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In this introductory text we consider dissipative translational invariant nonlinear partial differential equations posed on
spatially unbounded cylindrical domains close to the threshold of instability. We give an overview about the mathematical
theory of modulation equations which allows us to analyse bifurcation problems occurring in such systems. We explain
this theory by presenting new results concerning the dynamics of interface solutions bifurcating in certain reaction-diffu-
sion systems.
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1. Introduction

In many cases the scientific understanding of nature is highly related to the understanding of the underlying nonlinear
partial differential equations. The use of computers has given new insight into the behavior of these infinite-dimen-
sional dynamical systems, and so in the last years nonlinear systems play a big role in modern science. On the numer-
ical side big efforts are made in the construction of algorithms for the efficient simulation of such systems [63].

A very successful method to understand dissipative nonlinear systems analytically is based on bifurcation theory
[8, 22––24]. The idea is to analyse the instabilities of the system and to follow the bifurcating solutions in parameter
space in order to gain an almost complete picture of the behavior of the nonlinear system. For bounded domains center
manifold theory and the Lyapunov-Schmidt method are powerful tools to reduce a priori infinite dimensional bifurca-
tion problems to finite dimensional ones.

Here we are interested in systems, where such a reduction is not possible, namely dissipative translational invariant
nonlinear partial differential equations posed on spatially unbounded cylindrical domains close to the threshold of in-
stability. Such systems are an idealisation of spatially extended systems. A system is called spatially extended if i) the
internal wavelength of the system or ii) the size of a spatially localised structure is much smaller than the size of the
underlying physical domain, for instance i) the distance between two sand ripples on a beach or dune or ii) the center of a
tornado. If we measure the applicability of the center manifold theorem or of the Lyapunov-Schmidt method in terms of
the possible size of the bifurcation parameter, this applicability goes to zero, as the length of the domain goes to infinity.

Estimates for the approximation of partial differential equations posed on spatially extended, but bounded do-
mains by those posed on unbounded domains show that the error made by this idealisation grows, as usual, exponen-
tially in time, but decays exponentially with the distance from the boundaries [43]. Thus, the consideration of partial
differential equations posed on spatially unbounded cylindrical domains is a good approximation of reality and not an
academical artifact.

It is the aim of this introductory paper to give a survey of new developments in bifurcation theory for problems
posed on spatially unbounded cylindrical domains R� S; with S � Rd a bounded smooth domain. Due to the negli-
gence of far away boundaries Fourier transform is available in the unbounded direction(s) and so called modulation or
envelope equations can be derived as formal approximation equations [13, 45]. Examples for such simple partial differ-
ential equations are the KPP-equation, the Ginzburg-Landau equation, or the Cahn-Hilliard equation. They take the
role of the finite-dimensional amplitude equations on the center manifolds used in classical bifurcation theory. In the
last years great efforts are made to develop a mathematical theory for the description of bifurcation problems posed on
spatially unbounded cylindrical domains by these modulation or envelope equations (cf. [11, 15, 48, 66]). In [59] it was
pointed out that the mathematical theory of modulation equations for bifurcation problems posed on spatially un-
bounded cylindrical domains can now be considered as a generalisation of the center manifold theorem.

The plan of this overview is as follows. Sections 2 and 4 are mainly devoted to bifurcation problems posed on
bounded domains. We classify the generic instabilities and bifurcations and explain why these instabilities and bifurca-
tions occur for many completely different systems. In the same spirit in Sections 3 and 5 we classify the generic
instabilities and possible modulation equations for bifurcation problems posed on spatially unbounded domains. In
Section 6 the mathematical theory of modulation equations is explained by presenting new results concerning the
dynamics of interface solutions bifurcating in certain reaction-diffusion systems.

Throughout this paper many constants are uniformly denoted with C.
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2. Linear stability analysis for bounded domains

In this section we explain that for problems posed on spatially bounded domains there are generically two possibilities
how instability of a fixed point can occur.

Stability by linearisation is one basic concept of stability theory. As an example consider the ordinary differential
equation

_uu ¼ Auþ fðuÞ ð1Þ

with u 2 Rd; A 2 Rd�d, kfðuÞkRd 
 Ckuk2
Rd for small u, and A depending on some parameter a 2 R. The fixed point

u ¼ 0 is called stable, if for all e > 0 there exists a d > 0 such that solutions u ¼ uðtÞ with kuð0ÞkRd 
 d satisfy
sup
t� 0

kuðtÞkRd 
 e, i.e., solutions to small perturbations stay close to u ¼ 0 for all times. It is well known (cf. [9]) that

stability of u ¼ 0 follows if the eigenvalues lj with associated eigenvectors jj of the linearisation A have strictly nega-
tive real part. In this case additionally the asymptotic stability of the fixed point u ¼ 0, i.e. lim

t!1
uðtÞ ¼ 0; holds. Solu-

tions u ¼ uðtÞ to initial conditions uð0Þ satisfying kuð0ÞkRd < d converge with some rate e�bt to u ¼ 0, where
b < � sup

j¼1; ...; d
Re lj.

So in a whole neighborhood of u ¼ 0 there are no nontrivial solutions lim sup
t!1

uðtÞ 6¼ 0
� �

. Interesting dynamics

can only occur if u ¼ 0 changes stability. Let us assume that all eigenvalues of A have strictly negative real part for
a < ac and that u ¼ 0 changes stability at a ¼ ac. There are two generic ways in a real-valued problem how such an
instability of u ¼ 0 can occur (cf. Fig. 2).

In Section 4 we will see that case a) will lead to a bifurcation of fixed points. Case b) will lead to a bifurcation of
time-periodic solutions, i.e. to a so called Hopf-bifurcation [38].

Bifurcations a) and b) occur very often since the probability, that two real eigenvalues, or a real and a pair of
complex conjugate eigenvalues, etc., cross the imaginary axis for the same value of a, vanishes.

This situation can be transfered almost one to one to dissipative systems given by nonlinear partial differential
equations, where the spatial variable lives in a bounded domain S � Rd. Consider again (1), but now with u 2 X, X
some Banach space, A some sectorial operator in X with domain of definition X1, and kfðuÞkX 
 Ckuk2

Xa for small u,
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Fig. 1. Eigenvalues of A determine the stability
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Fig. 2. a) One single real eigenvalue crosses the imaginary axis. b) A pair of complex conjugate eigenvalues crosses the
imaginary axis. All other eigenvalues have strictly negative real part



where Xa is some interpolation space in between X and X1 (cf. [26]). If ðA� lÞ�1 is some compact operator for some
l, the operator A has discrete spectrum consisting only of eigenvalues with no point of accumulation. Since by defini-
tion the spectrum of a sectorial operator is contained in some sector the same generic picture as for ordinary differen-
tial equations appears. Many systems, as reaction-diffusion systems, the Navier-Stokes equations, etc. fit into this
abstract setup.

