21)

Proposition 5.2. Consider the setting of Proposition 5.1, but now with tan(, ¢ Q and (op,0,) =
(cos (s, sin ). Then the results in Proposition 5.1 continue to hold, but now with maps

0:[0,00) — L¥(R;R),  W*:[0,00) = L®(R%*R),  £¢5:[0,00) = L°(R%;R),  (5.22)
variables
n € R, leR (5.23)
and sets

S C R?, e (n,1). (5.24)
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Notice that a direct consequence of (iii), (iv) and (v) is that for all (n,l) € Z? or (n,l) € R?, we
have

1 1
0) <P(n+ct+9)— ey, W) > ®(n+ct+9) + e, (5.25)

W 2

nl )

which shows that we can indeed interpret the results above as a mechanism for turning small global
additive perturbations into small phase shifts, as customary in one-dimensional results of this nature.
The extra feature in two dimensions is that we can also include large localized phase shifts in the
initial perturbation.

In order to assist the reader in interpreting the results above, we conclude this subsection by
using them to establish the nonlinear stability of the travelling wave (5.7), as stated in Theorem 2.2.
As a preparation, we construct a template function zyen, that satisfies the requirements (), through

(4i7) 5.
Lemma 5.3. Fiz any 0 < n, < 1. Then there exists constants Thom = Zhom(n:) > 1 and Knom =

Khom(12) > 0 together with a C'-smooth function zhem : [0,00) — R that satisfies the following
properties.

(i) We have 2} ... (t) > —1.2nom(t) for allt > 0.

(ii) We have Knom(1+1)73? < 2hom(t) < Zhom(0) = 1 for all t > 0.
(iii) We have fooo Zhom (t) dt < Thom-
Proof. For 0 <t < %n;l — 1 we write

Zhom(t) = einZta (526)

while for ¢t > %nz_l — 1 we write
3
2hom (1) = 17°/2(5)%/ 273 (1 1) 72, (5.27)

One can readily verify that zpom is Ct-smooth and that (i) and (ii) are satisfied. Property (iii) follows
from the identity

/ Zhom (1) dt = 7 1 [2e7 7% 1+ 1]. (5.28)
0

O
Proof of Theorem 2.2. Pick any 0, > 0. We restrict ourselves here to showing that

liminf inf [Uy(t) — ®(n + ct)] > —0., (5.29)

t—o0o (n,l)eZ?
noting that the companion bound

limsup sup [Uni(t) — ®(n+ ct)] < +0s, (5.30)
t—o0 (n,l)ez?

can be obtained in a similar fashion.
Pick €; > 0 in such a way that

EIKZIhom H‘P/HOO § 5* (531)
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and write €5 = %61, €3 = €1Khom, ¥ = 0 and 2(t) = €1 2hom(t). There exists a finite set S., C Z2 for
which

Uni(0) — @(n)| < €2 (5.32)

holds for all (n,l) € Z2 \ S,. In particular, by picking ; and Qpnase appropriately, we can ensure
that

W, (0) < Uni(0) (5.33)

nl —

holds for all (n,l) € Z%. Since

lim sup [W,,(t) —®(n+ct—Z(t))] =0, (5.34)
t=00 (n,1)ez2,
while also
’<I>(n +ct) = ®(n+ct—Z1)| <19 1Z20)] < €1 [|P]| oo KzThom < 6, (5.35)
the comparison principle directly implies (5.29). O

5.1 Notation

In this subsection we set up the notation that will be used throughout §5. In addition, we perform
some preliminary computations that will aid us in the construction of the sub and super-solutions
described in Proposition 5.1. Throughout the remainder of this section, we will assume for the sake
of readability that (o4, 0,) € Z?. The (slight) modifications that are required for irrational directions
will be pointed out at the appropriate locations.

First of all, we introduce for any u € £°°(Z?;R) and any (n,[) € Z2, the vector

Tr:;lu = (un+0}ul+0n yUntoy,l—op) Un—op,l—0ys Un—oy,l+op > unl) € Rsv (536)
which can be seen as evaluating u on a stencil of grid points that consists of (n,1) and its nearest
neighbours N5 (n, 1).

Upon introducing the vector
L* =(1,1,1,1,-4) € R?, (5.37)
we can now rewrite (5.3) in the form
U () = L*m5u(t) + g(un(t)). (5.38)

To avoid clutter, we also introduce the operator

7% 4P (Z2R) — °°(Z2,RP) (5.39)
that acts as
[T U] = 7). (5.40)
This allows us to restate (5.3) as
u(t) = L7 u(t) + g(u(t)), (5.41)

in which the nonlinearity ¢ is interpreted to act componentwise. We will refer to equations such
as (5.41), where the dependence on (n,l) has been dropped, as equations in global form. Similarly,
equations such as (5.38) are called equations in local form.
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Summation Convention
Throughout the sequel we will use greek indices
w, i1 € {1,2,3,4,5}, v, V" e {1,2,3,4,5} (5.42)

with the following summation convention. The indices p, p', i’ will only appear on the right side
of identities and any term involving n > 1 distinct greek indices needs to be summed over all 5™
combinations of these indices. On the other hand, the indices v, v/, " may appear on both sides of
an identity and do not require a summation.

We refer to individual components of 7% and L* by writing

T = (77;;1;17"' ,W:M)), L* = (L{,... ,LY), (5.43)
together with
™ = (ﬂ';i, e ,7T;>é). (5.44)
In particular, the local form (5.38) can be written as
Uni(t) = Ly, u(t) + g(uni(t)), (5.45)
while the global form (5.41) can be written as

a(t) = Lymu(t) + g(u(t)). (5.46)

Let us now fix a speed ¢ € R together with a C'-smooth function 6 : [0,00) — £°°(Z;R) and
a Cl-smooth function Z : [0,00) — R. In what follows, a crucial role will be played by the related
quantities

En(t) =n+ct—0,(t) — Z(t), (n,1) € Z?  t>0. (5.47)

In particular, let us consider any C?-smooth function h : R — R for which h, A’ and kA" are all
bounded. Upon introducing the notation

Jni(hit) = h(&u(t)) (5.48)
and writing

i(hit) € 0(Z;R?) (5.49)
for the sequence that has

(R )l = Jnr(hi t), (5.50)

we observe that the map t +— j(h;t) is a C'-smooth map from [0, 00) into £*°(Z; R?). In particular,
by evaluating at &,;(t) the scalar function h has been transformed into a smooth sequence-valued
function. We lose an order of smoothness here because of the uniform continuity requirements arising
from the £°° norm.

Let us now consider two functions

p,q € Cl ([0, oo),ZOO(Z;R)). (5.51)
We introduce the notation

Ini(@hit) = @(®h(&u(t), g hit) = pi@)a()h(&u(t)) (5.52)
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and write
)g, hst) € £°(Z;R?)  3(p, g, hit) € £°(Z;R?) (5.53)
for the sequences that have

[.](Qa hvt)]nl :Jnl(q,h7t)v [.](paq7hat)]nl :Jnl(pv q, hat) (554)

As before, the maps t — (g, h;t) and t — j(p, q, h; t) are C'*-smooth maps from [0, 00) into £°°(Z; R?).
Turning our attention to sequences 6 € ¢*°(Z;R), we need to introduce a number of difference
operators. To this end, we define the shifts

(01,...,05) = (av, —Ohy, =0y, Oh, 0) (5.55)
and introduce the notation
770 = (75,0,... ,7550) € R® (5.56)
for first difference operators 7, that act as
0 = 0116, — 01, 1<v <5, (5.57)
In global form, we write
7°0 = {170} 1cz € (°(Z;R®) (5.58)
and refer to the individual components as
7,0 = {7}, 0}iez € £7°(Z;R). (5.59)

In a similar fashion, we introduce the notation

7770 = (15500) e r, oy € BT (5:60)
with second difference operators that act as
oy = (O, +0, — O140r,) — (O140, — 01). (5.61)
In other words, we have
T = Ty o0 (5.62)
In global form, we write
7°°0 = {77°0}1e7 € £°°(Z; R5*D), o0 = {5, 0 ez € £°(Z; R). (5.63)
Naturally, this allows us to define third differences
70 € £°(Z; RP*5%5) (5.64)
by means of the components
T 0 = T ,n om0 = 7], 5, 0. (5.65)

We also need to consider a second transformation of the function h. To this end, we define the
five constants

(T17 e 7T5) = (O'h, Oy, =Ohs =0y, O) (566)
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and write Th € C?(R,R%) for the function that has
[Th](&) = (h(E+m),... M€+ T5)) € R, (5.67)
Abusing notation, we often write

[7h](€) = ([rLh](€); - - - , [T5h](€)) (5.68)

for the five components of 7h. We note that the pairing of the constants o, and 7, comes directly
from the form of the neighbour set A% defined in (5.6).
For any (n,l) € Z% and t > 0, we write

(i) = L+ (0,0,0,0,9' (D(&u (1)) ) € B, (5.69)
In particular, for any sequence u € £>°(Z?;R) we have
Jnt(Lyt)mou =L W:l;#u +4q <<I> (Enl(t)))unl. (5.70)
In global form, we shorten this to
WLty u = L¥wu + ¢ (@(g(t)))u. (5.71)
For convenience, we often use the shorthand
Jn(LTh;t) = Ju(L;t)jn(Th;t)
L b} (€ ®) + 9/ (@ (€ () ) A6 (1) (5.72)
Lih(Eu(t) +7,) +9' (26 () ) h(Eu(®).

together with
(g, Lthit) = q(t))yn(L; )y (Thit)
= qt)jn(L7hst),
Int(ps @, Lhst) = pr(t)qu(t)yni(L; £)3ni(Ths t)
= p(O)aqt)yn(LTh;t).

(5.73)

In global form, we write
)(L7hit) 1L t)y(7hs ),
g, LThit) = q(t))(LThit), (5.74)
1(p, q, LTh; 1) p(t)a(t))(LThst).

5.2 Preliminary Computations

In this subsection we set out to derive a number of tractable expressions for the quantities
WLty y(hst), W Lst)w)(g,hst),  J(Lst)m ), g, hst), (5.75)

since these play a crucial role in the verification of the relevant differential inequalities for our sub-
solution. For use in the sequel when discussing obstacle problems, we also consider the quantities

[ﬂ-;);/ - F;E]J(hﬁ t), [7T;>z</ - W;E]J (q,h;t), [7T;>1i o Tr;éh (P, g, h; 1) (5.76)

46



As in §5.1, the function h : R — R is assumed to be C?-smooth with uniform bounds for h, A’ and
h", while p and ¢ are assumed to be two C*-smooth functions mapping [0, 00) into £°°(Z; R).
We start by writing

’/T:;l;u.](h; t) = Jnl(Tuh§ t) + Mh,l;u (fnl(t)u ﬂ—?;ye(t))

5.77
= Jnl (Tyh; t) - WZye(t)Jnl(Tuhl; t) + Mh,Q;V(fnl(t); WZye(t))7 ( )

which should be seen as implicit definitions for the expressions My, 1., and My, 2,,,. The mean value
theorem implies the identities

Mo (Enty 75,0) = B (& + 70 4+ 01[00 — 0145, 1) [61 — 0110, ],

o 131 2 (5'78)
M2 (nty7,0) = 5B (Eni + 7 + 9200 — O140,]) (00 — 0140, )7,

for some pair 0 < ¥; < 1 and 0 < ¥ < 1 that depends on &,; € R and 7721,9 € RS, In particular, the
uniform bounds on A’ and A" imply that there exists C > 0 such that

)

2 (5.79)

)

Mh,l;u({nlaﬂ-zl,e) < C

<o
.0

Mh,Q;l/(gnlvTrzye) < C

<
.0

for any &, € R, any 77,0 € R and any integer 1 < v < 5. For convenience, for any ¢ > 0 we
introduce the global form expressions

N1 (75,05 1) € £°(Z*;R), N2y (75,05 t) € £°(Z%;R), (5.80)
that are given by

[Nh>1;u(7r;ou9? t)]nl = Mh,l;u(fnl(t)a 7Tlo;u9(t))v [Nh72;1/(7";0u9? t)]nl = Mhp20 (fnl(t)a 71'2};1,9(1?)).

(5.81)
Notice in particular, that for any v € {1,... ,4} we have
[Tt = Tl ) (B ) = Jua(mhit) = Jua(hst) + M, v (€ (1), 7, 0(2)). (5.82)
In global form, we write this as
[mys —misli(hit) = 3(nhst) —3(hit) + Nuw (5,65 1). (5.83)

Moving on, we use (5.77) to compute

Int(Lit) i 3(hit)

L3 (mahi ) + 9 (D (6 () )y (53 1) + L Mo (i (1), 75,6(0))
L (i ) + o (@ (€ (D) )ana (3 1) = L, 008) yua (7' 1)
LM (Eni (1) 7, 0(8))

(5.84)

We remind the reader that according to our summation convention, all three terms featuring u in
the final identity come with an implicit Zi:l summation in front. Exploiting the fact that 7% = 0

and L) =1 for 1 <v <4, we can now write

WL, t)m*3(h;t) = J(LTh;t) fj(ﬂ'iﬂ,mh’;t) +Nh72;u(ﬂ';0;t). (5.85)
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We now focus on expressions involving j(g, h; t). First of all, a short computation shows that

Tr @ t) = Qio, O (Entr, 140, (1))
= 70, q)7 ., (s t) + a(t)myg., 1(hst).
Using the expression (5.77) above, we expand this as
T (@ hit) = w0 (ruh;t) + 75, () M1 (§u(t), 75, 0(1))
+a ()3 (Tohi t) — ()7}, 0()n (1,15 1)
+q1 ()M 20 (En(t), 75, 0(2)).
In global form, this is
m il hit) = 3(wS,a mohit) + g Nw 1w (75,05 1)
+1(g, Tohs t) = 3(q, 75,0, TR/ 5 1)
+q(t)Nn 23 (75,05 1).
At times, it suffices to use the cruder version
mi i@ hit) = )(mha, mohit) + 78,a(O Nk 1 (75,0: )
+3(q, oh; t) + ()N (75,03 ).
In particular, exploiting the crude identity (5.89), we obtain
(w5 —mili(g, hit) = )(7S,q, mh;t) + 78,q(t) N1 (75,05 1)
+3(q, Thit) = 3(q, hit) + q()Np,1,0 (75,05 1),

Moving on, we compute
I(Lit)m3(g, hst) = Liws,q(t) ya(muhs t) + Lt q() M1 (& (t), 77, 0(1))
+q1(0)3ni(Li )3 (Ths t) — @) L7y, 0()1n (k5 1)
+a (t)L:j Mh,2;u (gnl (t)v ﬂ-z#o(t))a
which as before can be simplified to
I(Lit)m3(g, hst) = w5,q(8) g (Tuhs t) + 75, q() M1 (§u(2), 75,,0(1))
+q ()3t (Ls )3 (Thi t) — @)y, 003 (T3 t)
+q1(t) M 2 (Ena (t), 77, 0(1)).
In global form, we hence have
WL t)m*y (g hst) = )(78,q, Tuhst) + 75,q(0) N 1., (75,65 1)
+)(q, LTh;t) —J(q, 750, 7.0 t) + q(t)Nn,2:p (7r;°“9; t),
which if desired can be simplified to
W)y (g, hst) = y(wd,q, Tuhit) + quq(t)./\/'h,l;u(wie; t)
(g, LThs; t) + q(t)Np 14 (75,05 1).

48

(5.86)

(5.87)

(5.88)

(5.89)

(5.90)

(5.91)

(5.92)

(5.93)

(5.94)



Finally, we discuss the terms involving j(p, ¢, h;t). A short computation shows

T P4 ) = pryo, a0, (R (Ensr, 110, (1))
5.95
— (O30, i)+ DS, 3(a b, (5:95)
which using (5.89) expands as
T )0 @ Bst) = 7, p(im(75,q, TR t) + mf, p(E) 7, () M1 (S (1), 75, 0(8))
+7szp(t).]nl (q7 Tuh; t) + ﬂ-f;yp(t)ql (t)Mh,l;V (gnl (t)v ﬂ-f;ye(t))
5.96
()31 (5, 73 £) + D (85, 00 Mo (6t (8), 75,6(0) (5.96)
+pl (t)J (Qa Tz/h; t) + DL (t)Ql (t)Mh71;V (fnl (t)a 7T?’ye(t)) .
Inspection of this expression readily yields
[m55 — m3lilpoa. hit) = 3(7l,p,ml,q, Tl t) + mdp(t) s, g ()N, 10 (75,03 1)
+3(mlp(t), 4, Tl t) + 78 p(t)a(t) N 1 (5,03 1)
5.97
+.](p7 71—;01/%7—1/]7/;75) +P(t)7T?VQ(t)Nh,1;u(7T?V9;t) ( )
+3(p, 4, b t) = )(p, @, hs ) + p(£)q(E) N1 (75,03 8).
In addition, we can compute
Ii(Lit)mi(p,a, hit) = 7f p(O)ni (5,0, Tuhst) + 7, p()7F,a(t) M 1 (Enr (£), 75, 0(2))
75,0010 (q5 Tl ) + 78, p (O @ () M1 (Ena (), 77,,0(1))
+p1(0)3ni (75,4, Tuhi ) + p ()77, q (O M1 (€ (8), 7, ,ﬂ(t))
+o1() @i (E)3ni(LThs t) 4+ pr(8) @ (6) M 1 (Eni (8), 77,,0(1)),
(5.98)
which can be rewritten in global form as
WLty y(p, g, hst) = y(wd,p(t), 78,q, Tuhs t) + 7l p(t) 78, q(E) N 15 (75,03 1)
+)(,p(t), ¢ Tl t) + 75 p(E) ()N 1. (71':;9;1?)
(5.99)

+)(p, 78,0, Tuhs t) + ()78, g N 1 (75,65 1)
+i(p; g, LTh; t) + p(t ) ()N 130 (75,05 7).

