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In this note we outline recent developments in the study of mixed-type, or forward-
backward, functional differential equations. Such equations arise naturally in vari-
ous contexts, for example, in the study of traveling waves in discrete spatial media
such as lattices. Since initial value problems for mixed-type equations are not in
general well-posed, it is our goal to decompose solutions of such equations as sums
of “forward” solutions and “backward” solutions. We show that for autonomous
equations, the set of all forward solutions defines a semigroup which can be real-
ized by a retarded functional differential equation except for possibly finitely many
modes, and similarly for the set of backward solutions as an advanced functional
differential equation. Holomorphic factorizations play a crucial role in our results.
We also study the boundary value problem associated to an interval [−τ, τ ] of finite
length, with emphasis on the asymptotic case of large τ .

1. Introduction

Consider the simplest scalar mixed-type functional differential equation

ẋ(t) = ax(t) + bx(t− 1) + cx(t+ 1) (1.1)
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defined on the real line or on a subinterval of the line. In this paper we

discuss equation (1.1) and its inhomogeneous counterpart

ẋ(t) = ax(t) + bx(t− 1) + cx(t+ 1) + h(t), (1.2)

to illustrate and motivate our recent results in [14] for a more general class

of linear functional differential equations of mixed type. In [14] are found

results for the homogeneous autonomous system

ẋ(t) =

∫ p

−q

dη(θ) x(t+ θ),

where the solution x(t) is an M -vector and dη(θ) is an M × M matrix

of finite Lebesgue-Stieltjes measures on [−q, p], following [7]. Some of our

results in [14] also cover nonautonomous systems, and in particular the

scalar nonautonomous equation

ẋ(t) = a(t)x(t) + b(t)x(t− 1) + c(t)x(t + 1), (1.3)

and vector-valued generalizations. We refer to [14] for a complete descrip-

tion and proofs of our results.

Mixed-type equations as above, both linear and nonlinear, occur natu-

rally in problems of traveling waves in discrete spatial media such as lattices.

Earlier papers by Chi, Bell, and Hassard5 and by Keener10 were followed

by many others which developed the basic theory; see, for example, [4, 11,

14] and the references given there. Mixed-type equations also arise in spa-

tially nonlocal equations of convolution type2, in spatial discretizations of

shock-wave problems3, and in singularly perturbed time-delay problems6

again in convolution form. Applications from optimal control theory are

discussed and analyzed by Rustichini15,16. Some very general classes of

problems related to ours, namely elliptic partial differential equations with

spatially nonlocal terms, along with applications, are to be found in the

book of Skubachevskĭı17.

As an illustration of how mixed-type equations arise, consider the sys-

tem

u̇i,j = ui+1,j + ui−1,j + ui,j+1 + ui,j−1 − 4ui,j − f(ui,j),

(i, j) ∈ Z2,

(1.4)

which is a lattice differential equation. In particular, (1.4) is an infinite

system of ordinary differential equations modeled on the lattice Z2. Here

f : R → R is a given nonlinearity. To obtain traveling wave solutions of
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(1.4) moving in a given direction (θ1, θ2) ∈ S1 with speed c, where S1 is

the unit circle in R2, one makes the Ansatz

ui,j(t) = ψ(iθ1 + jθ2 − ct)

for an unknown function ψ : R → R, and one sees that ψ must satisfy the

differential-difference equation

−cψ′(ξ) = ψ(ξ + θ1) + ψ(ξ − θ1) + ψ(ξ + θ2)

+ψ(ξ − θ2) − 4ψ(ξ) − f(ψ(ξ)), ξ ∈ R.

(1.5)

Typically, boundary conditions are also imposed, for example ψ(±∞) = ±1

where f(±1) = 0 is assumed, which here means that ψ is a heteroclinic

orbit for (1.5). In [13] an extensive study of this problem is given for

f of bistable type, and the analysis there rests upon key results for the

associated (nonautonomous) linear problem. In this direction, theorems on

linear operators Λ : W 1,p(R,CM ) → Lp(R,CM ) of the form

(Λx)(t) = ẋ(t) −
N∑

j=1

Aj(t)x(t + rj)

are given in [12]. A basic result of [12] is that if the coefficient matrices

possess limits Aj(±∞) and if the limiting autonomous problems at ±∞ are

hyperbolic, then the operator Λ is Fredholm. Further information about

the exponential decay of solutions is given there. In addition, there is given

an effective method for computing the Fredholm index of Λ in terms of a

crossing number.

In [14] we approach such linear problems from a more dynamic per-

spective. There we decompose solutions of mixed-type equations as sums

of “forward” solutions on an interval [t1,∞), and “backward” solutions on

an interval (−∞, t2], obtaining therewith the structures and estimates of

exponential dichotomies. Such a decomposition is needed to represent so-

lutions with a variation of constants formula, in order to obtain invariant

(stable, unstable, center) manifolds for nonlinear equations such as (1.5).