Example 1: Consider

@tu ¼ @2
xuþ au� u3

for x 2 R, t � 0, a 2 R, and uðx; tÞ 2 R with uðx; tÞ ¼ uðxþ 2p; tÞ and uðxÞ ¼ uð�xÞ. The eigenfunctions of the opera-
tor A, defined by Au ¼ @2

xuþ au, in

X ¼ u : R ! R
Ðp
0

u2ðxÞ dx <1; uðxÞ ¼ uðxþ 2pÞ; uðxÞ ¼ uð�xÞ
����

)(

are given by jnðxÞ ¼ cos nx; n 2 N0. The associated eigenvalues ln ¼ �n2 þ a are strictly negative for a < ac ¼ 0.
For a ¼ ac one real eigenvalue, namely l0, crosses the imaginary axis. For a close to ac all other eigenvalues are still
strictly negative.

If symmetries are present, the picture looks different. From a mathematical point of view these situations are
more interesting and there exists an extensive list of references (cf. [22, 23]). Moreover, it could be advantageous for
the analysis of a system to construct artificial degeneracies by introducing new parameters such that more than one
eigenvalue cross the imaginary axis for the same value of a.

3. Linear stability analysis on unbounded domains

Now we come to the subject of this paper, dissipative systems, where the spatial variable lives in an unbounded cylind-
rical domain R� S, with S � Rd some bounded cross-section. Consider a translational invariant system

@tu ¼ Lað@x; @yÞ uþNðuÞ ð2Þ

for ðx; yÞ 2 R� S, with S � Rd a bounded cross-section with smooth boundary @S, and u ¼ uðx; y; tÞ not necessarily
scalar-valued. The linear operator La depends on some parameter a 2 R and the term N stands for the nonlinearity.
For all a 2 R system (2) possesses the trivial solution u � 0.

Example 2: Consider

@tu ¼ ð@2
x þ @2

yÞ uþ au� u3 ; ujy¼0;p ¼ 0

with t � 0; ðx; yÞ 2 R� ð0; pÞ, and uðx; y; tÞ 2 R. The operator La defined by Lað@x; @yÞ u ¼ ð@2
x þ @2

yÞ uþ au pos-
sesses the eigenfunctions jnðkÞ ¼ eikx sin ny ðk 2 R; n 2 NÞ. The associated eigenvalues lnðkÞ ¼ �k2 � n2 þ a are
strictly negative for a < ac ¼ 1, but in contrast to Example 1 for a > ac there are infinitely many eigenvalues with
positive real part associated to a whole band fk j k2 < a� acg of wavenumbers k.

For a general system (2) the situation is similar. Due to the translation invariance the eigenvalue problem

Lað@x; @yÞ eikx fnðk; yÞ ¼ lnðkÞ eikx fnðk; yÞ ;

is satisfied by the Fourier modes eikx fnðk; yÞ, where fnðk; yÞ is some eigenfunction of Laðik; @yÞ which lives on the
bounded cross-section S alone. For fixed Fourier wavenumber k 2 R the spectrum is discrete, i.e. n 2 N, if Laðik; @yÞ is
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Fig. 3. a) One single real eigenvalue crosses the imaginary axis. b) A pair of complex conjugate eigenvalues crosses the
imaginary axis. All other eigenvalues contained in some sector have strictly negative real part



some elliptic operator on the bounded cross-section S which allows us to order the eigenvalues in such a way that
Re lnðkÞ � Re lnþ1ðkÞ.

At a first sight there seems to be no possibility to classify the generic (and also the non generic) situations since
with one eigenvalue crossing the imaginary axis infinitely many eigenvalues do the same. But such systems have some
additional structure, namely that the eigenvalues lnðkÞ can be drawn as functions over the wavenumbers k. If we
assume that u � 0 is stable for a < ac then for a < ac in the plane (k, Re l) all curves k 7! Re lnðkÞ are below the k-axis,
Re l ¼ 0. If instability occurs for a ¼ ac generically one curve or a pair of complex conjugate curves l2ðkÞ ¼ l1ð�kÞ
touch the k-axis a) at a wavenumber k ¼ kc ¼ 0 or b) at a wavenumber k ¼ kc 6¼ 0 and since we consider a real-valued
problem in the last case also at k ¼ �kc. Generically all other curves are strictly bounded away from the k-axis.

4. Finite-dimensional bifurcation theory

In order to get an idea how a bifurcation theory for unbounded domains has to look like we recall in this section basic
facts from finite-dimensional bifurcation theory.

Consider the one-dimensional ordinary differential equation

@tu ¼ auþ a2u
2 þ a3u

3 þOðu4Þ ; ð3Þ
with a; aj 2 R and uðtÞ 2 R. For a < 0 the fixed point u ¼ 0 is stable. For a ¼ 0 a real eigenvalue l1ðaÞ ¼ a crosses
the imaginary axis and a bifurcation of fixed points occurs. For a2 6¼ 0 we have a transcritical bifurcation drawn in
Fig. 5a). Scaling uðtÞ ¼ a~uuðjaj tÞ ¼ a~uuðT Þ and neglecting higher order terms w.r.t. a gives the model

signðaÞ @T ~uu ¼ ~uuþ a2 ~uu2 ð4Þ

which could be analysed completely. The implicit function theorem allows us to prove the persistence of fixed points
found by (4) in (3) under the higher order terms.

Very often due to symmetries the coefficient a2 vanishes. Then for a3 6¼ 0 we have a sub- or supercritical pitch-
fork bifurcation drawn in Figs. 5b) and c). Scaling uðtÞ ¼ jaj1=2 ~uuðjaj tÞ ¼ jaj1=2 ~uuðT Þ and neglecting higher order terms
in a gives the model

@Tu ¼ uþ a3u
3 ð5Þ

which again can be analysed completely.
The simplest model, where a pair of two complex conjugate eigenvalues crosses the imaginary axis is given in

polar coordinates ðr � 0; f 2 S1Þ by

@tr ¼ arþ a3r
3 þOðr5Þ ; @tf ¼ 1 : ð6Þ
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Fig. 5. a) Transcritical bifurcation, b) Subcritical pitchfork, c) Supercritical pitchfork



For a ¼ 0 a so called sub- or supercritical Hopf-bifurcation occurs [38], i.e. a bifurcation of a time-periodic solution.
With the help of normal form transforms [24] it turned out that (6) is the standard form of all two-dimensional
systems with this kind of instability.

Now assume that the more complicated system (1) with such kind of instabilities is considered. Then for instance
in case of the generic instability a) explained in Section 2, i.e. in case of a real eigenvalue l1 crossing the imaginary
axis, we write u as a sum of the weakly unstable mode and the stable modes, i.e. u ¼ c1j1 þ ur; ðc1 2 R), where ur

lives in the closure of the span of the stable eigenfunctions fj2; j3; . . .g. For the linear system _uu ¼ Au all solutions are
attracted by the one-dimensional set Ec ¼ fu j ur ¼ 0g, in which all solutions diverge to infinity.