5.3 The Ansatz

In this subsection we introduce the basic form of the sub-solution that we will analyze and perform
some preliminary computations pertaining to the differential inequality that sub-solutions must
satisfy. In particular, throughout this subsection we fix three external functions

0 € C'([0,00),£>°(Z;R)), z € C'([0,00),R), Z € C'([0,00),R) (5.100)
and consider fifty-five auxilliary functions

p° € BC*(R,R),  p°°, € BC*(R,R), ¢°% € BC*(R,R) (5.101)
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that will be determined later on in this subsection.
Our Ansatz can be written as

uy(t) = ®(n+ct—0,(t) = Z(t) +77,0t)p5 (n + ct — 0,(t) — Z(1))
750 OO)DSe, (n + et — 0,(t) — Z(t)) (5.102)
+75, 00T, 0) e, (n + ct — 0i(t) — Z(t)) — =(1).
Upon writing
Eu(t) =n+ct—6,(t) — Z(t), (5.103)
our Ansatz can be rephrased in the global form
u(t) = )(Pst) + (75,0, ppit) + (o 0,000 t) + 370, 70, qnest) — 2(8). (5.104)

We note that j(®;t) — z(t) can be seen as the direct lifting of the PDE sub-solution used in [9] to
the discrete setting. The terms j(7¢ YO t) correspond to those that were explicitly discussed in §1,
which allowed a factor ®'(£) to be pulled off from all first differences in 6 appearing in the residual.
The remaining terms in (5.104) are designed to allow a similar factorization for all second order
differences and certain problematic products of first order differences.

As a first preparation, we introduce the nonlinear expression

R (70, 7°°0;t) = [71';; — w;é]uf (t)
= R (1°05t) + Raripen (1°0, 7°°0; 1) (5.105)
FRApoow (700, 10%0; 1) + Rarigoo. (100, m°°0; 1),

in which we have defined

R (1905 1) = [m} —m5h(®:),
Rpow (700, 7°°05) = [m} — w5y (x5, 0,00 1),
5.106
RN oo (m00, 005 t) = [m)5 — w5370 ,00,058,n51), ( )
Riqeon (700, m°05t) = [r) — m3li(mS,0,75,,0,4% i t).
Using the expressions obtained in §5.2, we now compute
RN;@;V(TFO& t) = J(Tl/(b; t) - J<(b§ t) + N‘b,l;l/ (77;01/9@); t)
RN;pO;V(Troea 77000; t) = ‘](W;;f’ye?p;i’; t) + WZ?Va(t)NPQ/J;V (7.[-,<>119(t)7 t)
. (5.107)

+)(75, 0, Tuplist) — ) (70, Py t)
+7r;§,9(t)/\/pi, 10 (75,0(1)),
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together with

'R/\/;poo;y(woﬁ,ﬂwﬁt) = ‘](71'?:&//1,9,]?2?#//, ) + Wzoﬁ//ye(t)./\/‘p;;?u”’];y (71’?1,9(75)7 t)
+J (77;?“// 97 Tupfﬁ“// 3 t) - J(TFZ?H// 0, pZ?H// ) t)
78, 0(ONes 1 (75 0(0).

Rnqoonw (700,700 t) = 3(750,0, 75,0, 7uass, i t) + 705, 0(t)ms, 0t )J\/q o aw(mS, 0;t)

"
My Ty W

+.]( 0 9 7T //9 qult #//7 )+7TZ</>V0( ) 0”9 q b //717’/(7‘—701/ 7t)
+J( ° 9777;1//1/9 qup, M”; )+7T<>/9<t) Z?’Ve q s //717’/(71-701’ 7t)

( /0 7T //9 qu'u “//,t) - ( © 0 '/T //0 q’u/“//, )

7 0(t) . 0(t YN oo o2 il ( °.0; t)
(5.108)
We now turn to the main task in this subsection, which is to consider the quantity
T @) = () = [Au™ ()] — g(up, () (5.109)

and determine suitable choices for the functions (5.101). To this end, we decompose 7, (t) as

T (t) = gy (t) = L*mju( ( )
= i () — (L5 )ymu () + (@(smo))u ()~ g(um(t))
(5.110)
= i) = (L )miu (1) + g (D& (0) ) [ (8) = @ (€ ()] = g(umy (1)
+9' (2 (u(®) )@ (em ))-
For convenience, we rephrase this as
J(t) = a (1) = )Lit)m u” () + (9" (@) t) [u™ (1) —3(2:1)] — g(u™ (1)) (5.111)

+)(LT®;t) — L*)(7D;t)

and carefully study each of the terms.
First of all, a short computation shows that

i) = a(®0) -6+ 2,850 ()
+)(73,0,p5:t) + c)(n8,0, DpSit) — (0 + Z, 73,0 Dpw t)
(S0, 05003 ) + (5,0, Dpieyit) =10 + Z, 75,0, Dpiesit)  (5.112)
+J(7TfM9,7rf> 10,4555 +3(73,9, w0, 400,5t)
(70,750, Daityit) — 10+ Z,755,0,7,0, Do),

For later use, we introduce the fifty-five functions
1 1 1
o € BCT(R,R), ¢+ € BOC"(R,R), °¢ + € BC*(R,R) (5.113)

p;vv q;vv

that are defined by

fow = Lot [ = Lobin [ = Logi (5.114)
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in which we have recalled the linear operator
[Lov](§) = —cv'(§) +v(§+0on) +ov(§+0v) +v(—0on) +v(§—0v) — ()
+9'(2(€)) ().
Notice in particular that if Lov = f, then

Ant(V'58) = 3 (L; gna (T3 8) = f(Emi(t)), (5.116)

(5.115)

which allows us to write
a(t) = J(Lrvit) —(f:0). (5.117)
In addition, the wave profile equation implies that for any ¢ > 0 we have
@ (& (1)) = L [7u®] (6 (1) + 9 (@ (€(®))). (5.118)

which implies that

(' ¢) Ly (mu®;t) +J( (®); t)

5.119
L*)(r®;t) +3(g(®); ). (5:119)

With this hand, we can expand 4~ (t) as
W (t) = LX)(r®;t) +)(g(@);t) =)0+ Z,9'58) — £(1)

+J(7r;°#9',pz;t) —J(é + Z, 75,0, Dpfit)
(750, Lrpjist) — 3(m5,0, £, 1)

+y(m5r, GpML,;) (9+Z7T ODpW,,)
F3(m50 0, LTS5 t) — )70,

)70, 78,0, 055 1) + (7,0, 75,0, 55, 1)
=10+ Z,73,0,75,0,Dq555t)
+y(m3,0, 7, w0 LT t) —3(m3,0,75,0,

(5.120)
P; w" t)

q; w’; t)
Moving on to the second term in (5.111), we use the computations in §5.2 to compute
WLt)m*u=(t) = J(L,7®5t) —)(750, 7, @) + Na 2, (75,05 ) — )(L; 1) 2(1)
F)(m5 0, T ppit) + w0 OO Npe 13 (75,05 1)
+3(75,0, LTpy; t) — (5,0, 75,0, 7,0 Dpii t)
75,0t N 2 (75, ,0' t)
FI(T o0 T Dy 1) + oo O (N b i (75,051)
+i(7Se, 0, LTps, 5 t) + 750 0(E)N, o1 Lo (78,105 1)
FI(T e 07000, T gi s t) + o0 02 ) WOt Nyoo, 1. (5,105 1)
BNz, 1 (75,0 051)
6 q

HU > H H e
( /l,,u,”977T/1./07T,U'”q}l,/ﬂ’ )+ WZZ//O( )

+J( 09,77# #//6 T‘u”qz;}/, )+ 7T<>9( ) # ,U'” t)N 144 ’1 Woulle7t)

+)(750, 75,0, LTgss,;t) + w5 0(t) s, 0(t )NQwal;u”( on0it).

(5.121)

S
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Comparing (5.111), (5.120) and (5.121), we see that a fair number of terms cancel. In order to
organize the remaining terms, we first introduce for v € £°°(Z?;R) the nonlinear expression

Go(vit) = —g((®;t) +v) +g(1(®:1)) + ' ()(®:t))v € L2(Z*R), (5.122)

which measures the purely nonlinear part of g near the wave @(fnl(t)). Utilizing Gy, we now define
the nonlinear expression

Ry (790, 7°°0, ;1) = QO(J(WiLQ,pZ;t)+J(7TZZ,9,pZZ/;t)+J( °0,7%,0,4%%; )—z(t);t)
~Na 2, (75,05 ).
(5.123)
In addition, we define the nonlinear expressions
Ro(Z,7°0,7%°0;t) = —)(Z, 75,0, Dp5st) — )(Z, 78,0, Dpe.st),
R (0, 7°°0;t) = —)(0,752,.0, Dpit,it), (5.124)
Ry (70, 7°0;1) = )(75,0,73,0,¢55,5t) + 3(m5,0, 78,0, 455, 1),
together with
Rs (7r°9,7r°°9,7r°°°9;t) = —ﬂf:#,e(t)/\fpz,hw (m5,05t) — wiﬁ(t)/\fpz’z;#/ (7rf> ,9'15)
_Wfiﬁl#,/e(t>Npiu/’l;M” (7‘[‘31//071;) — 7T,<><> /9( )N o 15 l"”( o //97t)
=) 0,00 0, Ty s t) — o O (), Noo i (ﬂfuu ,t)
_.]( 00”0 71' 9 T;t//qu”’vt) _7.(.00”0( ) NOO/J"M”( )
=10, 50 0, T Qs t) — TR O() 00,0 O(t) Ngoo 1#’( A t)
77th9( )WH/Q( )Nqu,,l;H// (W;u//e;t).
(5.125)
Finally, we define the two linear expressions
&1 (m°°0; t = Ht‘)p“,; ,
i ) i O 1) (5.126)
82 (71'0009; t) = -] (77;##/#//0, THNpZTL/ 3 t)
Together, these expressions allow us to write
T () = —)(Z,%5t) = 2(t) +)(L; 1)2(t)
—3(0,2'5t) +)(730, 7, P t) — ) (75,0, £2,51)
(0,955 ) — 3700, TwrpSi ) — 37300, £35,5t)
—)(0, 75,0, DpS; t) + )(73,0, 78,0, 70 DpSi t) — (75,0, 73,0, f25,51)  (5.127)

+R1 (7r°6‘, 7°°0, z; t) + Ro (Z, w°0, T°°0; t) + Rs3 (0, 7°°0; t)
+Ry (Woé, w0, t) +Rs (7T°0, w0, 000, t)
+& (ﬂ'ooé; t) + & (7r°°°9; t).

We emphasize at this point that in the sequel all the terms contained in numbered expressions will
be bounded by the terms that are kept in their explicit form.
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Our task is to choose the inhomogeneities (5.114) in such a way that all the explicit terms in
(5.127) that do not involve the function z are of the form j(x, ®’;¢). This way, the dependence of
these terms on &,,;(t) can be factored out, leaving only terms that merely depend on the transverse
coordinate [. To this end, we start by writing

fow (&) = [1@')(§) — 03, @'(&), (5.128)

in which the choice
o = [ WO de. (5.129)

ensures by the characterization (2.20) that one can find functions p¢ € BC!(R,R) for which the
relevant identity in (5.114) holds.
Incorporating the definitions above into (5.127), we arrive at the identity

T=(t) = —)(Z,95t) = 2(t) +3(L; )2(t)
7;](0;@)/)15)4» ( z,u ZQ (1)/ )
300, 7,0 0, D53 1) = 3500, Ty t) — 1m0, fosit)
=)y, 70, 75,0, Dpyys )+J(7T§>#977T3L/0,T#/Dpz; t) — (75,0, w50, quu”t)
+R1 (7709, %0, z; t) + Ro (Z, w0, T°%0; t) +Rs3 (0, w00, t)
+R4 (Woé, w0, t) + Rs (7r°9, w0, w°°H; t) + R (9, 7w°0;t)
+E1(7°%0; 1) + E (7005 ) + E3(m°0, 7°°0; 1),
(5.130)
in which we have introduced the extra nonlinear expression
Re (9,7r°9;t) = 50— ag b, 7.0, Dpsit), (5.131)
together with the extra linear expression
Es(m°0,7°0;t) = )(x,10 — aSmS0],pSit). (5.132)
In order to satisfy the goal mentioned above, it now suffices to pick
v (§) = ap,p(§) = [pl](€) — ogs,, ®'(8),
Z<)>7<> pﬁo o " / (5'133)
q;vv’ (f) = —ap;l/Dpl/' (f) + [TV'DpV](f) Oéq 2% P (5)7
in which we have introduced the constants
apo = Jo (O [ap,p5 (&) — [rpp(€)] dE, (5.134)
ase = Jp U - ap,Dpgi(€) + [ Dppl(€)] de.

As above, these choices ensure that one can find functions pS%,,¢%%, € BC!(R,R) for which the
relevant identities in (5.114) hold.
Upon introducing our final nonlinear expression

Ry (m°0;t) = s, (8,0, 75,0, t), (5.135)

we can summarize our computations in the following result.
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Lemma 5.4. Pick any pair (op,,0,) € Z*\ {(0,0)} and suppose that (Hg) and (h®)s3 both hold.
Then for every (v,v') € {1,...5}2, there exist functions

Py Doy 4 € BC*(R,R) (5.136)

that satisfy the identities

[Lopp](€) = [m®)(E) — apd, @(€),
[Lopi (€)= ag,pii(€) = [mpp)(€) — 05, /() (5.137)
[Logii (€)= =g, Dpli(§) + [T Dy (€) — ag,,, ®'(8),

with coefficients

Up.u Jo WO, 2'(8) de,

apl = Jo¥(©)|og.p0 (€)= [rpl()] dE, (5.138)
agl, = JRU(E)]— a5, Dpd(€) + [rDp3l(€)] dE.

In addition, for every triplet of C''-smooth functions
z:[0,00) = R, Z :[0,00) — R, 0 :10,00) — £°(Z; R), (5.139)
the function u™ : [0,00) — £>°(Z?*;R), defined by
u=(t) = )(Pst) + (7,0, ppit) + (w0000 t) +3(m5,0, 75,0, g5 t) — 2(2) (5.140)
with £, (t) =n+ct — 0,(t) — Z(t), admits the identity
T = i (t) — A% () — g(u (1)
= —)(Z,95t) = () + (L )z(t)
—1(0,®';1) + 0, ) (750, 95 t) + g, (w55, 0, ¥ )
+RA (7r°t9, 70, z; t) + Ro (Z, w°0, w°°0; t) + R3 (0, w0, t)
+R4 (71'09', w0, t) + Rs (7r°9, w000, w000, t) + Rs (9, w°0;t) + Ry (7r°9; t)
+& (7r°°9; t) + & (770009; t) + &3 (7r°9', T°°0; t).
(5.141)

Here the nonlinear expressions Ry through Ry are defined in (5.123), (5.124), (5.125), (5.131) and
(5.135), while the linear expressions & through &3 are defined in (5.126) and (5.132).
Finally, for any v € {1,...4} we have

(75 — m5lu™ (1) = R (7°0, 7005 1), (5.142)
with R, defined in (5.105).

In the remainder of this subsection we derive some useful estimates on the numbered terms
appearing in (5.141). In addition, we establish a critical relation between the expressions (5.137)-
(5.138) and spectral properties of the operators £,, discussed in Proposition 2.1.

Lemma 5.5. Consider the setting of Lemma 5.4. There exist constants K, > 1 and n, > 0 such
that we have the bounds

IN

p° ()] + [p*° ()] + [¢°° (&) Koemelel,

|Dp°(€)] + |Dp®° (&) + |Dg*°(€)] < Koe melél, (5.143)
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for all € € R. In addition, we have the bounds
[1p°©] + O] + 10" < K#'(©), (5.144)
again for all £ € R.
Proof. Upon recalling the constants 77§ from Lemma 3.3, let us write nt = %ng. Upon writing
At BO_,1(10,00),R) = BC!  ([~0,00),R) (5.145)
for the inverse of £( that has properties analogous to those stated in Lemma 3.11, we can write
Py 0.00) = A [T @' — 0, @] (5.146)

Similar properties hold on (—oo, o] and the desired estimates now follow directly from these obser-
vations. O

Lemma 5.6. Consider the setting of Lemma 5.4. We have the identities

[%/\w}wzo = 0,05,
d> A = —g2a° —92 0o (5147)
(G Aulo=o = —0u00, = 20,00 a, .

