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1 Monotone functions

1.1 Continuity
1.2 Differentiability

1.3 Bounded variation
2 Fundamental theorem of calculus

2.1 Indefinite integrals
2.2 The Cantor function
2.3 Absolute continuity

3 Sobolev spaces

When studying differential equations it is often convenient to assume that all functions in
the equation are several times differentiable and that their derivatives are continuous. If the
equation is of second order, for instance, one usually assumes that the solution should be
two times continuously differentiable. There are several reasons to allow functions with less
smoothness. Let us consider two of them.

Suppose that

u’(t) + o' (t) + Bu(t) = f(t)

describes the position u(t) of a particle at time ¢, where f is some external force acting on
the particle. If the force is contiuous in ¢, one expects the solution u to be twice continuously
differentiable. If the functions f has jumps, the second derivative of u will not be continuous
and, more than that, u’ will probably not be differentiable at the points where f is discon-
tinuous. Such external forces typically appear in systems such as electrical circuits, where
external influences can be switched on or off. There is no harm in such discontinuities. The
function u” still exists almost everywhere and u’ will still be the indefinite integral of u”.

The second reason concerns mathematical rather than modeling issues. Differential equa-
tions can often not be solved explicitly. It can then still be useful to know existence of
solutions. For instance, if one wants to apply numerical approximation schemes. A functional
analytic approach to existence of solutions has become a popular method. Showing existence
comes down to finding, among all differentiable functions (or m times differentiable functions)
a function which satisfies the equation. The set of all differentiable functions is a function
space.

The functional analytic approach uses structure of function spaces and maps on them to
show existence of solutions. It is almost indispensible that the function space in which the
solution is sought is a linear space with a norm and that it is complete with respect to the
norm. For instance the linear space C'[0,1] of all continuously differentiable functions on
[0, 1] with the norm

I£llcpo,y = [£(0)] + max | f'(t)]

0<t<1

is a complete normed space, that is, a Banach space. It is often desirable that the space is
a Hilbert space, that is, a Banach space where the norm is induced by an inner product. It
turns out that the space of differentiable functions is not a Hilbert space. However, there are



Hilbert spaces consisting of almost everywhere differentiable functions, which turn out to be
very useful for the study of differential equations.

3.1 Sobolev spaces on intervals

The space C|a, b] of all continuous functions from [a, b] to R is a Banach space with the norm

[flloo = max | f(2)].

a<t<b

This space is not a Hilbert space. Let £2[a,b] denote the space of all Lebesgue measurable
functions f : [a,b] — R such that f[a 0] f(t)?dt < co. Let L?[a,b] denote the Banach space of

equivalence classes of functions from £2[a, b], where we identify two functions that are equal
almost everywhere. The space L?[a,b] is a Hilbert space with the inner product given by

(g = [ f)g(t)dt

[a,b]

i1 = ( bf(tfdt)m.

A continuously differentiable function can be seen as the indefinite integral of a continuous
function. In the hope to obtain a Hilbert space of ‘differentiable’ functions we could consider
the functions that are indefinite integrals of functions from LZ2[a,b]. Recall that every g €
L?[a, b] is integrable.

Define

and its induced norm is

W2, b] .= {a + /tg(s) ds: a € R, g € L*[a,b]}.
0

First observe that there is no ambiguity in the function t — fg g(s)ds. If we would take
another element ¢ from the same equivalence class as g, then g and g are equal almost
everywhere, so that their integrals over any set coincide. Observe further that the set W 2[a, b]
is a vector space with the pointwise addition and scalar multiplication. We have seen that the
indefinite integral of an integrable function is absolutely continuous. Therefore the function
flit) = a—|—f0tg(s) ds, where g € L?[a, b], is absolutely continuous. Moreover, f is differentiable
almost everywhere and its derivative equals g almost everywhere. We will denote the (almost
everywhere defined) derivative of an absolutely continuous function f by f’. The set W12
equals

b
Wt2a,b) = {f : [a,b] — R: f is absolutely continuous and / fl(t)? dt < oo},
Define an inner product on W%2[a, b] by

b
(o g)wz = Fla)g(a) + / FOd bt f.g e W2,

The induced norm is given by

M= <f(a)2 +/abf’(t)2dt>1/2

= (F@2+1F12)"".



The space W'2[a,b] endowed with the inner product (-,-)y12 is called a Sobolev space. The
role of the upper indices 1,2 becomes clear if we introduce some other Sobolev spaces:

¢
WlPla,b] = {a+/ g(s)ds: a € R,g € LP[a,b]}
0
and, inductively,
t
W™Pla,b] = {« +/ g(s)ds: a € R, g € W™ P[q,b]},
0

where m € N and p > 1. We focus on W2,
Lemma 3.1. The Sobolev space (W'2[a,b], (-, -Yy1.2) is a Hilbert space.

Proof. It is straightforward to show that W2 is a vector space, that (-,-);1.2 is a symmetric
bilinear form on W12 and that (f, f)y12 > 0 for every f. If f € W12 issuch that (f, f)jy1.2 =
0, then f; f/()?dt = 0, so f'(t) = 0 for almost every t. Since f is absolutely continuous (as
it is an indefinite integral), it follows that f is constant. Since we also have that f(a) = 0,
the function f must be identically zero.

Next we show that W12[a,b] is complete. Let (f,) be a Cauchy sequence in W12, As
IfL = o3 < |lfn — fmllwi2, the sequence (f!) is a Cauchy sequence in L2[a,b]. Because
L?[a,b] is complete, there exists a g € L?[a,b] such that ||f/ — g2 — 0 as n — oo. Also,
| fr(a)— fm(a)] < || fr—Ffmllw12, s0 (fn(a)) is a Cauchy sequence in R. Let o := limy,_,o0 frn(a).
Define

f() ::a—i—/ g(s)ds, te€]a,b].

Then f € W12, It remains to show that f is the limit of f,, with convergence in the sense of
W2, Well,
1f = fallfyre = (@ = fula))® + llg = £l — 0 as n — oo,

so f is indeed the limit in W12 of (f,). Hence W12 is complete. O

There is a physical interpretation of the space W2, If f describes the position of a
particle, then f’(t) is its velocity at time ¢. The condition f; f/(t)dt < oo then means that
the total kinetic energy of the motion from time a to b is finite. So W12 is the space of ‘curves
with finite kinetic energy’.

The essential part of the norm || - ||yy1.2 is the term f; f'(t)?dt. Only this term would not
define a norm as otherwise each constant function would get norm equal to zero. There are
different ways to add a term to make it a norm. A common other choice is the following.
Define

b b
(o) = [ wgae+ [ rogwde fgew?a,
It is easy to verify that ((-,-)) is an inner product on W12

Claim 3.2. The norm ||| - ||| induced by ((-,-)) is equivalent to || - .



Proof. For x € [a,b],by (a+ )2 < 2a? + 2% and Cauchy-Schwartz,
p 2
fap = (@ [ ras)
p 2
< 2f(a)® +2 </ i dt)

< 2f(a)? 42 (( [ rwra) - ([ dt>l/2>2

<2f(a)’ +2(b—a) / bf’(t)2 dt,

SO

b b
| f@pde <2 - a)f@? + 20 -0 [ fe2ar
< max{2(b — ),2(6 — )} £,

SO

1/2
A1l < CY2 1 f e,
where C; = max{2(b — a),2(b — a)?|| + 1.
For the inequality in the converse direction, for = € [a, b],

z 2
f@2 < (1w~ [ ra)
a i )
<2f(x)? +2 (/ fl(t1 dt)
< 2f(x)* 42 (/m f’(zt)th/m 12 dt)
<opap+2 [ PP,
SO
2. L[ 2 dt
fla2 = [ 1@
b b
< b_a/a f(z)?dx +2 i f(t)? dt
Hence s
|llwrz <SP
where Cy = max{;2,2} + 1. Thus the norms ||| - ||| and || - [|yy1.2 are equivalent.

