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ADIABATIC INVARIANCE AND TRANSIENT RESONANCE IN VERY 
SLOWLY VARYING OSCILLATORY HAMILTONIAN SYSTEMS* 

D. L. BOSLEYtt AND J. KEVORKIANt 

Abstract. Canonical averaging techniques are applied to very slowly varying oscillatory systems in 
Hamiltonian standard form to very high orders, which are required for uniformly valid solutions. When 
resonance is exhibited in these systems N- 1 adiabatic invariants are found, reducing the original system 
of 2N first-order differential equations to two differential equations that embody the resonance behavior. 
Three examples exhibiting transient resonance are examined. 

Transient resonance occurs when the leading-order frequency of the reduced system makes a slow 
passage through zero. Depending on the rate of this slow passage, three distinguished cases are identified: 
the subcritical, the critical, and the supercritical. For each case, asymptotic solutions are found illustrating 
the nature of the resonance for certain classes of problems. In both the critical and supercritical cases, the 
action (and correspondingly the energy) can undergo changes of 0(1) or greater. Specific examples are 
used to illustrate and numerically verify all results. 

Key words. adiabatic invariants, averaging, Hamiltonian systems, near-identity transformations, 
transient resonance 

AMS(MOS) subject classification. 34E15 

1. Introduction. This is a continuation of the work reported in Bosley and 
Kevorkian [5] on very slowly varying oscillatory Hamiltonian systems; here we concen- 
trate on the class of problems that exhibit transient resonance. 

We consider the Hamiltonian system of 2N differential equations 

(1.la) (pi =w)(p, t ) + ng=(pl q, t ; ) 

dt aq, 

where the Hamiltonian h has the form 

(1.2) h = ho(pi, t*) + ?h*(pi, qi, t*; E). 

The slow time is t* = E2t, and E is a small parameter, 0 < E << 1. Thus, to, = ahol/aPn, g9 = 
ah*lap,f, = -ah*/&qn, and we assume that the functions f, and gn are periodic in 
each of the qi with the same period 2Xr. 

Generally, any system (not necessarily Hamiltonian) of M equations in the form 
(1.la), and N equations in the form (1.lb) is said to be in standardform if the to, are 
independent of the qi, and the f, and gn are 2Xr-periodic functions of each of the qi. 
Although we do not consider the details here, our approach (as in the case discussed 
in [12]) generalizes in a straightforward manner to non-Hamiltonian systems. 

Periodicity with respect to the qi implies that h* may be expressed as a Fourier 
series (either finite or infinite) of the form 

00 00 

(1.3) h*= E ... E hrlr2 ...rN(Pi, t*; E) exp i(r1q1 + r2q2+*** + rNqN). 
ri =-oo rN = -?? 
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Consider a typical oscillatory term in this series, say, 

a(pi, t*; E) exp i(r1q1 + r2q2+ * * * + rRqR), 

where now we let rl, r2, - - *, rR be nonzero integers. Note, by a simple renumbering 
of the variables, that any particular term in the series (1.3) can be redefined using only 
the first R _ N angle variables, ql, q2, * - *, qR. This term will lead to a resonance 
between the variables q1, q2, . . ., qR if the associated frequency combination 

(1.4) o-rrw1 + r22 + **+ rR(wR 

vanishes at some critical time t* = t*. 

As is well known (for example, see [12]) the usual approach for calculating a 
solution by averaging near-identity transformations breaks down for times in some 
neighborhood of t*. If the condition o- 0 persists for times t* - t* = 0(1) or longer, 
the solution is said to be in sustained resonance, and this is discussed in [5]. Here we 
focus on transient resonance, the case where oa makes a single slow passage through zero. 

The above problem for the case where h depends on the slow time t7= ?t has been 
thoroughly discussed in [12] and the references cited there. The basic idea is to isolate 
the critical combination of angle variables 

r2 ~~rR 
(1.5) q -=q+ q2+ qR, 

corresponding to the resonance (1.4), then remove the N- I remaining angle variables 
from the Hamiltonian to any desired order by means of a near-identity averaging 
transformation. As a result, the N- 1 momenta, corresponding to the removed vari- 
ables, are adiabatic invariants, and the transformed Hamiltonian depends only on the 
41 angle variable. This defines a reduced problem of order two that embodies the 
resonance behavior. 

The generalization to a dependence on the slower time t* = ?2t is not trivial. The 
principal difficulty is that expansions are required to very high orders to derive uniformly 
valid results for the very long times (t = 0(1/2)) considered. Also, in the case of 
transient resonance the reduced problem often cannot be solved analytically. This was 
pointed out in [10] and will be discussed fully in ? 3 of this paper. 

In some problems it is possible to have two or more frequency combinations of 
the form (1.4) that vanish simultaneously. This feature is pointed out in [12] but is 
not discussed in detail here. Because the reduced problem for such systems is of order 
four or higher, chaotic behavior may occur, as discussed by Hoveijn and Verhulst [8] 
for an example where the frequencies are constants. For a more general discussion of 
averaging methods, see Sanders and Verhulst [15]. In particular, [15, Chap. 5] contains 
a discussion of systems with slowly varying frequencies and passage through resonance, 
and [15, Chap. 7] is a discussion of various fixed resonances for constant frequency 
Hamiltonian systems. Additional results for transient resonance and a proof of the 
validity of certain asymptotic solutions can be found in Sanders [14]. A discussion of 
the rigorous background and mathematical theory for averaging methods can be found 
in Lochak and Meunier [13] and the references cited there. 

Numerical integration of rapidly oscillating functions over long times is very 
difficult. For smaller values of E, numerical integration not only yields inaccurate results 
but requires an impractical amount of time. On the other hand, due to the very large 
number of terms, high-order asymptotic expansions often cannot be calculated by 
hand. The solution technique presented here and in [5] relies on the use of symbolic 
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manipulation programs, which not only keep track of these terms but can be program- 
med to automatically execute a significant portion of the solution procedure. While 
still containing a large number of terms, the resulting solution can nevertheless be 
easily evaluated with the symbolic manipulator's automatic generation of FORTRAN 
code directly from the derived expressions. 

In ? 2, we review the averaging procedure basic to this work. This procedure is 
discussed in [5] for a general Hamiltonian system in the absence of any resonances. 
Section 2.1 summarizes the modifications necessary to this procedure when a single 
resonance is present. As for the case where h depends on Et, the original problem 
defined by a system of 2N first-order differential equations can be reduced by an 
averaging procedure to a system of two first-order equations; this is accomplished with 
the identification of N- 1 adiabatic invariants that are valid through the resonance. 
The reader is referred to [4] for more details. In ? 2.2, we consider three examples to 
further illustrate and numerically verify the procedure. The role of symbolic manipula- 
tion is indicated throughout. 

In ? 3, we examine the reduced problem for transient resonance resulting from 
the averaging procedure and examine several cases that correspond to different 
behaviors for the leading-order frequency across the resonance region. Three cases are 
distinguished: the subcritical, the critical, and the supercritical. 

In the subcritical case, an asymptotic solution valid across the resonance for a 
general class of problems is found. Also, we introduce an improved matching procedure 
that results in a more accurate postresonance solution. This procedure has a wider 
range of applicability than in the present context. 

In both the critical and supercritical cases, the action undergoes changes of 0(1) 
across the resonance, which often creates difficulties associated with the interior layer 
solution. For certain problems in the critical case, an interior layer solution is available 
and can be matched to the solutions away from resonance. In the supercritical case, 
even though solutions to the interior layer equations are available, these cannot be 
matched to the solution away from resonance, prohibiting a valid solution in the 
resonance and postresonance regions. These difficulties were not encountered for the 
t = Et case. 

2. Averaging for very slowly varying oscillatory Hamiltonian systems. The procedure 
for averaging the system of equations (1.1) is discussed in detail in Kevorkian [12, ? 4] 
for the case of slow variations depending on t= Et. In [5, ? 2], Bosley and Kevorkian 
extend the results for a general oscillatory Hamiltonian system to the necessary orders 
for uniformly valid solutions for the case of very slow variations depending on t* = 2t. 

Here, we focus on the case where a solution passes through a given resonance, 
summarizing the results in [5, ? 2.2] for reference purposes. 

2.1. Adiabatic invariants and the reduced problem for a given resonance. As is well 
known (e.g., see [12]), the ususal procedure for solving the system (1.1) by averaging 
near-identity transformations breaks down in a neighborhood of the resonance. Reson- 
ance is defined as the vanishing of a, the following critical combination of the 0(1) 
frequencies of (1.1): 

(2.1) (pi, t*) r1wI + r2(2+02 *+ rRwR, 

where rl, r2,. , rR are R nonzero integers. If the to, depend only on t*, then (2.1) 
is an a priori known function of t*, and its vanishing corresponds to some critical time 
t*= t*. In the general case where the to, depend on the pi, (2.1) is evaluated along a 
solution of (1.1). 
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Singularities arise in the form of a-divisors in the solution derived by the ususal 
averaging procedure. Therefore, when a resonance is present in (1.1) we first isolate 
the critical combination of variables associated with this resonance into a single angle 
variable before eliminating the rest of the qi. We define a time-independent canonical 
transformation from the (pi, qi) to new variables (fii, qi) given by 

q1=q1 +-q2+ + rR q Pi Pi, 
r, r, 

rR 

(2.2) P rR 

PR+1 PR+1, 

qN, =qN, PN =PN, 

which isolates the resonance into a single variable, q1, allowing elimination of the rest 
of the qi from the Hamiltonian. The new Hamiltonian is simply the old Hamiltonian 
with the (pi, qi) expressed in terms of the (pi, qi). Because this transformation has 
isolated the resonance variable, this new Hamiltonian can be written in the form 

h(fii, qi, t*; E) = ho(i, t*) + ?[hl(fli, t*) + h(pi q1, t*) + hj(, 1q, t )] 

+2[h(f,t)+hcF 1 t* ) 2(i i t*)] + 0(_?3). 