We are following here the pioneering work of Rustichini15,16, who used

spectral methods to obtain such decompositions for autonomous systems,

although the techniques we employ are quite different and rely on Fredholm

properties of the operator Λ. In particular, our techniques apply also in

the nonautonomous case, for example to the equation (1.3), and to more

general nonautonomous systems. In addition, we obtain extensive and de-

tailed information about the spaces Q and P on which the forward and
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backward solutions reside, namely information about the kernels, ranges,

and Fredholm indices of certain associated operators.

We remark that Härterich, Sandstede, and Scheel8 have indepen-

dently and simultaneously extended the spectral decomposition approach

to nonautonomous equations, to obtain results on exponential dichotomies.

An important issue is to understand solutions of equations such as (1.3)

on finite intervals with appropriately chosen boundary conditions. This is

particularly relevant in doing numerical studies, as one may wish to consider

such equations on intervals [−τ, τ ] where τ is finite but large. The interval

[−τ, τ ] arises as a numerical approximation to the line R, and one goal of

our analysis is to obtain norm estimates on the inverse (Λτ )−1 of the finite

interval operator Λτ which are uniform in τ . In the case of equation (1.3)

the operator Λτ : W 1,p
0 (−τ, τ) → Lp(−τ, τ) is given by

(Λτx)(t) = ẋ(t) − a(t)x(t) − b(t)x(t− 1) − c(t)x(t + 1), |t| ≤ τ, (1.6)

where W 1,p
0 (−τ, τ) ⊆ W 1,p(−τ, τ) is the subspace of x ∈ W 1,p(−τ, τ) for

which x(−τ) = x(τ) = 0. In evaluating (1.6) we extend x(t) = 0 outside

[−τ, τ ], namely

x(t) = 0, t ∈ [−τ − 1,−τ ] ∪ [τ, τ + 1]. (1.7)

Typically, with p = ∞, one seeks an estimate of the form

‖Λτx‖L∞(−τ,τ) ≥ K‖x‖W
1,∞

0 (−τ,τ) (1.8)

whereK is independent of (large) τ , that is, a uniform estimate ‖(Λτ)−1‖ ≤

K−1 on the inverse operator. In general the estimate (1.8) does not hold,

even in the constant coefficient case. However, it can be obtained under

appropriate assumptions which include conditions on the limiting coeffi-

cients a(±∞), b(±∞), and c(±∞). Even if (1.8) fails, such an estimate

does hold under quite general conditions for x in an appropriately chosen

finite-codimension subspace of W 1,∞
0 (−τ, τ).

The outline of this paper is as follows. In Section 2 we recall the dynam-

ical systems approach to functional differential equations. In Section 3 we

obtain the exponential splitting for equation (1.1). In Section 4 we present

a holomorphic factorization of the characteristic function of equation (1.1)

which realizes the forward and backward semigroups corresponding to the

exponential splitting by, respectively, a retarded and advanced functional

differential equation. Finally, in Section 5 we discuss the finite-interval

problem.



November 19, 2004 17:11 WSPC/Trim Size: 9in x 6in for Proceedings JMP-VL˙proc

77

Generally, if L : X → Y is a linear operator between two Banach spaces,

we let K(L) ⊆ X and R(L) ⊆ Y respectively denote the kernel and range

of L. If L is a Fredholm operator we let ind(L) denote its Fredholm index.

2. A Functional Analytic Approach

A dynamical systems approach to the autonomous linear retarded func-

tional differential equation

ẋ(t) =

∫ 0

−1

dη(θ) x(t+ θ), (2.1)

where η is a matrix of Lebesgue-Stieltjes measures, is to associate to (2.1) a

semigroup T (t) acting on the space of initial data. The semigroup is defined

by the time evolution of segments of solutions. In the scalar case T (t) acts

on the Banach space C[−1, 0] of continuous functions ϕ : [−1, 0] → C with

the sup norm ‖ϕ‖C[−1,0] = sup[−1,0] |ϕ(θ)| as follows. Letting x(t;ϕ) denote

the solution of (2.1) with initial condition x(θ) = ϕ(θ) for θ ∈ [−1, 0],

one defines the state xt(ϕ) ∈ C[−1, 0] of the solution at any t ≥ 0 by

xt(ϕ) = xt(θ;ϕ) = x(t+ θ;ϕ) for θ ∈ [−1, 0]. Setting

T (t)ϕ = xt(ϕ), t ≥ 0,

then defines a strongly continuous semigroup on C[−1, 0].