There are many other equivalent norms, e.g.,

(r02+ | N0 ) "
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(f(6)2 < " Py dt) "

<5f(a)2 +7f(b) + 7 /ab f(t)? dt> v ,

ete.
We conlcude this section by a useful lemma.

Lemma 3.3. Let ¢ € [a,b]. Let

Spc(f) = f(C), VS W172[a’b]'
Then @, is a bounded linear functional on W12,

Proof. Clearly, . is linear. From (1) it follows that

b
lpe(F)I? < 2f(a)® +2(b — a) / F1()% dt < max{2,2(b — a)} £y

for all f € W2, so ¢, is a bounded linear functional. O

From (1) we even obtain that

ané%u(t)y < Ol fllwr.z

for some constant C. That means that the norm || - ||y1,2 is stronger than || - |-

3.2 Application to differential equations

In order to explain the functional analytic approach to differential equations and show the
use of Sobolev spaces, we consider two examples.

Consider , ; 0.1)
{ u(0) = u(1) =0, o @)

where the function f : [0,1] — R is given and we want to find a fucntion u : [0,1] — R
satisfying (2). A classical solution of (2) is a twice continuously differentiable function u with
(2). From the equation we see that for existence of such a solution it is necessary that f is
continuous.

We will show existence of a solution (2) by means of the Sobolev space W 12[0, 1] and the
representation theorem of Riesz:

Theorem 3.4. Let (H,(-,-,)) be a Hilbert space and let ¢ : H — R be a bounded linear
function. Then there exists a unique y € H such that

o(u) = (u,y) forallu € H.



First we reformulate (2). If u would satisfy (2), we could multiply both sides of the
equation by a v € W2(0,1] and integrate over [0, 1],

1 1 1
/O o (t)o(t) di — /O w(tyo(t) dt = /0 F(Oo() dt

and use integration by parts to obtain

1 1 1
u'(l)v(l)—u'(O)v(O)—/O u/(t)v/(t)dt—/o u(t)v(t) dt:/0 f(t)v(t)dt.

If v(0) = v(1) =0, we get

1 1 1
/O W (B (1) d + /O w(t)o(t) dt = — /O F(t)o(t) dt.

Hence (2) implies

1 1 1
/0 w(t)o(t) dt + /0 (8 () dE = — /0 F(t)o(t) dt for all v € D, (3)

where

D = {v e W"2[0,1]: v(0) = v(1) = 0}.

Equation (3) is called the weak formulation of (2). The function v € D is called a test
function. The integral at the right hand side of (3) makes sense for any f € L2[0,1]. The
integrals at the left hand side exist for each u € W12[0,1]. A function u € W2[0,1] with
u(0) = u(1) = 0 which satisfies (3) is called a weak solution of (2).

Assume f € L?[0,1]. We claim that

(a) D is a closed subspace of W12[0,1] hence a Hilbert space,
(b) there is a unique u € D such that (3) holds,
(c) if f is continuous, then u is twice continuously differentiable.

It follows that (2) has a unique solution if f € L2[0,1] and a classical solution if f € C[0,1].
Proof of (a). By Lemma 3.3,

©o(v) :==v(0) and ¢(v):=wv(1), veWh?0,1],
define bounded linear functionals ¢g, 1 : W12[0,1] — R. Hence

D = {ve W"?0,1]: ¢o(v) =0, ¢1(v) = 0}
= ¢ ' ({0}) Ny ({0})

is a closed subspace of W12[0, 1].
Proof of (b). Consider the inner product

1 1
({u,v)) :/0 u(t)v(t) dt+/0 o (t)v' () dt



on Wh2[0,1]. As shown in the previous section, its induced norm ||| - ||| is equivalent to
|- w2, so WH2[0,1] is also a Hilbert space when endowed with the inner product ((-,)).
As D is a closed subspace, (D, ((,-,-))) is a Hilbert space. Define

1
pf(v) == —/0 fHv(t)dt, veD.

Then ¢y is linear and

1/2

lpg(v)] < </01 f(t)zdt> " </01v(t)2dt>

< Ifllzz o]l for all v € D,
so ¢y is a bounded linear functional on D. Equation (3) can be written as
((u,v)) = @s(v) for all v € D.

Due to Riesz’s representation theorem, there exists a unique y € D such that ¢;(v) =
((v,y)) = ({y,v)) for all v € D. This y is then the unique solution in D of (3). In other
words, y is the unique weak solution of (2).

Proof of (c). Assume that f is continuous. From (3) and integration by parts we have for
every v € D that

/ o () (t) dt = — / (w(t) + f())v(t)dt
0 0
_ / / (u(s) + f(s)) dso/ () dt,
0 JO

N /0 1 (u'(t) _ /O (uls) + f(s))ds) V(t)dt = 0. (@)

It follows from the next lemma that there exists a constant C such that
t
u'(t) — / (u(s) + f(s))ds = C for almost every t. (5)
0

Lemma 3.5. If w € L%[a,b] is such that

b b
/ w(t)g(t)dt =0 for all g € L*[a,b] with / g(t)dt =0,
then there exists a constant C such that
w(t) =C  for almost everyt € [a,b].

Moreover,

C:/abw(t)dt.



Proof. Let C := fabw(t) dt and g(t) := w(t)—C, t € [a,b]. Then g € L?[a,b] and fabg(t) dt =0,
S0

Hence

/abg(t)Q dt = /: (w(t) — C’)g(t) dt

b b
= / w(t)g(t)dt — C/ g(t)dt = 0.
Hence g =0 a.e. U
Let us see that (4) indeed yields (5). We have that

/ 1 (u'of) -/ (u(s) + £(s)) ds) g(t)dt =0 (6)

holds for any g of the form v’ with v € D. If g € L?[0,1] is such that fol g(s)ds = 0,
then v(t) := fot g(s)ds is such that v € D and v' = g. Hence (6) holds for all g € L?[0,1]

with fol g(t)dt = 0. Then the lemma yields existence of a constant C' such that (5) holds.
Consequently, since u is absolutely continuous,

u(t) = u(0) + /Ot u'(s)ds = Ct + /Ot /Os(u(s) + f(s)) ds.

Because u + f is continuous, we obtain that u € C?[0,1], that is, u is twice continuously
differentiable. Moreover, differentiating twice yields that

u(t) = u(t) + f(t), te€(0,1).
Recall that u € D, so that also the boundary conditions u(0) = u(1) = 0 are satisfied.

The above procedure is typical for the functional analytic approach to differential equa-
tions. First find a weak formulation of the equation by multiplying by a test function, inte-
grating and using integration by parts. Second, apply abstract functional analytic methods
(e.g., Riesz representation theorem) to obtain existence of a weak solution. Third, consider
regularity of the solution.

More generally, we consider the Sturm-Liouville problem

—(pu') +qu=f on (0,1)
Lo Lo S ®

where the coefficients p € C1[0,1] and ¢ € C[0, 1] are given with p(x) > 0 and ¢(x) > 0 for
all z € [0,1]. Let f € L?[0,1]. The corresponding weak formulation is

1 1
/ (p(z)u' () (z) + q(z)u(z)v(z)) dz = / f(z)v(z)dx for all v € D. (8)
0 0
Define . .
(u, )51, = /0 Pl () (@) da + /0 a@)ule)v(x), woe D.

We claim



(a) (-,-)sr is an inner product on D and its induced norm || - || sz, is equivalent to || - ||yyr1.2
on D,

(b) there exists a unique u € D which satisfies (8),
(¢) this function u is in C?[0,1] if f € C[0, 1].