The underbar represents the averaged part of the Hamiltonian, while the underhat 
indicates a zero average over the qi. The critical terms, indicated by a subscript c, 
contain all resonant behavior associated with q1, while the remainder of the oscillatory 
part, indicated by a subscript s, contains all nonresonant terms. 

The averaging procedure is based on finding the generating function F(Pi, qi, t*; ?) 

of a near-identity canonical transformation to new variables (Pi, Qj) so that the 
transformed Hamiltonian H(Pi, Qi, t*; E) is independent of Q2, , QN. The generat- 
ing function is assumed in the expanded form 

N 

(2.4) F(Pi, qi, t*; ) = Piqi + ?F1(Pi, qi, t*) + ?2F2(Pi, qi, t*), 

and F1, F2 are chosen to eliminate all nonresonant terms from the Hamiltonian (2.3) 
to 0(82). The final Hamiltonin takes the form 

H(Pi, Qi, t*; E) = Uo(Pi, t*) + ?[Hj(Pi, t*) + Hlc(Pi, Ql, t*)] 

(2.5a) +_2[H2(Pi, t*) + U2c(Pi, Q1, t*)] + ?3[H3(Pi, t*) 

+y3(pi, Qi, t*)] + 0(?4), 

where 

(2.5b) HO(Pi, t*) = o0(pi, t*), 

(2.5c) H1(Pi, t*) = L1(Pi, t*), 

(2.5d) HIC(Pi, Q1, t*) = Icwi' Q1, t*), 

(2.5e ) H(P;. t*) = h2(Pi t*) + ZAP6 t*), 
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+.7 ~ahl aF1 
(2.5f) Y2c (Pi, Ql, t* )=2(Pi, Ql, X*+2,(Pi, Ql, t*)_ Aqc aq1 p 
and 

(2.5g) R3 (Pi, t* =3 h(Pi, t *) + Z3 (Pi, t *) + at*-- 

The functions Z2 and Z3 are defined in [5] and are not repeated here. The details of 
these calculations, including the expressions for F1 and F2, are given for three specific 
examples later. The general formulas are found in [4]. 

Note that H2C given in (2.5f) contains reference to an arbitrary averaged function 
Fl. The choice of F? therefore is significant in two ways: in accounting for averaged 
terms of 0(?3), which become 0(8) over long times (t* of 0(1)), and as a contribution 
to the resonant terms in the O(E2) Hamiltonian. 

Because Q2, Q3, , QN are removed from the Hamiltonian to 0(82), the associ- 
ated conjugate momenta P2, P3, , PN are constants to 0(E2). In the case of reson- 
ance, these are the N- 1 adiabatic invariants that remain valid through the resonance; 
they are constant to O(82) for times t' T, with T= 0(1/82). By inverting the near- 
identity and isolating transformations, we find the adiabatic invariants as functions of 
the original variables (pi, qi), 

Pn-Vnjp, qi, t*; 8) 
=Pn Prn _(F_ t) 

A, (pi, qi, tPi 8 - (f, i, t*) 
r, aqn 

(2.6) +82( _ 2 (pi qiR t*)+ E &F) P a 4. a4n ~~j=i&qn&P aqJ 
=constant+ 0(?3) 

for n =2, 3, * , N, where the evaluations of the partial derivatives at (Pi, qi) are 
replaced by the substitutions (2.2) (note that rn = 0 for n > R). This function of the 
original variables is a constant of the motion to O(82) along solution trajectories. In 
? 2.2, we illustrate this feature for two different examples. 

One notable advantage of this solution technique is its suitability for symbolic 
manipulation programs. The entire procedure just outlined in ? 2.1 can be fully 
automated on SMP. After entering the Hamiltonian in standard form, the programmed 
steps include isolating the resonance, eliminating all nonresonant terms by solving for 
the 0(E) and O(82) generating functions, solving for the averaged 0(82) terms to 
determine Fl, simplifying the final Hamiltonian, and inverting all the transformations 
for an asymptotic solution of the adiabatic invariants in terms of the original variables. 
On a VAXserver 3500 running Ultrix-32 v3.0 with 12 MB of RAM and 51 MB of virtual 
memory, SMP version 1.5 took approximately 20 minutes of CPU time to execute this 
procedure for the problem described in ? 2.2.1. The peak amount of memory required 
was approximately 12 MB. This procedure probably would have taken less time and 
have required less memory if run on later versions of SMP or perhaps on another 
symbolic manipulator such as MACSYMA or Mathematica; the factorization 
algorithms (which are time and memory intensive operations) have been recently 
improved. 

In contrast, the CPU times for numerical solutions of the systems of equations 
given in (2.2) vary according to the value of 8. For 8 = 0.01, a numerical integration 
takes on the order of one to two minutes to integrate to a value for t* of 0(1); for 
8 = 0.001, the time required increases by a factor of 104, i.e., approximately one to two 
weeks. 
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When a resonance is present we find N -1 adiabatic invariants (2.6), and the 
system of differential equations (1.1) of order 2N is reduced to a system of order two, 
for the variables P1 and Q1, 

dQ = (pj t*) + E [a p (P * a (Pi, Q1, t*)] 

(2.7a) 1 

+?2 [aH2 (P t*) + 2C (Pi, Q, t*)J + O(?3) 
aP1 aP1 

(2.7b) dP= _ A (P, Q , t*)-?2 aI2C (pi, Q, t*)+ O(?3). 
dt - Q p "aQ 

This is the reduced problem we consider in ? 3 for the case of transient resonance. The 
same reduced problem is discussed in [4] and [5] for the case of sustained resonance. 
All remaining P, are constants and the remaining Q, n = 2, 3, ..., N are found as 
quadratures once the solution for the system (2.7) is known. All that remains is to find 
uniformly valid solutions to the two coupled differential equations (2.7) throughout 
the resonance when a(Pi, t*) 0. 

2.2. Numerical verification of adiabatic invariance. To illustrate the procedure 
discussed in ? 2.1 for a general Hamiltonian, we examine three examples. The analytical 
results are summarized for each example; for the first two examples the original 
action-angle systems are numerically integrated and the results substituted into (2.6) 
to assess the accuracy of the derived adiabatic invariants. 

2.2.1. Two quadratically coupled oscillators. We consider the two weakly coupled 
oscillators of the form 

dt2 
(2.8) d2 

dt2 2( t*)x2 =2x1X2. 

These equations were studied in [10] for the case where the wi depend on t= Et, and 
correspond to the standard form Hamiltonian 

h(pi, qi, t*; ?) = w()I(t*) pI + wt)2(t*)P2 

(2.9) PE P2 P [sin (q- 2q2)+sin(q1+2q2)-2sin(qj)] 
2w02 @1 

+?2[2P d * sin (2q1)+2 d* sin q2) 

The angle variables, qj, and the corresponding actions, pj, are given by 

(2.1Oa) qj= arctan( x) 

(2.10b) P 2w i 
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and we see from (2.9) that the resonance a(t*) = to,(t*) -2w02(t*) = 0 is present in the 
Hamiltonian to 0(8). We therefore isolate the resonance combination q, -2q2 into a 
single variable qh using the time-independent transformation 

q1 = qq1-2q2, Pi =Pi, 

q2= q2, P2-P2+2P1 

This is an exact canonical transformation, which gives us the new Hamiltonian 

h(A pj , t;? [oil(t) -2&2(t*)]Pl + OJ2(t*)P2 + 
2E 0 ( sin (ql) 2w2 2i 

(2.12) +8 -P2Pl 2l [sin (q1 + 4q2) - 2 sin (41 + 2q2)] 
202 01 

+8 2 F-PI dw Isin (2q,+ 4q-2) +P2 Pi d n 12-2 
L?2[2 dt* 2w2 dt* sin (22)]. 