Proof. Throughout this proof we use the shorthand D, = %. Taylor expanding the quantities A,
and ¢,, for w =~ 0 in the expression (L, — A\,)¢,, = 0 and remembering that ¢y = &', we obtain

O(wg) = 'CO(P/ + w<£0[Dw¢w}w:0 + [-Dw»cw - Dw)\w]w:O(b/)
‘PUTQ (EO[D«%QSw]w:O +2[Dy Ly — DyAy)w=0[Duwo)w—o + [D2L,, — Da)\w]w=0<1>’>.
(5.148)
Taking the inner product against ¥ and recalling that L5U = 0 leaves
[Dw)\w]wz() = / \Il(f) [[Dwﬁw]w=0q)/] (5) dﬁ' (5'149)
Recalling the identity
[£,0)(6) = e (&) + L explio,w)[ru] €) + g (8(6)), (5.150)
we may compute
[DuLov](§) = iUuLz exp(io,w)[m,v](§),
= oy, exp(io,w)[T,v](€), (5.151)
[DZL,0)(E) = _UZ exp(io,w)[7,] ().
We hence see that
[DyLy]w=0® = 10,7, (5.152)
which implies
Dodo]w—o = oy [T U(€)[r,d(€)dE
[ Jw=0 .ufoo ()7 ®](E) (5.153)
= i0u05,
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as desired.
Moving on, we see that

Lo[Dyoolo=0 = o0, <I> 10,7, P’
ne o (5.154)
= —w#f;j.
In particular, up to multiples of ®’ we may write
[Dw¢w]w:0 = _iaupz‘ (5155)
We now integrate the O(w?) term in (5.148) against ¥, yielding
[DE))\w]w:O = fix;o \Ij(g) [[Diﬁw]w:oq)/] (5) dg

s (5.156)
+2 ffoo \I](f) [[Dwﬁw - DwAw]w:O[Dw¢w]w:O:| (6) df

Plugging in the identities obtained above, we obtain
[DZAo)o=o = [T, U]~ opmu®](€) dE
+2 [ W(¢ [[iUuTu — i,y |[—iow D, ]
2000 72U [Tupu ape, 0o (€) dé (5.157)

<>
G,
Oy + 20,0 f (&) [rwp) — O P 1(€) dg
(o]
P

20#0#@

TN ‘i:l\') 11\')

= —0,«

gz pipp’?
as desired. 0

Lemma 5.7. Fiz any pair (o1, 0,) € Z*\{(0,0)}, suppose that (Hg) and (h® )ss both hold and pick
any My > 0. Then there exists a constant C; = C1(My) > 1 such that for every pair of C*-smooth
functions

0 :[0,00) — £°(Z;R), z:[0,00) = R (5.158)
that satisfy the bound
2O + 170Dl o zmsy < M1, 20, (5.159)

we have the estimates

[[R1(7°0,7°°0, ;)| < Culz(t)] (|2(t)] + [7P0(t)] + |7$°0(t)] )
+C1 (|7 6(8)] + |m7°6(t)] )@ (Eu(t)), (5.160)
[[R7(7°0;t) i < Cl|7Tlo0(t)|2(I)/(§nl(t))

for every (n,l) € Z* and t > 0.
Proof. On account of the a-priori bound |776| < M;, we can invoke Corollary 3.6 to obtain
2
| Ma 2, (§n(t), 73,0(1)) | < CLO" (& (1)) |77,0(1)) (5.161)
for some C] = C1(My) > 1. In addition, the a-priori bound on u™ () — j(®;¢) allows us to write
_ _ 2
[[Go (u™ (&) =3(®:))],,)| < Cs g (t) = 3 (@38)] (5.162)
for some C4 > 0. The desired estimates follow directly from these observations upon utilizing the

bound (5.144). O
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Lemma 5.8. Fiz any pair (o1, 0,) € Z*\{(0,0)}, suppose that (Hg) and (h® )ss both hold and pick
any My > 0. Then there exists a constant C; = C1(My) > 1 such that for every pair of C*-smooth
functions

0 :[0,00) — £°(Z;R), Z :]0,00) = R (5.163)
that satisfy the bound
I7O0(E) oo 2R3y < M1, t>0, (5.164)
we have the estimates
‘ [Ra (2,70, 7°°0;) | e ‘Z(t)’ [|x20(t)] + |7°0(1)] ],
(R (0.7°%0:1)] S AGIERIO
]m( 0, 7°0; 1) ]y < wfé(t)‘ B0
|[Rs (20, 7°°0,7°°°0; ) | < |wp0(0)]| [|7°0(0)] + |77 0(2)|” + |70 (2) ] (5.165)
+m0 (),
1R (0, 7°6; )] < Culfu(t) - gy, 00)| 100
R (550, 79%0,550: )} || < Cre—relen)

for every (n,l) € Z* and t > 0.

Proof. These bounds follow directly from the definitions (5.105), (5.123), (5.124), (5.125), (5.131)
and (5.135), together with the bounds (5.143). O

Lemma 5.9. Fiz any pair (o, 0,) € Z*\{(0,0)} and suppose that (Hg) and (h® )ss both hold. Then
there exists a constant C1 > 1 such that for every C-smooth function

0:[0,00) — (=(Z:R), (5.166)
we have the bounds
‘51 (7°°0;1)] < Oy |meh()),
|[E2(m°%°0; )] nz| < Crlrpeoh(t)] (5.167)
‘ (0, 7°0;1) ]| < € wf[é(t)—a;;wg“e(t)]‘

for all (n,1) € Z* and t > 0.

Proof. These estimates follow directly from the definitions (5.126) and (5.132) together with the
bounds (5.143). O

5.4 The expanding plateau

In this subsection we construct a function v : [1,00) — ¢°°(Z;R) that can be thought of as an
expanding and convecting plateau. Later on, we will obtain the function 6 by multiplying v by a
global prefactor that decays in time.

For convenience, we define the quantities

==

[%)\w]w—Oa

vy = =3[ Aum

141 =

(5.168)
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We assume throughout this section that v > 0, noting that this is a consequence of the Melnikov
condition (HS)C*. For any v > 1 and ¢t > 1, we define

vy (1) = (y1)/? /_OO expliw(l + v1t)] exp[—row?t] dw, (5.169)

which can be explicitly evaluated as

m 141 2
Uiy (1) = \/;26Xp [- %]. (5.170)

We also introduce the functions

Vl(;’;) (t) = (yt)1/? / w" expliw (I + v1t)] exp[—1aw?yt] dw (5.171)

for integers k£ > 1, which can be evaluated as

1 gy
Vl(;'y)(t) = %leﬂlttvl;’y(t)v
2 I411t)2
VEID) = [ 10+ dakeun 0, (5.172)
3 i (I+t)® i (141 _
Vl(;v)(t) = [_ §((lj271tt))3 +37((l:_27tt)) (Vﬂ/t) 1]Ul;v(t)-

To prevent cumbersome notation, we introduce the shorthand

l —+ l/lt
=p(l,t;y) = 5.173
p=p(l,t;7) Syt ( )
which allows us to reduce the expressions above to the compact form
V() = ipuiy(t),
Vi) = =+ 5 o 0), (5.174)
Vi) = [=ip® + §plvart) o (1),

Our first result studies the effects of non-polynomial Fourier multipliers applied to v, (t).

Lemma 5.10. Pick a sufficiently small §, > 0 and any M > 1. Consider any analytic function
g : C — C that has

lp(w)| < M(1 4+ w?), weR (5.175)
and satisfies the bound
lp(w)| < M |w|®, —0, < Rew < 6, —0, <Imé < +4,, (5.176)

for some s € {0,2,4}. In addition, consider the expression
o0

Wl(;g) (t) = (’yt)l/Q/ p(w) expliw (l + Vlt)] exp[—vaw?t] dw. (5.177)

— 0o
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Then for any triplet (I,t,v) with v > 1, t > 1 and |p(l, ;)| < 0, we have the bounds
Muy (t)
+M[(vt) 2 4+ 1605 10513 (1adu,) 4 + 1]]6*”255"”5, for s =0,
2Muy, (1) [ + 5 (vevt) ]
Ly Y = +M[(vt)Y2 + 1605 651 [3 (va6,)~H + 1]e72% for s =2,
8Muy, (t)[p* + %(V2'Yt)72]
+M [(v£)Y2 + 1605 1651 [3 (ved,,) ™4 + 1]]@‘”2‘%%, for s =4,

(5.178)

with p = p(l,t;). In addition, for any (I,t,) withy > 1, ¢t > 1 and |p(l,¢;7)| > 6., we have

3 2
‘w}@ (t)‘ < M290)"2 4 1605 105 [ (va0) ™ 4 1] 720", (5.179)

3

Proof. Upon introducing the expressions

p(w) = —1ow?nt, q(w) = w(l + 1t), (5.180)
we compute, for any y € R,
plwtiy) = —vo(—y®+ 2iyw +w?)yt
= wy’yt — iwy(2uayt) — vaw?st,
) . (5.181)
qlw+iy) = w(l+nt)+w(l+wt)
= iyp(2ua7t) + wp(2ue7t),
where p = p(l,t;). In other words, we have
Re [p(w + iy) + ig(w + iy)] = [y° — 2yplvart — w vart. (5.182)

For convenience, let us assume from now on that p > 0. On the interval y € [0, p], we have
Re [p(w + iy) + ig(w + iy)] < —w’vort. (5.183)

For each fixed w, the expression (5.182) is minimized on the domain y € [0,d,] upon choosing
y =y« = min{p, d,, }. In the case y. = p, we have

p(w +ip) +ig(w +ip) = —p?vayt — vaw?t, (5.184)
while in the case y. = d,,, we have
Re [p(w + iy.) +ig(w + iy.)] < —1adiyt — w’vant. (5.185)

Upon introducing the five line segments

r, = (_007 _50.:]’ ry = [_5wa —0u + iy*], s = [_6w + 1Y, +0u + iy*L
. (5.186)
ry= [6w + 1Y, +5w]7 I's = [5(4;7 OO),
we define the separate integrals
WL (8) = ()17 q(w)] d 5.187
lmir, (1) = (71) g p(w) explp(w) + ig(w)] dw (5.187)
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and note that Cauchy’s theorem implies that
WS (t Z Wk ( (5.188)

Setting out to bound each of the integrals (5.187) separately, we start by computing

féoj(l +whe 2 gy = e vadint f;wo(l + wh)e 2 (@ =85t gy
= e v2dlint fzso:(l + wh)e 2 (w=du)(wHdu)rt g, (5.189)
< Bev2dit fézo[(w C ) 4 1 4 e ra(wdn)2bunt gy, '
= 8[24(2v20,7) 0 + (1 + 05) (2v90,7t) 1] e 20071,
In particular, imposing the restriction 0 < ¢, < % and remembering vt > 1, we see that
W, ()] + VS, (0] < 16M(20) 3 (00) 1 + 1. (5.190)
Moving on, (5.183) implies that for all w € I's UTy we have
Re [p(w) +ig(w)] < —12827t. (5.191)
Remembering that 0 < y, < 4, and imposing the restriction 0 < J,, < %, we obtain
el k] = e
< M(,yt)l/Ze—ungW'yt'
In addition, for 0 < p < 4, we have
()72 Wik, 1) Sem[%w%f5 M| + [y |)*e=2<"" du
< expl—y2vant] [T M(Jw| + Jy])*e™> " du (5.193)
< explyZvot] [1 T M2 (|| + [y e duo.

The desired expressions (5.178) for 0 < p < 4, now follow from the identities
[rentta, - [
fjs w2e 2 M gy = $(vayt) ™! \/%, (5.194)
fj:: wiem 2@t gy = %(ngt)_zm.

On the other hand, for p > §,,, we compute

W (0] < (Y2 expl-2want] [ %5, M(I20.] ) =" du
< (v)Y? exp[—62vot] (26, M) (5.195)
< M(yt)'? exp[—6Zvent],
which suffices to establish (5.179). O

We remark that the bounds (5.172) and (5.178) all involve the quantity v, (¢). We augment
these results with the following uniform estimates.
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Lemma 5.11. For ally>1,t>1 andl € Z, we have the uniform bounds

[yt (t)] < o
‘pv’ﬁl(t” S A/ ,,12671/2\/ 21/1')/15’
2 S (5.196)
[Pt < /oe T o
i 3/2
[PPvsa(t)] < \ s © 3”(%) )
again with p = p(l,t;7).
Proof. Observe first that for all x € R and a > 0 we have the bounds
2 12 [ 1 2 2 —1_-1 3 2 3\3/2 _3/9
|z| exp[—az®] < e 20 r?exp[—az’] < a”le !, }ac ’exp[—ax ] < (2_) e )
@ o)
(5.197)

Using the expression

™
opa() =/ - exp[—vap1t], (5.198)

the desired estimates (5.196) now follow immediately. O
Taking a time derivative in (5.169) yields the expression
> 1
Uy (1) = (’yt)l/2/ [515*1 + dwvy — yraw?] expliw (I + v1t)] exp[—vaw?yt] dw, (5.199)

which in view of the identities (5.174) can be written as

bpa(t) =[5t = vl ) + wee® (L) = 57(3t) " o (1) (5.200)
= [— V1p+’7V2P2]Ul;'y(t)v

again with p = p(l, t;~y). For convenience, we note that Lemma 5.11 implies the uniform bound

T 1 1 T
o (0] < Zel2 4 et [T 201
()] < vy oo [ ke (5.201)

forally>1,¢t>1and! € Z.
For any sequence v € £>°(Z;R), let us define the quantity

[Kvly := om0+ g mi,,v. (5.202)

A short computation using Lemma 5.6 shows that for some k3 € R, we have

Ko@) = (V2 [, [ag (e — 1) +agg, (e — 1)(ciow= — 1)]
x expliw(l + v1t)] exp[—vow?~t] dw
= (yt)'/? 75 [iniw — vaw? + iksw® + Og(w)] expliw (I + 11t)] exp[—rvow?yt] dw.
(5.203)

Here for any s € {0,2,4}, we have introduced the notation O4(w) to denote a function that satisfies
the conditions (5.175) - (5.176) for some M > 1.
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An important role in the sequel will be reserved for the quantity

. 1 _
Sy (t) = Uy (t) — 5(71&) lvm(t) — v, ()], (5.204)
for which we can compute
Siy(t) = (Y2 [T [t 4 iwr — yaw? — (7)) —inw + vew? — ikgw® — O4(w)]

x expliw(l + vit)] exp|—vow?yt] dw

(VM2 2 50 = D(rt) 7t = (y = Drew?® — ikzw® — Os(w)]
x expliw(l + vit)] exp[—row?~t] dw.

(5.205)

We conclude this subsection by obtaining near field (|p| < ¢,,) and far field (|p| > d,,) bounds on
the various quantities introduced here, which will allow us to obtain useful bounds on the numbered
expressions in (5.141).

Lemma 5.12. Pick §, > 0 sufficiently small. There exists a constant Cy = C3(6,,) > 1 such that
forally>1,t>1 and alll € Z for which |p(l,t;7)| < 0, we have the bound

|Sl;,y(t) —(y- 1)y2p2vl;,y(t)| < G [ \P\S + |pl (Vt)il + (’Yt)72] Vi (1) (5.206)
Oyt e, |
in which p = p(l,7;t).

Proof. This estimate follows directly from (5.205), using the identities (5.174) and the bounds
(5.178). O

Lemma 5.13. Pick 6, > 0 sufficiently small. There exists a constant Co = C3(d,,) > 1 such that
forally>1,t>1 and alll € Z for which |p(l,t;v)| < 0, we have the bounds

meoa @] < Callol+ (1) ey () + Calyt) 2eii,
mun (0] < Calp® + (1) uuy (1) + Co(yt)/2emv20on, (5.207)
mfoua ()] < Calpl® + lol ()71 + (48) vy () + Coyt)/2e 72001,
in which p = p(l,7;t).
Proof. Observing that
TV () = ()2 [7 (€7 — 1) expliw(l + v1t)] exp[—row?yt] dw (5.208)
= (W2 [Z (iouw + Oz(w)) expliw(l + v1t)] exp[—vaw?t] dw, '

the identities (5.174) and the bounds (5.178) suffice to obtain the desired estimate on 77v.(t). The
other estimates can be obtained in a similar fashion. O

Lemma 5.14. Pick §,, > 0 sufficiently small. There exists a constant Cy = C5(4,,) > 1 such that
forally>1,t>1 and alll € Z for which |p(l,t;v)| < ., we have the bounds

|01 ()] < Colp +7p° oy (1),
780, (1) < Coly(yt) " pl + o2+ (vt) " 4 [pf? Juisy (2)
+Co(yt) /22, (5.209)

. _ _ 3 _
[m7o0, ()] < Co[(vt) 1 yp? +v(vE) 2+ |pl” + (v8) ol + vt vy (2)
+'702(7t)1/26_”2‘53ﬂt7
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in which p = p(l,7;t).