Proof of (a). 1t is straightforward that (-,-)gz, is bilinear and symmetric. For u € D,

1 1
lul2s > /0 p(x)(z)? de > min p(a) /0 W (2)*dz = min p(@) ulZs

z€[0,1] z€[0,1]
and
1 1
lul|%;, < max p(z) [ u'(z)?dz+ max \q(m)]/ u?(x) d
z€[0,1] 0 z€[0,1] 0
< max{max p(a), max lg(a) Y ful]* < Clulfz
It follows that (-,-)gz is an inner product and that its induced norm is equivalent to || - ||yy-1.2.

Proof of (b). Due to (a), (D,(-,-)sr) is a Hilbert space. The functional ¢f(v) :=
fol v(x)f(z), v € D, is bounded linear, so by Riesz’s representation theorem, there is a unique
u € D with

@¢(v) = (u,v)sy, for all v € D.

That is, u satisfies (8).
Proof of (¢). The weak solution u satisfies

/Olp(x)“/(x)“'(x) dz — /01 (/Ox(q(S)u@) — 1 (s)) ds) V(z)dz =0 for all v € D,

from which we infer by Lemma 3.5 that there exists a constant C' such that

p(x)u'(z) — /Ox(q(s)u(s) — f(s))ds = C for a.e. z € [0,1].

Hence o' (z) = L (C + /Ow(Q(S)“(S) - f(s))ds> ’

p(x)

so, because u is absolutely continuous,

u(z) = /Ozﬁ (C—i—/os(q(r)u(r) —f(r))dr) ds.

Hence, if f is continuous, u is C'2, since ¢ is continuous and p is in C'1[0, 1].

3.3 Distributions

In order to be able to differentiate functions that are not everywhere differentiable, we have
considered almost everywhere derivatives. There is an even weaker notion of derivative, which
makes even more functions ‘differentiabe’. The price to pay is that derivatives will no longer
be functions. The idea is that instead of describing a function f by all its values f(z), it

10



can also be described by all values [ f(z)g(z)dx, where g runs through a suitable set of test
functions.

The support of a function f : R — R is the closed set supp f := {z € R: f(x) # 0}.
Consider the space of test functions

D(R) ={f:R — R: f is infinitely many times differentiable
and supp f is compact }.

On D(R) we consider a notion of convergence given by

. 3N such that supp g C [—N, N] for all k and
g, —ginD < (m) (m) 1ot
g~ — 9" uniformly as k — oo for all m > 0.

9)

Here we use the convention that ¢(°) = g. This notion of convergence is given by a topology
on D, which is more complicated to describe and of little interest. It can be defined as follows.
For N € N, define

DN = {g € D: suppg C [-N, NJ},
BY(f.m,r) = {g € DV suplg™ (@) — [ (@) <1}, FeDY, m>0, 150
z€ER

BN ={BY(f,m,r): feDY, m>0, r>0},
BY ={Bin---NB,: B;eBY, neN},

uvh = {U Ui: Us € BY, I any set}, and
i€l
U={UcD: UnDN ey" for all N}.

Proposition 3.6. (i) U is a topology on D.
(ii)

G g in D wrt U e ngz)SUCh that supp gx, C [-N, N] for all k and
9,  — 49
Proof. (i) It is straightforward to check that §, D" € U, that U" is closed under finite
intersections and closed under arbitrary unions. It then follows that i/ is a topology in D.(ii)
=) gr — ¢ w.r.t. U means that for each U € U with g € U there exists a ko such that
gr € U for all k > kq. Take Ny such that suppg C [~Np, No]. As DNo € U, there exists
a ko such that g, € D™ for all k > kg. Choose N; such that suppgp C [Ny, Ny for
k=1,...,Ng. Let N := max{Ng, Ni}. For every m > 0 and ¢ > 0, the set B (g,m,e) € U,
so there exists a k; such that for all k > k; one has gx € B™(g,m,¢), which means that

Sup,ep |gx ()™ — g(2)™| < . Hence g](cm) — ¢(™) uniformly.
<) Let U € U with g € U. Take N such that suppgry C [-N,N] for all k. Then
UNDN e UYN, so there are By, ..., B, € BN with UnDY D Bin---NB,, and g € BiN---NB,.
For each j, the uniform convergence and the triangle inequality yield that g, € Bj for k
sufficiently large. Therefore g, € U for k large. Hence g, — g w.r.t. U. O

() wniformly as k — oo for all m > 0.

On D we will consider the convergence given by (9). Denote
D' ={p:D — R: ¢ is linear and continuous}.

The elements of D’ are called distributions.

11



Example 3.7. (a) A function f: R — Ris locally integrable if it is measurable and f; |f(z)]dz <
oo for every a < b. In other words, f is locally integrable if it is integrable on [—R, R] for
every R > 0. If f is locally integrable, then

or(g) = / f(@)g(x)dz, geD,

defines a distribution ¢ € D’. Indeed, the linearity is clear. If g5 — g in D, then there exists
N € N such that suppgx C [N, N] and suppg C [-N, N] and g — ¢ uniformly. Hence

N
050 = 21(0) < [ 1F@)an@) ~ g@)lda < [ |7 desuplona) - oa)] = 0

as k — oo.
(b)The Dirac distribution d, at a € R is defined by

da(9) = g(a), g€ D.

(c) If p is any finite measure on the Borel o-algebra of R,

ou(9) Z/Rg(w)du(ﬂf), geD,

defines ¢, € D'

Lemma 3.8. If fi and f> are locally integrable and ¢y, (9) = ¢y,(g) for all g € D, then
f1 = f2 a.e.

Proof. (Sketch) Denote f = fi — fo. Then ¢¢(g) =0 for all g € D. Let

1
W)=l €7 —l<z<l,
0, lal>1,

where ¢ is chosen such that [, h(z)dz = 1. Then h € D. Let
hm(z) = mh(mx), z € R.

Let ¢ < d. Let

gm(x) = / h(z — y) dy.
[c=1/m,d+1/m]

Then g,, € D for all m and gm(z) — 1 q(z) for all z € R. By Lebesgue’s dominated
convergence theorem,

(x)dz = lim [ f(x)gm(xz)dz =0.
le,d] m—oo Jp

It follows that f =0 a.e. U

12



It follows from the lemma that there is an injection f +— ¢y from the locally integrable
functions into D/, if we identify functions that are equal almost everywhere. In other words,
every locally integrable function f corresponds to a distribution ¢ ;. Instead of considering
the function f we can as well consider the distribution ¢ ;.

Distributions on intervals. More generally we can consider distributions on any open
interval I C R. Let

D(I)={g: I — R: g is infinitely many times differentiable and suppg C I}.

Observe that suppg C I means that there is a closed interval [c¢,d] C I such that g = 0
outside [c,d]. In particular g vanishes near the boundary of I. On D(I) we introduce the
following convergence.

. 3 closed interval [c, d] such that supp gx C [, d] for all k£ and
gr — g 1n D(I) = (m) (m) .
9~ — g uniformly as k — oo for all m > 0.

Define the distributions on I by
D'(I) ={p: D — R: ¢ is linear and continuous}.

As before, we can view locally integrable functions on I as distributions, by

er(g) = /If(x)g(x) dz.

If ¢ is a distribution, we will say that ¢ € C(I) (or LP(I) or ...) if there exists a function
f € C(I) (or LP(I) or ...) such that ¢ = ¢s.Derivatives of distributions. If f is C! and

g € D, then by integration by parts,

[ F@sta)as =~ [ @) @)z
That is,
op(g) =—pr(g") forall geD.

Definition 3.9. The derivative of a distribution ¢ € D’ is the distribution Dy € D’ defined
by
Dyp(g) = —¢(d'), g€D.

It is not difficult to prove that D¢ is indeed an element of D’. It follows that every locally
integrable function and even every distrbution has a derivative.