In the case of the mixed-type equation (1.1), however, the initial value

problem is not in general well-posed, and translation along solutions does

not generate a strongly continuous semigroup. Nevertheless it is still useful

to consider C[−1, 1] as a state space for this equation and to define xt ∈

C[−1, 1] by

xt(θ) = x(t+ θ), θ ∈ [−1, 1]. (2.2)

The evolution of the state xt is still given by an abstract ordinary differential

equation in C[−1, 1], which, for equation (1.1), takes the form

du

dt
= Au, u(0) = ϕ ∈ C[−1, 1], (2.3)

where A : D(A) → C[−1, 1] is an unbounded operator defined by

Aϕ = ϕ′,

D(A) = {ϕ ∈ C1[−1, 1] | ϕ′(0) = aϕ(0) + bϕ(−1) + cϕ(1)}.

(2.4)
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The solutions of (1.1) are in one-to-one correspondence with the solutions

of the infinite-dimensional ordinary differential equation (2.3), the corre-

spondence being given by u(t)(θ) = x(t + θ). However, if c 6= 0 then the

operator A defined in (2.4) is not the infinitesimal generator of a semi-

group T (t) because it does not satisfy the Hille-Yosida conditions. This

can be seen from the fact that the spectrum of A, which is given by

σ(A) = {λ ∈ C | ∆(λ) = 0} where

∆(λ) = λ− a− be−λ − ceλ (2.5)

denotes the characteristic function associated with (1.1), is not contained

in any left half-plane of the complex plane.

3. The Exponential Splitting

Since equation (1.1) does not generate a dynamical system, it is important

to define precisely the notion of a solution of this equation.

Definition. A solution of equation (1.1) on an interval [t1, t2] ⊆ R is a

continuous function x : [t1 − 1, t2 + 1] → C which is absolutely continuous

on [t1, t2] and which satisfies equation (1.1) for almost every t ∈ [t1, t2].

The analogous definition of a solution on an unbounded interval [t1,∞),

(−∞, t2], or on R is taken, as well as solutions of other equations such as

(1.2), (1.3), and their generalizations. We shall say that a solution on an

interval I is bounded if supI |x(t)| <∞.

Throughout this section we assume that equation (1.1) is hyperbolic,

that is,

∆(iσ) 6= 0 for every σ ∈ R,

where ∆ is given by (2.5). It turns out that this is not a significant restric-

tion for much of our analysis, as one can shift the roots of ∆ by a change

of variables x(t) = eµty(t) to obtain a hyperbolic equation, and then read

off the relevant results for the shifted equation.

It was shown in [12, Theorem A] that for equation (1.1), under the

assumption of hyperbolicity, there are no nontrivial bounded solutions on

the real line. On the other hand, there are many bounded solutions on a

half-line. In this spirit we decompose solutions of (1.1) into forward and

backward components by means of the spaces

P = {x : (−∞, 1] → C | x is a bounded solution of (1.1) on (−∞, 0]},

Q = {x : [−1,∞) → C | x is a bounded solution of (1.1) on [0,∞)}.
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Recalling the notation (2.2), in particular for t = 0, let us set

P = {ϕ ∈ C[−1, 1] | ϕ = x0 for some x ∈ P},

Q = {ϕ ∈ C[−1, 1] | ϕ = x0 for some x ∈ Q},

which are the initial states for solutions in P and Q. A solution x ∈ P

associated to an initial state x0 = ϕ ∈ P is called a left prolongation

of ϕ, and we take the analogous definition of right prolongation of an

element of Q. We note that if x ∈ P and t ≤ 0 is fixed, then the translated

function s → x(s + t) for s ≤ 1 also belongs to P , and so xt ∈ P . The

corresponding property holds for Q, for t ≥ 0. The first result provides

exponential estimates for such solutions.

Theorem 1. There exist K,α > 0 such that

|x(t)| + |ẋ(t)| ≤ Keαt‖x0‖C[−1,1], t ≤ 0,

|y(t)| + |ẏ(t)| ≤ Ke−αt‖y0‖C[−1,1], t ≥ 0,

(3.1)

for every x ∈ P and y ∈ Q.

Note that (3.1) implies that the solution x or y is uniquely determined

by its initial state x0 or y0, namely by its restriction to [−1, 1]. In fact

this uniqueness follows directly from the hyperbolicity assumption. Indeed,

suppose that x ∈ P is a nonzero function which is a left prolongation of

zero. That is, suppose x(t) is bounded and satisfies (1.1) on (−∞, 0], that

x(t) = 0 for every t ∈ [−1, 1], but that x(t0) 6= 0 for some t0 < −1.