Proof. For convenience, we assume throughout this proof that p > 0. The bound for 9, (t) follows
directly from (5.200). Moving on to the second estimate, we write

T, 0n(t) = (v)V2 [ [(iow 4+ O2(w)) (3t + iwvy — yraw?)]
x expliw(l + v1t)] exp[—vow?~t] dw
= (WY [Z [At7tiow + 37105 (w) + Oa(w) — io,yrew? + 7O4(w)]

— 00

(5.210)
x expliw(l + v1t)] exp[—vaw?~t] dw.

Using (5.174) and (5.178), we hence see that there exists C} > 1 for which

>

Wl;po;'v(t)‘ < Gyt p+ PP+ ()Y + 07+ () T+ + p(yt) T+ pt + (1))
—i—’yCé(’yt)l/ze_”Qéi'yt,

(5.211)
from which the desired estimate immediately follows.
To obtain the third estimate, we note that there exists k3 € R for which
T (t) = (V2 [Z (= opoww? + ikgw® + O4(w)) (3671 + iwry — y10w?)]
x expliw(l + v1t)] exp[—vow?~t] dw
oo . 5.212
= (yt)/? 75 [3t7102(w) — iwPrio,0, + Os(w) + 704 (w)] ( )
x expliw(l + v1t)] exp[—vow?t] dw.
Using (5.174) and (5.178), we hence see that there exists C% > 1 for which
Wﬁiu/ﬁw(f/)‘ < Gyt PP+ ()T + P+ () T+ (v + D) (p* + (01)72)] (5.213)
FACh () 200,
from which the desired estimate immediately follows. O

Lemma 5.15. Pick 6, > 0 sufficiently small. There exists a constant Co = C3(d,,) > 1 such that
forally>1,t>1 and alll € Z for which |p(l, ;)| < 0, we have the bounds

Ca[p? + (vt) oy (1)
+C5 (,yt)l/ze—y26i’yt’

|©;'v(t) — o U;'y(t)|

IN

. B _ (5.214)
‘W?[vm(t) - a}iﬂﬁuvw(t)]( < Co[() My Lol + v ()72 + v [pl? Juiy (2)
+702(vt)1/26—u263fyt’
in which p = p(l,7v; ).
Proof. As before, we restrict ourselves to the setting p > 0. First of all, we write
Wiy (1) = Dy () — a7y, 04 (1) (5.215)
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and note that there exist ko, k3 € R for which we can compute
wiy(t) = (yt)'/2 ffooo [%fl +iwyy — Yrew? — az(ei"““’ — 1)]
x expliw(l + vit)] exp[—row?yt] dw

= (yt)'/? 75 [t +iwr — yow? —iwry + kow? + ikgw® + O(w)] (5.216)
x expliw(l + v1t)] exp|—vow?vt] dw '
= ()2 7[5t — yaw? 4 kaw? + iksw® + O4(w)]

x expliw(l + v1t)] exp[—row?yt] dw.

In particular, invoking (5.174) and (5.178) and exploiting a partial cancellation in the first two terms,
we see that there exists C4 > 1 for which

lwiy (£)] < Cy[p? + (7)1 + p> + p(yt) ™1 + p* + (v8) 2] iy (£) (5.217)
+C(yt)!/2e a0, '

which suffices to obtain the first stated estimate.
Moving on to the second estimate, we compute

(V)2 [ (0w + Oa(w)) (37 — y1aw? + kow? + ikzw® + Oy (w))]

Tr?;[tw;')/(t) o
x expliw(l + vit)] exp[—row?yt] dw
= (yt)'/? 25 3t Hiouw + O2(w)) — yiouraw® + io,kow® + (1 + 7)O4(w)]

x expliw(l + vit)] exp[—row?yt] dw.

(5.218)
As before, there exists C4 > 1 for which
‘Wﬁuww(t)’ < Gyt e+ ()7 + (v +H D (0 + p(t) T+ (v8) 72) Juiy (1) (5.210)
9O (1) e, |
which suffices to complete the proof. O

Lemma 5.16. Pick a sufficiently small 6, > 0. There exists a constant C3 = C3(d,) > 1 so that for
every v > 1, every t > 1 and every | € Z for which |p(l,t;y)| > d,, we have the bounds

[yt (O] + |0 (O] + 7705 ()] + 7705 (1) < Cs(t)/2 eXp[_V25Z'Yt];

[oa8)] + I (8)] + I, (1) < G explovadint],  (5.220)
St (1)) < 2Cs(v1)"/? expl—radint].
Proof. These estimates follow directly from (5.179) together with the identities (5.200) and (5.205).

O

5.5 The function 0

In this subsection we scale the plateau function v,, defined in (5.169) by a global factor that decays
very slowly in time. The resulting function  controls the phase-shifts of the sub-solution v~ in the
direction transverse to the wave propagation.

Throughout this subsection, we write

a=aly)=—. (5.221)
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For every 3 > 1 and v > 1, we now define the C''-smooth function

0.5, : [1,00) = £>°(Z; R) (5.222)
that acts as
O, (t) = Bt~ visy (¢) (5.223)
and can be differentiated as
él;ﬁﬁ(ﬂ = pt° [ - %('Yt)_lvlw(t) + @l;v(ﬂ]' (5.224)
An important role in the sequel will be played by the quantities
Tipn(t) = él;ﬁﬁ(t) - O‘Z”f;ue;ﬁﬁ(t) - O‘ZZ/WZZM"Q;&W@)- (5.225)
Recalling the linear operator K defined in (5.202), a short computation shows that
Tipq(t) = Bt [ (t) — (7)) Loy — [Koys (0]
By [1 [ Y ] } (5.226)
= [t [Z Ul,—y Jr Sl ’Y( )]
In order to obtain a useful bound on 7;.5 ~(t), we introduce the strictly positive expressions
QuipH(t) = gﬁt*a[vwf + () ous (B), (5.227)

with p = p(l, ;7).

Lemma 5.17. Pick a sufficiently small 8, > 0. There exists constants Cr = Cr(d,) > 0 and
Vs = Y4 (0w) > 1 such that for ally > 7., all 3 > 1, allt > 1 and alll € Z for which |p(l,t;7)| < du,
we have

Tiip,+(t) = Qupy(t) — ﬁCT('Vt)l/ze_yzéi’yt- (5.228)
Proof. Notice first that v, > 2 ensures vy, — 1 > %’y*. In addition, using the elementary estimate
PP Hp(yt) ()2 < PP P 2(yt)

_ _ (5.229)
= vy’ v o vy iy T A+ () (25,
Lemma 5.12 implies that it suffices to pick 7, > 2 in such a way that
1 1
Cs [u{lv*_léw + V{l*y*_l] < 3’ 20571 < 3 (5.230)
O

In the remainder of this subsection we obtain near field (|p| < ), far field (|p| > ¢.) and
global bounds on various terms involving 6.5 - (t), which will allow us to obtain useful bounds on the
numbered expressions in (5.141).

Lemma 5.18. Pick §, > 0 sufficiently small. There exists a constant Cy = C4(d,,) > 1 such that
forall 3>1,ally>1, allt > 1 and alll € Z for which |p(l,t;7)| < du, we have the bounds

770,41 < BCg™ [ ol + ('Yt)il]vlw(t)
+BC (1) /e 20,

T4 ()] < 5C4tia[92+(7t)71]vlw(t)
+BCu(yt)1/2ev200, (231
770,550 < BCH[1p]> + [p] ()71 + (7) 2] (1)

+BCy (Y1) 2e 720,

with p = p(l,t;7).
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Proof. In view of the identity (5.223), these bounds follow immediately from Lemma 5.13. O

Lemma 5.19. Pick 6, > 0 sufficiently small. There exists a constant Cy = C4(d,) > 1 such that
forallB>1,ally>1, allt > 1 and alll € Z for which |p(l,¢;7)| < 6,, we have the bounds

él;ﬁ,v(t)’ < BCt™ [p4p” + (v8) i, (1),
7000, < BCH [0 ol + g2+ (7)ol Juin (1)

+ByCa(yt) /22000, (5.232)
Wfoé;ﬁm(t)‘ < Bt [(v) o + v() 2+ |l + (v) 7 Il + vty (1)

+ByCa(yt)H/2er=0t,

with p = p(l,t; 7).

Proof. Combining the results from Lemmas 5.13 and 5.14, these estimates follow directly from
(5.224). O

Lemma 5.20. Pick §, > 0 sufficiently small. There exists a constant Cy = C4(d,,) > 1 such that
forall 3>1,ally>1, allt > 1 and alll € Z for which |p(l,t;7)| < du, we have the bounds

‘él;ﬁﬁ( ) —apmi,0ip.4(t )‘ < BCt™[p? +
+AC4 (vt

BCt= [(vt) My [pl + v (vt) "2 + v [pl* o (2)
P Cat) /2,

7)oy (1)

1/2 —ugﬁw’yt

e

(
)
: (5.233)

IN

776,500 (1) = 03m5,0,0 (1)

with p = p(l,t;7).

Proof. Combining the results from Lemmas 5.13 and 5.15, these estimates follow directly from
(5.224). O

Lemma 5.21. Pick a sufficiently small §, > 0. There exists a constant Cs = C5(3,) > 1 so that for
al>1,ally>1, allt>1 and alll € Z for which |p(l,t;v)| > §,, we have the bounds

1006, (0] + 77054 (D)) + |77°0:8.5 (D] + 770, ()] < Bt (78)'/2 exp[—vadat],

60 (0)| + 25,0 (0] + [7°0,5.4(0) < POt (1) expl-adiyt),

T (t)] < ByCst= ()2 exp[-v20)71].
(5.234)
Proof. Using Lemma 5.16, these estimates follow directly from (5.223) and (5.224). O

Lemma 5.22. There exist constants Cg > 1 and v« > 1 such that for all v > 7, all B > 1, all
t>1 and alll € Z, we have the bounds

720,64 (0)] BCst=(v1) 7112,
|m7°0.5,(t)] < BCet=*(vt)7 1, (5.235)
|79°%0,5,(t)] < BCst™(t)~3/2.

ARVAY
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Proof. Note first that for every fixed é,, > 0, we can obtain
'y(’yt)l/Qe*”z‘;i”t < (yt) 732 (5.236)

for all ¢t > 1 and all v > ~, by picking v, to be sufficiently large. The desired bounds now follow
from Lemma 5.18 and Lemma 5.21, upon using the global estimates obtained in Lemma 5.11. O

Lemma 5.23. There exist constants Cg > 1 and v, > 1 such that for all v > v, all B > 1, all
t>1 and alll € Z, we have the bounds

IN

1010.4(1)| BCst ()12 + (1) 1],
)wfé;m(t)‘ < BCet[y(yt) "2 + (vt)71], (5.237)

105 < G [y(0) 2+ (1)),

N

Proof. Arguing similarly as in the proof of Lemma 5.22, these estimates follow from Lemmas 5.19
and 5.21. 0

Lemma 5.24. There exist constants Cg > 1 and v, > 1 such that for all v > v, all B > 1, all
t>1 and alll € Z, we have the bounds

IN

‘9'%677(75) - azﬂ;ou‘g;ﬁ,v(t)‘ BCst™(yt)71,

" o e (5.238)
‘771 [e;ﬁn(t)_O‘uﬂ;ue;ﬁﬁ(t)]‘ < Bty ()%

AN

Proof. Arguing similarly as in the proof of Lemma 5.22, these estimates follow from Lemmas 5.20
and 5.21. O

5.6 Construction of sub-solution

In this subsection we finally provide the proof of Propositions 5.1 and 5.2. In fact, we set out prove
the following result, which is more closely related to the notation we have developed in this section.

Proposition 5.25. Consider any angle (. with tan(, € Q and suppose that (Hg) and (HS)., both
hold. Pick (on,0,) € Z2\ {(0,0)} with the property that

\/ o2+ 02(cos i, sinly) = (op,04), ged(op, 00) =1, (5.239)

suppose that (h® )gs holds for this pair (op,0,) with ¢ > 0 and recall the setting of Lemma 5.4.

Then there exist constants 6, > 0, n, > 0, Kz > 0, ny > 0 and Kx > 0 so that the following
holds true. Pick any ez >0, any 3 > 1, any Q1 > 0 and any C*-smooth function z : [1,00) — (0, 6,]
that has

2(t) > —n.2(1) (5.240)
for all t > 1, together with
e 13/2
€3 %rzlgt z(t) > 0. (5.241)

Then there exists v = Y(ea, €3,3,21) > 1 such that the function u™ : [1,00) — £°°(Z?;R) defined by

u=(t) = )(Pst) +3(7m5,0,ppst) + (w000, D0 t) + 1m0, w0, qneast) — 2(2) (5.242)
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with

Z(t = Ky [l2(s ds,
( ) Zfl ( ) (5-243)
Eu(t) = n+tct—0ip,(t) - Z(1)
satisfies the differential inequality
1
T, @) < finzz(t), (n,1) € 72, t>1 (5.244)
and admits the bound
lu=(t) —3(®;t) + 2(t)] < eat™ /2 t>1. (5.245)
In addition, for every (n,l) € Z? and t > 1 we have the inequality
|9l+1;ﬁ77(t) - 91;577(t)| <1, (5.246)
which for |l] < Q1 can be augmented by
En(t) > g (5.247)
Finally, for any v € {1,... ,4}, we have the bound
’[W:l;u - 7T7’>L<l;5}u7 (t)‘ < K/\/’eiang"l(t)h (TL, l) € Zz, t>1. (5248)

We start our analysis by looking at the auxilliary estimates (5.245), (5.246), (5.247) and (5.248).
First of all, Lemma 5.5 implies that there exists C] > 1 for which

|y () + 2(t) — 3 (®;1)]

IN

|Jnl(W§A9,pZ;t)| + |Jnl(7r;<;°“,9,pzu,;t)‘ + |Jnl(7rfﬂ,7rz,0,qz“,;t)|
Cr 7 0(6)] + [mf°6(8)] + 70 (t)[* .

IN

(5.249)

In addition, the fact that ged(oy,,0,) = 1 implies that xp0 + ky0, = 1 for some pair (kp,, k,) € Z2.
This means that

8116, (8) = Bry (O] < [end + ] 170,51 (1)l o ) - (5.250)

In particular, the following result suffices to obtain (5.245) and (5.246). For irrational directions
where (o, 0,) ¢ 72, one can obtain similar estimates for O1+a1,8,4 — 01,3, With bounded Al by re-
placing the computation below with a slightly more general argument involving the Fourier multiplier
e™Al — 1 applied to v, and 0.5

Lemma 5.26. Pick any k > 0. Then for any B > 1, there exists v. = v.(k, ) > 1, such that for
any vy > v«, any t > 1 and any | € Z we have the bounds

700,50 (8)] + 1770, (8] < 172, (5.251)
Proof. This follows directly from the global bounds in Lemma 5.22, choosing . > (2. O
In view of the identity
Eu(t) = c—O1p(t) — Kz2(t), (5.252)
the following result can be used to establish (5.247) provided that [2(t)| < ;% for all t > 1.
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Lemma 5.27. For any > 1 and Q) > 0, there exist v« = v«(8,Q21) > 1, such that for any
Y >, any t > 1 and any | € Z for which |l < Q) , we have the bound
c

’91;5,7’ < 1 (5.253)

Proof. The uniform bound for 6 obtained in Lemma 5.23 implies that there exists ¢ty > 1 such that
for every v > 1, t > to and [ € Z we have the bound (5.253).
It hence remains to consider the regime 1 <t <ty and |I| < Q,, for which we may estimate

1
2

l—f—Vlt

Lit;y)] =
67 = 5|5

1
< Sy ML + Il to] < Cpy ! (5.254)

for some C4 > 1. Using (5.224), we write

. Y 1 a
Oup (1) = Bt~ [ = 2(7) ™" —vap + y2p”]uiy (8), (5.255)
which shows that
. 1 B _ B
’91;5,7(75)’ < Bl Al Cor T 4 2(C)*y 7 (5.256)

whenever 1 < ¢ < tg and |I] < Q. Picking v, > 1 sufficiently large hence establishes the desired
bound (5.253). O

We note that the final auxilliary estimate (5.248) can be obtained by noting that the bound for the
nonlinear expressions R, obtained in Lemma 5.8 merely requires an a-priori estimate on 7°0.3 - (t).
Such an estimate can easily be obtained using Lemma 5.26 to restrict v > v, > 1.

It now remains to establish the differential inequality (5.244). To this end, we introduce the
expressions

enl;ﬁ,v (t) = .]nl(e;ﬁ,"m q)/; t) - Jnl(azﬂ-ze;ﬁ,’y) (I)/; t) — Jnl (azoﬂzzlegﬁ,'ya (I)/; t)
= Tipy ()2 (Eu(t)),
. 5.257
Zapokz () = Ju(Ez2z,®5t) + 2(t) — Ju(Lit)2(t) (5.257)

= Kzz(0)® (Eu®) + (1) — ' (P(6u(®)) ) 2(0).