For the nonlinear system and a close to ac this attracting structure survives, no longer as a linear space, but as
a manifold

Mc ¼ fu ¼ c1j1 þ hðc1Þ j hðc1Þ 2 span fj2; j3; . . .gg ;

the so called center manifold which is tangential to Ec, i.e. khðc1Þk 
 Ckc1k2: The dynamics on Mc is no longer trivial
due to the nonlinear terms and the reduced system for c1 is given in lowest order by the models ð4Þ or ð5Þ. Due to this
fact models ð4Þ and ð5Þ are called universal. Therefore, the full system (1) and the reduced system (3) show similar
behavior.

In case of u 2 Rd the center manifold theorem goes as follows (cf. [64]).

Theorem Consider (1). Assume that the function f is in Ck, k � 2, in a neighborhood of u ¼ 0. Then there
exists a Ck�1-manifold Mc, the center manifold, which is invariant under the flow and tangential to Ec. In case of no
eigenvalues with positive real part the center manifold is attracting the solutions with some exponential rate.

This theorem also holds in infinite dimensions, i.e. for instance for dissipative partial differential equations, where
the spatial variable lives in some bounded domain as in Example 1. See [65]. In [33] it was observed that it can also be
used for elliptic PDE problems posed in spatially unbounded cylindrical domains. For this see also [28, 29, 41] and the
proof of Theorem 7.

5. A zoo of universal modulation equations

We come back to the subject of this paper, dissipative systems, where the spatial variable lives in an unbounded
cylindrical domain R� S, where S � Rd is some bounded cross-section. Before we explain in more detail how we
obtain the modulation equations as counterparts to the models (4)––(6) we give a survey of the modulation equations
which occur generically. Depending on the knowledge of the reader it can be advantageous to read Section 6 before
Section 5.

As explained in Section 3 there is generically one curve Re l1 or a pair of complex conjugate curves Re l1, Re l2

with l2ðkÞ ¼ l1ð�kÞ which crosses the axis Re l ¼ 0 when an instability occurs. This can happen a) at a critical wave-
number kc ¼ 0 or b) at a critical wavenumber kc 6¼ 0.

The mathematical theory in the sense of Section 6 has been started ten years ago for the case b) kc 6¼ 0. An
overview about this case can be found in the original paper [59] or in the overview article [44]. By some perturbation
ansatz which is explained for the Allen-Cahn equation as modulation equation in more detail in Section 6 one obtains
the Ginzburg-Landau equation

@TA ¼ c1 @2
XAþ c2Aþ c3AjAj2 ;

with coefficients cj 2 C as the generic modulation equation. Mathematical theorems similar to ones in the next section
has been proved first in [11, 15, 34, 47, 48, 51, 66]. The pseudo-orbit theorem has been carried out in [49]. With this
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method in [49] the global existence of all small solutions in the original systems has been established via the global
existence of solutions for the Ginzburg-Landau equation. The proof of the uppersemicontinuity of attractors can be found
in [42]. The whole theory has been carried out in greatest generality and applied to the Navier-Stokes equations [59].

Depending on the sign of Re c3 sub- (> 0) or supercritical (< 0) bifurcations occur.
In case of supercritical bifurcations complicated temporal behavior for the Ginzburg-Landau equation has been

found for instance in [14]. Such bifurcations very often occur in pattern forming systems and the bifurcating solutions
are usually not spatially localised. The construction of stationary, time-periodic, or modulating front solutions in the
original system can be found in [16, 25, 27, 28] with the help of center manifold theory for elliptic PDEs and the
Ginzburg-Landau equation. The stability question of these solutions is delicate. If they are not obviously unstable, the
linearisation possesses continuous spectrum up to the imaginary axis. Since the nonlinear terms then usually do not
possess an obvious sign a new method has to be used to establish the nonlinear stability. The so called diffusive
stability method has been used to establish the stability of steady state solutions in [6, 12, 30], of so called state mixing
solutions in [6, 21], and of front solutions in [7, 17, 20] for the Ginzburg-Landau equation. So far only the stability of
the steady state solutions has been transfered to the original systems. In [18, 53] the stability of spatially periodic
equilibria in the Swift-Hohenberg equation and in [58] the nonlinear stability of the Taylor vortices has been estab-
lished.

In case of a subcritical bifurcation spatially localised solutions occur [2, 31]. The linearisation then possesses
continuous spectrum strictly bounded away from the imaginary axis and so stability is determined by finitely many
eigenvalues. In case of a degenerated subcritical bifurcation a so called generalised Ginzburg-Landau equation appears
[62]

@TA ¼ c1 @2
XAþ c2Aþ c3AjAj2 þ c4jAj2 @XAþ c5A

2 @XAþ c6AjAj4 ;

with coefficients cj 2 C. For this equation in [32] the exponential stability of a family of pulse-solutions has been
shown. This exponentially stable structure can be recovered with the help of center manifold theory for elliptic PDEs
and Floquet theory in form of an exponentially stable family of so called modulating pulse solutions [57].

Due to this extensive literature about bifurcations at the wavenumber kc 6¼ 0 we will concentrate in following on
bifurcations at the wavenumber kc ¼ 0 which is more adequate for an introductory text. In case of a transcritical
bifurcation of fixed points the so called KPP-equation [19, 36] occurs as the associated modulation equation

@TA ¼ c1 @2
XAþ c2Aþ c3A

2 ; AðX; T Þ 2 R ;

where the cj are real-valued constants. The mathematical theory in the sense of Section 6 has been worked out in [56].
In case of a sub- or supercritical bifurcation of fixed points the so called Allen-Cahn equation occurs as the associated
modulation equation

@TA ¼ c1 @2
XAþ c2Aþ c3A

3 ; AðX; T Þ 2 R ;

where the cj are real-valued constants. So far for this equation the mathematical theory of modulation equations has
not been carried out. Thus, we will use this case to explain the mathematical theory of modulation equations in Sec-
tion 6.

In case of a Hopf-bifurcation (in time) again the Ginzburg-Landau equation occurs as the associated modulation
equation [37]. The mathematical theory in the sense of Section 6 has been worked out in [55]. The construction of
time-periodic multi pulse solutions can be found in [3].

Another famous modulation equation, namely the Cahn-Hilliard equation

@TA ¼ @2
xðc1 @2

XAþ c2Aþ c3A
3Þ ; AðX; T Þ 2 R ;

where the cj are again real-valued constants, occurs if a marginal stable solution becomes sideband unstable at the
critical wavenumber kc ¼ 0 under some additional symmetry. The mathematical theory in the sense of Section 6 has
been worked out in [60]. The construction of the stationary solutions can be found in [1].