Lemma 3.10. If f : I — R is locally integrable, then

f is absolutely continuous <=  Dyy is integrable.

13



Proof. =) Let g € D. We first show that fg is absolutely continuous. If (a;,b;), i =1,...,n,
are mutually disjoint subintervals of I, then

Z| f9)(bi) — (f9)(as)]

< Z ([£(bi)g(bi) — f(bi)g(ai)| + | f(bi)g(ai) — f(ai)g(ai)])

< s £ D lofb:) — glas)] + max [o(a)] D17 (b) ~ Fa)]

z€lat] =1 ’ =1

Moreover, g is C'! hence absolutely continuous. Therefore, it follows that fg is absolutely con-
tinuous. (In fact we have just shown that the product of two absolutely continuous functions
is absolutely continuous.) Then, for a € I,

[ U= (19 - (o)) foralz e 1, 5>

Since suppg C I and [ is open, g vanishes near the boundaries of I. Hence we obtain

/I (fg)'(t)dt = 0.
/ F(®(t) dt + / F()g/(t) dt =
I I

Hence Doy = . As f' is integrable, Doy is integrable.
<) By definition, there exists an integrable h : I — R such that Dy = ¢,. That is,

/ FO)g () dt = / h(t)g(t) dt.

Let a be the left end point of I (possibly —o0) end let

That is,

H(z) = / " h(t)dt.

Then H is absolutely continuous, so Hg is absolutely continuous, so

Hence (with = =)

SO
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/(f(t) — H(t))g'(t)dt =0 for all g € D.
I

From this we want to conclude that there exists a constant C' sucht that f(t) — H(t) = C for
almost every t € I. Since H + C' is absolutely continuous, it then follows that f is absolutely
continuous. If w € D is such that [, w(s)ds = 0, then g(x) := [ w(s) ds defines an element g
in D with ¢ = w. So [;(f(t)—H(t))w(t)dt = 0. By a suitable approximation argument it can
then be shown that [,(f(¢t) — H(t))w(t)dt = 0 holds for any w € L*(I) with [, w(s)ds = 0,
so that there exists a constant C' with f(¢) — H(t) = C for almost every ¢. O

Corollary 3.11.
Wh2[a,b] = {f € L*[a,b]: Dp; € L*[a,b]}.

Similarly,

W™Pla,b] = {f € LP[a,b]: Doy € W™ P[a,b]}
= {f € LP[a,b]: Dyy,...,D™¢ps € LP[a,b]}.

Multidimensional distributions. Let d € N and let  be an open subset of R?. Let

D(Q) :={g: Q — R: all partial derivatives of g of all orders exist and are continuous and
3 compact K C Q such that suppg C K}.

Introduce a notion of convergence in D by

3 compact K C 2 such that supp g, C K for all n and for every
gn — g <> gmi1+-mg gm1+-mg .
" mi,...,mg >0, 3m1x1,,,amg’;€d — 8m1$1~~~8mdgxd uniformly

The set of distributions is given by
D'(Q) :={p: D — R: ¢ is linear and continuous }.

A function f: Q — R is locally integrable if

/ ]f(a:l,...,xd)]dml... dzg < o0
B

for every bounded B C 2. The functional

gof(g):/Qf(ml,...,zd)g(:nl,...,:cd)dml...dxd, g €D,

is then a distribution.

For mq,...,mq > 0, define the derivative of ¢ € D’ of order (my,...,mg) by
DM p(g) = (=)™ T T ), gen
: aml R 8md1-d ) :
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Then D™»™Mdp € D'. By means of these multidimensional distributional derivatives we can
define Sobolev spaces on {2 as follows:

W™P(Q) == {f € LP(Q): D™y, € LP(Q)
for all mq,...,mg >0 with m; +--- 4+ mg < m}.

If d = 1, we have seen that that every f € WP is continuous (even absolutely continuous).
In higher dimensions elements of W' need not be continuous. The following theorem is the
famous Sobolev embedding theorem. Its proof is beyond the scope of this course.

Theorem 3.12. Ifd € N, m,k € {0,1,2,...}, Q C R? is open, and p > 1, then
d
W™P(Q) C CF(Q) if m >k + o
If we denote by Hy""(§2) the closure of D(Q) in W™P?(§), then

dq
d—mp

o H("P(Q) is compactly embedded in L4(Q) if mp < d and g <

e H)"P(Q) is compactly embedded in C*(Q) if mp > d + k.

Here we say that a normed space X is compactly embedded in a normed space Y if X is a
subspace of Y and all elements from the unit ball of X are a relatively compact set in Y.

A standard reference on Sobolev spaces is the book “Sobolev spaces” by R.A. Adams,
Academic Press, 1975.

3.4 Fourier transform and fractional derivatives

If one analyses linear operations in R, it is sometimes convenient to choose a new basis. The
transformation of coordinates with respect to the old basis to the coordinates for the new basis
is a linear bijection. Differentiation is also a linear transformation. It is sometimes convenient
to use a transformation of a function space that makes the operation of differentiation simpler.
Such a transformation is the Fourier transform. A complete theory of the Fourier transform
is quite involved. This section contains a glossery of the main features relevant for Sobolev
spaces.
For an integrable function f: R — R we define the Fourier transform of f by

1 —iwt
(F)w) = E/Rf(t)e dt, weR.

Not all mathematicians agree on the choice of the scaling factor \/% Other common choices

are 1 and %
The function Ff is often also denoted by f . It can be shown that f is a continuous
function and
f(w) = 0as w— oo or w— —oc0.

If we apply F to a test function f € D, the image Ff need not be in D. If we enlarge the
class of test functions somewhat, we get a class that is more compatible with the action of F.
A function f: R — R is called rapidly decreasing if

[t|" f(t) — 0 as |t| — oo for every n € N,

16



that is, f decays faster than any power of ¢. For instance, f(t) = eIl is rapidly decreasing

and every function with a bounded support is rapidly decreasing. The set

S(R) = {f € C®(R): f™ is rapidly decreasing for all m € N}

is called the Schwartz space. Observe that D(R) C S(R). The relevance of the Schwartz space
for the Fourier transform is shown by the next theorem, which we cite without proof.

Theorem 3.13. The Fourier transform F is a bijection from S(R) onto S(R).

Proposition 3.14. For f,g € S(]R) we have
(a) f]R w)dw = [, f(£)g(t) dt;

(b) F(t — €_§t2) =wr e_%“2 and, more generally, F(t — e —5(at)? )
every a # 0;

(¢) F(FF)E) = f(=¢) for all § € R;

(@) o fa(w)dw = [ f(t)g(t)dt.
Proof. (a) By Fubini,

[ fao= [ o= [ foe " argle) o
-/ 1) 7= [y aar

— / F(H)3 () dw
R

1 1 ) 1 1.2 _w
- E(Gt) —wt 4t = /6_55 e 1ES s
\/QTF/ V2ra JR

3 (
2

T

1 iw\2 w 2

= —3(s=% dse 2 2)
\/271'@/
L-3(s)

= —¢e 2\a
a

(b) We have

(¢) By (a) and (b),

/ <ff><w>e—iwfe—%<w>2 dw

2(aw)
\/ﬂ / f(t) e ) dw

1
V2T

72w£ aw)? —iwt dw dt
\/ 27T / \/ 2m / ‘ “
§+t)
a ) dt
\/27‘(‘ /

- Tz—ﬂ /Rfms —&)e 2 ds,
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If we let a — 0, Lebesgue’s dominated convergence theorem applied to both the left and right
hand side yields

1 we T dw = f(—
= [(FD@edo = 1(-0),
so FFf(§) = f(=9).