Extend x to be identically zero on the interval [1,∞). One checks that the

extended function x is also a solution on [0,∞), and thus is a nontrivial

bounded solution of (1.1) on R. However, as noted above, such solutions

do not exist.

Sketch of the Proof of Theorem 1. We sketch the proof of the estimate

for x in (3.1) and refer to [14, Section 3] for details. It is enough to work

with the space P and to show the estimate

|x(t)| ≤ Keαt‖x0‖C[−1,1], t ≤ 0, (3.2)

for every x ∈ P , as the estimate in (3.1) involving the derivative will then

follow from the differential equation (1.1). The constants K in (3.1) and

(3.2) will in general be different, but they should not depend on the choice

of x ∈ P .
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We first show there exists τ > −1 such that

|x(t)| ≤
1

2
sup

(−∞,1]

|x(s)|, t ≤ −τ, (3.3)

for every x ∈ P . Observe that such an estimate immediately implies that

|x(t)| ≤
1

2m
sup

(−∞,1]

|x(s)|, t ≤ −m(τ + 1) + 1,

for every m ≥ 1, by repeatedly applying (3.3) to the translates of x. As-

suming that τ satisfying (3.3) does not exist, we see there exists a sequence

τn → ∞ and a sequence xn ∈ P such that

|xn(−τn)| ≥
1

2
, with the normalization sup

(−∞,1]

|xn(s)| = 1.

Define zn(t) = xn(t − τn) and observe that zn is a solution of (1.1) on

the interval (−∞, τn]. On every compact subinterval of R the sequence of

functions zn is uniformly bounded and equicontinuous for large n, and so

for some subsequence one has the limit zn(t) → z(t) uniformly on compact

intervals, by Ascoli’s theorem. One easily checks that z is a solution of (1.1)

on the line. Moreover z(t) is uniformly bounded there, and is a nontrivial

solution as |z(0)| ≥ 1
2 . However, this contradicts the fact that (1.1) has no

nontrivial bounded solutions on the line.

Having shown the existence of τ as above, we see with (3.3) that in

order to conclude (3.2), and hence conclude the theorem, it is enough to

prove that there exists K > 0 (possibly different from the K in (3.2)) such

that

|x(t)| ≤ K‖x0‖C[−1,1], t ≤ 1, (3.4)

for every x ∈ P . We prove (3.4) by contradiction. If (3.4) were false for

every K, then there would exist sequences Kn → ∞ and xn ∈ P such that

sup
(−∞,1]

|xn(t)| = Kn‖xn
0 ‖C[−1,1] = 1, (3.5)

where the second equality in (3.5) is a normalization. Then there exists

some t = −τn at which the maximum |xn(−τn)| = 1 of |xn(t)| is attained,

where clearly −τn ∈ [−τ,−1] with τ as above. By passing to a subsequence,

we take the limit xn(t) → x(t) uniformly on compact subsets of (−∞, 1],

where we note here that ‖xn
0‖C[−1,1] = (Kn)−1 → 0 and so x0 = 0 for the

limit. We may also assume the limit τn → τ0 exists as τn is a bounded

sequence. We have that the limit x is a solution of equation (1.1) on

(−∞, 0], and it is nontrivial in light of the fact that |x(−τ 0)| = 1. But
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then x is a nontrivial left prolongation of zero, which we observed earlier is

impossible.

For any ψ ∈ Q let y ∈ Q denote the unique right prolongation of

this element and define the operator TQ(t) : Q → Q for any t ≥ 0 by

TQ(t)ψ = yt. In a similar fashion define TP (t)ϕ = xt for t ≤ 0 where x ∈ P

is the left prolongation of ϕ ∈ P . We wish to think of the subspaces P and

Q as surrogates for the phase spaces C[0, 1] and C[−1, 0] for advanced and

retarded functional differential equations, respectively. In order to make

this notion precise, we define the maps

π+ : C[−1, 1] → C[0, 1], π+ϕ = ϕ|[0,1],

π− : C[−1, 1] → C[−1, 0], π−ϕ = ϕ|[−1,0],

given by restricting any ϕ ∈ C[−1, 1] to the interval [0, 1] or [−1, 0] as

indicated. Let π+
P and π+

Q denote the restrictions π+
P = π+|P and π+

Q =

π+|Q of the operator π+ to the subspaces P ⊆ C[−1, 1] and Q ⊆ C[−1, 1],

respectively. Define π−
P and π−

Q similarly.

The following result provides precise information on which x0 ∈ P and

y0 ∈ Q can occur as initial states. We refer to [14, Section 3] for a proof,

although we mention that Theorem 1 above plays a key role in the proof.

Theorem 2. Let the sets P and Q be defined as above. Then the following

hold.

(i) P and Q are closed subspaces of C[−1, 1].