Note that the first term in the 0(8) Hamiltonian is the resonant term, which will not 
be eliminated by the near-identity averaging transformation. Solving for the generating 
function (2.4) for the averaging transformation, we find 

F1(Pi, qi, t*) = P2-2P1 P1 

(2.13) 2w2 
E cos (41+4q2) 2 cos (q +242)1 

w1+2w2 I~~~~~ +f1(Pi, 
t*), (ol + 2(02 (01 

where F? is the undetermined function that will be chosen to eliminate all averaged 
terms from the 0(?3) Hamiltonian, and 

F2(Pi, 4, t*) = 16wlw~(wp 2w2)2 sin (24k + 842) + S (4q2) 
16w(t)2( + 2(I2) 16wG(t)2((0I + 2(02) 

(P2 - 2 PI) P1 
422 () sin (2q1 +2q2) 

2 o12(& 2)2 

(2P1 - P2)(2P1w2 - P2(w1 - O2)) + 4a4w2(w1+w2)(w1+2w2) sin (2q1 + 6q2) 

(2.14) -(2P1 - P2)(4P1w2 - P2(wi1 + 2wi2)) sin (24k + 442) 

444l2w(l 1+2w2) 

(2P1 - P2)(PI(421 + 10P2)(-P2(21 + 3222)) 

42414(1 + s22) sin (242) 
P1d 1 P-22 

For this problem, the 0(?3)-averaged Hamiltonian is zero; therefore we set F?1 equal 
to zero, so that only oscillatory terms remain in the 0(?3) Hamiltonian. The final 
Hamiltonian, which has the Q2 dependence removed to 0(82), is given by 

H(Pj, Qj, t*; 8) =LT(t*)Pl +w2(t*)P2 + (P21 2Plsin Qi 

(02~20 3(( 

844 t(o1+222) +0(8) 

where s(t*)h on(t*) s2l2(t*). The elimination of Q2 from the Hamiltonian to 0(82), 
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indicates that P2 is an adiabatic invariant to 0(e2). The adiabatic invariant (2.6) in 
terms of the original action-angle variables becomes 

P2 = 4(pi, qi, t*, ; 

2P2 2p, sin (q1 + 2q2) sin (ql) 
-2p' P2+ ? \/ [ sin................ 

()2 e 01 _to, + 2W2 OJ I 2 2w1+2w22 
_2[P2(4PIi +P2(3 w 1 +8w122+ 8&)) 

2w(w3C02(wo1 + 202)2 

(2.16) + 2(j72) cos (2qj) 4 ( +2 cos (4q2) 

P1P2 2412 -p02w) 
Pl 

2 2 cos (2q1-2q2)- P2(4pJ1+2-P2&l) C (2q2) Ct 1 p2((?- )2) -2 102w) + 202) 

PI1(w1 + PO2)(1 + 2a)) cos (2q, + 2q2) 

+ sin (2q)+2 2 dt* sin (2q2) + 0 

Expressions (2.11) through (2.16) have all been generated by an automated procedure 
programmed for use on SMP. 

The function of the original variables, which is the adiabatic invariant (2.16), 
should remain constant to O(E2) through the resonance. To verify this, a numerical 
integration of the four first-order differential equations arising from the original 
Hamiltonian (2.9) in the original variables (pi, qi, t*) was done using differential 
equation subroutine DDRIV. The functions w1 and 02 were chosen to be 

2-= 2-*t 
(2.17) 2 

Ct2=4+ 
I t*, 

so that w, - 2w2 = 0 at t* = 1. For Figs. 2.1 and 2.2, the other parameters include E = 0.05, 

P2+2p, 

P2 

6 

0.4 0.6 0.8 1.0 1.2 1.4 1.6 

t * 

FIG. 2. 1. Passage through resonance for quadratically coupled oscillators. 
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(a) 

; 1 II ,il i j!ll i III]IllIII Ii!!lll!ll!il 

Q I HI 

04 0.6 0.8 1.0 1.2 1.4 1.6 

t * 

(b) 

I= 

o T I I ~ ~ ~ ~ ~ ~ ~~~~~~~~~~~~~~~~~~~~I I I I 

~ 0.4 06 08 1 0 1.2 1.4 1 6 
t*1 

FIG. 2.2. Adiabatic invariant for quadratically coupled oscillators. 

initial conditions Pi = 0.25, P2 = 0.5, q1 = 0.0, q2 = 0.0, and integration range t* = 

[0.0, 2.0]. The numerical results of this integration were then substituted into the 
algebraic formula (2.16) for the adiabatic invariant X, and this function plotted with 
the graphs for PI, P2, and the 0(1) adiabatic invariant, 2p, +P2 (see Fig. 2.1). 

The function 4(pi, qi, t*) proves remarkably constant through the resonance (see 
Fig. 2.2(a), an enlargement of the top curve of Fig. 2.1) and in general for long times. 
Other values of ? and other initial conditions have been used and the same qualitative 
agreement has been found. 

In Fig. 2.2(b) (an enlargement of the s curve in Fig. 2.2(a)), we see that the 
adiabatic invariant has an oscillatory behavior of very small magnitude due to the fact 
that oscillatory terms were not removed by the near-identity transformation from the 
0(?3) Hamiltonian. Using several different values for E, we can find a rough approxima- 
tion for the order of the error in the adiabatic invariant (which should be 0(?3)) to 
verify this as the cause. Assuming that the small oscillations in Si are due to an error 
of O(8K ) and that Imax 4 - min d| is a linear measure of the error, we use the equation 

(2.18) Imax si -min 4 =CK 

to find the order K. We integrate the differential equations numerically over t = [0, 40] 
for ? =.05, .02, .01, .005, and .002 and use the computed values of s and the known 
values of ? to solve for C and K in a least squares log-log fit (see Fig. 2.3). 

Using the same initial conditions as for Fig. 2.1, we find that K =3.0023 (with 
C = 29.30), in excellent agreement with the theoretical result of 0(?3). The value of 
C is large due to the great number of terms in the 0(?3) Hamiltonian, even for this 
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10-2 

K = 3.0023 

10-3 

10-4_/ 

CEK 

1 l-5-X 

10_6 

10-7 Hl 
lo-3 10-2 101 

FIG. 2.3. Order of the error in the adiabatic invariant. 

relatively simple problem. The substantial agreement between the numerical results 
and the analytical asymptotic result give high confidence in this method for reducing 
the set of differential equations. 

From the final Hamiltonian, we obtain the reduced system of two coupled differen- 
tial equations 

dQI aH=o(t*)+E(-6P) 
1 

sinQ 

(2.1l9a) 
dt aP1 2w2 2woPI 

+?[2 2- 2 2 P]+OE) 
CJ I 1J C2 CJ I 1J 2 )(C oi + 2C )2) 

dPI a H (s l- 2 PI) + O(E3), (2.19b) d ~ - 2r - Cos Q 

where P2 has been replaced by the constant adiabatic invariant S. This final system 
is equivalent to the system of three equations with one constant found in Ablowitz, 
Funk, and Newell [2, ? 3]. 

2.2.2. Triad resonance for three oscillators. The present approach is the same for 
any number of resonant combinations. To illustrate this, we study a second example 
of a system of three coupled oscillators of the form 

(2.20) d-2 -+ ?KiYjYk, dt2 

where t* = %2t; i j, k = 1, 2, 3; and the Ki are positive 0(1) constants. For this system 
all three frequencies contribute to the possible resonances, given by 

(2.21) Mi + co; ? jk = 0. 

This system has also been discussed in [2] and [7]. There has also been significant 
study of the resonance structure of the system of three oscillators with a more general 
quadratic coupling for constant frequency systems (e.g., see [15], [1], and [8]). 
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By noting the simple transformation, xi = (KjKk)"2yi, we set the constants Ki = 1 
without loss of generality; also, due to the symmetry in the problem, we will consider 
only the resonance oI + O2 - Ct3 = 0, as the oscillators can simply be renumbered. The 
system (2.20) is changed to standard form using the same transformation (2.10) as for 
the two coupled oscillators. The resulting Hamiltonian is 

h(pi, qi, t*; ?)= I)(t*)pI + (02(t*)P2+ Ct)3(t*)p3 

PIP2P3 
+? [sin (q? + q2 + q3) 

2coIC02CO3 

(2.22) - sin (q? + q2 - q3) 

-sin (q1-q2 + q3) + sin (q1-q2-q3)] 

?2 Z P' dfsin (2qj.) i-=l 2fti dt* (q) 

We summarize the results. To isolate the resonance, we define 

q1 = q?+q2-q3, Pi =Pi, 

(2.23) 42,= q2, P2=P2-P1, 

43, = q3, P3 =P3+P1- 

Then we use the near-identity averaging procedure of ? 2.1 to find the final reduced 
problem for Q1 and P1 corresponding to (2.7) 

dQI aH =3___ _ 2* +__ 2 E _ 3_ PI _ _ + __3_) 

dt p 0-)+ 
22ooP(1?P)s3-P1 sin Q, 

(2.24a) +?2 
1 [S 2 _ 3 

4Ct)1Ct2Ct)3 Ct)1- )2+C)3 C)(01? + 2 + (03 

((0I+(?2?+C3) -4o1fOt2 3 

( Ct) Ct)2 Ct)3) (Ct1 t- 2 + ?3) (3)(1 ?+ OJ2 ?+ O3 ? 

dPI aH _PIS2_+_PI)_(S3 PI) _Ql_+O(3), (2.24b) d Q~~ 2 Cos 
dt aQI 2&cOJc2&J3 

where the two adiabatic invariants corresponding to P2 and P3 have been used in (2.24) 
and are given in terms of the original action-angle variables by the expressions 

P2 = s2(pi, qi, t*; ?) = P2 PI 

PP2P3 sin(ql-q2-q3) sin (ql-q2 +q3)] 
C1 Ct)2(C)3 L (1-Ct)2-Ct)3 (C)l1-C()2 + Ct)3 

+2 _1 PIP2+P1P3-P2P3 PIP2-PlP3+P2P3 
4coCt)1 2Ct)3 ((O (C)1 t2 Ct)3 )2 ( Ct) 1 (02 + Ct)3 )2 J 

+ 
2 to (02()3 (I- (02 - (03)(C01 - (02 + (03) 
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* {P3(P2-P) cos (2q3)+ PI(p223?p3(1-p3")2) cos (2 q) 

P2(P1w'3 -P3(01 +P3W2) cos (2q2)} 

(2.25) 

4w1w2w3 l(wl-w3)(wl-w2-w3) cos [2(q1 - q3)] 
4 ct 1ct02c)3 t(ctl - O,3)(&Jl - OJ2 - &,3) 

+ P1P3 cos [2(q? + q3)] 
(Ct)l + (t,3)(&tl - O)2 + ct)3) 

+ ) 2P2P3 cos [2(q2 - q3)] 
(&J ''- &,3 ) ( It 1- O2 + ct)3) 

+ P2P3 cos [2(q2 + q3)] 
(('t2 + ct)3) (& It 1- O'2 - &3 ) 

- 
2 

&2)( 2-3PIP2 + ? ) cos [2(q1 -q2)] 
I t2 ()I- (t)2 - )3) ((Il - () 1 

Pi dw1 P2 ~~~d(023 
12P 

d&l sin(2qj)? 2 + sin(2q2)+?O(83) 2wo dt* 52 o2 dt j 

and 

P3 = i3( pi, qi, t; ?) 