(d) Since
A — L efiwt — L eiwt
i) = = [ atjerat NT [ et
= —= [ o) s = Fls = gl=9),
(a) and (c) yield with h(t) = g(—t) that

[ Fw)5) dw—/f )(Fh) (@) dw

/f ) FFh)( dw_/f
- /R F(Hg(t)at

From part (d) we have
(FfFg 2w = (,9) 12m)
and
IFfllzew) = 22wy
So F is an isometry with respect to the L?mnorm on S(R). It can be shown that S(R) is

dense in L?(R) and then it follws that F extends uniquely to an isometry F» from L?(R) into
L?(R). This extension F; is called the Fourier-Plancherel transformation. It satisfies

(Fof, Fag) r2m) = (f,9) 2wy for all f,g € L(R).
Moreover, F is a bijection from L2(R) onto L2(R).
Fourier transform and derivative. The importance of the Fourier transform in the context

of differentiation is that it transforms differentiation to multiplication by iw, which is an easier
operation.

Proposition 3.15. If f € S(R), then
f(w) =iwf(w).
Proof.
1

/ t —iwt dt = li / —zwt dt
w/27[-/Rf()e M]{frgoo \ 21 f

1 , ‘
= M,l]iVIgoo Wor (f(t)eMt|NM - /Mf(t)(—iw)e“’t dt)

A~

=iwf(w).
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It can be seen from the Fourier transform of a function whether its distributional derivative
is actually a function in L?(R).

Proposition 3.16. For f € L2(R) one has
f has distributional derivative in L>(R) <= ww— wf(w) e L*(R).
Moreover, in that case the distributional derivative of f equals
Fy Hw = iwf(w)).

Proof. <) As F is a bijection from L?(R) onto L?(R), we can define h = F; }(w — iwf(w)) €
L?(R). For g € D(R),

| motoyat - /fz() ® >dw—/ i () 5(@) dw

/f (iw)g(w) /f )g' (@) w=—/Rf(t>g/tdt

so h is the distributional derivative of f.=) Let h € L?(R) be the distributional derivative of
f. Then

/Rh / F(t)g'(t) dt for all g € D(R).

Therefore, for every g € D(R),
/Rhmg()dw—/h /f
w)dw = — /f zw

- /R oo () 5@

SO

/]R <ﬁ(w) - zwf(w)) §(w) dw = 0.

By a quite involved approximation argument it can be shown that this imlies that
h(w) — iw f(w) = 0 for almost every w.
Hence w — wf(w) = h(w) € L2(R). O
We can view a function f € L2[a,b] as a function in L?(R) by extending with zero:

f(@t), te€lab,
f(t):{o, Le R\ {0).

Notice that f € L?(R) N L*(R).
The previous proposition yields yet another way to describe the Sobolev space W 2[a, b].

Corollary 3.17.
Wh2a,b] = {f € L*[a,b]: w+— wf(w) € L*(R)}.
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Fractional derivative. Does there exist an operator D'/2 such that applying it twice to a
function f yields the derivative f’? For higher derivatives we see from f/(w) = iwf(w) that

Fm = FyHw = (W)™ f(w),

whenever f is such that w — (iw)™ f(w) is in L2(R). If s > 0 and f € L2(R) is such that
w i (iw)® f(w) € L*(R), we define

D*f = FyHw i (iw)* f(w)).
Then the function D*f is in L?(R) and it is called the fractional derivative of f of order s.

Recall that )
=TS S >
wor ={ el 420

e2™5|w|%, w < 0.

By means of the Fourier-Plancherel transform we see that if f € L2(R) has distributional
derivative in L?(R), then DY2DY2f — f'. A short overview with other approaches to frac-
tional derivatives is given on

http://en.wikipedia.org/wiki/Fractional_calculus.

4 Stieltjes integral

4.1 Definition and properties

Riemann’s idea to define the integral of a function f on an interval [a,b] was to consider
convergence of sums » . f(s;)(tix1 — ti), where a = tg <t <--- <t, = b is a partition and
s; € [ti,tiv+1]. The factor t;41 — t; is the weight or length of the interval [¢;,¢;41]. If pu is an
arbitrary measure on [a,b], then the Lebesgue integral of f with respect to p is constructed
by means of sums ), o;u(A;), where ) . o;l4, are step functions approximating f. The
factor p1(A;) is the weight or measure of the set A;. The integral of Thomas Stieltjes is both
historically and in generality between the Riemann and the Lebesgue integral. It is not as
general as Lebesgue’s integral but its construction is as explicit as that of Riemann’s integral.
It is especially convenient in probability theory. Moreover, the stochastic integrals of Wiener
and Ito are based on Stieltjes’s construction.

A partition of an interval [a,b] is a finite set t = {to,t1,...,ty} of points of [a,b]. We
will assume that a partition always contains a and b. In proofs and constructions it is often
convenient to order the points of a partition. The assumption that the end points are in the
partition and the right labeling of the point so that they are ordered can be summarized in
the phrase “let a = tg < t; < --- < t, = b be a partition of [a,b]”. It turns out to be
convenient to allow here that some consecutive points are equal. This means in particular
that a point may occur several times. The mesh size of a partition a =tqg <t; <---<t, =b
is defined by

mesh(t) = max |t — tgp_1].
1<k<n

If £ and s are two partitions, then s is called finer than t if s D t. That is, a finer partition
is obtained from a coarser one by adding more points. Notice that {0, 7,4} and {1,2,4} are
both partitions of [0,4] but none of the two is finer than the other. Given two (or finitely
many) partitions, there is always a partition that is finer than each of them, namely the union.
Such a finer partition is sometimes called a common refinement.
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Definition 4.1. Let f,g: [a,b] — R. The function f is Stieltjes integrable with respect to g if
there exists I € R such that for every € > 0 there exists a partition such that for every finer
partition a =ty < t; <t9 <--- <t, = b and every choice of s; € [t;_1,t;] we have

( tk —g(tk 1)>—I <é€

The number [ is then called the Stieltjes integral of f with respect to g and it is denoted by

b
[ wagto

Ifa=ty<t; <te <---<t,=">isapartition and sy € [ty_1, ;] are intermediate points,
we denote the corresponding Riemann-Stieltjes sum by

Zf Sk ( — gtk 1))

The most famous instance of Stieltjes integrability is the following.

Theorem 4.2. If f: [a,b] — R is continuous and g: [a,b] — R is of bounded variation, then
f is Stieltjes integrable with respect to g.

Proof. First we compare the Riemann-Stieltjes sums for two partitions, one finer than the
other. Let a = tg < t; <ty <--- <t, =0band for each k let tp_; = 740 < 71 < -+ <
Thomg = th Let sp € [ty—1,tx] and let oy ; € [Tk i—1,7k,i]. Then

|S(a, 1) — S(s,t)]

n  Mmg n

= D23 Fora) (90a) = 9(ra-1)) = D Fls) (9(te) - g(t“))'

k=1 1i=1 k

—

sl
3

n mg k

= 13" 7ok (90w) = 9(mii1) = DD Fi) (9(70) — 9(ri)) '

k=1 1=1 k 1

I
A
-

n  mg

— Z Z ( Or.i) 5k)> <9(7'k,i) - g(Tk,i—1)> ‘
f—1 i=

1

n mg

Sml?x max ]ZZ( Tkl - Tk,ifl))

078€[tk717tk} 1 i1

<max max |f(o)— f(5)|Viay(9)-

k 0'786[tk_1,tk}

Next, choose any sequence of partitions ¢” with mesh size tending to zero and such that ¢"*+!
is a refinement of ¢" for every n. Then for m > n,

|5(s™,t") = S(s™,t™)| < max  [f(s) = f(0)|[V]an(9)

|s—o|<mesh(t™)

As f is continuous on [a,b], it is uniformly continuous, since [a,b] is compact. Hence the
previous formula yields

|S(s™,t") — S(s™,t™)] — 0 as m,n — oo.
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So (S(s™,t™))n is a Cauchy sequence and therefore there exists I € R such that

I = lim S(s",t").

n—oo

Now we have the candidate integral I.
Let € > 0. Choose § > 0 such that

3

s — o] <6 = \f(s)—f(0)|<m'

(The +1 in the denominator is only there to avoid division by 0 in case Vi, 4(g) = 0. Alter-
natively, this trivial case could be treated separately.) Choose N such that
mesh(tY) < /2 and |S(s",t") —I| <e/2 for all n > N.

