7.1 Coalescent Processes: Reversed Branching
P Jagers and S. Sagitov

7.1.1 Coalescence

Branching viewed backward is coalescence, the process of merging or clumping.
It arises naturally in the structuring or formation of dispersed matter of various
kinds and in various scales, from that of molecule aggregates in colloids (so-called
micelles) to galaxies. It has been studied by physicists through computer simula-
tion (e.g., Nilsson et al. 2000) and in a series of interesting mathematical articles
by Aldous (1999).

Evolution can be viewed as a grand multi-type branching process, with new
species that arise through mutation (see Jagers 1991; Jagers et al. 1992; Taib
1992). The study of the origin of species is then time-reversed branching (i.e.,
coalescence). In genetics, the latter is also used to trace the roots of the genetic
composition of populations and its development. It was within this area that the
first pure coalescence model, the Kingman coalescent (1982a), was formulated as a
reverse counterpart to the diffusion approximation of the renowned Wright—Fisher
model (Fisher 1930; Wright 1931; see also Ewens 1979).

The object of genetic models is thus population composition rather than size.
Indeed, most population genetics even assumes that population size is completely
constant over generations. As we show later, the Wright—Fisher model can be
obtained as Galton—Watson branching with Poisson reproduction, conditioned at a
constant population size. In the same vein, most population genetics simplifies the
flow of time into generation counting. Instead, it is lineage that counts. What are
the relations among »n individuals sampled out of a total population of size N?

For (diploid) genetics mating also cannot be disregarded. It is usually mod-
eled as random, that is, the two genes of an individual are selected independently
at random from any individual in the preceding generation. (The latter are thus,
implicitly or explicitly, thought of as hermaphroditic.) Most of the time genes
are passed unchanged, but sometimes new alleles appear through mutation. We
consider only neutral mutations, so that the reproduction law remains one and the
same throughout the process. In such cases, what is the distribution of alleles at a
locus?

If mating is thus assumed to be random and population size is thought to be
given, gene branching might be studied and simulated directly, with individual
reproduction behavior bypassed by means of a general exchangeable population
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model (to be further discussed in Section 7.1.4). A vector of random variables is
said to be exchangeable if any permutation of its components has the same distri-

bution. In symbols, if i1, iy, . .. , iy 1s any reordering (permutation) of the numbers
1,2,..., N, then the vector (v;,, v;,, ... , V;,) has the same joint distribution func-
tion as has (v, vz, ..., vy). In an exchangeable population model N is the size of

the reproducing generation and v; 4+ v, + - - - + vy, which is usually also required
to equal N, is the size of the following generation.

7.1.2 The Wright-Fisher population model

The best-known exchangeable reproduction model is the Wright—Fisher popula-
tion. It depicts a population in (an imagined) equilibrium in which the population
size N (the number of genes) is constant over generations, time thus being dis-
crete. It is assumed that gene number i in the current generation is passed on to
the next generation in v; copies so that the joint distribution of gene offspring sizes
(vi, ..., vy) is symmetrically multinomial. In line with earlier notation, for bino-
mial, geometric, and Poisson random variables this can be denoted by the vector
being multinomial (N, % e %) (see the Appendix).

A remarkable feature of the Wright—Fisher model, which emphasizes its con-
centration upon lineage at the expense of size fluctuations, is the mentioned in-
terpretation of it as a Galton—Watson process with Poisson reproduction law, con-
ditioned to have constant population sizes. Indeed, if the offspring distribution is
Poisson(m) and &, &, ... are the numbers of offspring of the individuals in the
nth generation (somehow numbered), then provided i} + i, + -+ iy = N,
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Otherwise the probability is obviously equal to zero.

The reverse description of how Wright—Fisher populations evolved is particu-
larly simple: the N children are partitioned into sibships with multinomially dis-
tributed sizes (vy, ..., vy) by letting them select their parents independently at
random from among the N individuals that constitute the preceding generation.
This leads to a simple algorithm to simulate n alleles sampled from a Wright—
Fisher population:

1. Build an ancestral tree for n sampled genes that result from n coalescing random
walks over the set of N points;
2. Impose mutations on the ancestral tree.

The reverse approach renders simulation faster because it deals only with the fate
of direct ancestors of the sampled genes. Figure 7.1 depicts a possible outcome
of the reverse simulation algorithm with n = 6. Mutations are numbered in time
sequence and the resultant six alleles are labeled according to the mutations that
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Figure 7.1 An example of simulating six sequences using the Kingman coalescent. Dots
stand for mutations numbered in their order of occurrence.

created them. Mutations prior to the most recent common ancestor (MRCA) do
not contribute to the sample polymorphism.