PI2pP2P3 [sin(ql-q2+ q3) sin (q1 + q2+ q3) 

(0102(3 L - f)2 + 3 ?(1 + 02 + (03 

_2 _ _ PIP2-PP3+P2P3 PIP2+PP3+P2P3 

c4to1(02ct3 (c'l - 02 + ?Ot3)2 (ct?I + Ot2 + ?O3)2 

_~~~~~~~ 
2coIC02(03 (COI - (02 + (t3) (& I + (02 + &03) 

F ~ ~~~~~+P3 (P PJ2 P2JI -P2&W3) 
P{P2(I+P3) cos (2q2)? 03 2 cos (2q3) 

Pl(P2(&l +p2&w3 -P3(02) cos (2qj)} 

(2.26) I 

-cos [2(q1 - q2)] 
4(01o2(3 L((t)l-(t)2)(lwI-(w2+?tw3) 

(+1 + C P2) + )2 + ) COS [2(q? + q2)] 

(_ - w3)(o P2 3 ? cos [2(q2 - q3)] 
(0 ()- (03 ) ( Ct) 1- O)2 + Ct)3) 

? (2 2P) 
3 

-2&3 cos [2(q2?+q3)] 
(Ct)2 + (0)3)(COI + C,) + C,03) CS[(2+q 

(o1 ? 3~,2(02PIP3 2? ,COS [2(q1 ? 3) 

(10l + (03)(C - 02 + O)3)(1i + (03 + ) 

+? Pi2 d* sin (2q)?iP3 dt3 sin (2q3)l +?(?3)- 
2 1 dt* 2at3 dt* J 
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We note from the above expressions that our results may have other potential 
zero divisors; we have only removed the divisor o- = &)I + cO2 - (03 . For given functions 
O I, &>2, and (03 of t*, these divisors may vanish at individual times, or two or more 

may vanish simultaneously. Although it is possible to compute adiabatic invariants 
that remain valid for two or more sequential or simultaneous resonances, we do not 
discuss this procedure here. Some comments can be found in [11]. In the more general, 
but constant frequency systems discussed in [15] and [8], it is the presence of simul- 
taneous resonances that leads to nonintegrability of the systems and the presence of 
chaos for certain frequency ratios. 

To verify the formulas representing the adiabatic invariants, we numerically 
integrate the six first-order equations resulting from the original Hamiltonian (2.22), 
then substitute the results into S2 (2.25) and 43 (2.26). Using the frequencies 

c) =2+ t*, (0I 

(2.27) c )2 I + 

(3 = 2+ 

and the initial conditions Pi = 0.75, P2 = 0.5, p3 = 0.25, and q1 = q2 = q3 = 0, for the value 
E = 0.05, we integrate the interval t* = [0.0, 2.0]. In Fig. 2.4 we show the interaction 
between the three oscillators as the system passes through resonance at t*= 1. 

CD _ I 

0.0 0.5 1.0 1.5 2.0 

FIG. 2.4. Passage through triad resonance. 

In Figs. 2.5 and 2.6, we illustrate the adiabatic invariants 42 and '43, on plots of 
P2 - Pl and p3+ Pl, respectively. Although the formulas describing the adiabatic 
invariants have a significant number of terms, evaluation is not difficult as they were 
derived on the symbolic manipulator SMP from which the FORTRAN code is directly 
generated. Constancy of these functions to O(E2) is again excellent as indicated. 

2.2.3. Resonantly forced oscillator. Passage through resonance for the linear oscil- 
lator with slowly varying frequency and small harmonic forcing function has been 
discussed by Kevorkian [10] for variations depending on the slow time t = ?t. In 
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P2 -P 

I2 

I 
I 

I 

1 0.4 0.6 0.8 1.0 1.2 1.4 1.6 

t * 

FIG. 2.5. Adiabatic invariant I for triad resonance. 

p3 + Pi 

CD 

00 

6 I I i I III 

0.4 0.6 0.8 1.0 1.2 1.4 1.6 

t * 

FIG. 2.6. Adiabatic invariant II for triad resonance. 

addition, Kevorkian [9] discusses the solution to the resonantly forced oscillator, as 
does Gautesen [6] when the forcing term is 0(1). Here, we consider very slow passage 
through resonance-for the oscillator 

(2.28) x+ (1 + o-(t*))2x = A cos (t+ 0), 

where we restrict A > 0 without loss of generality. 
To use the averaging technique of ? 2.1 and find the reduced system, we augment 

the equation by defining q2 = t + 0, an additional angle variable, so that (2.28) follows 
from the Hamiltonian 

H((2.29) p2,t*;8)=x2 1 X+p+ (+1 + xc)2X2 
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We use the usual action-angle transformation for x, x given by (2.10), where Pi and 
q1 are the action and angle variables, respectively, associated with x(t). The new 
Hamiltonian, now in standard form, is 

h (qi, Pi, t*; ?) = ( + U( t*)) PI + P2 

(2.30) + sA [sin (q1 - q2) + sin (q, + q2)] 
)2(1 + ozr(t*)) 

+E 

2 

(t*) pi 
an(q) 2(1 + or(t*)) sin (2q1). 

Using the procedure outlined in ? 2.1, we isolate the resonance into a single 
variable and average the system using the near-identity transformation. The resulting 
reduced problem corresponding to (2.7) is then 

(2.31a) dt = o(t*) + S 2(2PA(1 + a))1/2 sin Ql + 0(?3), 

dPt 2(PI1 +0-) 

(2.31b) dt A ( os Ql2+ +(c3) 

where the dependence of P1 and Q, on the original action-angle variables is 

(2.32a) Q,=q - (t +0)+ E A 1 
Co(q+t+ ) O25 

2(2 + or (t*)) 2p, ) 1 + v (t*) 

(2.32b) PI =P+E2+ t* \ P2(1+o(t*)) sin (q,+ t+ 0)+ 0(E2). 

In ? 3.4, we discuss an exact solution of (2.31) if the terms of 0(?3) are ignored. 

2.3. Discussion of averaging results. For a complete solution to the problems 
mentioned in ? 2.2, we must find uniformly valid solutions (though the resonance 
region) to the reduced systems of equations (2.19), (2.24) and (2.31). It is important 
to note that although we have only discussed weakly nonlinear examples here, the 
results obtained from the averaging procedure of ? 2.1 are more generally valid and 
also apply to strongly nonlinear systems and to constant frequency systems, once they 
have been transformed to the standard form (1.1). The resulting reduced system 
embodies the different resonant behaviors that are indicated by the strong or weak 
nonlinearity and the slowly varying or constant nature of the frequencies. We reiterate 
that the above results are restricted to one specific resonance. The solution of the 
reduced problem for the transient resonance exhibited here is addressed in the next 
section. For a solution to the reduced system when sustained resonance is present (not 
possible for weakly nonlinear systems), see Bosley and Kevorkian [5]. 

The solution of the resonance equations present significant difficulty since an 0(1) 
change in the action (and also in the energy) occurs across the resonance for many 
problems. In the simpler case, where the slow time is t = Et, the change in the action 
is only O(v'E) and a matching can be accomplished (see [10] and [12]). This feature 
is illustrated in Fig. 2.7, where we note the comparison between a numerical integration 
of the same system of coupled oscillators (2.8) with O(E) quadratic coupling, having 
identical parameters and initial conditions, except for the change in the slow time 
variable from t= Et (Fig. 2.7(a)) to t*= - 2t (Fig. 2.7(b)). There is a significant qualita- 
tive difference in the behavior across the resonance due to the fact that the oscillators 
are closer to resonance for longer times (t = 0(1/E) as compared to t = 0(1E)); 
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(a) (b) 

P2 + 2 P2+2Pl S2+ 

00 0 0 

6 o 

0 P2 CD P 

Pi Pi 

0.0 0.5 1.0 1.5 2.0 0.90 0.95 1.00 1.05 1.10 

t= ?t t* = ?2 t 

FIG. 2.7. Effect of the slow time on resonant energy transfer. 

instead of a small energy transfer from one oscillator to the other, the transfer in energy 
is almost total. The figures are plotted so that the resonance layers have the same 
thickness. 