Let 7 be any partition finer than ¢tV and ¢ any choice of intermediate points for 7. Then

S = SE N max 156~ F)V (o) < /2
and
1S(sN tN) — 1| < ¢/2
S0
|S(o, 1) —I| <e.
Hence f is Stieltjes integrable with respect to g and ff f(t)dg(t) =1I. O

Recall that every increasing or decreasing function g is of bounded variation.

Example 4.3. Let f: [a,b] — R be continuous and g: [a,b] — R be piecewise constant with
jumps at uq, ..., Uy of size B1,. .., Bm, respectively, where a < u1 < ug < -+ < Uy, < b. That

g= Z 6i:ﬂ-[u¢,b}7
i=1

or, equivalently, g(t) = 81 + - -+ + B¢ whenever ¢ € [ug,up1) (where w41 := b). Then f is
Stieltjes integrable with respect to g and

/ ft)dgt) = fu
(=1
Indeed, let € > 0. Choose § > 0 such that

s —o| <6 = |f(s) = flo)] <

is,

&
>oolBe +1

and such that 6 < wpyq — up for all £. Let a =ty < t; < --- <t, = b be any partition with
mesh(t) < ¢ and let s by any choice of intermediate points for ¢. Then each interval [t;_1, ]
contains at most one of the jump points u,. Further, ;- [us, uss1) = [a,b), so for each ¢
there is exactly one k; such that uy € [t,41,t,). Then

if(%)(g(t g(ti— 1) Zf Sky) ( (tk,) — 9(th,— 1) Zf Sk, )3
k=1
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Since both sy, € [tg,—1,t,] and ug € [ty, —1,tx,), we have |sp, —ug| < |tg, —tr,—1] < 6. Hence

13
|f(sk,) — flue)| < m,
S0 m m m
> Fs)Be =Y Flue)Be| <> [ f(sk, — Fug)] |8l < e.
=1 =1 =1

Therefore f is Stieltjes integrable with respect to g and fa F(@)dg(t) = >0, flur)Be

Example 4.4. The function f = 1y /) is not Stieltjes integrable with respect to g =
L(1/2,1]- Indeed, if 0 = ¢9 < t; < --- < 1, = 1 is any partition, then there exists a k* such

that [tg«_1,t5+) contains 1/2. Then Y ), f(sk) <g(tk) - g(tk_1)> = f(sg+). By choosing
Sk+ € [tgx—1,tk+] less than 1/2 or greater or equal 1/2 we can make the Riemann Stietjes sum
either 0 or 1. Thus f is not Stietjes integrable with respect to g.

A formula for calculus with Stieltjes integrals. If g € C''[a,b] then g is of bounded
variation. Indeed, for a =ty <t; <--- <t, = b,

¢€fa,b]

> latte) — tk1|<zmaX|9 IItk—kll—maXI()l(b—a),
)4

80 Viap)(9) < maxeepa ) 9" (E)I(b — a).

Theorem 4.5. If f: [a,b] — R is continuous and g: [a,b] — R is continuously differentiable,

then
/f ) dg () /f

Proof. First we show that the continuous differentiability of g implies uniform differentiability
in the following sense: for every ¢ > 0 there exists § > 0 such that

g(s) —g(t)

O<l|s—tl <o = ‘
s—1t

- g’(t)' <e.

Indeed, let

9(s)=g(t)
h(s,t) = { St STh
q(t), s =t.

Then h is continuous on [a,b] x [a,b] and therefore uniformly continuous. Hence for € > 0
there exists a ¢ > 0 such that

1(s,2) = (s0, to) || <& = [h(s,t) = h(s0,t0)| <e.
Then (with t = s¢ = t)
|s —t] <9 = |h(s,t) — h(t,t)] <e,

and that is the implication we wanted to show.
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Next, let € > 0. Choose § > 0 such that

g(s) —gt) £
O<|s—tl<d = |m———~—g'(t)| < .
Jo = s=t IO .+
Then
€
0<[s—t|<d = |g(s) —g(t) —g'()(s —t)| < s —t].
20— a)[| fllc +1
Choose a partition ¢ such that for every finer partition a = 79 < 7 < --- < 7, = b and for
every choice of o € [Tk_1, Tk,
Zfok( )~ am) - [ S0 ag0)| <2

Without loss of generality we may choose ¢ such that mesh(t) < §. Then also mesh(r) < 0,
SO

n b
S F(o)d (08) (7 — 1) — / £(t)dg(t)
k=1 a

> For)g (ok) (7k — Tr1) Zf T ( — g(Ti— 1))

k=1

< i £ (o) ‘g'(ak)(m — Th—1) — <Q(Tk) - Q(kal))‘ +¢e/2
k=1

< +¢e/2

< Z 1£llsolg’ (ok) (T = ok) + g (%) (0% — To—1) — (9(7k) — g(ow)) + (9(7r—1) — g(ow))| +&/2

g
=Wl ( ST~ i o) 72
< 2(b—a)k 1(Tk—0k+0'k—7'k 1) +e/2< Q(bg_a)(b—a)+5/2:s.
So [, f(t)dg(t) = [, f(t)g'(t) dt. O

Integration by parts. Another important theorem about the Stieltjes integral is the inte-
gration by parts formula.

Theorem 4.6. Let f,g: [a,b] — R. If f is Stieltjes integrable with respect to g, then g is
Stieltjes integrable with respect to f and

b b
/ F(t)dg(t) = - / o() df (1) + FB)g(d) — F(a)g(a).

Proof. Let £ > 0. Since we know that fab f(t)dg(t) exists, we can choose a partition a =ty <
t1 < --- <t, = bsuch that for every finer partition a = 19 < 7 < --- < 7, = b and every
0; € [Tk—1, Tk] we have

m

Zf(%)(g(ﬂk) 9(Tk—1) /f )dg(t)

k=1
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In order to show that fabg(t) df(t) exists and equals — f g(t)df(t) + f(b)g(b) — f(a)g(a),
we consider the partition a = tg < tg < t1 < t; <ty < tg < -+ <ty <ty =1b (on
purpose!). Let a = 0y < 01 < --- < Op; = b be a finer partition and let ( € [fx_1, 0]
Due to the way we have chosen the partition with double t;s, each ¢; will occur as one of
the (x. Thatis, a = ¢ < ¢ < -+ < (y = b is a partition of [a,b] which is finer than
a=1ty <ty <ty <--- <ty =b Morover, Op_1 < G < O < Cryr, 50 O € [Gr, Gry1] for
k=0,...,M — 1, where we set (p := a. Hence

Z f(6k) ( (e (Ck)) —/abf(t)d9<t) <e

Further,
M-1 M—1 M—1
> 900 (F(Gr = F(G)) = D 90 F(Gn) = Y 90K F(G)
k=0 k=0 k=0
M M-1
= 901 F () — Y (k) (G
k=1 k=0
M M
= 90k-1)F () = D 9(0k) (k) + 9(61) (k) — 9(60) f (o)
k=1 k=1
M
== 1) (9(60) = 9Bk 1) + FB)g() — f(@)g(a).
k=1
So
M-1
f(C f(t)dg(t)f(b)g(b) — f(a)g(a) '
k:Og ( k+1 — ( / g(t g )
M
Zf <9k—99k1 /f ) dg(t)
k=1

Hence g is Stieltjes integrable with respect to f and

b b
/ F(B)dg(t) = / g() dF () + F(B)g() — F(a)g(a).
]

Remark 4.7. The definition given here of Stieltjes integrability is not the original one, which
was somewhat more restrictive. Let f,g: [a,b] — R. The original definition of “f is Stieljes
integrable with respect to ¢” would read

There exists an I € R such that for every € > 0 there exists a § > 0 such that for every
partition a = tg < t; < --- <t, = b with mesh(t) < ¢ and every choice of sy € [tp_1, k]
one has

— g(tg— 1)>—I <e
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The difference is that in this definition every partition of small enough mesh has to be
considered, whereas in our definition we only need to consider partitions that are refinement
of a given partition. The latter enables us to include some critical points in each of the
partitions.