Modulation equations can also be derived in domains R
~dd � S with ~dd 6¼ 1, i.e. in domains with more than one

unbounded space direction. There exist approximation results [50, 52], but the whole theory of modulation equations in
the sense of Section 6 can only be carried out if the attracting set of the original system shows the scaling properties
which are necessary for the derivation of the modulation equation. See Theorem 2. This is as a general rule (not a
mathematical statement) the case for a) systems with an instability at the wavenumber kc ¼ 0 without restriction [55]
on the space dimension ~dd, b) for systems with an instability at the wavenumber kc 6¼ 0 and x 2 R, and c) for anisotro-
pic systems [59] with instability at the wavenumber kc 6¼ 0 and no restriction on the space dimension ~dd.

Then it is a successful tool which can be applied to describe the bifurcation scenario in such systems.
In situations, where the mathematical theory of modulation equations in the sense of Section 6 cannot be ap-

plied, it is not clear that the dynamics of the original system and the modulation equation have something to do with
each other, and really there exists a counterexample of an original system with x 2 R2 and kc 6¼ 0 for which the
dynamics behaves completely different than predicted by the formally correct derived modulation equation [52].
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Again symmetry changes the picture of the generic modulation equations. Even in very simple situations, where
the mathematical theory of modulation equations can be applied, it turned out that for instance for a Hopf-bifurcation
at a wavenumber kc 6¼ 0 in reflection symmetric systems bifurcation equations occur which still depend on the bifurca-
tion parameter E. There are some constructions [35, 54] which try to eliminate the E-dependence, but in general this is
not possible. However the resulting modulation equations can still be used to gain results about the original system like
the global existence of all small solutions [59].

For a systematic discussion of the bifurcation scenario with euclidean symmetry in higher space dimensions see
[39, 40].

6. Mathematical theory of modulation equations

We explain now the mathematical theory of modulation equations which allows us here to recover the dynamics of the
Allen-Cahn equation in a more complicated system. We refrain from greatest generality and consider for simplicity a
very special reaction-diffusion system. In contrast to the general case the assumptions below will allow us to do all
calculations completely in x-space. But nevertheless, the analysis can be carried out in greatest generality as in [59].
For this see also the remarks at the end of this section. We mainly explain the results and in the appendix we give
some of the proofs.

6.1 The reaction-diffusion system

In order to be precise in the following, we consider a system of reaction-diffusion equations on the real axis

@tuj ¼ @2
xuj þ fjða; u1; . . . ; udÞ ðj ¼ 1; . . . ; dÞ ; ð7Þ

with t � 0, x 2 R, a 2 R, and ujðx; tÞ 2 R. We assume for the nonlinear terms that fj 2 C4ðRdþ1; RdÞ and that
fjða; 0; . . . ; 0Þ ¼ 0 for all a 2 R, i.e., that u ¼ ðu1; . . . ; udÞ ¼ 0 is a stationary solution of (7).

We are interested in the bifurcation scenario, when u ¼ 0 gets unstable. Therefore, we consider the linearisation
which is given by

A ¼ @2
x þDuf ju¼0 :

Due to the translation invariance of the system the eigenvectors of A are given by the Fourier modes jk; j eikx with
jk; j 2 Cd for k 2 R and j ¼ 1; . . . ; d. The associated eigenvalues lðk; jÞ which we order such that
Re lðk; jÞ � Re lðk; jþ 1Þ satisfy

lðk; jÞ ¼ lð0; jÞ � k2 : ð8Þ

Consequently the eigenfunctions jk; j are independent of k such that we can write jj instead of jk; j.
We assume that u ¼ 0 is stable for a < 0. Due to (8) the fixed point u ¼ 0 gets unstable with respect to long

wave perturbations, i.e., instability occurs at the critical wavenumber kc ¼ 0. We are interested in a bifurcation of
fixed points and so we assume that lð0; 1Þ ¼ 0 is a single eigenvalue for a ¼ 0 and that all other eigenvalues are still
strictly negative, i.e., there exists a b > 0 such that Re lð0; jÞ < �b for j ¼ 2; . . . ; d. In order to describe the small
bifurcating solutions we introduce the small bifurcation parameter

E2 ¼ lð0; 1; aÞ � lð0; 1; 0Þ :

As already mentioned the Allen-Cahn equation is the modulation equation for sub- or supercritical bifurcations at the
critical wavenumber kc ¼ 0 and so as for (5) some additional assumption on the nonlinear terms is needed. In order to
formulate this assumption the eigenvectors of the adjoint matrix A* are denoted by jj

*. Then we assume

hj1
*; D2f ju¼0ðj1; j1ÞiCd ¼ 0 ð9Þ

which guarantees that the Allen-Cahn equation is the modulation equation of the system. In order to separate the
curve of biggest eigenvalues from the other ones projections P1u ¼ hj1

*; uiCd j1 and P2 ¼ I � P1 are defined. Without
loss of generality (may be after some coordinate transform) it can be assumed that j1 ¼ e1 ¼ ð1; 0; . . . ; 0Þ and that (7)
can be written as

@tu1 ¼ E2u1 þ @2
xu1 þN1ðuÞ ; @tv ¼ Qvþ @2

xvþN2ðuÞ ; ð10Þ

where NjðuÞ ¼ PjðfðuÞ �Duf ju¼0uÞ, Q 2 Rðd�1Þ�ðd�1Þ with eigenvalues lð0; jÞ for j ¼ 2; . . . ; d. For notational simplicity
vðx; tÞ 2 Rd�1 is identified with ð0; vðx; tÞÞ 2 Rd.

6.2 The attracting set

As already explained modulation equations are the infinite-dimensional counterparts to the finite-dimensional ampli-
tude equations on the center manifolds. The center manifold theorem justifies the models (4)––(6) since it proves that
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(4)––(6) describes the dynamics of the original system in an attracting set. In the same spirit the mathematical theory
of modulation equations shows that the modulation equations describe approximately the dynamics of the original
system in an attracting set. In order to see the structure of this attracting set we look at the linearised problem first.
Obviously for j ¼ 2; . . . ; d

sup
x2R

jujðx; tÞj 
 C elð0;2Þt ! 0

for t!1 holds. Hence, except of the u1-component all other components are damped with some exponential rates. In
general except of some small neighborhood of the critical wavenumber kc ¼ 0 it will not be possible to separate the u1

component from the other components for all wavenumbers k. But this is no problem since outside this neighborhood
the Fourier modes of u1 are exponentially damped. The difficulty comes from the fact that there is no spectral gap for
the modes belonging to the u1-variable, and so it is not clear which modes are of interest for the nonlinear problem. It
turned out that the component u1 develops in such a way that there is a certain mode-distribution after a certain time
and that this mode-distribution can be used for the description of the attracting set also in the nonlinear problem. The
solutions u1 of

@tu1 ¼ E2u1 þ @2
xu1

stay Oð1Þ-bounded for t 2 ½0; T0=E2� for each fixed T0 > 0. Since in Fourier space

E�1ûu1ðk; T0=E2Þ ¼ E�1 eE
2T0=E2 e�k2T0=E2 ûu1ðk; 0Þ ¼ E�1 eT0 e�ðk=EÞ

2T0 ûu1ðk; 0Þ

at a time t ¼ T0=E2 the Fourier modes are concentrated in an OðEÞ-neighborhood of the wavenumber kc ¼ 0.