3. The reduced problem and transient resonance. In this section we examine the 
reduced problem resulting from the averaging procedure of ? 2. The system (2.7) of 
two coupled differential equations obtained is dependent on P1, Ql, t*, and the N- 1 
adiabatic invariants found by eliminating the remaining Qi. This system exhibits 
resonance when the 0(1) frequency o-(P1, t*) vanishes. Two qualitatively different 
behaviors can result from this condition. The first, examined in this section, is that of 
transient resonance where o- makes a slow passage through zero vanishing at some 
time t*. This type of resonance has several interesting features, most notably that the 
action (and correspondingly the energy) can undergo changes of 0(1) or greater across 
the resonance. 

The second phenomenon examined in [4] and [5] is sustained resonance, where 
o- oscillates aout zero for long times (t* of 0(1)). This can occur only when the 
frequency is a function of the momentum P, indicating that sustained resonance is a 
strictly nonlinear phenomenon; therefore the weakly nonlinear oscillators examined 
in ? 2.2 cannot exhibit sustained resonance. 

Much study of resonance in Hamiltonian systems is done for the case of constant 
frequencies wi (e.g., [15], [1], and [8]). Of course, in this case, any resonance is always 
a sustained resonance. For constant frequencies, in the presence of a single resonance, 
the averaging procedure in ? 2 still reduces the system of 2N equations to two equations 
embodying the resonance behavior. This reduced system does permit an asymptotic 
solution, completing the solution for the constant frequency case. The reason for the 
chaotic behavior observed by Hoveijn and Verhulst [8] is due to the presence of two 
(or more) simultaneous resonances. For two simultaneous resonances, only N -2 
adiabatic invariants result from the averaging procedure. Consequently, the reduced 
system, which then consists of four equations, may admit chaotic behavior. 

The reduced system of differential equations embodies the resonance behavior, 
and although canonical averaging is no longer possible, the system is still Hamiltonian. 
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The reduced problems resulting from the systems discussed in ? 2.2 are all examples 
derivable from a Hamiltonian of the form 

(3.1) H(P, Q, t*; ?) = Ho(P, t*) + EA(P, t*) sin Q 2+ ?2B(P, t*) + O(?3), 

where for transient resonance we assume that Ho is linear in P 

(3.2) HO(P, t*) = (t*)P 

so that the 0(1) frequency is a function of t* alone. (Note that the subscript 1 has 
been dropped.) The system of equations that results is 

(3.3a) o = ( t*) + EaA (P, t*) sin Q + 2 pB (p, t*) 

(3.3b) P= -EA(P, t*) cos Q, 

where ? is a small parameter 0 < E << 1, t* = ?2t, and cr(t*) vanishes at t*. System (3.3) 
contains the minimal features necessary to examine transient resonance for standard- 
form Hamiltonian systems. 

Although transient resonance is possible for nonlinear problems when of depends 
on P, the details are not discussed here. We merely note that there are qualitative 
differences from the t= Et case solved by Kevorkian in [12] and from the linear cases 
discussed in the following sections. 

3.1. Solution of the reduced problem away from the resonance. We assume that uf 

vanishes at some time to* and therefore must consider the solution of this problem 
both outside the resonance region (- ? 0) and inside the resonance region (0o 0). If 
Cr(t*) is bounded away from zero, we can solve the system of two coupled ordinary 
differential equations (3.3) by a multiple scales procedure, a direct generalization of 
the procedure discussed in [12, ? 6.1.1] for the case where the slow time is t = Et. We 
consider the solution to be a function of two independent timescales: a fast time i, 

defined by 

(3.4) =( t(t*) + EV(t*) + E2,1(t*) + E3 D(t*) + 0(E ), 

where z(t*), p(t*), and q(t*) are to be determined by consistency conditions, and 
the slow timescale t* = ?2t. The time derivative is then 

d&adr d& 
(3.5) d = - d +?2 

a 
dtaT dt at*' 

We assume expansions for Q and P of the form 

(3.6a) Q = r + Eq(1)(T, t*) + E2q (2)(, *)+. 

(3.6b) P=p(O)(t*)+rp(l)(T, t*)+r2p(2)(T, t*)+- 

so that the 0(1) differential equations are automatically satisfied. Suubstituting these 
expansions into the differential equations (3.3), using the time derivative (3.5), and 
Taylor expanding the right-hand side about r and p(O), we find a sequence of differential 
equations to be solved for the q(J) and p(j). Since the multiple scales procedure is 
straightforward, we summarize the solution to (3.3) away from the resonance region. 
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The expansions valid to 0(E2) are 

Q( ' t*) (r(t*) (P(P , ))cosr 
(3.7a) Q(,*=r8o(t*) 2p 

+ 2[42(t*) A ;p- ap) sin 2r+ q(2)(t*)] + 0(3), 

(3.7b) P(, t*) =P(0)-? A(p(0), t*) s T 82p(2)(t*) + 0(? ), (3.7b)Por, t) = p() 
- 

o(t*)"i 
+E 

where 
1 ft* 

(3.7c) T( = so+ 2 o (S) ds + | (s) ds+ 0(82). 

The lower limit of integration t* is chosen to correspond to either the pre- or postreson- 
ance expansion. In the case of the preresonance expansion, the constants p(O) and r0 
are found from initial conditions, whereas for the postresonance expansion these are 
derived from matching with the interior layer solution. The constants of integration 
for the higher-order terms in (3.6) are incorporated into the 0(1) terms, and the 
functions P(2) and q(2) are defined from the O(E4) equations and are not given. In 
addition, consistency of the solution with respect to the t* behavior gives 

(3.8a) v(t*) = 0, 

(3.8b) aB 1 ((aA) aP 
,(t)=P 2o-(t*)k\4aP! PJ 

(3.8c) 7? (t*) = 0. 

3.2.- Interior layer scaling. In the resonance region itself, where t* = t, o( (t*) = 0, 
we must rescale the time to get the correct 0(1) equations. We assume that the 
leading-order behavior at this zero is given by 

(3.9) ~~~~~~~0(t*)~ _ ilt* _ to*la (3.9)a 

as t* approaches t*, where a > 0 is a given constant, and o-' are also constants for 
t* > t* and t* < to* respectively, defined to make the passage "smooth." From this 
behavior, we can derive the new leading-order problem in the resonance region near 
t*= t* by rescaling the time 

t*- t* 2- t* 
(3.10) t 8 8 = E t- a 

for some constant 8 > 0, and considering P and Q to be functions of the new time t1. 
These choices transform the differential equations (3.3) to 

dQ = a-+8 4It - 9 
(3.1la) d=t 2?a tl|,+8 - (P, t*) sin Q+higher-order terms, 

(3.1lb) d -881 -'A(P, t*) cos Q+higher-order terms. 

Two considerations are important in determining the new time scaling. First, we desire 
the richest 0(1) equations, leading us to choose, in accordance with (3.11), the greater 
of 8 = 1 or 8 = 2/(1 + a). However, the leading-order behavior (3.9) also determines 
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the interior layer thickness, t* - t* = O(E1/a), because the asymptotic expansions (3.7) 
break down when o(t*) becomes of O(E). Therefore, matching cannot be accomplished 
unless the interior layer solution extends to where the outer solution breaks down. 
This condition requires that 

(3.12) _c 
a 

For 0 < a < 1, called the subcritical case, the choice of 8 = 2/ (1 + a) is the greater 
of the two values and satisfies the matching restriction (3.12). Thus, an asymptotic 
solution and matching are possible (as will be shown in ? 3.3). 

The case where a = 1, where the leading-order behavior is 

(3.13) 0(t*)~ (t*- t*) 

is the critical case: 8 = 1 for both choices, and all the terms in (3.11) are of 0(1). The 
matching restriction is satisfied with equality; however, in this case the 0(1) equations 
are nonautonomous, nonlinearly coupled, and permit analytical solutions only for 
certain problems. These special cases illustrate the difficulty with the general problem, 
as both the action P and the phase constant r0 undergo 0(1) changes across the 
resonance layer. In ? 3.5, we carry out the matching across the resonance using an 
interior layer solution found for the problem described in ? 3.4 for the critical case. 

The supercritical (a > 1) case leads to a choice of 8 = 1, but this does not satisfy 
the restriction (3.12). Hence, while the leading-order equations found in this case are 
autonomous and have a solution, matching this solution with the expansions valid 
away from the resonance is not possible-there is no overlap matching region. In this 
case, the change in the action is also 0(1) or greater. In ? 3.6, we illustrate the change 

Subcnticall 

a t**) 

a (t * 

F Supercritical 

a~~~~~~~~~~~~~ * 

FIG. 3.1. Qualitative behavior of or(t*) across resonance. 
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across the resonance for the reduced problem discussed in ? 3.4, resulting from the 
forced oscillator (2.28) and having an exact solution. 

In Fig. 3.1, we illustrate the behavior of o- across the resonance for each of the 
three cases. Note that for the supercritical case there are two possible qualitative 
behaviors with "smooth" passage through zero. 