Remembering the choice Z (t) = Kzz(t) and suppressing the dependence on 3, v and Kz, the
expression (5.141) can now be written as

J-(t) = —6()—-Z()
+R1 (7r°97 7°°0, z; t) + Ro (Z, 7°0, 7°°0; t) + Rs (9, w°°0; t)
+R4 (’/Toé, w0, t) +Rs (7T°t9, w0, w°°0; t) + Re (0, w°0;t) + Ry (7r°9; t)
+& (ﬂ'ooé; t) + & (7T°°°9; t) + & (ﬂ'oé, 70, t).
(5.258)

The following two results concern the terms O(t) and Z(t), which are the ones for which a definite
sign is (almost) available. We note that the strictly positive function Q(t) was defined in (5.227).

Lemma 5.28. Pick any §, >0, any 8 > 1 and any €3 > 0. Then there exist v, = v« (0w, B, €3) > 1
such that for any v > v«, any t > 1 and any | € Z, the bound

1©1:8.4 () = Qup ()P (§u(t))| < ggm-est™/? (5.259)
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holds provided |p(l,7;t)| < 6., while
1O1p ()] < mmaest™>/? (5.260)
holds provided |p(l,y;t)| > 0y, -

Proof. These bounds follow directly from Lemmas 5.17 and 5.21, noting that for any C’ > 1 we can
choose v, > 1 in such a way that

BYC! (1) /27207 < BC (1) P < et (5.261)
holds for any ¢ > 1 and any v > 7.. O

Lemma 5.29. There exist n, > 0 and Kz > 1 such that for every C'-smooth function z : [1,00) —
R that has z(t) > 0 and 2(t) > —n,2(t) for allt > 1, we have

ZnBy. Kz (1) 2 1:2(1) (5.262)
forall 3>1, ally > 1, all (n,1) € Z* and all t > 1.
Proof. Since

Zniponics = [Kz® (Eu(®) —n. =g ((6u(®)) )]2(0). (5.263)

it suffices to choose 1, > 0 and Kz > 1 in such a way that

Kz®'(€) —n. — D(®(€)) > 1. (5.264)
holds for all £ € R. This is possible because of the limits ®(—oc0) = 0, ®(400) = 1, the inequalities
¢'(0) < 0 and ¢'(1) < 0 and the fact that ®'(£) > 0 for all £ € R. O

We are now ready to estimate the numbered terms appearing in (5.258). The terms R; and Ry
need to be considered separately in the near-field and far-field regimes, but the remaining numbered
terms can be handled using global bounds.

Lemma 5.30. There exists 6, > 0 such that the following is true. Pick any 6, >0, any 6 > 1 and
any €3 > 0. Then there exist V. = v«(0u, B, €3) > 1 such that for any function z : [1,00) — (0,4.],
any vy > v«, any t > 1 and any | € Z, we have the bounds

HRI <7T<>977T<>097Z§t)]nl| < 2_1677z ‘Z(t)‘ + %nZEBt_?)/Q

+35 Qi (1) (§ui(t)), (5.265)
H’R’7(7T<>0;t)]nl| S %Ql;ﬁ,’y(t)q)/(fnl(t)) + %nz€3t73/23

provided |p(l,7v;t)| < 6., together with the bounds

Ry (790,70, 2 t) || < o5ms|2(t)] + Fnzest™>/2,
|[R7(7r°0;t)]nl| £3/2, (5.266)

IN

1
26712€3

provided |p(l,t,v)| > d,. Here we have used 8 = 0.5 .

Proof. First of all, pick any 0 < &’ < 1. Possibly decreasing 4, > 0 and increasing v, > 1, Lemma
5.26 shows that we can arrange for

0 + |1 0.5, ()| + |77°0,54 (1)) < & < 1, V= Ve leZ, t>1. (5.267)
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Recalling the constant C; = C(1) defined in Lemma 5.7, we see that in the near field |p| < d,, we
have

IR (720, 7°°0, 25 ) | < Culz(8)] [[=(0)] + 790(2) + [x7°0(2)]]
+C1 (mp0(t)] + |77°0(t)] )@’ (€ai(t))
< Cw'|x(t)]
+165222CLCT (02 + (v8) 72) v} () + (1) e~ 220071 & (€0 (1)).

(5.268)

In view of the definition (5.227) for Q;.5.~(¢), it hence suffices to pick «’ > 0 sufficiently small and
v« > 1 sufficiently large to ensure that

1 1 1
Cik' < —ns, 16C18C; < 16720 16C18CTv, ' <

— 2
26 — 16 (5269)

all hold, together with an exponential estimate similar to (5.261).
The far field case |p(l,¢;7)| > 0, can be treated in a similar fashion. Finally, inspection of (5.7)
shows that R; only contains terms that are also present in R;. O

Lemma 5.31. Pick any 5 > 1 and €3 > 0. Then there exists v. = v«(0,€3) > 1 such that for
any function z : [0,00) — (0,1], any v > v« and any t > 1, the following bounds hold for every
(n,1) € 22,

| Rg(Kzz w°0, T°°0; t) nl| < 2—167722'(7?),
[R3 (9 7°0; )|t < En.estT2,
[Ra (7m0, 7°0; t) < ggneest 2, (5.270)
’ R5( °0, %0, w00, t) nl’ < 2—1677Z63t_3/27
[Re (8, 7°0; 1)] < gemeest 2,

in which we used § = 0.5 ~.

Proof. First note that the global bounds in Lemma 5.22 imply that

[Ra(Kz2,7°0,7°°0;t) ]| < Bt=C1Kz|2(t)] [Co(vt) ™12 + Co(yt) 1], (5.271)

so for the first inequality it suffices to pick v, > 1 in such a way that
1
BCIK zCo(v2 " +471) < 267 (5.272)

In view of the global bounds obtained in Lemmas 5.22, 5.23 and 5.24, the remaining estimates
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follow from the computations

1Ry (6,7°°0; 1)) S AOIERO]
< CiBCE() V2 +y(yt) ] (vt) 7,
‘[R4(7T09.,7T09;t)]n1 < 7r°9 t) ‘ |7Tf9 ()]
< GG+ ()T ()T,
[R5 (7°0,7°°0, 7°°°0; )| < |af0(t)] [|7$°0(t)| + |7f0(t)]” + |xpo°0(t)|] + w50 (t)|?
< QW%()WU) + (y) 7+ () 732
+C18%2C2(yt) 72,
1R (8,765 )] < Cufit) - apms, 000 Impoct)
< CIBPCE(vt)TH(vt) T2

(5.273)

Indeed, the worst of these terms is given by C32CZ[(7t) ~3/24-y(yt) ~2], which can easily be estimated
by est—3/2 for all t > 1 by picking 7, sufficiently large. O

Lemma 5.32. Pick any 8 > 1 and e3 > 0. Then there exists v. = 7.(0,€3), such that for any
Y > e, any t > 1 and any (n,l) € Z?, we have the bounds

‘[51 (W%é; )]nt < Emaest™32,
(&m0 )| < ggmeest™?, (5.274)
‘[53 (WOQ T°0; t)]nl < %nze;gt_?’/?.

Proof. Combining the global bounds obtained in Lemmas 5.22, 5.23 and 5.24 with the estimates in
Lemma 5.9, we compute

’[51 (Wooé;t)]nl < Wfoé(t)’
< CiCeBy(vt) 72 + (vt) =3/,
|[€2 (7r°°°9;t)]m| < Cy|myeeo(t)]
<GByt 2, (5:275)
1&3(x°0, 705 0)]| < € ’wf[é(t) — ag, 0]
< CiCefy(vt) =2,
The worst term is hence C;CsBv(yt)~3/2, so it suffices to pick 7, in such a way that
_ 1
2010657* < %T]Z(Eg (5276)
1

Proof of Proposition 5.25. The statements follow from the discussion above, picking 4, > 0 and
v > 7% > 1 in such a way that the statements in Lemmas 5.28, 5.30, 5.31 and 5.32 all hold. In
particular, these estimates imply that for any (n,[) € Z? and any t > 1 we have

1
T (t) < —5m22(t) <0, (5.277)
as desired. O

73



Proof of Proposition 5.1. The statements concerning W~ follow directly from Proposition 5.25,
upon choosing G > 1 to be sufficiently large and writing

W (t) = ug, (t —1). (5.278)

We stress that the function 6.3, depends only on the parameters €1, €2, €3, €2 and Qppase and not
on the specific form of z(¢). The super-solution W can be constructed analogously. O

Proof of Proposition 5.2. Besides the remark just before Lemma 5.26, the fact that n and [ are
integer-valued was never used in the proof of Proposition 5.1. In particular, the same estimates and
computations remain valid for (o5, 0,) € R?\ {(0,0)} and (n,l) € R% O

6 The Entire Solution

Throughout the remainder of this paper we focus our attention on the obstructed LDE (6.6). The
purpose of this section is to establish the existence of an entire solution to (6.6) that converges to a
planar travelling wave as ¢ — —oco. The ideas here closely follow the presentation in [9, §2-83], but
the discreteness of the lattice requires certain technical adjustments.

Throughout this section we fix a pair (op,0,) € R?\ {0,0} and recall the notation o =
max{|oy|, |o,|}. We also recall the set Z2 C R? that was defined at the start of §5 as the range of
the coordinate transformation (5.1). For any S C Z2, we introduce the neighbour set

NG (n, ) ={(n+on,l+0y),(n+0p,l —0on), (n—op,l — 00), (n— 0y, L +04)} NS, (6.1)
together with the associated punctured Laplacian
[AZvlu= D [vwr —vnl (6.2)
(' 1) eN (n,l)

and the boundary

xS ={(n,1) € S| N (n,1) # Zxri(n,l)}. (6.3)
Upon writing
K. ={(n1) e 72 for which (n,1) = (iah + JjOy, 10, — jah) for some (i,7) € Kops}, (6.4)
together with
A= ZQX \ K (6.5)

we see that the obstructed LDE (2.33) is transformed into
ﬂnl(t) = [Axxu(t)}nl + g(unl(t)), (TL, l) e AN*. (66)

Proposition 6.1. Consider the obstructed LDE (6.6) and assume that (Hg), (HK1) and (h®)ss
with ¢ > 0 all hold. Then there exists a C*-smooth function U : R — £>°(A*;R) that satisfies the
obstructed LDE (6.6) for all t € R, admits the uniform limit

sup |Upi(t) — @(n + ct)] — 0, t— —o0 (6.7)
(n,l)eAX

and enjoys the estimates
0<Un(t) <1,  Uu(t)>0 (6.8)

for all (n,1) € A* and t € R. In addition, any C*-smooth function V : R — £°(A*;R) that satisfies
(6.6) for allt € R together with (6.7) must also have V ="U.
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By relabelling our coordinate system and shifting the wave profile ®, we can arrange for the
following two conditions to hold.

(hK)ge The obstacle satisfies K} . C {n < —20} C Z%.

(h®)s6 Recalling the inequality g(§) < 0 for 0 < ¢ < a, we have $(0) < a. In addition, we have
®”(€) > 0 for all £ <0, together with ¢ > 0.

Upon recalling the exponents (k4,73 ) defined in Lemma 3.4, we fix the exponent
no = min{ng, ke }. (6.9)

For any My > 1, we now introduce the function

that is uniquely defined by the initial value problem
2(t) = Moe™ (ct+=2(0) E(—00) = 0. (6.11)

We note that =(¢) is defined on the interval (—oo, —Tp), for some Ty = To(Mp) > 1.
Our main task in this section is to show that the two C'*-smooth functions u® : (—oo, —Tp(Mp)) —
0>°(Z%;R) defined by

() = {<I>(n+ct—E(t))—¢>(—n+ct—E(t)) n >0,

0 n <0,
(6.12)

uh(t) =

nl

P(n+ct+E(t)+P(—n+ct+2(1) n>0,
20 (ct + E(t)) n <0,

are sub respectively super-solutions for (6.6). The form of these two functions is precisely the same
as that of their counterparts from [9], but the non-local terms in our LDE require special care in
our analysis because the {n < 0} and {n > 0} regimes interact with each other across the {n = 0}
boundary.

In order to understand these non-local terms, we first notice that (hK)gs implies that

A uE(t) = A u*(t) (6.13)
for all t < —Ty(Mp). In addition, we introduce the notation
Zx )] = @ (n+ct—ZE() —c®'(—n+ct—E(t))
(@(n+ct =(t) )) ( (—n+oct— E(t))),
[ZX()]n = @' (n+ct+E(1)) +c®(—n+ct+E()) (6.14)
—g(tI)(n+ct+ )) ( (—n+ct+E(t))).

Before we state our first two technical results concerning the discrete Laplacians (6.13), we recall
the notation

(0-17"' 705) = (O-’Ua_o.ha_o.'uao-hvo)7 (615)
together with the vector
(LY,...,LY) =(1,1,1,1,—4) € R® (6.16)

and the summation convention introduced in §5.1.
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Lemma 6.2. Consider the obstructed LDE (6.6), suppose that (Hg), (hK)ss, (h®)ss and (h® )ss all
hold and pick any My > 1. Then for any t < —To(My), we have the inequalities

A*u" O] > [ZA®)]n, n >0,
[ Jn ZA@)]n (6.17)
[A*u= ()] > 0, n <0.
Proof. For n > o, we may compute
[Au™ ()] = Li®(n+o,+ct—E(1) —Li®(—n—o,+ct—E(t))
_ (6.18)
= [Za@®]n
For 0 < n < o, we have
A u™ ()] = LA (Ol = Xhio.<0 [@(—n—o0,+ct—E() —®(n+o0,+ct —E(t))]
2 0;
(6.19)
since ® is strictly increasing. Similarly, for —o < n < 0 we have
(A=) = Xge,s0 [B(n+ou et —E() = @(—n— 0y +ct —E(t))] (6.20)
> 0, '
while for n < —o we have [AXu™ (¢)], = 0. O

Lemma 6.3. Consider the LDE (6.6) and suppose that (Hg), (hK)se, (h®)ss and (h®)se all hold.
There exists a constant Cy > 1 so that for any My > 1 and any t < —To(My) for which ct + Z(t) <
—o, the estimate

(A%t ()] — [ZA(B)]n < CremCatrolltt=OlL, o o) (6.21)

holds whenever n > 0, while

[Aut] — e® (et +E(1)) + g'(0)@(ct + E(t) < Cre~ (o trelletH=0)] (6.22)
holds whenever n < 0.
Proof. For convenience, we introduce the shorthand £ = ¢t + Z(¢). For n > o, we have

A ut W = LiB(n+ou+€) + L0(—n—0,+¢)
= [ZX®)n.

For 0 < n < g, we may use the asymptotics in Proposition 3.4 to compute

(A ut O] — LA = Xppon<o [22(6) = @(n+ 0, +&) = B(—n — 0, +€)]

Zn+aﬂ,<0 Copeet[2— ete (Fon) — emie (4]

(6.23)

IA

+> o <0 Kopelne tra)é [2+ eng Tre)(ntou) o e—(n$+ﬂ<1>)(n+%)]
n+oy,

IN

§ +0,<0 Kq>e(’7<1>7 K )E [jg + 26(77‘1’ 'f‘f”wp)tf)]7
n+oy,

since 2 — 2 cosh (3 (n + 0,,)) < 0. These two observations readily yield the first estimate (6.21).
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For —0 < n < 0 we obtain

A ut O] = Y [®n+o,+8)+(—n—o,+E) —28(8)]. (6.25)

n+o, >0
In particular, we may write
Qui(t) = [AXuT ()] — c®'(€) + ¢ (0)D(E) (6.26)

and compute

Qni(t)

IN

CﬂI: en;& Zn-}-auZO[en; (ntew) + ein;(n+0“) - 2]
—cCyngpe™s +¢'(0)Cg et
+Kgelna tre)é Zn+au20[e(n$ tre)(ntou) 4 o=(ng +ra)(ntou) 2]

+Kgpeltatra)lc 4 |g/(0)]] (6.27)

IN

Cy €€ [2cosh(opng) + 2cosh(oyng ) — 4 — eng + ¢'(0)]
—i—Kq;G(”; +K<I))5[c + |g/(0)| 4+ 24 20e +r€<1))<7)]
= Kgeletre)ilc 4 |g(0)] + 2 + 2e(atre))]

where the last equality follows from (3.13). Finally, for n < —o we have [A*u™(t)],; = 0, which
establishes (6.22) and concludes the proof. O

The specific forms for u* suggest that it is worthwhile to introduce the two auxilliary functions

G(n,&) = g(@n+¢)+g((-n+8) —g(P(n+¢) +2(-n+8),
H(n,¢€) g(@(n+¢)) —g(2(-n+¢)) — g(@(n+¢) — @(-n+¢)).
The next result collects some useful properties for G and H.