As a consequence in physical space the function

u1ðx; T0=E2Þ ¼ E�1
Ð
R

eT0 e�ðk=EÞ
2T0 ûu1ðk; 0Þ eikx dk ¼

Ð
R

eT0 e�K2T0 ûu1ðEK; 0Þ eiKX dK

varies as a function of X ¼ Ex slowly in space. An Oð1Þ-boundedness of the derivatives @n
Xu1 ¼ E�n @n

xu1 is the counter-
part to the concentration in Fourier space. From the explicit formula

u1ðx; T0=E2Þ ¼
Effiffiffiffiffiffiffiffiffiffiffi

2pT0

p
ð
R

eðEðx�yÞÞ2=ð4T0Þ u0ðyÞ dy

for all n 2 N and all T0 > 0 there exist E0 > 0 and C > 0 such that for all E 2 ð0; E0Þ we have

sup
X 2R

j@n
Xu1ðX=E; T0=E2Þj 
 CT

�n=2
0 sup

x2R

ju1ðx; 0Þj : ð11Þ

Hence, at a time t ¼ T0=E2 the solutions u of the linearisation of (7) can be written as

uðx; T0=E2Þ ¼ AðExÞ e1 þRðxÞ

with P1R ¼ 0, AðExÞ 2 R,

kAkCn
b
¼ sup

j¼0;...;n
sup
X 2R

j@j
XAðXÞj ¼ Oð1Þ and kRkCn

b
¼ Oðe�C=EÞ
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Fig. 7. b) Concentration of the Fourier modes at kc ¼ 0 at a time t ¼ T0=E2 to a) arbitrary initial conditions in Fourier
space



for all n 2 N as E! 0. It turned out that this is also the right characterisation for the nonlinear system (7), except of
some small modification. As in the center manifold theorem the variables u2; . . . ; ud are no longer exponentially
damped, but of order Oðku1k2Þ. From (5) it is already known that the solutions bifurcating from u ¼ 0 are of order
OðEÞ.

Theorem 2: Fix C1 > 0 and m 2 N. Then there exist T0; C2; E0 > 0, such that for all E 2 ð0; E0Þ the following
holds: Let u0 2 C0

b with ku0kC0
b
< C1E. Then the solution u of (7) with ujt¼0 ¼ u0 can be written as

uðx; t; EÞjt¼T0=E2 ¼ EAðExÞ e1 þ E2Rðx; EÞ ;

where kAkCm
b

 C2 and kRkC0

b

 C2.

P r o o f : See subsection 7.2.
By looking for instance at the family of stationary solutions ~II1 constructed in subsection 6.5 it follows that

stronger concentration of Fourier modes is not true for the nonlinear system (7), i.e., Theorem 12 is optimal in this
sense. Here and in the following the space C0

b , wherein the original system is handled, could be replaced by some Cn
b .

6.3 Approximation by the Allen-Cahn equation

Theorem 2 guarantees the existence of an attracting set similar to the center manifold. The idea is to find a universal
model similar to the models (4)––(6) which describe the dynamics of the solutions bifurcating in systems with this kind
of instability.

Due to the representations of the solutions in Theorem 2 we make the ansatz

u1 ¼ EAðEx; E2tÞ e1 þ E2BðEx; E2tÞ þ OðE3Þ ;

where B with P1B ¼ 0 is also a scaled function. Inserting this into (7) shows

@TA ¼ @2
XAþ Aþ E�1P1D

2f ju¼0ðAe1; Ae1Þ þ 2P1D
2f ju¼0ðAe1; BÞ þ P1D

3f ju¼0ðAe1; Ae1; Ae1Þ þ OðEÞ ;
OðE2Þ ¼ QBþ P2D

2f ju¼0ðAe1; Ae1Þ þ OðEÞ :

Due to the assumption (9) we have that E�1P1D
2f ju¼0ðAe1; Ae1Þ ¼ 0, and so we define the approximation

yEðAÞ ¼ EAðEx; E2tÞ e1 þ E2BðEx; E2tÞ;

where A satisfies the Allen-Cahn equation

@TA ¼ @2
XAþ Aþ c3A

3 ð12Þ

with

c3 ¼ he1; D
3f ju¼0ðe1; e1; e1ÞiRd � 2he1; D

2f ju¼0ðe1; Q
�1P2D

2f ju¼0ðe1; e1ÞÞiRd ;

and where B satisfies

B ¼ �Q�1P2D
2f ju¼0ðe1; e1ÞA2:

The stationary solutions of the Allen-Cahn equation (2) can be analysed completely in the phase plane ðA; @XAÞ. As
for (4) or (5) the implicit function theorem has to be used to prove their persistence in the original system (7). A
successful method to do so is center manifold theory for elliptic PDEs. For an example see subsection 6.5. But the
models (4)––(6) also describe the dynamics of (3) approximately. This follows immediately from Gronwall’s inequality.
So in order to prove that the Allen-Cahn equation (16) is a good model an approximation result has to be shown.

Theorem 3: For all R1; T1; d > 0 there exist C1; E0 > 0 such that for all E 2 ð0; E0Þ the following holds: Let A be
a solution of (12) with supT 2 ½0; T1� kAðT ÞkC3

b

 R1, AjT¼0 ¼ A0, and u0 2 C0

b an initial condition of (7) with

ku0 � yEðA0ÞkC0
b

 dE2

&
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then there exists a unique solution u of (7) with ujt¼0 ¼ u0 and

sup
t2 ½0; T1=E2�

kuðtÞ � yEðAðE2tÞÞkC0
b

 dE2 : ð13Þ

Pr oo f : See subsection 7.3.

6.4 The pseudo-orbit approximation

The attractivity and the approximation theorem can be improved and condense in the so called pseudo-orbit approx-
imation theorem. With this theorem solutions of the original system can be approximated for all times by the solutions
of the Allen-Cahn equation.

An approximation by a single solution of the Allen-Cahn equation is only possible for a finite time interval, but
an approximation by a so called pseudo-orbit is possible for all t 2 ð0; 1Þ.