3.3. Subcritical interior layer solution. In the subcritical case, 0 < a < 1, we rescale 
the time by 

(3.14) - = /(1+a) 

which gives the 0(1) equations 

dQ t (3.15a) dt, la 

and 

(3.15b) dP= 
dt, 

All higher-order terms result from a remainder of the expansion of cr(t*), A(P, t*), 
and B(P, t*) in t* about t*. To be more explicit, we choose the value a = 1/2 and 
find the 0(1) solutions and first correction terms for P and Q (note for all a, 0 < a < 1, 
the problem has the same features as this particular case). We let cr(t*) have the 
expansion 

(3.16) 0(t*) = 01/2 sgn (t* - t)It* - t*112? +ri(t* - to*) + . 

For a = 1/2, 

(3.17) dt, 2/3 

dt 

so that the differential equations become 

(3.18a) dQ- o12sn ( t1)1It1 11/2 + E" 1/,A(P, t*) sin Q + E2/3o-1 t1+ O(E4'/3 dt, 
" 2S aP 

(3.18b) d--P 1/3A(g t*) cos Q + o(E513). 

Letting 

(3.19a) Q(t1) = Qo(t) + "/3 Q113(tl)+ * * 

(3.19b) P(t) = PO(t1) + ? 1/3P113(tl) + * * 

and expanding about QO and PO gives a sequence of differential equations that are 
easily integrated. As can be seen from the 0(1) equations (3.15), PO remains constant 
to 0(1) and Qo is a simple quadrature of the 0(1) frequency giving 

(3.20a) QO(t1) = 3l/2 It, 13/2 + O, 

(3.20b) PO(t1) = 77o, 
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where eo and 7m0 are constants of the integration. Using these results, the O(E1/3) 
equations are 

(3.21a) dQ/ -(no t*) sin / 

(3.21b) - -A(71q, t*) cos (21/2 til3/2+ 0) 
dt, 3/ 

which give the following integrals as solutions: 

(3.22a) Q13( t0) = (l/3+ p( , t*) sin ol/2 d 

(3.22b) P113(tl) = 71l/3- A(710, t*) { cos (2/2 IrT|/2 +o) dr. 

Note that in this case an O(E1/3) change can result in P across the resonance. This 
value is found by computing the integral found in the expressions (3.22) for the limits 
-x to +xo. This solution then can be matched to the expansions in the pre- and 
postresonance regions to determine the uniformly valid solution for all times. 

We first note the value of the complex integral 

(3.23) = exp [i( 231/2 |3/2 + )] dr (2 )='v 2( )(1+ iW) e'o 

and recognize that both its real and imaginary parts occur in (3.22). Using (3.22b) we 
find that 

(3.24) P113(+cx) = P113(-cx) -A( 0, to) Re (Y) 

so that the change in the action across the resonance is 

(3.25a) AP(Qno, eo)= -813A(Q1o, to*) F (2 ) '(3) cos (3+ eo 

and the change in the phase constant is 

(3.25b) A'ro(noi, e) = ? / 3p (7no to*) - (2] ) 22'3 sin (3 eO 

The values eo and no are found by matching (3.20) and (3.22) with the outer solution 
for t* < t* given by (3.7). Using the ususal matching procedure to O(E1/3), we find 

eo ~ Aolt (3.26a) (o= ?o= r?+- o-(t*) dt* + p ,(t*) dt*, 

(3.26b) 3o =p(0) 

aA ~ 2/ 3 \2/3 /2\ 
(3.26c) (l/3 = FA 2P? o)-(3)r- sin ( + T0) 

(9p 3~~~~~~~~~ ~~~~~~~~~~~~~ 2o-1/ -1 co 
(3.26d) 3712/3=-A(p(o) 12t/ \ cos(3 I+'o 

where r- and p(?) are constants found from initial conditions for the outer solution 
(3.7) in the preresonance region. Using the values of the constants in the interior layer, 
we can determine the values of the constants in the outer solution for t* > t* by a 
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similar matching procedure. The constants p? and r4 can be expressed in terms of 
the constants of integration for t* < t* and the real and imaginary parts of the complex 
integral Y across the resonance region 

(3.27a) TO 
A 

+?/P3 (P(O), t*) (2 3 sin (3+ To), 

(3.27b) P(0) =(0)- 1/3 A(p( ), t*) F 22) r3 cos ( + TO) 

This completes the solution to the reduced problem valid to O(E1/3) throughout the 
domain of interest. 

We can check the validity of these results by numerically integrating the original 
equations (3.3) using the test functions 

1 t (3.28a) A(P, t*) = 4 (5 - t)-vI(l - 2P), 

(3.28b) B(P, t*) = 2( *2 
2 

and 

(3.28c) o(t*) = 3 ign (t* - 1)It* -111/2. 

These functions are a slight modification of the two coupled oscillators discussed in 
? 2.2.1. Using a value of E = .05 and initial conditions Q(0) = XT and P(0) = .35, we 
calculate the change in the action and phase shift across the resonance from (3.27) to 
find the constants for the postresonance asymptotic expansion. In Fig. 3.2 we compare 
the asymptotic expansions for the outer solutions in both the pre- and postresonance 
regions found from (3.7) with a numerical solution for P. The preresonance expansion 
uses constants of integration in (3.7) derived from the initial conditions given above. 
This expansion proves very accurate up to the resonance. The postresonance expansion 
in Fig. 3.2 uses the constants computed from (3.27). 

t ~~~~~~~P 
asymptotic (postresonance) 

Pasymptotic 
(preresonance) 

6 J / numerncal 

0.85 0.90 0.95 1.00 1.05 1.10 1.15 

t * 

FIG. 3.2. Subcritical asymptotic solutions using usual matching procedure. 
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Note that the solution in the postresonance region is considerably less accurate 
than that of the preresonance solution. This error in expressions (3.27) is primarily 
due to the use of the constants ' and p?) in place of eo and g1o, approximating their 
values by their 0(1) behavior as t1 -* -x. In the interior layer problem, the actual 
integration constants eo and 710 are the values for Q and P at time t1 = 0, so we expect 
an improved calculation for the postresonance constants when the functions (3.25) for 
AP and Aro are evaluated at the true Q(0) and P(0). We can better approximate these 
true values by adding half of the expected change for the resonance layer to the -oo 
values 

(3.29a) 7?o = PP +2 P(p- 2, 0), 

(3.29b) o -ro +2Ar(p(P), $ro) 

We then substitute (3.29) into (3.25) to get an improved "centered" calculation of Aro 
and AP. This procedure is analogous to the modified Euler method for improving the 
accuracy of the simple forward difference approximation of a derivative. 

These substitutions do not affect the validity of the matching, as this procedure 
is equivalent to specifying 1l/3 = 'ql/3 0 and forcing the 0(1) constants eo and n1o to 
contain the O(r1/3) contribution in the matching region. The results for this improved 
matching give 

aA 2 (3 2'3~( 7 
(3.30a) A + ? 113 

a (P(?) t*) \2 /\3/ sin 3+ To 

(3.30b) 77 (0) - E1/3 A(p(0), t*)( )_ /(2\ 

(3.30c) 61/3 0 ? 

(3.30d) 771/3 0- 

The values (3.30) are equivalent to (3.26), and both matchings are valid as -0; 
however, we expect that use of (3.30) will give quantitatively better results for the 
postresonance asymptotic solution. In Table 3.1 we show the values for Amo and AP 
calculated from the usual matching procedure using the preresonance values (3.26), 
from the improved approximation using the centered values (3.30), and the numerical 
result. As expected, when we use (3.30a), (3.30b) in (3.25) substantial improvement is 
gained for the asymptotic solution in the postresonance region. 

TABLE 3.1 
Comparison of asymptotic matching with numerical solution. 

Original 
Numerical matching Error % Error 

AP 0.059 0.072 0.013 22% 

A\ro 0.137 0.092 -0.045 33% 

Improved 
Numerical matching Error % Error 

AP 0.059 0.057 -0.002 3% 

A1r0 0.137 0.134 -0.003 2% 
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In Fig. 3.3 we compare the asymptotic expansions for the outer solution (3.7) 
using the improved values, with the numerical solution for P and see the definite 
improvement in the accuracy of the postresonance expansion. This agreement is quite 
good given the large value of E (i.e., p1/3 = (.o5)1/3 = .368). In Fig. 3.4, we show the 
difference between the numerical and the asymptotic solution for Q, using the improved 
values, seeing that it remains near zero except in the resonance region. To find a 
solution in the resonance region itself, we use the interior layer solutions (3.20) and 
(3.22) (not shown in Figs. 3.2 through 3.4). 

For general a, 0 < a < 1, if we assume the leading-order behavior of o(t*) as 

(3.31) or(t*)~ -cr,, sgn (t* - t*)|It* - t*|a 

we can easily generalize the above solutions to find the change in the action across 

O~~~~~ 
Sasymptottc 

(preresonance) 

O ~~~~~~numericalX 

Pasymptotic 
(post resonance) 

0.85 0.90 0.95 1.00 1.05 1.10 1.15 

t * 

FIG. 3.3. Subcritical asymptotic solutions using improved matching procedure. 

o 

6 

C> 

o 0 

IG0.0 0.5 1.0 1.5 2.0 

FIG. 3.4. Subcritical phase error using improved matching procedure. 
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the resonance to leading order 

(3.32) zP= 8(la)/(1?a) 2A(1C + ,) 11_ 1/1 + 1 o + 
(1?a) oa ) 1a/ C 2() + a) 

. 