(ii) P ⊕Q = C[−1, 1].

(iii) The operators π−
P : P → C[−1, 0] and π+

Q : Q → C[0, 1] are com-

pact.

(iv) The operators π+
P : P → C[0, 1] and π−

Q : Q → C[−1, 0] are Fred-

holm, and

ind(π+
P ) + ind(π−

Q) = −1

for the Fredholm indices of these operators.

(v) The operators TQ(t) : Q → Q and TP (−t) : P → P defined as

above by translation along the unique prolongation for t ≥ 0 are

exponentially stable strongly continuous semigroups.

We remark that in fact Theorems 1 and 2 can be extended to a gen-

eral class of nonautonomous equations using the framework of linear skew

product semiflows. See [14] for the details.
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Items (i) and (ii) of Theorem 2 can be viewed as a spectral splitting for

the unbounded operator A defined in (2.4) which is associated to equation

(1.1). To explain this connection, consider, generally, a closed unbounded

linear operator A : D(A) ⊆ X → X on a Banach space X . Suppose

there is a direct sum decomposition X = P ⊕ Q of X which reduces A,

that is, for which A maps D(A) ∩ P into P and D(A) ∩ Q into Q. Let-

ting AP = A|D(A)∩P and AQ = A|D(A)∩Q denote the restrictions of A to

these spaces, we say that A is exponentially dichotomous if the op-

erators −AP and AQ are infinitesimal generators of exponentially stable

semigroups TP (−t) and TQ(t), respectively. In the case of an exponentially

dichotomous operator, the splitting X = P ⊕Q turns out to be unique and

the associated projections onto P and Q are called the separating projec-

tions for A. We refer to the paper of Bart, Gohberg, and Kaashoek1 and as

well to [9] for details and further information. For equation (1.1) this spec-

tral decomposition was already obtained by Rustichini15,16. We observe,

directly from Theorem 1, the exponential estimates ‖TQ(t)‖ ≤ K ′e−αt and

‖TP (−t)‖ ≤ K ′e−αt on the operator norms for t ≥ 0, where K ′ = Keα, to

give item (v) of Theorem 2.

The interpretation of item (iv) of Theorem 2 is that P and Q are surro-

gates for C[0, 1] and C[−1, 0], as remarked above. The Fredholm operators

π+
P and π−

Q need not be isomorphisms, however, and can have nonzero

Fredholm indices. In particular, it is possible for there to exist nontrivial

elements in the kernels K(π+
P ) ⊆ P or K(π−

Q) ⊆ Q of these operators. A

nontrivial element ϕ ∈ K(π+
P ) is characterized as x0 = ϕ 6= 0 where x ∈ P

satisfies π+x0 = 0. That is, x : (−∞, 1] → C is a bounded solution on

(−∞, 0] which vanishes identically on [0, 1] but does not vanish identically

on [−1, 1]. Note that if we extend such a function x to vanish identically on

[0,∞), then x is not a solution on R if b 6= 0, as it does not satisfy equation

(1.1) on [0, 1]. Thus while left prolongations are uniquely determined by

the values of ϕ in [−1, 1], they need not be determined by the values of ϕ

in [0, 1], that is, they are not in general determined by π+ϕ. On the other

hand, π+ϕ does determine a finite-dimensional set of left prolongations,

which is a reflection of the finite-dimensionality of the kernel K(π+
P ).

The elements of the kernels K(π+
P ) and K(π−

Q) play a crucial role in

understanding equation (1.1) on finite intervals [t1, t2], particularly when

the length t2 − t1 of the interval is large, as we shall see in Section 5. In

order to understand the structure of the kernels K(π+
P ) and K(π−

Q), we first

turn to the question of how to realize the semigroups TP (−t) and TQ(t) by

explicit equations.
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4. Concrete Representations for TP (t) and TQ(t)

The goal of this section is to provide concrete representations for the semi-

groups TQ(t) on Q and TP (−t) on P obtained in Section 3 from equation

(1.1). Specifically, in Theorem 4 we show these semigroups can be realized

by equations

ẋ(t) =

∫ 0

−1

x(t+ θ) dη−(θ), ẋ(t) =

∫ 1

0

x(t + θ) dη+(θ), (4.1)

that is, by a retarded functional differential equation and an advanced func-

tional differential equation respectively, at least up to a finite-dimensional

subspace, in a sense that is made precise. As usual, dη±(θ) are Lebesgue-

Stieltjes measures on the indicated intervals. The results in this section are

a special case of much more general results developed in [14, Section 5]. For

the time being, we do not need equation (1.1) to be hyperbolic, although

this will be assumed later.

We mention that some of the general results as stated in [14] require

an atomic condition, which for equation (1.1) means that b 6= 0 and c 6= 0.