Let us consider an example. Let f = 1jg;/9 and g = 1j3/ ). As in Example 4.4 we can
show for any partition of which 1/2 is not one of the points that the Riemann Stieltjes sum can
be 1 or 0, depending on the choice of intermediate points. Theorefore, f and g do not satisfy
the original definition stated above. However, for every partition 0 =79 <74 <.-- <7, =1
finer than 0 = 0 < 1/2 <1 =1 and any choice of intermediate points o, € [15_1, 7%], we have

if(o’k)(g(m) - Q(Tk—1)> =1.
k=1

So f is Stieltjes integrable with respect to g according to our definition.

More generally, it can be shown that every caglad function f is Stieltjes integrable with
respect to any cadlag function g. Here caglad stands for the french phrase “continu a gauche,
limite & droite”, which means left continuous with right limits. It means that f is such
that at every point ¢, both the left and right limits exist and that f(¢) equals the left limit.
Similarly, cadlag means right continuous with left limits. This situation, although it seems
somewhat technical, is of great importance in the theory of stochastic processes, in particular,
integration with respect to semimartingales.

Connection with Lebesgue integral. Let g: [a,b] — R be increasing. Then u((s,t]) :=
g(t) — g(s) extends to a measure p on the Borel sets of [a,b]. If f is continuous, then f is
Lebesgue integrable with respect to the bounded measure u. We will show that

b
/ S = [ 500,

Let N € N. Choose a partition a =t} <t <-.- <t} = b such that mesh(t") < 1/N and

nN

b
>~ o) (st ~ 9t ) - [ £©1agt0

k=1

<1
N’

for any choice of si, € [t& |, tl]. Choose any s € [t |, t¥] and let

k-1

hN = Zf(s;cv)]].[(tN t]kv}
k=1

Then

n

N
[ hvaut® = S (e 1) = 3 16 (o) - 9t )-

k=1 k=1

Since f is continuous, hy(t) — f(t) as N — oo for every t € [a,b]. Further, |hx| < || f]lco On
[a,b]. Due to Lebesgue’s dominated convergence theorem we find as N — oo

[ intdut) — [ 1 duto).
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Also,
[ rx@ano =356 (o) - gei)) — [ s0agto

k=1

Recall that a measure p on [a,b] is called absolutely continuous with respect to the
Lebesgue measure A if A\(A) = 0 impies u(A) = 0 for every Borel set A C [a, b].

Theorem 4.8. Let g: [a,b] — R be increasing. Let j1 be a measure on the Borel sets of [a, b
such that u((s,t]) = g(t) — g(s) for alla < s <t <b. Then

W is absolutely continuous with respect to A <= g s absolutely continuous.

Proof. <) Let A be a Borel set with A(A) = 0. Let £ > 0. We want to show that p(A4) < e.
Since g is absolutely continuous, we can choose a § > 0 such that

Z\gbk glag)| <e

for every mutually disjoint intervals (ag,b), k = 1,...,n, with >}, (by — ax) < 0. Since
A(A) = 0, there are mutually disjoint open intervals (a;, b;), ¢ € N, such that A C 32, (a;, b;)
and > 2 (b —a;) < 6. Then Y (b —a;) < § for each n so Y ;" |g(b;) — g(a;)| < ¢ for
every n. Hence 372, |g(b;) — g(a;)| < e. We infer

0o S
:U’(A) < ,LL U ala 2 ZM au z Z aw z
=1 i=1

Thus p(A) = 0.
=) Assume that u is absolutely continuous with respect to A. Due to the Radon-Nikodym
theorem there exists an integrable function h: [a,b] — R with A > 0 such that

p(A) = [ L4l dN().
for all Borel sets A. If we use this for A = (a,t], we find
9(t) — g(a) = p((a,1]) = /ﬂ(aﬂs}(s)h(s) dA(s).

Hence .
g(t) =gla) + / h(s)ds for all ¢ € [a,b],

which yields that g is absolutely continuous. U

27



4.2 Langevin’s equation

Consider the movement of a particle of mass m along a line, with velocity v(t) at time ¢. Due
to friction there is a force —av(t) acting on the particle, where a > 0 is a constant. Suppose
that many small influences in the environment of the particle are acting on the particle,
resulting in a force, which is erratic and very irregular. We will call this force “noise”. The
velocity of the particle then satisfies

Y

mv'(t) = —av(t) + “noise”.
By means of rescaling, we can rewrite the equation as
y'(t) = —ay(t) + “noise” (10)

How to model noise? Let us first consider the case a = 0. We conceive of the noise as
a force which is so erratic that is cannot be modeled deterministically. We think of tossing
a coine at each time t and a force hitting the particle in positive direction if the outcome
is head and in negative direction if the outcome is tail. For a good mathematical model we
consider discretization of the differential equation

y'(t) = “noise” (11)

Fix t > 0 and n € N. Let Xy,...,X,, be mutually independent random variables such that
Xk = 1 with probability 1/2 and X} = —1 with probability 1/2. We let ¢}, = %t and consider
the discretized equation

y(tr) —y(tr—1)

=bX,, k=1,...,n,
ty —tp—1

where b is a constant. Then

1
y(tk) = y(te—) + btk — te—1) Xi = y(ta1) + b= Xz,

SO

bn |
y(t) = y(tn) = y(0) + thXk-
k=1
We do this for each n,

b n
(1) = 5 X, k.
lt) = 00) + 5t Xy

We are looking for a limit as n — oo. If b, is too small, the random influence may converge
to 0. If b, is too big, the sums may not converge. The Central Limit Theorem says that
ﬁt > k1 Xn i converges in law to a random variable W (¢) with normal (Gaussian) law with

mean 0 and variance ¢. Therefore we choose b, = \/n. The limiting random variables W (t)
can be chosen in such a way that the dependence on ¢ is coninuous, as is stated in the next
theorem. Its proof is difficult and beyond these notes.

Theorem 4.9. There exists a probability space (2, F,P) and random variables W (t), t > 0,
such that
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Wy =0 a.e. onQ,

Wi has normal law with mean 0 and variance t,
o W, — Wy is independent of W,. for all 0 <71 < s <t,
o t— Wi(w) is continuous for a.e. w € Q.

The family of random variables Wy, t > 0, of the above theorem is called a Brownian
motion or Wiener process.