Note that as a -- 1, the critical value of a, the change in the action becomes 0(1), as 
does the change in the phase constant. Therefore the solution for the interior layer 
(3.20) can no longer be considered valid and the case where a = 1 must be addressed 
separately. 

3.4. A special case, which permits an exact solution. An important special case of 
the reduced problem, which permits an exact solution independent of the nature of 
o(t*), is specified by the function 

(3.33) A(P, t*) = y(t*)N/7Th 

which gives the equations 

(3.34a) dQ y((*t*) + ? Y(t) sin Q. dt 2V1Th 

(3.34b) dP =-t Yt*) Cos Q. 

These equations are a minor extension of the reduced problem resulting from the 
forced oscillator discussed in ? 2.2.3. (A slightly more general system corresponding 
to A(P, t*) = y(t*)va + P can be easily transformed to (3.34) by noting that a constant 
shift in P does not alter the Hamiltonian nature of the differential equations.) The 
reduced system (3.34) will be used to examine the behavior of solutions for both the 
critical and supercritical cases in ?? 3.5 and 3.6. 

Although the coupling of equations (3.34) is nonlinear and the equations are still 
nonautonomous, we can solve (3.34) exactly using the transformation 

(3.35) T(t) = y(t*)v/iT exp (iQ), 

which converts the system (3.34) of two first-order equations to a single linear complex 
differential equation in T 

(3.36) dT (t)=io(t*)T - 2 (t*) + 2 Y__T. 

Equation (3.36) has the exact solution 

(3.37) T(t) = y(t*) exp (i r?2 ) [C 2?Xy(s) exp ( 2)ds] 

where 

(3.38) r(t*)= o- (s) ds, 

t*= 2t, and C is a complex constant of integration found from initial conditions 

(3.39) C = P(0) exp (iQ(0)). 

The solutions for P and Q are easily retrieved 

(3.40a) P TT 

(3.40b) Q = arg (T), 
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giving uniformly valid solutions to (3.34) over the entire domain of interest. The overbar 
is used here to indicate the complex conjugate. Since the integral in the solution for 
T(t) can be evaluated by the method of stationary phase, we can match the solutions 
(3.40) with the outer solutions (3.7) in the pre- and postresonance regions to express 
the solution outside the resonance region in a more useful form. The only stationary 
point in the integral corresponds to the resonant time t*, so in the preresonance region, 
for t* < t*, the solution for T can be asymptotically expanded from (3.37) independent 
of the nature of the stationary point as follows: 

t = ) [ 2 iy(0) 1 
T(t)= P(0'/M) exp (iQ (0))+ I 

(3.41) iY2(t*) 

2o.(t*) 

In the postresonance region, t* > t*, the order of the stationary point will modify the 
asymptotics of the solution; the order, k - 1, indicates whether the resonance is critical 
(order of one) or supercritical (greater than one). It holds that 

Y(t*) / .r(t*) - (t*) 
T(t)= 2r xp ) 

2?k ( ?2 

f/ E 2k! ll1k 

{ ( r(k)((to)J) 

[2 cos (k) - ,u[ + (_)k]i sin( 

(3.42) (~~~2) E2k! )2/k() (3.42) 'r(t) _ 2r(k(to ) 2/k (_1)k1i sin () 

+y(t*)exp )2 IN (k it exp( iQ(t)O)+ i2() 1 k L ko(0)) 

F iy2( t*) + O((6-k)/k), 

2oa(t*) 

where ,u = sgn (o(k-1)(t*)). The higher-order terms in the stationary phase evaluation 
are found in Bleistein and Handelsman [3]. In the next two sections we will examine 
this solution for the critical and supercritical cases. In the Appendix we show that 
the same solution can be found by a direct transformation from the forced oscillator 
(2.28) to T(t). 

3.5. Solutions for the critical case. In the critical case, the leading-order frequency 
cr has the Taylor series expansion about t*0 

(3.4) cr( t*) = cr ( t* -t* ) + 02(t-*) 

where rl $ 0. In the interior layer, the appropriate rescaled time is given by 

(3.44) 0 = ?=t_ t 
E F 
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where E is the interior layer thickness in t*. This case includes the richest 0(1) equatioil 
as both a- and the O(E) coupling contribute. The leading-order equations for (3.11) 
are then given by 

(3.45a) dQo = Ultl+ aA (PO, t*) sin Q0, 
dt, 1 = 1t+( 0, ~ i 

(3.45b) dP0 = -A(Po, t*) cos QO- 
dt, 

As mentioned, these 0(1) equations for the resonance region (3.45) are nonlinearly 
coupled, nonautonomous, and not always analytically solvable. This introduces prob- 
lems not only in obtaining valid solutions during resonance but in matching the pre- 
and postresonance expansions (3.7). Two possibilities for obtaining this matching are 
(a) to match the asymptotic pre- and postresonance solutions to a numerical integration 
of (3.45) in the resonance region, or (b) to find a connection formula that jumps the 
interior layer, expressing the constants of integration in the postresonance region in 
terms of the constants of integration in the preresonance region. The latter can be 
done for certain problems (e.g., see ? 3.4) but is difficult in general. The matching of 
a numerical interior layer also provides little advantage; it makes more sense simply 
to integrate the original reduced system of differential equations throughout the desired 
interval, and then to determine the constants in the asymptotic expansions from that 
numerical solution. 

As discussed in ? 3.4, when the function A is of the form (3.33), the differential 
equations have an exact solution. Using the stationary phase results (3.41) and (3.42), 
we evaluate P in both the pre- and postresonance regions. We then use these results 
to compare with a solution obtained by matching an interior layer solution with the 
pre- and postresonance outer solutions (3.7). In the preresonance region, we find from 
(3.40a) and (3.41) 

sn(Q) Q -(t*) 'r 2 \ 1 (3.46) P(t) =P(O) + P(O [(o) i ( t) sin (t*?) ())+O?) 

In the postresonance region, t* > t*, we find the solution for P given by (3.40a) and 
(3.42) using k = 2 for the critical case where 

P(t) =P(O) + i -y (0t *t) cosr ( T + t*) 11 X) 

21 _ Fr y(tO) I CostE2 4 
+ry(t*) (o) sin 2 + -) 2Ii all cr(O) 82 4/ 

(3.47)y()si_______t 

( (tO) y (t*) -r(t*) g) 

+ ? P(O) (o) sin Q(O)- (t*) sin (t2 + Q(O) + O(E2), 

where A = sgn (oj). Therefore from the exact solution given in ? 3.4, the change in the 
average value of the action across the resonance is 

AP _=__ 2P()T v O)i r(to*) 1 

21 (o- I y(to) co s 
( 2 + Q(?) + 4 

(3.48) 2I 
j(I) (1 42 + ) 

+8 ()(E sin 2+4 +OE) 
.21o, o0() 
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This result can also be found by matching an interior layer solution with the outer 
solutions in the pre- and postresonance regions (3.7). For the function A from (3.33), 
the 0(1) interior layer equations for QO and PO corresponding to (3.45) are 

(3.49a) dQ0 1t= + Yo sin Qo, 
dt, 2o-1t 

- 

(3.49b) dPt=, YO cos QO, 

where yo = y( t*). The transformation used to solve the problem of ? 3.4 is still applicable 
with slight modification, giving the interior layer solutions for QO and PO 

TO(tJ)TO(t1) (3.50a) PO(tJ)= 2 
YO 

(3.50b) QO(t1) = arg (TO(t1)), 

where To(t1) is given by 

(3 .51 ) T ( tj) = eXp (i IJ 2 Co -I?|I x - iS s)d] 

Since the Fresnel integral in the solution for To(t1) has straightforward asymptotic 
expansions as t1 -- ?oO, we can easily match the solutions (3.50) with the outer solutions 
(3.7) in the preresonance region to find the value of CO, then with the postresonance 
expansions to find the final asymptotic solutions after resonance. The asymptotic results 
give 

(3.52) lim PO(t0)= )o +C7T Co0o (1+i)0CO+(1-,u)CO 

where ,u = sgn (o-1). Defining the constants 8' and 1'+ by 
2 

(3.53) 8' exp (io') = Co - Yo(1 -,iti) IT 

4 N-1 
gives the asymptotic expression for Qo(t1) from (3.50) 

Ol2 (3.54) lim QO(t) -tI+ A, 

where 

(3.55) f=arg[ Co -? (1-Hi) 1J 

Matching these interior layer expansions with the outer solution (3.7) as t1 --co gives 
the conditions 

(3.56) p(0) = Yg8oj 2 + O + 4 a Co + (1 - Oj CO 

(3.57) rO = arg[ CO+ i (1 -i) I 7, 
where 

^ [ Z ( ~~t * 
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Note that ,u(t*)-0 from (3.8b) for this case. Equations (3.56) and (3.57) can be 
simultaneously solved for CO 

2 

(3.59) CO=-7?4 (I - ,ui) + yoNp(O exp (T) 
Co--4 joj 

r 

We can now find the connection formula for the 0(1) change in the action across the 
resonance in terms of the preresonance constants 

(3.60) Yp=p(0)p(0) g1T 2aTp_ 
A / ) 

2jYo - Cos r 

Similarly, we find the postresonance phase constant 

(3.61) 2 =(arg[ 2j(1-,i) -+ YO V exp (io)], 

where the branch is easily determined. 
By noting from initial conditions that 

(3.62a) p () = p(0) + y ( P(0) sin Q(0) + O(E2) 
o-(0) 

and 

(3.62b) T Q(0) + 2 P (0) cos Q(0) + 0(?2), 

we find that the change in the average value of the action (3.60) found from matching 
the interior layer solution (3.50) with the pre- and postresonance expansions is the 
same to O(E) as AP given by the asymptotics of the exact solution (3.48), confirming 
the matching result. 