As N — oo, the forward picture of the Wright-Fisher model can be simpli-
fied by a diffusion approximation. However, there is a reverse counterpart to this
diffusion approximation, called the Kingman coalescent (Kingman 1982a). It is
an asymptotic ancestral process and the subject of Section 7.1.3. It is a basic
coalescent process with several extensions that reflect such evolutionary and de-
mographic features as recombination, population subdivision, variable population
size, and selection. A reader interested in the theory of coalescent processes and
its applications in population genetics is referred to Chapters 6-8 of Balding et al.
(2001). A recent review by Rosenberg and Nordborg (2002) contains further refer-
ences. Important earlier surveys are Tavaré (1984), Hudson (1991), and Donnelly
and Tavaré (1995).

7.1.3 The Kingman coalescent

Consider the genealogical tree of n genes sampled at random from a Wright-Fisher
population with constant population size N. Let R ,iv be the number of branches in
the tree k generations before the generation sampled. For a fixed N the sequence
(R,ﬁv )k=o0.1...., the ancestral process, has monotone trajectories that decrease from
Rév = n down to R]Tv = 1 at the random time 7" = Ty rca, When the tree reaches
the MRCA of the sampled genes. It is a Markov chain and it has been shown
(Watterson 1975) that its transition probabilities have the form

P(RY, =jIRY =i)=ci;N(N—1)---(N —j+1)/N', (7.2)

where ¢; ; are combinatorial constants independent of N (actually, so-called Stir-
ling numbers of the second kind). In particular, ¢;; = 1 and ¢;;—1 = (3) =
i(i—1)/2,s0
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PR, =i|RY =i)=1(1—-1/N)---(1 = (@ — 1)/N)
=1-0+2+---+i—1)/N+0(1/N)

=1—i(i—1)/2N)+o(1/N), (7.3)
as N — oo. Similarly,
IP(R,?’H=i—1|R,ﬁv=i):i(i—1)/(2N)—|—0(1/N), (7.4)
and the remaining probabilities
P(RY, =jIRY =i)=0(1/N),j<i-2. (7.5)

If N is large (as compared with n?), then Equation (7.3) means that the chain
R,iv stays in the same state for many generations, until it jumps to a new state.
The number of generations between two jumps should be comparable with the
population size N. If such a jump takes place, in view of Equation (7.5), the
probability is high that the number of branches in the gene tree reduces by just
one. This corresponds to a pairwise coalescent. Equations (7.3)—(7.5) imply the
following convergence result (cf. Kingman 1982a), which suggests a remarkably
convenient way to simulate the gene tree of a large Wright—Fisher population.

Theorem 7.1 If R,ﬁv is the number of branches in the gene tree of a Wright—Fisher
population with population size N, then as N — 0o the process

Ry — R.1>0, N> 0. (7.6)

Here [Nt] means the integral part of Nt (i.e., the largest integer that does not
exceed Nt), and the limit process R;, to be described below, is the Kingman co-
alescent. The arrow stands for so-called weak convergence, which is actually a
fairly strong convergence concept in stochastic processes. For an introduction to
this, see more advanced probability literature (Billingsley 1968). Suffice it here to
say that it, usually, implies convergence of the distributions at a fixed ¢ (problems
possibly arise at values of ¢ where the limit has a jump with positive probability).
However, it also implies convergence of distributions of vectors,

(R\up» RiNeps - Ring) = (Ry . Ry ... R,) (7.7)

and even of functionals like the supremum of the process.

The Kingman coalescent is a Markov process that describes the asymptotic dis-
tribution of a gene tree for large Wright—Fisher populations. The process R, yields
the number of branches in the Kingman coalescent. The theorem shows that time
t in the limit tree corresponds to [N7] generations in the Wright—Fisher popula-
tion, counted backward in time. Equations (7.3)—(7.5) for the ancestral process are
transferred into the defining properties of the Kingman coalescent,

P(Riya=JIR =i)=qij- A+o(D), j#i, (7.8)
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and

P(Rixp =i |R, =i)=1—-X; - A+0(A), A— 0, (7.9)
where

) =i,

qij { 0 otherwise , (7.10)

and A; = ), gij is equal to

A = (;) =i(i—1)/2. (7.11)

These relations lead to a simple wait-and-jump description of the limit process
R,. First, according to Equation (7.9) the waiting time 7; spent by the limit process
at the state i is distributed exponentially with parameter A;, so that

4 :

Second, in view of Equations (7.10) and (7.11), the jump probabilities p;; = g;; /A
satisfy

1 iftj=i—1,
pl-,-={ / (7.13)

E[T;] =

0 otherwise .