In fact, for at least this equation, these conditions are not needed for the

results stated here.

We first obtain a factorization of the characteristic function ∆ of equa-

tion (1.1) in terms of the characteristic functions ∆± of the equations (4.1).

The following result is a special case of [14, Theorem 5.2]. Its proof involves

transform techniques, and theorems of Phragmén-Lindelöf type.

Theorem 3. Let ∆ be as in (2.5) and let λ0 ∈ C be given. Then there

exist finite Lebesgue-Stieltjes measures dη−(θ) and dη+(θ) on [−1, 0] and

on [0, 1], respectively, such that the factorization

(λ− λ0)∆(λ) = ∆−(λ)∆+(λ) (4.2)

of ∆ holds, where

∆−(λ) = λ−

∫ 0

−1

eλθ dη−(θ), ∆+(λ) = λ−

∫ 1

0

eλθ dη+(θ). (4.3)

If one has a second such factorization of ∆, say with λ̃0 ∈ C and with

measures dη̃±(θ) and corresponding functions ∆̃±, then

∆−(λ)

∆̃−(λ)
=

(λ− λ0)∆̃+(λ)

(λ− λ̃0)∆+(λ)
= r(λ) (4.4)

where r is a rational function with r(∞) = 1.
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Conversely, suppose one has a particular factorization (4.2), (4.3). Let

λ̃0 ∈ C and a rational function r with r(∞) = 1 be given. Suppose also λ̃0

and r have the property that both the functions

∆−(λ)

r(λ)
,

(λ− λ̃0)∆+(λ)r(λ)

(λ− λ0)
,

are entire. Then there exist measures dη̃±(θ) as above such that (4.4) holds,

where ∆̃± are given by (4.3) but with dη̃±(θ) in place of dη±(θ).

Finally, suppose that equation (1.1) is hyperbolic. To any factorization

(4.2), (4.3) for which Reλ0 6= 0 associate the finite quantities

n− = card{λ ∈ C | ∆−(λ) = 0 and Reλ > 0},

n+ = card{λ ∈ C | ∆+(λ) = 0 and Reλ < 0},

n0 = card{λ ∈ C | λ− λ0 = 0 and Reλ > 0},

with roots counted according to their multiplicity. Then the quantity

n] = n+ − n− + n0 (4.5)

is independent of such factorizations (4.2), (4.3).

As described in Theorem 3, the holomorphic factorization (4.2) is not

unique. Indeed, the effect of the rational function r in that result is that

arbitrary finite sets of roots of ∆− and ∆+ may be swapped, one for one.

This is most transparent when λ̃0 = λ0 is chosen. In that case, if λ− and λ+

are roots of ∆− and ∆+ respectively, then taking r(λ) = (λ−λ−)(λ−λ+)−1

effects such a swap between λ− and λ+.

In general all but finitely many of the roots of ∆− lie in the left half-

plane, and all but finitely many of ∆+ in the right half-plane. The integer

n] defined in (4.5) is an invariant of equation (1.1) and is a function of the

number of roots of ∆− and ∆+ which lie in the “wrong” half-plane. As we

shall see, the dimensions and codimensions, respectively, of the kernels and

ranges of the Fredholm operators π+
P and π−

Q are functions of n].

The next theorem shows, roughly, that solutions of the associated re-

tarded and advanced equations in (4.1), obtained from the holomorphic

factorization in Theorem 3, are also solutions of (1.1), and conversely. This

result is a combination of [14, Theorem 5.3 and Theorem 5.4]. Its proof, in

part, involves results on the completeness of eigenfunctions, as are found

for example in [18].
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Theorem 4. Consider any factorization of ∆ as in the statement of The-

orem 3. If ∆+(λ0) = 0 then every solution of the first equation in (4.1)

on [0,∞) is also a solution of equation (1.1). If ∆+(λ0) 6= 0 then there

exists a closed subspace Γ ⊆ C[−1, 0] of codimension one which is positively

invariant under the semiflow of the first equation in (4.1), such that any

solution of this equation on [0,∞) in Γ is also a solution of equation (1.1).

The corresponding results for ∆−(λ0) and the second equation in (4.1)

also hold.

Now let µ ∈ R be such that all roots λ of the quotient function ∆∆−1
−

satisfy Reλ > µ. Then every solution of (1.1) on [0,∞) for which e−µtx(t)

is bounded there is also a solution of the first equation in (4.1).

The corresponding result for solutions of (1.1) on (−∞, 0] and for the

second equation in (4.1) also holds.

We conclude this section with precise descriptions of the kernels and

ranges of the Fredholm operators π+
P and π−

Q of Theorem 2. In particular

we give the dimensions of their kernels and the codimensions of their ranges.

