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Under lying
data

Obser vat ion
Obser ved

data

obser ve

Coarsening

X = x ∈ E

lawθ(X) lawφ(Y |X) lawθ,φ(Y )

Y = A ⊆ E

A ! x#E <∞

y ≡ ANotat ion:



Examples (?)

part it ion (Þxed, or r andom but in dependent ) 
CCAR

3 door p roblem        X=do or w ith c ar beh ind          
Y=two doors st il l c losed                               
= {your Þr st c hoice, othe r door l ef t c losed}

3 door p roblem        X=do or w ith c ar beh ind          
Y=(your Þr st c hoice, othe r door l ef t c losed)

forgetfu l 
quizplayer



Coarsening AT RANDOM

can do stat ist ical analysis of data at f ace value         
ie, as if we ob ser ve 

Likelihood is

Can use naieve EM

1{ X ∈ y}

P! (X ∈ y)

=⇒



Coarsening at Ran dom

P! ," (Y = y) = P" (Y = y|X = x) · P! (X ∈ y)

any x ∈ y

P! (Y = y|X = x) is same for all x ∈ y

IS

=⇒



How t o simulate an arbitr ar y 
CAR mechanism?

generate x fr om

generate y fr om

report   Y=y

WRONG ANSWER:

lawθ(X)
law! (Y |X = x)



Òrandomized monot one coarseningÓ ?         
but      C AR models which are not RM C

    C AR models which cannot be ho nest     
(do not t ell the tr uth th

honest C AR         RM C ?

∃

Gill, vdLaan, Robins

∃

⇐⇒



    cu te CAR algor ithms but w hich are fr ail,         
ie, become non CAR under p er tu rbat ion      
of pa rameters --- n eed delicate Þne tu ning

GrŸnwald and Halpern

∃



robust C AR         CC AR

honest C AR         CC AR

RMC          CC AR

Manfr ed Jaeger (•lbo rg, CS)

! "

! "

! "



πA = πx
A = P(Y = A|X = x)

·∑

A!x

πA = 1 ∀x ∈ E

πA ≥ 0 ∀A
linear equalit ies

linear in equalit ies

Gill an d GrŸnwald



{CAR    } is a convex p olyt ope

every CAR    is a m ixtu re of extr eme CAR 
models

each extr eme CAR has rat ional probabilit ies

rat ional CAR        r andom unifor m mult icover

!π = (πA : A ! E)

!π

!π

⇐⇒

Gill an d GrŸnwald (J aeger a lmost ):



mult icover     : se t of n onempty sub sets of E , 
allowing mult iplicity , cover ing E

unifor m mult icover: each  x in E  is in the 
same number of el ements of 

depth  of u nifor m mult icover: th is number

rat ional CAR             u nifor m mult icover    
given x in E , choose element of      c over ing 
x, unifor mly at r andom, ie, prob = 1 / de pth

A

A

A
A

⇐⇒ ∃



Int ersect ion of r at ional h yperplanes is 
rat ional p oint

take LCM, writ e rat ional πA = nA/n

mult iplicity depth

!

A!x

nA = n ∀x ∈ E

PROOF:



rat ional CAR are dense in all CAR

every CAR is mixtu re of e xtr eme (rat ional) 
CAR

every CAR has nice, r obust (?) a lgor ithmic 
descr ipt ion

but ob viously, dishonest w hen depth > 1

=⇒



But u nat tr act ive when depth is v ery l arge

So, HOW LARGE COULD IT BE ??



VERY LARGE !   : Fibo nacci CAR



      = inci dence matr ix of su pport of 

      is e xtr eme if f                               
has unique posit ive solut ion
A

MA A

MA !x = !1

Extr eme CAR     m ult icover u nique for i ts support!

FURTHER CHARACTERIZATION:



#E = 1 : o nly one CAR; it is Fibo nnaci

#E = 2m+1 :

take support of Fibo nnaci CAR for #E = 2m -1

add tw o points t o E

add ONE of the n ew points t o each coarsening in 
OLD support

add t o support: {O THER new point, all old p oints}

add t o support: {tw o new points}

Fibonacci CAR



                    ha s a unique posit ive 
solut ion f or e very odd n=#E
MA !x = !1

πAi = xAi = Fi/F n, i = 0, . . . , n ! 1

F0 = F1 = 1; Fn = Fn! 1 + Fn! 2

CONCLUSION:  The maximal depth of e xtr emal CAR 
grows at l east e xponent ially w ith n

DEFINE:

PROOF: Induct ion

CLAIMS:



robustn ess is what y ou make of i t

a cute algor ithm is n ot n ecessar ily a NATURE-a l 
mechanism

Fibonnaci (3) is the f orgetfu l quizpl ayer :                 
is the re a natu ral mechanism for Fibonnaci (2m+1) ?

stat ist ical inf erence with n on-CCAR CAR

stat ist ical inf erence with n on-CAR

relat ive CAR -> usefu l n on CAR models?

FINAL REMARKS