This means that the number of branches will be i — 1 immediately after it was i.
In other words, the limit process of Theorem 7.1 is what is known as a pure death
process, which consecutively visits all the states {n,n — 1, ..., 2, 1} with waiting
times as described.

7.1.4 Exchangeable population models

The Kingman coalescent was derived as a limit of a very special, albeit classic, ge-
netic model, the Wright-Fisher model. The convergence result of Theorem 7.1
can, however, be extended to a broad class of population models, which thus
widens the applicability of the coalescent far beyond Wright and Fisher’s frame-
work.

Exchangeable population models (cf. Cannings 1974) generalize the Wright—
Fisher setup by allowing the offspring sizes (vy, ..., vy) to have any symmetric
(exchangeable) joint distribution. Exchangeability, as pointed out, means that the
joint distribution does not change if the family indices are permuted. This implies

that all offspring sizes vy, ..., vy have the same distribution and therefore the
same expectation and variance. Since

N =E[ +---+vy]l =E[wv]+---+Efvy], (7.14)
the common expected offspring number must be E[v;] = 1. We denote the vari-
ance by or]%,.

Exchangeability of gene inheritance is natural under the assumption of only
neutral mutations. This class of population models also encompasses all Galton—



Specific Models 205

Watson processes conditioned to have a constant population size N in all genera-
tions.
Kingman (1982b) presents two simple conditions, namely

of,—)oz,N—>oo,0<02<oo, (7.15)
and
supE[Vf] < 00,k >3, (7.16)
N
which ensure a convergence to the coalescent,
R\ /g2) = Ry N = 00, (7.17)

for the ancestral process R}(V of a population with exchangeable reproduction. The
limit process is again the Kingman ancestral process, while the ancestral process
of the exchangeable population is accelerated by a factor of o, which reflects that
the ancestral lines merge faster in a population with greater variation in offspring
size.

Minimal conditions for convergence to the Kingman coalescent were found
by Mohle and Sagitov (1999). A simplified version of their result is given in
Theorem 7.2.

Theorem 7.2 Let R,ﬁv, k = 0,1,2,... be the number of branches in the gene
tree of an exchangeable population with constant population size N that satisfies
Condition (7.15). The convergence (7.17) to a Kingman coalescent holds if and
only if

E[v]/N = 0, N = 0o (7.18)

Biologically, Theorem 7.2 says that in a large population of N individuals, the
ancestral process is of the Kingman type, which does not allow mergers of more
than two lines simultaneously, if and only if a single sibship attains a very large
size with a diminutive probability only (but see Box 7.1).

There are two types of natural follow-up questions:

1. How large does N need to be to ensure validity of the approximation (7.17)
(a million, a billion, or only 100 or 1000)?

2. In general, when the restriction (7.15) is removed, what are the reproduction
laws that lead to coalescent processes that allow triple mergers?

The answer to the first question is given in Mohle (2000), in which the distributions
of two random vectors connected by

(R[IY\]H/UZ]’ Rg\;lz/gz], ree R[I\]/\]tr/GZ]) - (Rtla thy L Rt,) (719)

are compared. It was found that the corresponding probabilities differ at most by
the value

ciE[v;1/N + c;E[viv31/N + c3/N . (7.20)
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Here, the constants ¢y, ¢;, and c3 depend, in a complicated way, on the sample
size n, the dimension &, and the variance o2. This implies, in particular, that under
the Kingman moment conditions the convergence rate in Equation (7.17) is ¢/N.
In general, the dominating term in the estimate is cl]E[vf ]/N, in accordance with
Theorem 7.2.

The second item was analyzed recently by Sagitov (1999, 2003). It turns out
that the ancestral process allows mergers of more than two lines simultaneously if
the largest sibship v(j) in the generation exceeds Nx with a probability that satisfies
a smallness condition. We obtain convergence to the Kingman coalescent with a
more flexible scaling of time,

(R )iz0 = (R;)i=0, N — 00, (7.21)

N
[Nt/oy]
if for any fixed number x > 0,

Noy*P(vqy > Nx) — 0. (7.22)

If there is a non-zero limit, we could easily obtain multiple mergers with three or
more branches that join at one node. If, furthermore, the second-largest sibship
V(o) satisfies

NoyP(vg > Nx) — 0, (7.23)

for all x > 0, it is impossible to encounter two large sibling groups in the same
generation among [N/ 01%,] consecutive generations, which effectively prohibits si-
multaneous mergers in a coalescence with multiple mergers.