We assume that equation (1.1) is hyperbolic and we fix a factorization of

∆ for which Reλ0 6= 0. Next let e± be the polynomials

e−(λ) =
∏

∆
−

(γ)=0

Re γ>0

(λ− γ), e+(λ) =
∏

∆+(γ)=0

Re γ<0

(λ− γ),

constructed from these roots according to their multiplicities, and let

e0(λ) =





λ− λ0, Reλ0 > 0,

1, Reλ0 < 0.

Then these polynomials have degrees

n− = deg e−, n+ = deg e+, n0 = deg e0,

with n± and n0 as in Theorem 3. Now write

∆(λ) = ∆L(λ)∆R(λ),

∆L(λ) =
∆−(λ)e+(λ)e0(λ)

e−(λ)(λ − λ0)
, ∆R(λ) =

∆+(λ)e−(λ)

e+(λ)e0(λ)
,

and observe that the functions ∆L and ∆R are entire, and that all roots

of ∆L lie in the left half-plane and all roots of ∆R lie in the right half-

plane. Moreover, it follows from the root-swapping property described in

Theorem 3 that the functions ∆L and ∆R do not depend on the choice of

factorization (4.2).
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With the above setting, we can state the following result (see [14, The-

orem 6.1]).

Theorem 5. Assume that equation (1.1) is hyperbolic. An element x ∈ P

is a left prolongation of x0 ∈ K(π+
P ), that is, x is a bounded solution of

(1.1) on (−∞, 0] vanishing identically on [0, 1], if and only if

x̂(λ) =
ΠL(λ)

∆R(λ)
, deg ΠL < −n], x̂(λ) =

∫ 0

−∞

e−λtx(t) dt,

where ΠL is a polynomial of the indicated degree and n] is as in (4.5).

Similarly y ∈ Q is a right prolongation of y0 ∈ K(π−
Q) if and only if

ŷ(λ) =
ΠR(λ)

∆L(λ)
, deg ΠR < n] − 1, ŷ(λ) =

∫ ∞

0

e−λty(t) dt,

for a polynomial ΠR. In particular

dimK(π+
P ) = max{−n], 0}, dimK(π−

Q) = max{n] − 1, 0}, (4.6)

both hold. It is moreover the case that

codimR(π+
P ) = max{n], 0}, codimR(π−

Q) = max{−n] + 1, 0},

and that

ind(π+
P ) = −n], ind(π−

Q) = n] − 1,

hold, where the codimensions are taken in the spaces C[0, 1] and C[−1, 0],

respectively.

Intuitively, the integer n] in Theorem 5 measures the excess number

of roots of ∆ in the left half-plane over the number of those in the right

half-plane. The larger n] is, the “easier” it is for equation (1.1) to have

solutions on [0,∞) decaying at +∞, that is, the “larger” is the space Q

and the greater the dimension of the kernel K(π−
Q). Conversely, the more

negative n] is, the greater is the dimension of K(π+
P ).

5. Finite Intervals

In this section we study equation (1.1), and more generally equation (1.3),

restricted to a finite interval [−τ, τ ] for some τ > 0. In the case of equation

(1.3) we assume that the coefficients a, b, c ∈ L∞(R) are defined on all of R,

as we allow τ to vary. Recall the operator Λτ : W 1,∞
0 (−τ, τ) → L∞(−τ, τ)

defined by (1.6), (1.7). As noted earlier, the case of large τ is of particular
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interest, and we seek estimates of the form (1.8) for Λτ which are uniform

as τ → ∞.

Since Λτ is a compact perturbation of the differentiation operator d
dt

,

the operator Λτ is Fredholm with the same index ind(Λτ ) = −1 as d
dt

. In

particular, if K(Λτ ) = {0}, then exactly one linear constraint is needed on

the inhomogeneous term h in order that the equation

ẋ(t) = a(t)x(t) + b(t)x(t − 1) + c(t)x(t + 1) + h(t) (5.1)

with zero boundary conditions (1.7) should have a solution. (To solve such a

problem where x has nonzero boundary values in [−τ−1,−τ ]∪[τ, τ+1], in a

standard fashion one would write x as a sum of any given smooth function

satisfying the boundary conditions, and an unknown function satisfying

(5.1) for some h and with zero boundary conditions.) Note that elements

of the kernel K(Λτ ) are just functions x : [−τ − 1, τ + 1] → C which are

solutions of equation (1.3) on [−τ, τ ] and which vanish on [−τ − 1,−τ ] ∪

[τ, τ + 1].

Even for the constant coefficient equation (1.1) it is surprisingly difficult

to determine the dimension of, and to characterize the elements of K(Λτ ).