Since this reduced problem corresponds to the forced oscillator discussed in ? 2.2.3, 
we can verify the results by numerically integrating the differential equation (2.28) and 
comparing to the solution obtained here. For the forced oscillator (2.28), 

(3.63) y(t*) =Ak 1 
2(1 + o-(t*))' 

In Fig. 3.5, we use the numerically obtained solutions for x and x to calculate the 
action Pi 

x2 + (1 + or)2x2 
(3.64) Pi 2(1+o 

then plot this function with the asymptotic outer solution (3.7b) for P, using constants 
found from the initial conditions P(0) = 1.0 and Q(0) = X for the preresonance solution, 
and constants found from the connection formulas (3.60) and (3.61) for the postreson- 
ance solution. Other parameters include 8 = 0.05, A = 1.5, 0 = iT, and o(t*) = 

-2 cos (iT/2t*). 
As seen, the asymptotic solution for the reduced problem corresponds very well 

to the 0(1) behavior of the action Pi everywhere outside the interior resonance layer. 
The presence of the smaller oscillations of O(E) can be accounted for by inverting the 
near-identity averaging transformation discussed in ? 2.2.3. In Fig. 3.6, we compare 
the numerically obtained action with the interior layer solution found from (3.50a). 
Again we find excellent agreement in the interior layer. 
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Xt2 + (I +Cr)2X2X 

PIsasymptotic 
tl (postresonance) 

0.0 0.5 1.0 1.5 2.0 

t * 

FIG. 3.5. Asymptotic outer solutions for the critical case. 

Xt2 + (I +47)2X21 

^~ ~ ~ ~~~~~ _(1 +) 

C) 

0.0 0.5 1.0 1.5 2.0 
t * 

FIG. 3.6. Interior layer solution for the critical case. 

For the general interior layer problem (3.45), similar behavior across the resonance 
layer is encountered for a variety of functions A(P, t*), although interior layer solutions 
and connection formulas are not available. 

3.6. Supercritical case. The supercritical case, a > 1, is significant as it allows an 
0(1) change in the action across the resonance; but, unlike the case where a = 1, 
which also allows an 0(1) change, the supercritical case has an analytical solution to 
the general 0(1) interior layer equations since these are autonomous (see [10]) 

(3.65a) dQt aA(PO, t*) sin QO, 

(3.65b) dPo -A(PO, to*) cos Qo. 
dt1 

This permits us to find asymptotic expansions for P and Q; however, these solutions 
cannot be matched with the outer expansions. Although the details are not included 
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here (see Bosley [4]), we note that an intermediate layer solution is necessary but not 
available. 

The exact solution found in ? 3.4 can be used to examine the nature of the 
supercritical solutions. As expected, since the frequency remains near zero for longer 
times, the change in the action can be greater than 0(l). If we assume the leading-order 
frequency has an expansion near t* given by 

(3.66) (r~~0(t*) = 02 (t*-_t*)2 + 03 (t*-_t*)3 + (3.66) ~~~2 0 6 

we can use the stationary phase evaluations to find the change in the action across the 
resonance from (3.42). The result is 

l\Ap = (26 )2/3 y2(t*)r(1/3)2 
? 10-21 12 

3 y(to)r(1/3) cos ( ( + Q /() 
(3.67) 2)3 

+ 1/3 I6 F (2/3) 

F 0~\3Y(t* T(Io. (r(t ) +'0 (.2/3). * ~~~~~sin~ y 0 606-2 
2 

We can again verify this result by integrating the forced oscillator (2.28) for initial 
conditions corresponding to Q(0) = gI!2 and P(0) = 1, with the frequency 

(3.68) o(t*)= 1) [2+(2t*- 1)2+5(t*-i)] 
8 

for the value E = 0.02. Other parameters used are A = 1.5 and 0 = ir/2. In Fig. 3.7, we 
show the action computed from the numerical solution and (3.64), along with the 
expected jump in the average value found from (3.67). 

x2 + (1I+U)2X2 PI 2 (1+ug) 

AP stationary phase 

0.0 0.5 1.0 1.5 2.0 

t * 

FIG. 3.7. Change in the action for the supercritical case. 



ADIABATIC INVARIANCE AND TRANSIENT RESONANCE 525 

An interesting consequence of supercritical resonance for this problem is that the 
leading-order postresonance action is independent of initial conditions, as is the 
leading-order phase 

1/3 _____sin(IT(tO) + Q(O)) 
(3.69) ~ ~ 7* 

-rI(tO*)(E 10Y)21V3P() (t)24 + O(c2/3) ( 3.69 ) Q (t ) = iT + ( ) 2 6o)_(?1C 2 0 ((~ - 
Y(tO) r(31) 

Thus, the amplitude and phase shift of the forcing function in (2.28) along with the 
specified frequency o-(t*) largely determine the postresonance behavior of x(t), and 
the passage through resonance becomes much less sensitive to initial conditions than 
in the critical case. 

Although the jump in the action is greater than 0(1) for the forced oscillator, the 
other reduced problems found in ?? 2.2.1 and 2.2.2 can only have changes in the action 
not exceeding 0(1). Since the actions are strictly positive quantities, the numerical 
values of the adiabatic invariants found from initial conditions put constraints on the 
change in the action P across the resonance. 

Appendix. Solution for a resonantly forced oscillator. The forced oscillator 

(A.1) xi-+(1 + (J(t*))2X=_EA cos (t+ 0) 

discussed in ? 2.2.3 and the resulting reduced problem 

(A.2a) dQ (t) + E 2(2P( + ))l/2 sin Q + (E3) 

(A.2b) 
dP 

=-A CS Q+O(E3) 
dt 2(1+ O-) 

of which an extension is discussed in ? 3.4 can be solved via the transformation 

(A.3) T(t) =A 2 1 + ex P(Q) 

However, by inverting the transformations used in ? 2.2.3, it is also possible to find a 
direct transformation from x, x and t to the complex quantity T 

T(t)= Aexp (-i(t+0)) +i(1+ o(t*))x 

i2 
(A.4) +E exp (-i2(t+ 0)) + 

4(1 + ouQ*)) (2 + o-(t*)) 

+ E 
2 exp (- i(t + 0))Aat(i+1+(*)x 

8(1 + or(t*))3 

to get the corresponding differential equation (3.36) for T 

(A.5) dT (t) = io-(t*) T(t) -E -2 + t E2 2(1(t*) ) dt 4(1 +o-(t*)) 2(1 +o-(t*)) 

which has the solution 

T(t) 
~~exp ~ T(t)6- (1 + r(t*))12 ( E 

(A.6) FC ac L./ exp (-i () dsl + 0(E), 
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where T(t*) is given by (3.38), t* = E2t, and C is a complex constant of integration 
found from initial conditions. The solution for x is easily retrieved from (A.4) 

x(t) = 
2 

[TR sin (t+ 0)+ T, cos (t+ 0)] 
A 

(A.7) 

2(1 + c(to)) (2 + (t) 
+(E2), 

where TR and T, are the real and imaginary parts of T(t), respectively. 
The transformation (A.4) has a natural extension to the same forced oscillator 

with an 0(1) forcing term 

(A.8) i + (1 + o-(T))2x = -a cos (t + 0), 

where t= Et and a is no longer restricted as small. This is the problem discussed by 
Kevorkian in [9]. The direct transformation is now given by 

Tf ) ( i( + 0))i + i( l + O( t))x T(t) =a exp (-i2(t + 0)) 2(1+o( t)) 

(i +x ( ))) 

+? exp (-i2(t + 0)) 16(1 + (T ))3(22 + ( ))3 

which gives the differential equation for T 

dT a2 
dt (t) = io(t)T(t)-4( l 

(A. 1 0) 2J (A.1O) o'(T)~~~~- ~ T(t)- E i%'() 

2(1 +( 1))6(l (t~)3 
and has solution 

1 1 _ _ _ 

T(t) =(1 + -j 1/2exp ) 
(A. 1 

11 
) 

/ ' (A.11) [ ~~4? Jo (1 + f(S))112 ( 4(1 + o-(5))2) ex -- s O? 

Inverting (A.9) to find the solution for x(t) to O(E) gives 

x(t) = a [ TR sin (t + ) + T, cos (t + 0)] - 
a cos (t+ 0) 

(A. 12) +EoJ'( t) [TI sin (t+ 0)- TRCOS (t + 0) 

+ a sin (t+ 0)(8+ 1(ot)+4o(2(t4))] 
4( 1 + 0(r(t0)3 (2+ -( t))3 

This solution is equivalent to that found in Gautesen [6]. The integral in the solution 
for T(t) again can be evaluated by the method of stationary phase, to obtain a more 
useful form to the desired order. 
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