Definition 1: Let T1 > 0 and j > 0. We call a function A ¼ AðT Þ a ðT1; jÞ-pseudo-orbit in the Banach space Y
for (2) if for all n 2 N the relations

Aððn� 1Þ T1 þ tÞ ¼ GtðAððn� 1Þ T ÞÞ for all t 2 ½0; T1Þ ; and

kAðnT1þ0Þ � GT1
ðAððn� 1Þ T1ÞÞkY 
 j

hold, where GT is the semigroup associated with (2) and AðT þ 0Þ ¼ limt!T; t >T AðtÞ.
Thus, a pseudo-orbit solves the Allen-Cahn equation on finite time-intervals of length T1 and at the end of each

time-interval it makes some jump of size less than j. The idea is: at the end of each approximation interval some error
uðT1=E2Þ � yEðA0ðT1ÞÞ has accumulated. Due to the attractivity theorem (Theorem 2) there exists an initial condition
A1 of the Allen-Cahn equation for which the error uðT1=E2Þ � yEðA1Þ is smaller than the error uðT1=E2Þ � yEðA0ðT1ÞÞ.
The possible difference A0ðT1Þ �A1 defines the size j of the jump. It turned out that this jump j is small.

Theorem 4: For all C0, C1, T1 > 0 there exist positive constants E0, C2; and T0 such that for all E 2 ð0; E0� the
following is true:
For all initial conditions u0 with ku0kC0

b

 C0E there is a ðT1; C2E1=4Þ-pseudo-orbit A for (12) in C1

b which approximates
uðtÞ ¼ SE

tðu0Þ as

kuðtÞ � yEðAðE2t� T0ÞÞkC0
b

 C2E5=4 for all t � T0=E2

as long as kAðE2tÞkC1
b

 C1, where SE

t is the semigroup associated with (7).

P r o o f : This theorem follows by some technical improvements of the Theorems 2 and 3 as in [49], where the
Ginzburg-Landau equation is handled as modulation equation in case of an instability at the wavenumber kc 6¼ 0.

As a consequence of this theorem there is a correspondence between the pseudo-orbits in the modulation equa-
tion, here the Allen-Cahn equation, and the solutions in the attracting set of the original system (7). A generalised
version [42, 59] of this theorem can be used to prove that an Oð1Þ-neighborhood of the unstable origin of (7) is mapped
into an OðEÞ-neighborhood of the origin. In case of an exponentially stable structure in the modulation equation we can
follow the solutions in the original system for all times without proving the existence and exponential stability of such
structure in the original system. This theorem is used in the next section to analyse the bifurcation scenario of (7), but
first it is applied to prove the global existence in time of all small solutions in the original system (7) with the help of
the existence of an exponentially absorbing ball for the Allen-Cahn equation (2).

Assume for the rest of the paper that c3 < 0 or without loss of generality that c3 ¼ �1. Then by the maximum
principle Blð0Þ < AðX; 0Þ < Buð0Þ for all X 2 R yields BlðT Þ < AðX; T Þ < BuðT Þ for all X 2 R and all T � 0, where
the BjðT Þ 2 R satisfy the ordinary differential equation

@TBj ¼ Bj �B3
j :

As a consequence it follows lim sup
T !1

jBjðT Þj 
 1 and lim sup
T !1

sup
X 2R

jAðX; T Þj 
 1. Due to the smoothing properties of the

linear semigroup the existence of a C > 0 follows such that

lim sup
T !1

kAð�; T ÞkC1
b

 C:

Since the Allen-Cahn equation possesses an exponentially aborbing ball it follows

lim sup
T !1

kAð�; T ÞkC1
b

 2C

for the pseudo-orbits A if E0 > 0 is sufficiently small. Then Theorem 4 yields

lim sup
t!1

sup
x2R

juðx; tÞj 
 CE

&

&
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for another constant C independent of E and for all solutions u of (7) with initial conditions ujt¼0 ¼ u0 in an OðEÞ-
neighborhood of the origin.

6.5 Conclusions: Dynamics of interface solutions

In this section we sketch some ideas how the above theory can be applied. The Allen-Cahn equation

@T ¼ @2
XAþ A�A3

possesses two exponentially stable steady state solutions A ¼ �1. With the help of the pseudo-orbit theorem the dy-
namics of (7) can be controlled by the pseudo-orbits of the Allen-Cahn equation alone. Due to the exponential stability
of A ¼ �1 the pseudo-orbits stay close to A ¼ �1 for all times. By Theorem 4 the associated solutions u of (7) stay
close to yEð�1Þ for all times. With the implicit function theorem this result can be improved and close to yEð�1Þ the
existence of two exponentially stable spatially homogenous steady states u� for (7) can be shown.

The next nontrivial solutions of (2) are given by the two one-dimensional families of equilibria

I1 ¼ fAc ¼ tanhð�ðxþ cÞ=
ffiffiffi
2

p
Þ j c 2 Rg

connecting the exponential stable states A ¼ �1 for x! �1. The linearisation around Ac for fixed c possesses one
zero eigenvalue corresponding to the eigenfunction @xAc. The rest of the spectrum is contained in some sector in the
left half plane strictly bounded away from the imaginary axis. See [26]. The one-dimensional center manifold (see
Theorem 1) to the zero eigenvalue is obviously given by I1. Thus, we have:

Lemma 5: For all C1 > 0 there exists a C2 > 0 such that from

inf
c2R

kAð�; 0Þ �Acð�ÞkC1
b
< C2

it follows for the solution A of (2) that

inf
c2R

kAð�; T Þ �Acð�ÞkC1
b

 C1 e�gT ;

for a constant g > 0 independent of C1.
Applying the pseudo-orbit theorem (Theorem 4) shows

Lemma 6: There exists a C1 > 0 such that for all C2 > 0 we have an E0 > 0 such that for all E 2 ð0; E0Þ the
following holds. From

inf
c2R

kuð�; 0Þ � yEðAcðE�ÞÞkC0
b
< C1E

it follows for the solution u of (16) that

lim sup
t!1

inf
c2R

kuð�; tÞ � yEðAcðE�ÞÞkC0
b

 C2E:

Pr oo f : A solution u of the original system is approximated by a pseudo-orbit in the Allen-Cahn equation. The
constant C1 comes from the fact that u has to start close to yEðI1Þ. By continuity the initial conditions of the pseudo-
orbit can be chosen in the attracting neighborhood of I1. By Lemma 6.5 for each C2 > 0 there exists a T1 > 0 such
that the solution A1ðT1Þ is C2=2-close to I1. By choosing E sufficiently small the pseudo-orbit solution stay C2-close to
I1. Going back with Theorem 6.4 into the original system (7) proves the result.

For these stationary solutions the result can be improved by using the reflection symmetry of the system, spatial
dynamics and the center manifold theorem for elliptic PDEs.

Theorem 7: There exist C1; C2; g; E0 > 0 such that for all E 2 ð0; E0Þ the following holds. There exists a one-
dimensional family of stationary solutions

~II1 ¼ fuðx; tÞ ¼ Uðx� x0Þ j x0 2 R; lim
x!�1

UðxÞ ¼ u�g :

This family is exponentially stable, i.e., from

inf
x0 2R

kuð�; 0Þ � Uð� þ x0ÞkC0
b

 C1E

it follows

inf
x0 2R

kuð�; tÞ � Uð� þ x0ÞkC0
b

 C2E e�gt:

Pr oo f : See subsection 7.4.
The strength of the pseudo-orbit theorem can be seen by considering solutions which cannot be transfered to the

original system with the help of the center manifold theorem for elliptic PDEs, i.e. by considering solutions which are
not of permanent form in the modulation equation.