Lemma 6.4. Consider the LDE (6.6) and suppose that (Hg), (h®)ss and (h®)ss all hold. Then
there exists Co > 1 such that for every £ € R and n € R, we have the inequalities

G(n,§)] < Ca®(n+E)P(—n+9),

(6.28)

.2
H0 6] < Cob(n+ (@0 +€) ~ (0 +8). (029
In addition, if ng < 77;{, there exist constants Lo > 1 and ko > 0 such that the inequalities
G(n, &) = +r®(—n+9),
HE) < —kab(-n+) (6:30)
hold for all £ <0 andn > Ly —&.
Proof. For any pair (u,v) € R? we have
1ol
g(u+v) —glu) —g(v) = uv/ / g" (su + tv) dsdt. (6.31)
o Jo

In addition, writing u = ®(n + ) and v = ®(—n + &), we have
H(n,§) = g(u)—g(v) —g(u—v)
= g((u—v)+v) —gv) —glu—) (6.32)
= v(u—wv) fol g" (s(u—v) + tv) dsdt.

7



These observations directly imply the estimate (6.29).
We note that the inequalities ¢ > 0 and ng; < nj directly imply that ¢/(0) > ¢'(1). Upon
introducing the quantity

Ta(u,v) = g(v) — g(0) + g(u) — g(u+v) + [g/ (1) — g/ (0o, (6.33)
we may compute
To(uv) = v [ glg'(tv) — g'(0)]dt —v [;Llg'(u+ tv) — g'(1)] dt
v [i_olg' (tv) — ¢'(0)] dt (6.34)

1 1
—v [i—olg'(u+tv) — g'(W)] dt — v [_o[g'(u) — g'(1)] dt.
In particular, there exists C’ > 1 for which the bound
1Ze: (u,v)| < C |v| [ o] + 1 — ul] (6.35)

holds whenever |u| < 2 and |v| < 2. Since ¢’(0) > ¢'(1), we hence see that there exists ¢’ > 0 for
which G(n, &) > 1[¢'(0) — ¢/(1)]®(—n + £) holds whenever
|D(—n+ &)+ |1 —d(n+¢)| <4 (6.36)

Noting that the conditions on (n,&) in the statement of this result imply that —n + & < —Ly and
n+ & > Lo, one can guarantee (6.36) by picking Ly sufficiently large.
Similarly, we write

Tu(u,v) = g(u) —g(v) —g(u—v)+[g'(0) —g'(D]v
= ~Zo(u-v,), (657
which implies
T (u, )] < C" o] [2]v] + 1 = ul]. (6.38)
Arguing as above, the estimates (6.30) now easily follow. O

Lemma 6.5. Consider the travelling wave MFDE (3.10) and suppose that (Hg), (h®)ss and (h® )56
all hold. Then there exists a constant k3 > 0 such that we have

(1) — P'(&2)
) by 2 G<aso (6.39)

Proof. Pick any L' > 1 and consider any pair (£1, &) € R? for which
G-L<&H<ba <o (6.40)
The mean value theorem now gives

'(&1) — '(€2) _ (§1 — &2)@"(01) _ "(0:)
P(&1) — (&) (&1 —&)P(2)  P(02)
for some non-negative pair (61,6;) € R? with |01 — 62| < L’. The asymptotics (3.17) now imply that
there exists a constant &' = &'(L’) > 0 so that Q(&1,&2) > #'(L’) whenever (6.40) holds.

On the other hand, the exponential decay of ® stated in (3.17) ensures that for L’ sufficiently
large we have

Q(&1,62) = >0 (6.41)

¥(&) < 3¥(@) (6.42)
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whenever & + L' < & < 0. The desired lower bound now follows from the estimate

@/(51) - @’(52) %@’(51) /<L”
O(&1) — 2(&2) = (&) &

for some " > 0, again using the asymptotics (3.17) to obtain the second inequality. O

(6.43)

We are now ready to verify that the two functions u* are a sub and super-solution for (6.6). In

view of the preparations above, the following two results can be established almost exactly as in [9,
§2.3].

Lemma 6.6. Consider the LDE (6.6) and suppose that (Hg), (hK)ss, (h®)ss and (h® )se all hold.
Then there exist My > 1 and T, > To(Mo) so that the function J~ : (—oo, —T.] — £>°(Z%,R)
defined by

T (8) =ty () — [Au™ ()] — g(uy (1)) (6.44)
satisfies the estimate
T (t) <0, (n,1) € 7%, t < —T.. (6.45)
Proof. For n < —o, we automatically have 7, (t) = 0. For —o < n <0, we have
T ) = =[A%u" (t)]u <0 (6.46)

by Lemma 6.2.
For n > 0 we write

&=ct—Z(t) (6.47)
and assume without loss that £ < —o. We compute
Talt) = (c—Z0)[@(E+n) - &( —n)] — [A%u™ (B))u — g(B(€ +n) — B(E —n))
—EWD)[@(E 4+ ) — B¢ —n)] + [Z3 (O] — A0 ()] + H(n,€) (6.48)
< B +n) - ¥(E—n)] + H(n, ).

First, let us consider the case 0 < n < —¢, for which we obviously have £ +n < 0. In particular,
recalling the estimates stated in Corollary 3.5, we may compute

T ) < —Myense?EW ka[d (€ + n) — ®(€ — n)] + Co®(€ — n)[@(E+n) — B(€ —n)]

< [ = MoemEe2=W gy + Cofg,e e S [B(E + n) — B(E — n) (6.49)
= [ = Mpem€e20= 0 gy 4 o Mo €e 1] [B(E + n) — B(E — n)] '
< eME ] — Moks + Cof35, | [@(€ +n) — @(E — n)).

By picking My > 1 to be sufficiently large we can hence arrange for 7, (t) < 0 to hold in this
regime.

We now study the situation that n > —& > o. In this case we have £ +n > 0 and £ —n < 0,
which allows us to estimate

Tat) < —E@)[@(E+n) — (€ —n)]+ Ca®(€ —n)[®(E +n) — B —n)]

< — Myenoe2mE() (alﬁwe_”g‘&*"‘ — agpe e 67l 4 Oy B e e 167
= —Moemée2n= e (af e(a —n3)ng—né _ €& — OB My L elma —m)ée=2m=(1))
<~ Myemée2mEMe—nan (ot ela—na)ne st _ Qg€ & — OB My t).

(6.50)
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If ng > 77;(, we obtain the bound

T(t) < —Memten=Mte=men (off e et — e’ — Cgﬁ;ngl). (6.51)

ow

In particular, whenever £ < —1 is sufficiently negative to ensure that
ozlfjwe_"gg - ozljpe"*i:f — CufpyMy ' >0, (6.52)

we have J, (t) < 0. This restriction on £ can be achieved by choosing T to be sufficiently large.
On the other hand, if n; < 13, we consider two separate cases for n. In particular, recalling the
constants Lo > 1 and ko from Lemma 6.4, we note that for n > —¢ + Lo we have
T @) E)P (€ —n) — ka®(€ — n)

Moemee?m=Mag e~ lénl — o5 e=nalé=n| (6.53)

IN

IN

= e Malémnl[Afe™ (ct+5(t)> gy — 2By )-

In this case, we have J;(t) < 0 provided T, is chosen to be sufficiently large to guarantee that
ct + E(t) < —1 is always sufficiently negative to have

Mye™ (Ct+5<t>)a;p —kof, <0,  t< T, (6.54)
Finally, for —§ < n < —& + Lo, we see from (6.50) that

T () —Moe""er"”E(t)e_";”(ozltwe(";_”g)”e_"dté —ag,emt — Oyl Myt

IN

IN

ow

— Myemse2m=0 e=nam (o;F (Mg —n3)(L2—€) g—nf e _ ag,e’ s — Cof,My)  (6.55)

—Moe”‘)feQ"UE(t)e_";"(ozl‘gwe(";_"it)L?e_";f —ag,e™é — Cof, My ).
In particular, whenever £ < —1 is sufficiently negative to ensure that
ozfgwe("‘; —ng)Lag—ng€ _ agpe”;@t _ CQ@IPMO_I >0, (6.56)

we have 7, (t) < 0. As before, this restriction on £ can be achieved by choosing T to be sufficiently
large. O

Lemma 6.7. Consider the LDE (6.6) and suppose that (Hg), (hK)ss, (h®)ss and (h® )ss all hold.
Then there exist My > 1 and T, > To(My) so that the function J+ : (—oo, —T.] — £>(Z%,R)
defined by
T (8) = iy (8) = [A"u™ ()] — g (w3 (1)) (6.57)
satisfies the estimate
Jh(t) >0, (n,1) € 72, t < —T.. (6.58)
Proof. For convenience, we write
¢ =ct+2(t) (6.59)
and assume that

(6.60)
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which for every My > 1 can be arranged by picking T, = T.(My) to be sufficiently large. Note in
particular that g(2®(€)) < 0.

Choose C’ > 1 in such a way that ¢"”"(u) < C' for u < 0 < 1. Remembering that ¢g(0) = 0 and
g'(0) < 0, we pick n < 0 and use Lemma 6.3 to obtain the bound

Tat) = 2(c+E()P'(€) — [A~ +(t)] —9(22(9))
> (e 22(0)2(6) + ¢ (0B(E) — g(28(E)) — CrelraTrw)e
> (e+ 25(1)@(6) + 20 (0)D(€) — g(20(¢)) — Crela+rae oo
> (c+22(1)P'(€) — 2C"D(£)? — Crelnatre)s
> (C+2_(t)) (&) —2C" B ]2 2058 — Oy ey Tra)E
> 20, Moyemotn2)8 — 20" (3 ]2 205€ — Oy ene Hre)t,
By picking My > 1 to be sufficiently small we can hence guarantee ._775 (t) > 0.
Let us now consider n > 0, for which we may compute
T = (e +EM)P(E+n) + (& —n)] — [A*u ()] — g((E +n) + B(§ —n))
= EO[®(E+n)+ (€ —n)] +G(n,&) + [TX(D)]n — [Aut ()] (6.62)
> E()[® (€ +n) + (€ —n)] +G(n,§) — Cre”MatrallilL, o o).
Restricting attention to 0 < n < —¢, for which we have £ +=n < 0, we may estimate
jﬁ(t) > Moenofof e~ Ma 1&+n| _ 02[5— 2e e €tnl =g [Enl 016_(”;+“‘D)|5|1ne[0,a)
(6.63)
> Mooy, elmtna)é — Oy ]2 Meé — O elne Tra)t,
Choosing My >> 1 to be sufficiently large again ensures that 7 () > 0.
It remains to consider n > —¢ > 0. We now have £ —n < 0 < £ +n and compute
Jﬁ(t) > Moenoéa e —nlé+n| _ Cofpe —ng 1€l
> e”og[Moalowe*%ge*%" — 02/3@)6("‘? *no)ée*n;n] (6.64)
> 6770'5[M0altwe*77$” — Caf35,e "]

If ng > ng, we immediately get jrjz (t) > 0 upon picking My > 1 sufficiently large.
On the other hand, if ng < 77;5 , we recall the constants Lo and ko from Lemma 6.4 and note that
for all n > —£ + Ly > 0 we have

Th(t) 2 E0)[@' (€ +n) +2'(€ —n)] + G(n, &) 2 0. (6.65)
In addition, it is possible to chose M > 1 in such a way that
Mooy, e ™™™ — Cofie o™ > 0 (6.66)

for all n in the bounded range —§ < n < —¢ + Lo. In this case we also have jﬁ(t) > (0 from
(6.64). O

We are now ready to prove the existence part of Proposition 6.1. The proof uses a limiting
procedure to construct the entire solution U from a sequence of solutions that are squeezed between
u~ and T on compact intervals that converge to (—oo, —7T%]. We spell out this limiting procedure in
detail in the proof below, because it will be used several more times in the remainder of this paper.
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Lemma 6.8. Consider the setting of Proposition 6.1. There exists a C'-smooth function U : R —
> (A*;R) that satisfies (6.6), (6.7) and (6.8).

Proof. Consider the constant T} and the functions u* defined in Lemmas 6.6 and 6.7. By potentially
increasing T, we may assume that ¢ > =(¢) holds for t < —T.
For any integer k > T, we write

u®) : [—k, 00) — 1°(AX;R) (6.67)
for the solution to the obstructed LDE (6.6) with

WM (k) =u,(—=k),  (n,]) € A%, (6.68)

nl

In particular, for all ¢ > —k and (n,l) € A* we have

k k
Fu (O = (AL O)a +g(ul (1), oo
6.69
2 (k k k
Lal () = (A% Lu® (6] + g (W (1) Lul) (@),
We note that 4_,(t) = 0 for n <0 and
u,,(t) =[c— 2(1)][®(ct — E(t) +n) — ®(ct — E(t) —n)] >0 (6.70)
for n > 0 and t < —T... We hence have
. (k _ _
i) (<k) = (A3 (=k)J+ g(u (k)
> ing(-h) (6.71)
> 0
The comparison principle now implies
i y>0,  0<u®i)<1 (6.72)

for all t > —k and (n,l) € A*. In addition, another application of the comparison principle yields

un () <uM () <ufi(t),  —k<t<-T.  (n,1) €A (6.73)

nl

Fix any interval [tg,¢;]. Combining (6.69) with the bounds (6.72), we see that for each fixed
(n,l) € A* the sequence of functions {(un’? (1), %uiﬁ?(t))} is well-defined for large k and equicon-
tinuous on the interval o < ¢t < t;. In particular, potentially passing to a subsequence we can
write
d .

(u (1), Zus)(©) = (Uua(0),Uu(®) k= o0, (6.74)
where the convergence is uniform on the interval ¢ty < t¢ < t;. Via diagonalization, we can pass to a
further subsequence for which (6.74) holds for all (n,l) € A* and ¢ € R, which can be taken as the
definition of the function U : R — ¢°°(A*;R). The convergence (6.74) is uniform for finite sets of
(n,l) and compact intervals of t. In particular, by taking limits in (6.69) we see that

Uu®) = BLUGW+9Uu®), (e,  teR (6.75)
while taking limits in (6.72) yields

Uut) >0, 0<Uy(t) <1 (6.76)
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Inspection of the definition of u~ readily yields the uniform limit

sup |Upni(t) — @(n + ct)| — 0, t — —o0. (6.77)
(n,l)eAX

In particular, U is not constant which allows us to sharpen (6.76) to
Uu(t) >0,  0<Uny(t) <1. (6.78)
O

Throughout the remainder of this section we consider the uniqueness of the function U defined
in Lemma 6.8. The following result establishes a key compactness property.

Lemma 6.9. Consider the setting of Lemma 6.8. Then for any ¢ € (0, %], there exist constants
Ty =Tu(p) > 1 and k4 = ka(p) > 0 such that

Uni(t) > Ky, t< —Ty, (n,1) € Qu(t), (6.79)
in which
Qu(t) ={(n, 1) e A 1 p < Upi(t) <1 —}. (6.80)

Proof. The uniform convergence (6.7) implies that we can pick Ty > 1 and Ly > 1 in such a way
that

Q) C{n+ct| <Lyt C{n>1}, t<-Ty (6.81)

Seeking a contradiction, let us consider a sequence {(tg,n,lx)} k>0 with t; € (—oo,—Ty] and
(g, i) € Qu(ty), for which Uy, 1, (tx) — 0 as k — oo. Introducing the functions

U () = Uty (£ + 1) (6.82)

nl

and arguing as in the proof of Lemma 6.8, we can pass to a subsequence for which we have the
convergence

Ut = Un(t), k=0 (6.83)
for some function
U": R — (A R), (6.84)

where A* = Z2 if |ng| + |lk| — 0o or A* = AX — (n,, 1) if ng — n, and Iy — L. In both cases, we
may pass to a further subsequence for which

ny + ctp — &, k — oo (6.85)

for some |€,| < Ly. By construction, the function U* satisfies

T ) = AU (O] + g(Un 1), (n,1) € A*, t e R, (6.86)
with
7%,(t) >0, U 0(0) = 0. (6.87)

In particular, the comparison principle implies that

7)) =0, t<0, (n,d) €A (6.88)
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On the other hand, we claim that we have the uniform convergence

lim sup |U}(t) —®(n+ct+&)| =0, (6.89)
1= =00 (n,l)e A

which directly contradicts (6.88). To see (6.89), we pick any € > 0 and choose T”(€) in such a way
that

Untn i (8 + k) — @(n+my + et + )] < k>0, t<=T'(e), (6.90)

Wl o

which is possible because of (6.7) and tp < —Ty. Now pick any ¢t < —T"(¢) and any (n,l) € A*. On
account of (6.83) and (6.85), there exists k, for which

[@(n +nps + et + ) = P(n+ct +&)| < (6.91)

|
Wl Wl

Ui (@) = Unpn, ate, (E+ ) <
both hold, which implies
[Un(t) = @(n+ct + &) < e (6.92)
This establishes (6.89) and completes the proof. O

Corollary 6.10. Consider the setting of Lemma 6.9 and pick a sufficiently small ¢ > 0. Then
there exist constants Cs = Cs(p) > 1 and 15 = n5(p) > 0 such that for any 0 < € < ¢ and any
to < —Tu(p) — Cse, the functions

W, (tieto) = Un (to — Cse(1 — e ™) + t) — et
(6.93)

Whtie,to) = Un(to+ Cse(l — e ™) 4 1) + ee 5"
satisfy the differential inequalities
W) < (DLW O +9(Wa(t)
l ; (W,3(0) oon

Wih(t) = [ALWH )]+ g(WhH(1),
for all 0 <t < =Ty(p) — tg — Cse and (n,l) € A*.
Proof. One can follow the proof of [29, Prop 4.3] almost verbatim, noting that the specified restric-

tions on ¢ imply that one can use the lower bound for U established in Lemma 6.9. O

Proof of Proposition 6.1 . It remains to consider the uniqueness of the entire solution U constructed
in Lemma 6.8. Suppose therefore that V' : R — £°°(A*;R) satisfies the obstructed LDE (6.6) and
obeys the limit (6.7). Picking ¢ > 0 to be sufficiently small, we note that for any 0 < € < ¢ there
exists t. < —T4 — Cse for which

Vi (t) — Upni(t)] < e, t <t (n,l) € A*. (6.95)
In particular, using the functions W# defined in Corollary 6.10, we obtain
W (05 €,t0) < Viu(to) < W,5(0;€,t0) (6.96)
for any tg < t.. In particular, we have
Wi (t = tose to) < Var(t) < Wit —tose o) (6.97)

for all ¢ € [tg, =Ty — Cse]. Sending t; — —o0, we obtain
Uni(t — Cs¢) < V() < Uni(t + Cse), (6.98)
for all t < =T, — Cse. In particular, taking the limit € — 0 we find V = U. O
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7 Various Limits

In this section we focus on the entire solution U constructed in Proposition 6.1 and establish a
number of useful limits. In particular, we show that U resembles the planar travelling wave at the
spatial horizon |n| + |I| — oo. In addition, we show that U converges pointwise to a stationary
solution of the obstructed LDE (6.6), which under suitable conditions on the obstacle can be shown
to be equal to one identically.