Example 7.1 However, even though situations in which Equation (7.22) is not satisfied
seem impossible in the realm of mammals, they could certainly be thought of among e.g.,
reptiles, fish, or insects. As an illustration, assume that N = 100 is large enough for Theory
7.2 to apply. In such a small population of, say, turtles, it could certainly happen once in a
century that one of the turtles is the mother of, maybe, half the population. In other terms,
the probability of begetting 50 offspring or more does not seem to be less than 0.0001.

As a consequence, the probability that the maximal sibship exceeds 50 individuals may
well be larger than 0.01.

OO0

Schweinsberg (2003) considers an important family of the exchangeable repro-
duction models with fixed population size N that arise from supercritical Galton—
Watson processes starting with N individuals. If X, ..., Xy are the offspring
numbers in the initial generation with E(X;) = u, then assuming © > 1 we ex-
pect the total offspring number ¥ = X; 4 - - - 4+ X to be much larger than N, with
a high probability.

The offspring numbers vy, ... , vy of the corresponding fixed-size model are
defined in a two-step procedure. The first step yields the Galton—Watson offspring
numbers X, ..., Xy. The second step defines v; as the number of survivors
among X; siblings after N individuals have been sampled randomly to survive
from the Y offspring produced at the first step.
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Box 7.1 Non-negligible sibships

The more mathematical reader might like to know what happens if the restrictions
(7.15) and (7.18) are removed.

Theorem 7.3 Assume Equation (7.23). If for all 0 < x < 1

1
Noy*P(vg) > Nx) — / y2dF(y), N— o0, (a)
X

F being an arbitrary probability distribution function on the unit interval not con-
centrated at zero, the weak convergence (7.21) holds toward a coalescent with mul-
tiple mergers.

Given (a), the limit process R, has the transition rates

. 1
4= (j | 1)[ (1 = )T dF (x) (b)
- 0
and
T — Y — (] — x)iel
" :/ 1—(1—x) lex(l X) dF(x) . ©
0

In particular, if F(x) is concentrated at zero, the limit process R, corresponds to the
Kingman coalescent with the transition rates given by Equations (7.10) and (7.11).
Furthermore, the expectation that the intensity of merger slows down as the
number of branches in the gene tree decreases turns out to be correct, A, > A,_; >
> A =1,and \; < (’2) Thus, the Kingman coalescent brings about the fastest
merger for any given number of ancestral lines.

In the special case of the so-called Beta-coalescent, with F(x) being a
Beta(a, b) distribution function, the key quantities g;; and A; are easy to compute
using simple recursion relations that involve parameters a > O and b > 0. As an ex-
ample of a coalescent pattern dramatically different from the Kingman coalescent,
consider the Beta(1, 1)-coalescent with F(x) = x that corresponds to the uniform
distribution over the (0,1) interval (Bolthausen and Sznitman 1998). In this case,
we have a linear relationship A; = i — 1 instead of the quadratic (7.11).

Theorem 7.3 suggests a simple way to model genealogies with rare multiple
mergers based on the Beta(a, 1)-coalescent with a small positive parameter a =~ 0:
if F(x) has density f(x) = ax“"!, the transition rates become

i—2
i a i 2a
=1y~ 1 - =1, Gii-pH~ for j>2, d
i (2)( 2 k) e <2><j—1)j<j+1> orJ @

so that A; ~ (;)(1 —ad), where § = 2;21 T— 14 i(il—l)‘

For a thorough mathematical treatment of the coalescent with the transition rates
as in Equation (b) consult Pitman (1999). A full classification of the coalescent
processes that arise in exchangeable populations is discussed in Méhle and Sagitov
(2001), which covers the possibility of simultaneous mergers of ancestral lines that
correspond to a non-zero limit in Equation (7.23). The coalescent with simultane-

ous mergers is further analyzed by Schweinsberg (2000).
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According to Theorem 4 in Schweinsberg (2003), if © > 1 and
P(X| >k)~Ck™, k— o0 (7.24)

for some finite constants C > 0 and @ > 0, then the weak convergence (7.21)
holds with the coalescent limit R,, depending on the parameter value a:

If a > 2, the limit R, is the Kingman coalescent.

If 1 < a < 2, the limit is the Beta(2 — a, a)-coalescent and, in particular, if
a = 1, it is the Bolthausen—Sznitman coalescent already mentioned. If 1 <
a < 2, the timescale N /o3 is proportional to N~!, and N/og ~ In N in the
case a = 1 (see Box 7.1).

If 0 < a < 1, the limit process belongs to a certain one-parameter class of
coalescent processes with simultaneous multiple mergers.
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