Recall that a probability space (Q, F,P) is a set €2, a o-algebra F, and a measure P on F
with P(Q2) = 1. A random variable is a map X : Q — R that is measurable with respect to F
and the Borel g-algebra in R. The law or distribution of X is the measure v x on R satisfying

px(A) = B((X(4)) = P({w € 2: X() € 4}),

where A C R is a Borel set. In words, px(A) is the probability that X has values in A.
There can be different random variables (even defined on different probability spaces) with
the same law. If X and Y are random variables defined on €2, then their joint law is the
measure fi(x,y) on R? defined by

pxy)(C) =P({w € Q: (X(w),Y(w)) € C}),

C C R? Borel. The random variables X and Y are independent if p(x,y) equals the product
measure ux ® uy. Equivalently, if

P((X,Y) € Ax B)=P(X € A)P(Y € B)

for all Borel sets A C R, B C R. A law p is called normal or Gaussian with mean m € R
and variance o2 > 0 if for every Borel set A C R,

1 (@=m)?
n(A) = / e
AV2Tto

By considering limits of discretizations we have found a mathematical model for noise. As a
solution of (11) we found
y(t) = y(0) + Wy

SO

d
13 iqa? — / t) = —W .
noise” = y'(t) il
Langevin’s equation is therefore
, d
y'(t) = —ay(t) + UaWt, (12)

where o € R is some auxiliary parameter. More explicitly, W; depends on the variable w € €2,
so also y(t) will depend on w. We thus have for each w € € the differential equation

V(1)) = ~ay(t)(@) + 0 T Wilw).
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As usual in probability theory we often do not write the dependence on w explicitly.

There is a mathematical problem: the map ¢ — W;(w) is continuous for almost every w,
but it is not differentiable and even nowhere differentiable. So £W;(w) does not exist. (The
proof of this fact is far from easy and we omit it). There is a simple way to avoid this problem:
we formulate Langevin’s equation as an integral equation,

T
y(T) = y(0) + /0 —ay(t)dt + cWp, T >0. (13)

Let us next solve equation (12) or rather its correct formulation (13). The homogeneous
equation
y'(t) = —ay(t)

has solution
y(t) = ce” ™, t>0.

Due to the variation-of-constants formula, the solution of the inhomogeneous equation
Y(t) = —ay(t) + f(t), t=0,

is given by the convolution

t
o) =ce o [0 ) ds,
0

where ¢ = y(0) and f is a continuous function. Formally, the solution of (12) would be

t
d

y(t) = y(0)e " + / e~ =)o W, ds
0 ds

t
= y(0)e™ ™ + O’/ e~ =) qw,.
0

Be aware that %WS doesnot exist. The latter expression, however, makes sense as a Stieltjes

integral. Indeed, s — e~**~%) is increasing hence of bounded variation and W is continuous.
Hence

t
/ e AW (w)
0

exists for almost every w € () as a Stieltjes integral. These formal manipulations do yield the
correct solution.

Theorem 4.10. Let a,0 € R. Let Wy, t > 0, be a Wiener process defined on (Q, F,P). Let
yo € R. Define

t
y(t) = e 'yo + o / e qy,
0

(for almost every w € §) as Stieltjes integral). Then y satisfies the Langevin equation

y(t) = yo —a /O y(s)ds + oW (s).
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Proof. By integration by parts,
t
y(t) = e "y + O’/ e~ t=3)
0
t
=e "yg + e ™ <e“SW5]6 — / W de‘”)
0
t
_ e—a(t—s) + ge~ % <eatWt _ / aW,e® ds>
0
t
ey + oWy — a/ ae” W ds.
0

Hence the above expression for y and Fubini yield

T T T oyt T
/y(t)dt:cr/ Wtdt—a/ /ae“(ts)Wsdsdt+/ e yo dt
0

—0'/ Wtdt—o'/ / ae”

e T Yo
_a/ Wtdt+a/ <e alt=s) _ )st+ Yo — =
0 a
T —aT
= a/ e T8 W, ds + c Yo — %
0 a a
1 1 el
= Low - Ly ¢ Cg - 2.
a a a
Thus y(t) satisfies the Langevin equation. O

Concerning uniqueness we have the following.

Proposition 4.11. Let a,0 € R. Let W, t > 0, be a Wiener process and let Qg C € be such
that P() = 1 and t — Wi(w) is continuous for all w € Qo. If y1(t) and ya(t), t > 0, are
two families of random wvariables on (Q,F,P) such that t — y1(t)(w) and t — ya(t)(w) are
continuous for all w € Qo and such that y; and y2 both satisfy (13), then

1 (t) — y2(t)] < e y1(0) — y2(0)|, ¢ > 0.

Proof. Let

Then v satisfies

On €, v is continuous and then from the previous formula v is even continuously differen-
tiable. Differentiating yields
V' (t) = —av(t),

SO

which yields the desired formula. U
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Consequently, if y1(0) = y2(0), then y; = yo.

Law of the solution. So far we have considered w € () as a parameter and solved the
Langevin equation for each w separately. We obtained for almost every w a function ¢ —
y(t)(w). Next, we fix t. Then y(t) is an alomost everywhere defined map from Q to R. If
necessary we can assume it everywhere defined by choosing it zero on those w where it is not
defined. It can be shown that the map y(t) is then measurable. Thus for fixed ¢, y(t) is a
random varuable. What is its law? We know that

t
y(t) = e "y + a/ e~ =) qw,.
0

By definition of the Stieltjes integral, y(¢) is a limit of sums of the form
n
S(s1,..,80) = e_atyo +o Z eo(t=sn) <W3k - W8k71>'
k=1

From the propertied of the Wiener process it follows that the W, — W, _,, k=1,...,n are
mutually independent normal random variables with means 0 and variances s; — s;_1. Hence
S(s1,.--,5,) has normal law with mean e~%y, and variance o2 S_1_, e 22=5%) (55 — 55, 4).
It follows that the random variables converge in law to a normal random variable with mean
e~ %y, and variance

n 2
QZ —2a(t— g -2
g e a(t Sk) dS = 2_0,(1 — € at).
k=1

Hence y(t) is normal with mean e~%y, and variance %(1 — e~ @), The details of the above

arguments need more probability theory and we omit them. We summarize the conclusion.

Proposition 4.12. The solution y(t) at time t of the Langevin equation

t
y(t)zyo—a/ y(s)ds+ oW, t>0,
0

¢ ; o? —2at
and variance 9-(1 —e™).

has normal law with mean e~ @

We could also take the initial value g to be a random variable. If we take it independent
of W} for all ¢ and with normal law with mean 0 and variance %, then it turns out that y(t)
has at each time £ mean 0 and variance % Thus, the random variables y(t) vary in time, but
their laws are constant. Such a solution is called a stationary solution. In case of the above

laws, the solution is called an Ornstein- Uhlenbeck process.

4.3 Wiener integral

Let Wy, t > 0 be a Wiener process defined on the probability space (2, F,P). Since s +—
e~%t=9) ig of bounded variation, we can define

t
/ efa(tfs) dw,
0

32



as a Stieltjes integral, almost everywhere on 2. In the same way we can define

/Otf(s)dW

for any f: [0,t] — R of bounded variation. As before, the corresponding Riemann-Stieltjes

sums
E f Sk‘ ( Sk 1>
have mean 0 and variance

> F(s)* (s — s-1)-
k=1

In other words,

2 n
(Zf (sk) < W, 1)) =D fs)*(sk = sk-1),
K

=1
where £ denotes expectation:

EX — /Q X (w) dP(w).

It can be shown that taking limits leads to

E (/Otf(s)dWS>2 = E/Otf(s)st
[ ssam,

This identity is called the Ito isometry. The map J: f — fo s)dWy from BV|0,t] t
L?(,P) is hence an isometry with respect to || - || z2(0,4 on BV|0, t] J is also linear. Slnce
BV[0,1] is dense in (L?[0,t], ||| 12[0,4), there is a unique bounded linear map J from L2[0,t] —
L?(,P) that extends .J. Moreover, this map J is an isometry. We denote J by an integral

sign:
/ F(s) AW, = J(f).

Thus we can “integrate” any L2-function f: [0,#] — R with respect to the Wiener process
Ws. This integral is called the Wiener integral.

The definition of integration with respect to Wy can still be extended further, for instance,
to functions f that are themselves random. Then we arrive at a stochastic integral called the
Ito integral.

This can be restated as

. = |1l £2j0,9-
L2(Q,P

5 Convex functions
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