As in §6, we fix a direction (op,,0,) € R?\ {0,0}. We first state our three main results and then
proceed to prove each of them in turn.

Proposition 7.1. Consider the obstructed LDE (6.6), assume that (Hg), (HK1) and (h®)ss with
¢ > 0 all hold and recall the entire solution U defined in Proposition 6.1. Then for every ea > 0 and
any pair t_ < ty, there exists R = R(ea,t_,t}) such that

|Uni(t) — ®(n+ ct)| < e (7.1)
forallt_ <t <ty and (n,l) € A* with |n|+ ||| > R.

Proposition 7.2. Consider the obstructed LDE (6.6), assume that (Hg), (H®) and (HK1) all hold
and recall the entire solution U defined in Proposition 6.1. Then for each (n,l) € A* we have

tlim Unl(t) = Unl;oo (72)

for some sequence U.o € £°(A*;R) that admits the bounds 0 < U.oo < 1, obeys the limits

Hm Upjise = 1 (7.3)

|n|+|l]—o0
and satisfies the stationary problem
0= [AXX U;oo]'n,l —+ g(Unl;oo). (7.4)

In order to state our third main result, we introduce a slight reformulation of the assumption
(HK2). In the terminology of (HK2), the condition below states that the line ¢ C R? goes through
the origin and is oriented in the direction (o, 0,) € R?\ {0,0}.

(hK2)g7 For any (n,l) € 0xA* and any

obs

(n';I'ye KX N ZXZX (n,1), (7.5)
we have the bound
In'| <n|. (7.6)

We emphasize here that the direction featuring in (hK2)g; for the obstacle need not be the same
direction as the propagation direction corresponding to the entire solution U defined in Proposition
6.1. It is merely technically convenient to use the same coordinate system in all our computations
below.

Proposition 7.3. Consider the obstructed LDE (6.6), and assume that (Hg), (H®), (HK1) and
(hK2)s7 all hold. Then any sequence U, € {°(A*;R) that satisfies the conditions mentioned in
Proposition 7.2 must have Upp.0o = 1 for all (n,l) € A*.

Focussing on Proposition 7.1, we first treat the transverse horizon |l| — oo using a limiting
argument and then construct a super-solution to study the wave horizon |n| — —oo. The approach
here strongly resembles the arguments developed in [9, §4 and §7.2].
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Lemma 7.4. Consider the obstructed LDE (6.6) and assume that (Hg), (HK1) and (h® )ss with
¢ # 0 all hold. Let U : R — £>°(A*;[0,1]) be a solution to the obstructed LDE (6.6) that satisfies the
limit

sup |Upni(t) — @(n + ct)| — 0, t — —o0. (7.7)
(n,l)eAX

Consider any sequence {lx}r>1 C R with || — 0o as k — oo. Pick (n,l) € A* and consider any
interval [to, t1] C R. Then we have

sup |Up 41, (t) — @(n +ct)| — 0, k — oo. (7.8)
tE[to,t1]

Proof. Writing
ug?) (t) = Un,l-i-lk (t)v (79)

we can argue as in the proof of Lemmas 6.8 and 6.9 to show that, after passing to a subsequence,
we have

Jim w3 (1) = Uz (¢) (7.10)
for all t € R and (n,l) € Z%. This convergence is uniform for ¢ in compact intervals and (n, )

in finite subsets of Z2. In addition, the C'*-smooth function U* : R — £°°(Z2;[0, 1]) satisfies the
unobstructed LDE

Tai(t) = (AU O+ 9(Un(1),  tER,  (nl) €L (7.11)
and enjoys the limit
sup |Uy(t) —®(n+ct)] = 0ast — —oo. (7.12)
(n,)ez?

A standard argument analogous to the one used in the proof of Proposition 6.1 now shows that in
fact U¥,(t) = ®(n + ct). In particular, the convergence (7.10) holds for the entire original sequence
Ik O

We write (ci, @) for the waves defined in Proposition 3.7 that satisfy the travelling wave MFDE

GO = O on) EE o) T OTE o)+ B E o) —0TEO
+g5 (®5(9)),
with the limits
B;(—o0) = 6, @ (4o0)=1-35 (7.14)
and
Of(—00) = 40, D (+00) =1+ (7.15)

We recall that we can arrange for céi > 0 by appropriately restricting § > 0.

Proof of Proposition 7.1. We study the three regimes n > 1, n < —1 and || > 1 separately. First
of all, on account of the backward limit (6.7), we can pick T{ > —t_ sufficiently large to ensure that

1
\Upi(=T7) — ®(n — cI7)| < 362 (n,1) € A*. (7.16)
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In particular, we can pick N > 1 in such a way that (n,l) € A* whenever n > N7, while also
O(n—cl)>1— e, Un(=T7) > 1 — €, n > Nj. (7.17)
Since @' >0, U,,; > 0 and t_ > —TY{, we hence have
|Upni(t) — ®(n + ct)| < e, n > Ny, t>t_. (7.18)

Moving on to the n <« —1 regime, we pick § = %62. Reasoning similarly as above, we choose
T) > —t_ and N4 > 1 in such a way that

0 < Unu(=Ty) <0, n < —Nj. (7.19)
Possibly decreasing 6 > 0, we pick 9 € R in such a way that <I>(';" (9) = 1. This allows us to write
Uni(=T3) < ®F(n+ 9+ NJ), (n,1) € A*. (7.20)
For t > —T4 and n > —NJ, we have
Sf(n+9+Ny+cf(t+1T3) >0 (— Ny +9+Nyj) =1. (7.21)
This allows us to apply the comparison principle on the region ¢t > —T4 and n < —NJ to conclude
Uu(t) <@f(n+9+ Ny +cf(t+13)), t>-T5, n<-—Nj. (7.22)
In particular, since @ (—00) = § = 1e,, there exists Nj > 1 such that
0 < Upn(t) <26 < e, 0 < ®(n+ct) < e, n < —Nj, to <t<ty, (7.23)
which again shows
|Uni(t) — ®(n+ ct)| < e, n < —Nj, t<t<t,. (7.24)

We conclude by discussing the regime |I| — oo. By Lemma 7.4, we see that we can pick L} > 1
in such a way that

Uni(t) — ®(n+ct)| < ea, t_<t<t, (7.25)
holds whenever |I| > L} and —N} < n < N{. We claim that it now suffices to pick
R(eg,t—,ty) = 2max{L}, N5, N } (7.26)

in order to conclude the proof. To see this, we note that |I|+|n| > R implies that either |I| > R/2 > L)
or |n| > R/2 > max{Nj, N7}, which shows that either (7.18), (7.24) or (7.25) is satisfied. O

Turning to Proposition 7.2, we introduce the notation
BJ(no,lo) = {(n,1) € Z% : |n —no| + [l — lo| < R}. (7.27)

We recall also the definition (6.3) for the notation dx By (no,lp). In view of our preparatory work in
§4, we can closely follow the lines of [9, §5].

Lemma 7.5. Suppose that (Hg) and (H®) are both satisfied and recall the nonlinearities g5 defined
in Proposition 3.7. Then for any sufficiently small & > 0, there exist constants T = T'(J), R1(d) and
R2(5) with

RQ((S) — R, (5) > 2, (728)
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such that the solution to the unobstructed LDE
Uy = [Au" ] + g5 (uy,), >0 (7.29)

with initial condition

B 1—-2¢ (n,1) € Bg (0,0),
unl(o) = 2 x (730)
-4 (n,1) € Z5 \ By, (0,0),
satisfies
uy(T) > 1 =25 for all (n,1) € Bg, (0,0). (7.31)

Proof. This follows directly from Proposition 4.1 with the nonlinearity g = g5 . Here we exploit the
fact that this proposition only requires the weaker condition (hg)gs instead of (Hg). O

The following result is the key technical ingredient to the proof of Proposition 7.2. It can be seen as
a generalization of the spreading result to the obstructed lattice, provided that one stays far away
from the obstacle. This provides a mechanism by which we can connect points far in front of the
obstacle to points far behind the obstacle, where we know that U is large on account of the backward
limit (6.7).

Lemma 7.6. Consider the setting of Proposition 7.2, pick a sufficiently small 6 > 0 and recall the
constants R1(6) < Ra(6) and T(0) defined in Lemma 7.5. Then there exists Rs = R3(d) > Ra(9)
such that the following holds true.

Consider any (nog,lo,to) € A X R for which Bég(é) (no,lo) C A* and for which Up(to) > 1—25

for all (n,1) € Blél(&) (no,lo). Then we have
Un(to+T(6)) >1—26 (7.32)
for all (n,1) € B§2(5)(no,lo)-

Proof. Consider the solution u~ to the unobstructed initial value problem (7.29)-(7.30). By choosing
¥ > 1 we can arrange for

u,;(0) =1—20 <min{®; (+n +9), 5 (—n+9), Py (+1 + ), Py (=1 + )} (7.33)

to hold for all (n,l) € By (0,0). In addition, for any (n,1) € Z% \ By (0,0) we have u,,(0) = = <
Oy (€) for all £ € R. In particular, we see that

u,(0) < min{®@; (+n +9), @5 (—n +9), 5 (+1 + ), ;5 (=1 +9)}, (n,1) € 72 . (7.34)
Now, notice that the four functions
o5 (£n + 9 + cst), S5 (£l 40 + cst) (7.35)
all satisfy the unobstructed LDE
p(t) = [A%u(®)] + g5 (un (1)), (7.36)

since they represent waves travelling in the directions (o, 0y), (—on, —0v), (v, —op) and (—oy, op)
in the original (i,7) coordinates. In particular, for all ¢ > 0 and all (n,l) € Z% we have

u,,(t) <min{®; (+n+ 99 +c5t), @5 (—n+ 9 +c5t), P5 (H + 0+ c5t), @5 (=l + I +c5t)}. (7.37)
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We now choose R3 > Rs in such a way that
1
@g(—§R3+ lon| + oo + 9+ ¢, T) < 0. (7.38)
This allows us to conclude
u,,(t) <0, (n,l) € 0y Bés (0,0), 0<t<T, (7.39)

because at least one of the four arguments of ®; appearing in (7.37) is less than —3 Rz + |op] +
low| +9 +c5T.
By construction, we now have

Unl(t0> > urjfno,lflo (t — t()), (n, l) S B;;ES (’no, l()), (740)

because Uy, (to) > 1 — 26 for (n,1) € By (no,lo) and u,;(0) = =4 < 0 for all (n,1) € Z% \ By, (0,0).
In addition, we have

Uni(t) 20>y o0 (E—to) (n,1) € 0x By, (no, lo), to<t<ty+T. (7.41)
Now, the properties of g5 imply that
i(®) = (A= O+ 05 () < (A0 O+ 9(um(h), (D EZ2,  t20. (T.42)
In addition, since K, does not intersect By, (no,lo), we have
Uni = [A* Ul + g(Uni(t)), (n,1) € Bg,(no,lo) \ OxBg,(no,lo),  t=>to. (7.43)
We now conclude that for all to <t <to+ T and all (n,l) € B, (no,lo) we have

Unl(t) >u

— ;—ng,l—lg(

t —t), (7.44)
which directly implies
Un(to+T)>1-— 26, (n,1) € By, (no,lo)- (7.45)
O
Proof of Proposition 7.2 . The fact that U,;(t) > 0 for all t € R and (n,1) € A* implies that

Unl;oo = lim Unl(t) (746)
t—oo

is well-defined and satisfies 0 < Upy0o < 1 for all (n,1) € A*. To see that U, satisfies the stationary

problem (7.4), let us suppose to the contrary that for some (n.,l.) € A* we have
[AXUslna i, + 9(Un. i00) = & #0. (7.47)
Picking T > 1 sufficiently large, we can ensure
AL VWt +0(Unr ()] 2 5 8] > 0 (7.45)
for all ¢+ > T. In particular, this would imply that U, ;. (t) > 2|k > 0 for all t > T, a clear
contradiction.

It remains to show that lim,|1|j|—~cc Uni;oo = 1. To this end, pick any sufficiently small 6 > 0
and recall the constants Ry = R1(0), Re = R2(0), R3 = R3(0) and T = T'(9) defined in Lemma 7.6.
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Because of the limit (6.7), we can certainly find (no,lo, %) in such a way that Bg_(ng,lo) C A* and
Uni(to) > 126 for (n,l) € By, (no,lo). Now pick any (n,l) with |n|+ |I| sufficiently large to ensure
that B (n,1) C A*. We can then find a finite sequence

(no,lo), (n1,01), ..oy (g, k) = (m, 1) (7.49)

with Bj; (nz, l;) CA* for 0 <i<kand
(ni,1;) € Bp, (ni—1,1i-1), 1<i<k. (7.50)
In particular, we see Up;(to + kT) > 1 — 26, which in view of Unl(t) > 0 implies Uppoo > 1—26. O

We now turn our attention to the proof of Proposition 7.3. The material in [9, §6] needs to be
adapted in order to accommodate the fact that the state space for the travelling wave MFDE is
infinite dimensional. In particular, there is no analogue of the function [9, (6.4)] available for use in
our setting.

For any 9 € R, we introduce the shorthand

€nt = &nizo = |n| — 0 (7.51)
and introduce the sequence w.y € £>°(Z%;R) that is given by
Wpl = Wply = @(fnl;g). (7.52)
A short computation yields
(A wl = (& + [0+ on| = [n]) + (& + [0 — on| = [n])
+@ (& + |0+ 0| — [n]) + @(Eui + [ — 00| — [n]) (7.53)
— 4P (&)
Now, for any ¢ > 0 we have
(+0,—0), n>a,
(Jn+3|—[nl,In— 3 — |n]) = E;‘L’fa o K-S % (7.54)
(—o0,+0), n< —o.

Assuming for definiteness that o, > 0 and o, > 0, we hence have
[Axw]nl = (I)(fnl + Uh) + q)(gnl - O'h) + (b(fnl + UU) + q)(gnl - Uv) - 4(D(§nl)
+H[@(&ni + on —2n) — ®(§u — on)]Lo<n<on

[
H[® (&t + o +2n) — D(§nr — on)] 10, <n<o (7.55)
+[@ (& + 00 — 2n) = 2(§u — 0w)]Lo<n<o,
F[P(&nt + 0w +2n) — (& — 00)]1—0, <n<o
=2 (& +on) + (& — on) + (& + 0w) + P(Ent — 0v) — 4 (1),
on account of the fact that ® is a strictly increasing function.
If (hK2)s7 is satisfied, we may now estimate
[Alcwla = [A% Wl = 3 inenss iz, ey — wnil
= [Awlu - zw,l,)w;; i [®(En) — 2 (Ea)] )
> [A%wln, .
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where the inequality is a consequence of the bound &,/ < &,;. In particular, we see that

[Azx w]nl + g(wnl) Z (I)(gnl + Jh) + (I)('gnl - Uh) + @(gnl + UU) + (I)('gnl - Uv) - 4(1)(571[)

+9(®(&m))
= @ (&u).
(7.57)
Upon writing
o (t) = ®(In] + 5t = 9) = D(Euo + 51), (7.58)
we immediately see
U (8) = [A Xty ()] — g (9 (1)) < —gfb’ (&ntso + gt) <0, (7.59)
implying that u_, is a sub-solution to the obstructed LDE (6.6) for every ¥ € R, with
Up;9(0) = Wnizo, tlggo Uiy () =1 (7.60)

for every (n,l) € A*.