&

&
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For the Allen-Cahn equation solutions with more than one interface are examples of such solutions. These solu-
tions consists of almost flat regions, where they are close to the exponentially stable states �1. In between there are
the interface regions, where the solutions connect the stable state �1 with the stable state 1 or vice versa. A detailed
description of the dynamics of these solutions and an exact definition can be found in [46].
We define classes of functions with m interfaces:

Im ¼ fA 2 C0
b ðR; RÞ j A interface function with m zeros; lim

X!�1
AðXÞ ¼ 1 or� 1g :

Then from the analysis in [46] and the literature cited there, it is known that the interfaces annihilate. Moreover, it is
known that this happens in very robust way, i.e., small perturbations do not change the dynamics. With the help of
the maximum principle the following global result can be obtained:

lim
t!1

Að�; tÞ ¼ �1 ; if Að�; 0Þ 2 I2m ; lim
t!1

Að�; tÞ 2 I1 ; if Að�; 0Þ 2 I2mþ1

for m 2 N. Due to these facts with the help of the pseudo-orbit theorem (Theorem 4) and Theorem 7 it follows

Theorem 8: Fix m 2 N: Then there exist C1; C2; g; E0 > 0 such that for all E 2 ð0; E0Þ the following holds. From
inf

A2 Im
kuð�; 0Þ � yEðAðE�ÞÞkC0

b

 C1E

it follows for m 2 2N that

kuð�; tÞ � u�kC0
b

 C2E e�gt

and for m 2 2Nþ 1 that

inf
U 2 ~II1

kuð�; tÞ � Uð�ÞkC0
b

 C2E e�gt :

Thus, it is possible to prove such a result in a system for which the maximum principle used for (12) does not
hold. A single application of the approximation result (Theorem 3) instead of the pseudo-orbit approximation would
also allow us to prove such a result, but then the size of E0 > 0 would be extremely small since the time for the
annihilation of the interfaces goes exponentially ðOðeCLÞÞ with the distance L of the interfaces.

The pseudo-orbit theorem also allows us to transfer another result which can be found in [46]. For the Allen-
Cahn equation it has been shown that by separating the interfaces in the right way, i.e., making the distances bigger
and bigger for x! �1 it is possible to have an annihilation of interfaces for all times, i.e. infinitely many annihila-
tions. Again this result is robust under small perturbations. With the help of the pseudo-orbit theorem (Theorem 4) it
is obvious that also for the original system (7) we have annihilations of interfaces for all times, i.e. infinitely many
annihilations.

6.6 Generalizations

First of all there is no need to restrict the analysis to one unbounded space direction, i.e., also x 2 R
~dd with ~dd 6¼ 1 can

be handled.
Moreover, the restriction to reaction-diffusion systems can be dropped. A possible set (~dd ¼ 1) of assumptions

would the ones from [59], where assumption (B2) has to be replaced by

(B2) There exist q0; E0 > 0, such that for 0 < E < E0 and jkj < q0 we have a curve lð �; E2Þ 2 C3ðð�q0; q0Þ; CÞ of
single eigenvalues and a curve of eigenfunctions k 7!j1ðk; e2Þ of A such that k 7!j1ðk; e2Þ 2 C3ðð�q0; q0Þ; W2Þ.
Around kc ¼ 0 the curve of eigenvalues has the expansion

lðk; e2Þ ¼ in1kþ e2l0 þ k2l2 þOðe3 þ jkj3Þ

with l0 > 0 and l2 < 0. Moreover, there exists an E-independent constant s0 > 0 such that for 0 < E < E0 the spectrum
S of A in Z satisfies sup<ðS�Þ < �2s0, where S� consists of the spectrum of A without the curves in

Sþ ¼
[

k:jkj< q0

lðk; E2Þ

 �

.
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Here W2 and Z are specified Banach spaces in [59]. In general j1ðkÞ depends on k such that (9) has to be
replaced by

hj1
*ð0Þ; D2N ju¼0ðj1ð0Þ; j1ð0ÞÞiW0

¼ 0 ; ð14Þ

where N and W0 are also specified in [59]. Then a generalized Allen-Cahn equation

@TA ¼ l0A� l2 @2
XAþ c3A

3 þ c4 @XðA2Þ

is obtained. The term c4 @XðA2Þ vanishes for instance under the additional assumption of reflection symmetry.

7. Appendix

7.1 The variation of constant formula and Gronwall’s inequality

Consider the differential equation

@tu ¼ Auþ fðuÞ :

Then the variation of constant formula [9, 26] is given by

uðtÞ ¼ eAtuð0Þ þ
Ðt
0

eAðt�sÞ fðuðsÞÞ ds :

Suppose that the inequality

uðtÞ 
 C1 þ C2

Ðt
0

uðsÞ ds

holds. Then Gronwall’s inequality [9, 26] shows

uðtÞ 
 C1 eC2t :

7.2 Proof of Theorem 2

The situation is complicated through the fact that we have quadratic terms and so the long time existence Oð1=E2Þ needs some
additional effort. This situation is already handled in several papers [5, 15, 51, 59] for the case kc 6¼ 0 and in [55] for the case kc ¼ 0.
In order to explain the ideas we avoid several technical details by assuming for this proof that D2f ju¼0 ¼ 0.

In order to prove the long-time existence the variable w ¼ E�1u is introduced. Then w satisfies

@w ¼ Awþ h0ðwÞ ; ð15Þ

with

wjt¼0 ¼ w0 ; kw0kC0
b

 C1 ; and kh0ðwÞkC0

b

 CE2kwk3

C0
b

for all ekwkC0
b

M for a fixed M > 0. With the variation of constant formula and Gronwall’s inequality the existence of a T0 > 0 and

an E0 > 0 follows such that for all E 2 ð0; E0Þ there is an Oð1Þ-bounded solution w 2 Cð½0; T0=E2�; C0
b Þ with wjt¼0 ¼ w0. Equivalent to

the assertion of the theorem is to show the Oð1Þ-boundedness of

kwkCn; E
b
¼

Pn
j¼0

kE�j @j
xwkC0

b

for t ¼ T0=E2. Since k � kC0
b
¼ k � kC0; E

b
the variation of constant formula yields

kwjt¼T0=E2kC1; E
b

 keAT0=E2kC0; E

b
!C1; E

b
kwjt¼0kC0; E

b
þ

ÐT0=E2

0

keAðT0=E2�sÞkC0; E
b
!C1; E

b
ds CE2 sup

s2 ½0; T0=E2�
kwðsÞk3

C0
b


 Ckwjt¼0kC0; E
b
þ CE2

ÐT0=E2

0

maxð1; E�1ðT0=E2 � sÞ�1=2Þ ds ¼ Oð1Þ

due to (11). We start (7) again, but now with kwjt¼0kC1; E
b
¼ Oð1Þ. The nonlinear terms satisfy

kh0ðwÞkC1; E
b

 CE2kwk3

C1; E
b

:

With the variation of constant formula and Gronwall’s inequality the existence of a T1 > 0 and an E0 > 0 follows such that for all
E 2 ð0; E0Þ there is an Oð1Þ-bounded solution w 2 Cð½0; T1=E2�; C1;E

b Þ with wjt¼0 ¼ w0. The variation of constant formula yields

kwjt¼T1=E2kC2; E
b

 keAT1=E2kC1; E

b
!C2; E

b
kwjt¼0kC1; E

b
þ

ÐT1=E2

0

keAðT1=E2�sÞkC1; E
b
!C2; E

b
ds CE2 sup

s2 ½0; T1=E2�
kwðsÞk3

C1; E
b


 Ckwjt¼0kC1; E
b
þ CE2

ÐT1=E2

0

maxð1; E�1ðT1=E2 � sÞ�1=2Þ ds ¼ Oð1Þ :

Schneider, G.: Bifurcation Theory for Dissipative Systems on Unbounded Cylindrical Domains 519



Since this scheme can be iterated and since

kP2wjt¼T1=E2kC0
b

 kP2 eAT1=E2kC0

b
!C0

b
kwjt¼0kC0

b
þ

ÐT1=E2

0

kP2 eAðT1=E2�sÞkC0
b
!C0

b
ds CE2 sup

s2 ½0; T1=E2�
kwðsÞk3

C0
b


 C e�bT1=E2kwjt¼0kC1; E
b
þ CE2

ÐT1=E2

0

e�bðT1=E2�sÞ ds ¼ OðE2Þ

the result follows for all n 2 N.

7.3 Proof of Theorem 3

The residual

Res1ðuÞ ¼ �@tu1 þ E2u1 þ @2
xu1 þN1ðuÞ ; Res2ðuÞ ¼ �@tvþQvþ @2

xvþN2ðuÞ

contains the information how much a function u fails to satisfy system (7). As in [47] it easily follows that

sup
t2 ½0; T1=E2�

kRes1ðyEðAðE2tÞÞÞk 
 CResE4 and sup
t2 ½0; T1=E2 �

kRes2ðyEðAðE2tÞÞÞk 
 CResE3 :

The error R ¼ ðR1; R2Þ with

E2R1 ¼ u1 � he1; yEðAÞiRd and E3R2 ¼ v� P2yEðAÞ

satisfies

@tR1 ¼ E2R1 þ @2
xR1 þ g1ðuÞ ; @tR2 ¼ QR2 þ @2

xR2 þ g2ðuÞ ;

where

kg1kC0
b

 CE2kR1kC0

b
þ CE2kR2kC0

b
þ CE3kRk2

C0
b
þ CResE2 ; kg2kC0

b

 CkR1kC0

b
þ CEkR2kC0

b
þ CEkRk2

C0
b
þ CRes ;

if kERkC0
b

M for a fixed M. Applying the variation of constant formula to these equations and making the abbreviations

SiðtÞ :¼ sup
s
t

kRiðsÞkC0
b

allows us to obtain the estimates

S1ðtÞ 
 e2C
Ðt
0

ðS1ðtÞ þ S2ðtÞ þ eðS1ðtÞ þ S2ðtÞÞ2Þ dt þ CðS1ð0Þ þ CResÞ 
 e2C3

Ðt
0

ðS1ðtÞ þ S2ðtÞÞ dt þ C4 ;

S2ðtÞ 
 CðS1ðtÞ þ eS2ðtÞ þ eðS1ðtÞ þ S2ðtÞÞ2Þ þ CðS2ð0Þ þ CResÞ 
 C5S1ðtÞ þ C6 ;

where C4 ¼ CðS1ð0Þ þ CResÞ þ 1, CeT1ðCc þ CsÞ2 < 1, C6 ¼ CðS2ð0Þ þ CResÞ þ 1, and CðeCs þ eðCc þ CsÞ2Þ < 1 as long as S1 
 Cc

and S2 
 Cs for two constants Cc and Cs to be defined later. Inserting the second inequality in the first one gives the estimate

S1ðtÞ 
 C4 þ C6T1 þ e2C3

Ðt
0

ð1þ C5Þ S1ðtÞ dt :

Applying Gronwall’s inequality to this gives S1ðtÞ 
 ðC4 þ C6T1Þ eC3ð1þC5ÞT1 ¼: Cc. In the second equation we obtain by this
S2ðtÞ 
 C5Cc þ C6 ¼: Cs. Choosing now e0 > 0 in such a way that the restrictions on e are fulfilled we are done.

7.4 Proof of Theorem 7

In order to construct these solutions the stationary system of (7) is written as a first order system

@xuj ¼ vj ; @xvj ¼ �fjða; u1; . . . ; udÞ

with x as new time variable. For a ¼ 0 the eigenvalues m of the linearisation of this spatial dynamics formulation satisfy

muj ¼ vj; mðv1; . . . ; vdÞ ¼ �Df ju¼0u

and so Df ju¼0u ¼ �m2u. Since Df ju¼0jj ¼ lð0; jÞ jj the relation lð0; jÞ ¼ �m2
j between the temporal eigenvalues lð0; jÞ and the

spatial eigenvalues m follow. Therefore, there are two eigenvalues m ¼ 0 (a Jordan-block), and the rest of the eigenvalues mj is bounded
away from the imaginary axis. Thus, the assumptions of the center manifold theorem are satisfied and a two-dimensional center
manifold can be constructed. By making the ansatz uðxÞ ¼ EAðExÞ j1 þOðE2Þ it turns out that the vector field on the center manifold
is given in lowest order by

@XA ¼ A1 ; @XA1 ¼ �Aþ A3 þOðEÞ :

For E ¼ 0 this system is the stationary Allen-Cahn equation which possesses a heteroclinic connection between ðA; A1Þ ¼ ð1; 0Þ and
ð�1; 0Þ. Since (7) is reflection symmetric ( x 7! � x; u 7!u) this heteroclinic connection persists under higher order perturbations, i.e.
for (7).

Stability follows by looking at the linearisation around ~II1. The continuous spectrum of this linearisation lies strictly in the
left half plane. Since (7) can be approximated by (12) the same is true for the linearised systems, and so there exists a one to
one correspondence between the discrete eigenvalues of both equations. All eigenvalues of (12) are only perturbed a little bit and
stay for E > 0 sufficiently small strictly in the left half plane, except of the zero eigenvalue from which we already know that it
remains in zero with associated eigenvector @xU. The nonlinear stability again follows with the help of the center manifold theo-
rem (see [26]).

&

&

&
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