If 0 < τ ≤ 1
2 then it is not hard to show for this equation that K(Λτ ) = {0}.

On the other hand, suppose that 1
2 < τ ≤ 1. Then dimK(Λτ ) = 1 if and

only if

b =
(−1)n+1ea(n+ 1

2 )π

2τ − 1
, c =

(−1)ne−a(n+ 1
2 )π

2τ − 1
, (5.2)

for some integer n ≥ 0, and K(Λτ ) = {0} otherwise. A heuristic argument

based on dimension-counting was given in [14, Section 7] which suggests

that for any τ > 0, one has dimK(Λτ ) ≤ 1 for equation (1.1). This argu-

ment also suggests that the set of parameters (a, b, c, τ) ∈ C3 × (0,∞) for

which dimK(Λτ ) = 1 should be a set of real dimension three (which is the

case in the range 0 < τ ≤ 1, in view of the parameterization of b and c in

(5.2) by (a, τ) ∈ C × ( 1
2 , 1]). These conjectures, and others given in [14]

based on similar heuristic arguments, are as yet unsolved.

However, we do have the following result, which is a special case of [14,

Theorem 7.3], and which is proved using lap number arguments.

Theorem 6. With a(t) real-valued, assume that either b(t) > 0 and c(t) >

0 for almost every t ∈ R, or else that b(t) < 0 and c(t) < 0 for almost every

t ∈ R. Then for equation (1.3) we have that K(Λτ ) = {0} for every τ > 0.



November 19, 2004 17:11 WSPC/Trim Size: 9in x 6in for Proceedings JMP-VL˙proc

88

Even if K(Λτ ) = {0}, and so R(Λτ ) ⊆ L∞(−τ, τ) is a subspace of

codimension one, inverting the operator Λτ on R(Λτ ) may be problematic

as the norm of the inverse can grow rapidly with τ . The following result,

which is a special case of [14, Theorem 7.2], shows that a uniform bound

on the norm of the inverse can be achieved by restricting Λτ to a suitable

subspace of finite codimension.

Theorem 7. Assume that equation (1.1) is hyperbolic, let the integer n]

be as in Theorem 3, and set n∗ = |n] −
1
2 | −

1
2 . Then there exists K > 0,

and for every large τ there exists a subspace V τ ⊆ W
1,∞
0 (−τ, τ) satisfying

codimV τ = n∗, such that

‖Λτx‖L∞(−τ,τ) ≥ K‖x‖W
1,∞

0 (−τ,τ), x ∈ V τ .

In particular V τ ∩ K(Λτ ) = {0}, and so dimK(Λτ ) ≤ n∗ holds.

Note that if either n] = 0 or if n] = 1, then n∗ = 0 and we have

K(Λτ ) = {0} for all large τ . In this case Λτ is an isomorphism from

W
1,∞
0 (−τ, τ) onto its range, with a bound ‖(Λτ )−1‖ ≤ K−1 on the inverse

which is independent of (large) τ .

To understand Theorem 7, take any element y ∈ K(π+
P ). Set ỹ(t) =

y(t− τ) and observe that ỹ satisfies the right-hand boundary condition in

(1.7), that is, y(t) = 0 in the interval [τ, τ + 1], since π+ỹτ = π+y0 = 0.

The left-hand boundary condition, in [−τ−1,−τ ], in general fails, however

it almost holds in the sense that ỹ(t) is exponentially small in that interval.

Indeed, by Theorem 1 we have |y(t)| ≤ K ′eαt for t ≤ 0 and some K ′ > 0

and α > 0, and so |ỹ(t)| ≤ K ′e−2ατ in [−τ − 1,−τ ]. One could say that ỹ

is “almost” an element of the kernel K(Λτ ). In a similar fashion, functions

z̃ given by z̃(t) = z(t + τ), with z ∈ K(π−
Q), also are “almost” elements of

K(Λτ ). In fact, the subspace V τ in Theorem 7 can be taken to be the set of

all x ∈W
1,∞
0 (−τ, τ) which are orthogonal in L2(−τ, τ) to every such ỹ and

to every such z̃. One then has, using the formulas in (4.6) of Theorem 5,

codimV τ = dimK(π+
P ) + dimK(π−

Q)

= max{−n], 0}+ max{n] − 1, 0} = |n] −
1
2 | −

1
2 = n∗.

We remark finally that a version of Theorem 7 is given in [14] for the

nonautonomous equation (1.3). In this result it is assumed that the limits

a(±∞), b(±∞), and c(±∞) of the coefficients exist, and that the limiting

autonomous equations are hyperbolic. A finite-codimension subspace V τ is

constructed, in part, from elements of K(π+
P ) and K(π−

Q) for these limiting

equations.
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