Proof of Proposition 7.3. In view of the discussion above, it suffices to choose ¥ > 1 in such a way
that

Unl;oo > Wnl;9 (761)

holds for all (n,l) € A*.
For any R > 0, we introduce the set

O = {(n)€Z% :In|+I| = R}. (7.62)

Now, pick 0 < § < % in such a way that g is strictly decreasing on [1 — §,1 + 4]. In addition, pick
R > 1 in such a way that we have K} N Qy = 0 together with

obs

Untioo >1—6  (n,1) € Q. (7.63)

Shifting the wave profile ® in such a way that ®(0) = %, we now pick 9 > 1 sufficiently large to
ensure that

9> |nl, (n,1) € 0xQ. (7.64)

We now claim that (7.61) holds for all (n,l) € Q. To see this, note first that for (n,1) € 9xQ}%,
our construction yields

Untow > § = B(0) > wnizy = B(Jn| ). (7.65)
On the other hand, our choice for R guarantees
146> Unijoo +0 212> wpp (7.66)
for all (n,l) € Q. In particular, we can define the quantity

€x =inf{e > 0 : Uppyoo + € > Wiy for all (n,1) € Q3}. (7.67)
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By continuity, it suffices to show that e, = 0 in order to prove our claim. Assuming to the contrary
that €, > 0, we note that the set

Q% ={(n,1) € Q% Up <1-— %*} (7.68)

is bounded because of the spatial limits (7.3) satisfied by U. In particular, there exists a pair
(ns, 1) € Qp for which

Un.tioo T € = Wn 1,0 (7.69)
In addition, the inequality (7.65) shows that (n.,l.) ¢ dx Q. which by definition implies
N (s, 1) = Njs (s, 1) € Q. (7.70)
Finally, by continuity we also have
Uniioo + €5 > Wni.y, (n,1) € Q. (7.71)
Remembering that g is strictly decreasing on [1 — §,1 + ¢], we may now estimate

_Q(Un*l*;oo+6*) > _g(Un*,l*;OO)
[AXU;OO]n*l*

I:AX [U*OO + 6*]] .

[A*w.9]n,1,

(7.72)

v

v

_g(wn*l*;ﬁ)

_Q(Un*l*;oo + €4,

which clearly is impossible.

It remains to establish (7.61) for the bounded set (n,l) € A* \ Q3. Note that the connectedness
assumption (HK1) in combination with Corollary 3.2 implies that Uy > 0 for all (n,1) € A*. In
particular, we can pick C’ > 1 in such a way that

O(—C") < min{Upi;o0 = (n,1) € A\ Q3 } (7.73)
Possibly increasing ¢, we can ensure that
fnl;19 < —Cl, (n,l) € A~ \QE, (7.74)

which suffices to establish (7.61) and complete the proof. O

8 Proof of Theorem 2.3

We are finally ready to tackle the second main result of this paper. In view of the preparatory work
in §7, it will suffice to establish the following result, which is the analogue of [9, Thm. 7.1].

Proposition 8.1. Consider any angle (. € R and suppose that (Hg) and (HS)¢, both hold. Suppose
furthermore that (h® )ss with ¢ > 0 holds for the pair (op,0,) = (cos (s, sin (y).

Let U : [0,00) — £>°(A*;[0,1]) be a Cl-smooth solution to the obstructed LDE (6.6) for an
obstacle that satisfies (HK1). Suppose that for every ea > 0, there exists te, > 0 and a bounded set
KX D K., such that

‘Unl(tez) - (I)(TL + Ct52)| < €2 (81)
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holds for all (n,l) € Z2 \ K

& While

Uni(t) > 1— e (8.2)

holds for all t > t., and (n,l) € OxA*.

Then we have the uniform convergence

sup |Upi(t) — ®(n + ct)| — 0, t — oo. (8.3)
(n,l)eAx

Naturally, we intend to exploit the sub and super-solutions constructed in Propositions 5.1 and
5.2 in order to establish the result above. Our main task in this section is therefore to construct
suitable C''-smooth functions z : [0,00) — R that will allow us to absorb error terms caused by the
obstacle into the term 17.z(t) that we have to spare in (5.12). It is important to note that such
estimates are required only when condition (b) in Proposition 3.1 fails, i.e., when our sub-solution
is larger than 1 — es.

This latter event occurs at some time ¢; > ¢, for which no a-priori upper bound is available.
In particular, up to a scaling factor, our function z(¢) will follow zpom(t) until ¢ approaches ¢,
after which it increases in a short time interval back to %zhom(()) and then resets back to following
%zhom(t —t1) for t > t;. This way, we can ensure that z(t) is sufficiently large for the critical time
period t > t; where the effects of the obstacle play a role.

Lemma 8.2. Fiz any 0 < n, < 1. Then there exists a constant {p = €p(n,) > 0 together with a
polynomial P_ that satisfies the identities

Po(—tp) = g Pl(—tp)=0, P(0)=1, P.(0)=—n., (8.4)
together with the bounds
0> P (z) > -—n.P_(x), —lp <z <0. (8.5)
Proof. Choosing ¢p = n; !, we write

1(z+¢p)? 3

from which the identities (8.4) immediately follow. We now compute

e i ®

which shows that for —¢p < z < 0 we have
g 2 m = (88)
as desired. [

Lemma 8.3. Fiz any 0 < n, < 1 and recall the constant {p > 0 defined in Lemma 8.2. Then for
every 0 < v <, there exists a polynomial Py, that satisfies the identities

P..,(0)=1, PJ’F;V(O) =—v, Pjr;y(ép) =0, (8.9)
together with the bounds Py, (¢{p) > % and

0> P, (x) > —n.Py.(z), 0<ax</Ip. (8.10)
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Proof. Upon writing

Y (w—tp)? 1= 2tr (8.11)

P, (z)=—
+; () 2, 5

and remembering ¢/p = 1, !, we immediately see that the identities (8.9) are satisfied, together with
the bound

4 1
Protp) =1- 55 = 2. (8.12)
2 2
We now compute
a4 P, (@)1
4o Prov(a) ((—tp)2+03 (52 )" (8.13)
In particular, for 0 < x < £p we have
Pl (2) PLO
Pro@ 2 Poa@ = V2 e (8.14)
O

We are now ready to construct template functions zons:¢, (t), based on the corresponding function
Zhom (t) that was defined in Lemma 5.3 for the homogeneous lattice. The crucial point in the result
below is that the constants kops and Zyps do not depend on the size of ¢1, which in the sequel we
will need to be arbitrarily large.

Lemma 8.4. Fiz any 0 < n, < 1. Then there exists constants Zobs = Zobs(n.) > 1 and Kops =
Kobs(nz) > 0, such that for any t1 > 0 there exists a C'-smooth function zops:, : [0,00) — R that
satisfies the following properties.

(i) We have z(y,.; (t) > —Mz20bs;t, (t) for allt > 0.
(1) We have 0 < Zobs:t, (t) < Zobsyt, (0) =1 for all t > 0.
(iii) We have zobsit, (t) > 3 2hom(t) for all t > 0.
(iv) We have Zobs:t, (t) > Kobs(1 +1 — tl)*3/2 for allt > t;.
(v) We have fooo Zobssty (1) dt < Zops.

Proof. Recall the constant £p and the polynomials defined in Lemmas 8.2-8.3. If 0 < t; < 3{p, we
define Zobs:t, (t) = znom(t) and observe that the properties (i) through (v) follow immediately from
Lemma 5.3.

On the other hand, if ¢; > 3¢p, we define the function zns;:, separately on five different intervals.
In particular, for 0 <t < t; — 3{p, we write

Zobs;ty (t) = Zhom(t> (815)

and define

V= 7Zflom(t1 — 3£p)/zh0m(t1 — 3£p), (816)
which implies 0 < v < 7),. For t; — 3¢p < t; — 2/ p, we write

Zobs;ty (t) = Zhom(tl - 3‘€P)P+;V (t - (tl - 3£P))7 (817)
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while for t; — ¢p <t < t;, we write

2
Zobs;ty (t) = §Pf (t — tl) (818)
Finally, for t > t1, we write
2
Zobs;ty (1) = gzhom(t —t1). (8.19)

It remains to specify zobs;t, (£) for ¢ between t; — 2¢p and t; — £p. This can be done in an arbitrary
C'-smooth fashion, under the constraints

Zobsity (1 — 20p) = Zhom (t1 — 3¢p) Pr.u (€p), Zobsity (t1 — €p) =1 (8.20)
together with
Zopsity (t1 — 20p) = 250y, (b1 — €p) =0 (8.21)
and
Zobsit, (1) >0, t1—20p <t <ty —Ip. (8.22)

The properties (i) through (iv) follow directly from this construction, utilizing the observation

1
Zobsst, (t1 — 2€p) > §Zhom(t1 —30p). (8.23)

In addition, one readily obtains the bound

(e ] o0
[ <z [ aona e, (8.24)
t=0 t=0

which establishes (v). O

Proof of Proposition 8.1. Pick any d, > 0. We restrict ourselves here to showing that

liminf inf [Uny(t) — ®(n+ ct)] > —0., (8.25)

t—oo (n,l)eAx
noting that the companion bound

limsup sup [Upy(t) — @(n+ ct)] < +6s, (8.26)
t—00" (n,l)EAX

can be obtained in a similar but less involved fashion.
Setting out to establish (8.25), we pick €; > 0 in such a way that both

1K zZLops ||(I)/H < Oy, a1 KzZops < 1. (827)

In addition, for any % > €3 > 0, we define & = & (€3) in such a way that ®(&) = 1 — 2e2. Note that
&y — +00 as €2 | 0. We now choose €2 > 0 to be sufficiently small to ensure that

e*nNﬁz(fz)3KN67IN[diam(a><AX)+2]6*77N§t < —€1MKobs(1 + t)73/2 (8.28)

DN | =

holds for all ¢ > 0, which is possible because there exists ' > 0 such that x'(14t)~%/2 > exp[—ny £t]
for all t > 0. Possibly decreasing €s, we ensure that 0 < 2e5 < €;. Recalling the constant xyop, defined
in Lemma 5.3, we write e3 = %emhom in view of item (iii) of Lemma 8.4.
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Now, consider the time t., and set K D K, obe specified by the assumptions in the statement

of this result. If necessary, increase the size of K to ensure that 9xA* C K. Without loss of
generality, we will assume ¢, > 0, which by the comparison principle implies 0 < U(t.,) < 1. Pick
Q1 = Q) (e2) > 0 in such a way that for all (n,l) € KX we have [I| < Q. Pick Qphase = Qphase(€2)
in such a way that

D(n + cte, — Qphase) < Unilte,), (n,1) € K2, NA™, (8.29)

which is possible by the boundedness of K.
Consider now the function 6 : [0,00) — ¢>°(Z;R) or 6 : [0,00) — L*°(R;R) defined in either
Proposition 5.1 or 5.2, as appropriate. Upon introducing the phase shift ¥ = ct.,, we write

t1 = inf{¢t > 0 for which n + ¢t + ¢ — 6,(t) > &2(e2) for some (n,l) € O A™}. (8.30)

Since 6;(t) — 0 as t — oo, we have 0 < t; < oo. By continuity and boundedness of 9, A*, there
exist (ny,l1) € OxA™ with

ny+ct; +9 -0y (tl) = 52(62). (8.31)

We now write
t
) = crzopsn, (), Z(t) = e Kz / o, (¢) ! (8.32)
0

and consider the functions W~ and £~ defined in Proposition 5.1. By construction, we have
W,,(0) < Upi(te,), (n,l) € A*. (8.33)
In addition, we have

lim sup [W,(t)—®(n+ct+9—Z(t))] =0, (8.34)

=00 (uneax
together with
|<I>(n +at+9)—®(n+ct+9— Z(t))| <||®11Z(t)| < €1 ||®'|| KzZobs < I (8.35)

on account of (8.27). In particular, the comparison principle now implies the bound (8.25) provided
we can show that W~ is indeed a sub-solution for the obstructed LDE (6.6).
In order to establish this, we note that

[Axwi]nl = [A;X Wi]nl (836)

for all (n,1) € A\ OxA*. We hence only have to consider (n,l) € dxA*, in which case we have
AW ()]t = [AX W (O] < Z(n/,z/)eNZgX (n)NK W () = Wi (1) (.37
< 3Kpe Wl '

on account of the fact that A* is connected.
In addition, since Uy (t) > 1 — e for all ¢t > t., and (n,l) € OxA*, it suffices to show that

- 1
3K e W IEa 0] < S1:2(0) (8.38)

for all (n,1) € 9xA* and ¢t > 0 for which
W, (t) > 1—e. (8.39)
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For any such triplet (n,l,t), we compute
O(E,(1) + €2 > D(E(1)) + e2(1+6) 72 = W) + 2(8) = W(t) > 1 — e, (8.40)
which implies &, (t) > &2(e2). In particular, we have
n+ct+9—0,(t) > Z(t)+ &) > &a(ea), (8.41)

which allows us to conclude that in fact ¢t > ¢;.
In addition, for any ¢ > t; and any (n,l) € 9xA*, we have

Eu(t) > &y (t) — [diam(0xA™) + 1]
> Enyay () + (= t1)§ — [diam(9x AX) + 1]
R+ ety 9 — 00, (1) — Z(t) — [diam (9 A¥) + 1] + (£ — 1) (8.42)
Ex(e2) = Z(t) — [diam (D A%) + 1] + (£ — 11)5
> &(e2) — [diam(9xAX) + 2] + (t —t1)§,

remembering that (8.27) implies 0 < Z(¢) < 1. In particular, for any ¢t > ¢; and (n,l) € OxA*, we
compute

3K e WO < 3K, enn[diam(9:A)+2] g —nwEa(ea) gn § (t-t1)
< Lemkons(1+t—ty)73/2 (8.43)
< Len:Zobsi, (1)
= In.2(0),
as desired. .

Proof of Theorem 2.3. Consider the entire solution U,; : R — £*°(A*;R) constructed in Proposition
6.1. We claim that U satisfies the assumptions of Proposition 8.1 above.

To see this, pick any es > 0. Propositions 7.2 and 7.3 together imply that for each (n,l) € A
we have the limit U,;(t) — 1 as t — oo. In particular, we can pick t., > 0 in such a way that
Un(t) > 1 — e for all t > ¢, and (n,l) € 0xA*. In addition, the existence of the set K with the
property (8.1) follows directly from an application of Proposition 7.1 with t_ =t4 =t,,.

The temporal limit (2.38) now is a direct consequence of Proposition 8.1. To establish the spatial
limit (2.39), we pick any e2 > 0 and note that the temporal limit (2.38) implies the existence of
t_ <t for which the bound

|Uni(t) — P(n+ct)] < e (8.44)

holds for all (n,1) € A* and all ¢t € R for which either ¢ < ¢_ or ¢t > ¢4 holds. One can then again use
Proposition 7.1 to obtain the same conclusion (8.44) for t_ <t <ty and |l|+|n| > R(ez,t_,t+). O

9 Discussion

In this paper we studied planar travelling wave solutions to a scalar bistable reaction-diffusion system
posed on Z2. In particular, we established the stability of these waves under a class of perturbations
that includes large but localized distortions. In addition, we proved that these planar waves persist
in an appropriate sense after removing a finite cluster of grid points.

By using the comparison principle, we were able to construct a much larger basin of attraction
for the travelling waves than was possible in our previous paper [24], where we only used spectral
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methods and Green’s function techniques. In addition, we were able to treat both rational and
irrational directions of propagation within the same framework. On the other hand, the construction
of our sub and super-solutions required an extra order of expansion in the Taylor series as compared
to [24], leading to significantly more involved computations.

Compared to the PDE results obtained in [9], there are three obvious differences that immediately
stand out. The first is that we have only considered (the analogue of) directionally convex obstacles
but not star-shaped obstacles. In order to remedy this, one would need to extend Proposition 7.3 to
include the latter class of obstacles. The key technical difficulty is that one would need to work with
radially expanding sub-solutions, which are considerably harder to construct in the LDE case than
in the PDE case. Nevertheless, using the techniques in §4 we are confident that this can be done.

The second difference is that we have not formulated an analogue for [9, Thm. 1.6], which handles
arbitrary compact obstacles. The price that needed to be paid there is that the system no longer
necessarily converges pointwise to one, the homogeneous equilibrium state. The arguments in [9, §8]
leading to this result are fairly technical, but we believe that there is no fundamental reason that
the ideas cannot be carried over to the discrete setting.

The third difference is the most intriguing from our perspective and concerns our assumption
(H®) that requires the waves to have strictly positive speed in every direction. In the present paper
we exploit this assumption to build a mechanism by which the invading state present behind the
incoming wave can travel in a wide berth around the obstacle to move into the region on the other
side of the obstacle. If waves cannot travel in the horizontal and vertical directions, one could imagine
that this mechanism becomes blocked, potentially protecting a zone in front of the obstacle from
seeing the invading state.

On the other hand, our understanding of the spreading of perturbations through the lattice is
rather crude at present and our proof technique for establishing the spatial limit (7.3) can easily
be considered much too coarse. At present we are conducting numerical experiments to distinguish
between these two scenarios.
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