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Abstract

We consider a stochastic delay differential equation with exponentially stable
drift and diffusion driven by a general Lévy process. The diffusion coefficient is only
locally Lipschitz and bounded. Under a mild condition on the large jumps of the
Lévy process, we show existence of an invariant measure. Main tools in our proof are
a variation-of-constants formula and a stability theorem in our context, which are of
independent interest.
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1 Introduction

The main purpose of this paper is to show existence of an invariant measure for a stochastic
delay differential equation of the form

dX(t) = < o X(t+ s)u(ds)) dt + F(X)(t—)dL(t), (1)
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where L is a Lévy process, « a positive real, and p is a signed Borel measure on [—c, 0]. The
diffusion coefficient F' may be a function on R or a functional depending on the segment
(X(t+s): —a < s <t)of the solution X. If the underlying deterministic equation,
that is equation (1) with F' = 0, is exponentially stable, it may be expected that the
stochastic equation has an invariant measure under suitable conditions on F'. Existence
of invariant measures has been shown for an increasingly general class of coefficients F.
In 1982 Wolfe [26] dealt with the case where i is a (negative) point mass at 0 and F is
a constant. In 2000, Gushchin and Kiichler [11] extended to the case of the general delay
measure p. More recently, Reif} et al. [22] considered nonlinear coefficients F. They assume
a global Lipschitz condition on F', boundedness of F', and continuity of F' with respect to
the Skorohod topology. In each of these works the analysis depends on a variation-of-
constants formula for equation (1). In the case of global Lipschitz F', such a formula has
been proved in [23].

The theory of stochastic equations in a setting beyond globally Lipschitz conditions
has been vastly extended during the last years in the field of stochastic partial differential
equations, see, e.g., [5, 6, 13, 19, 20, 10] for some recent developments. Also in the field
of stochastic delay differential equations there is interest in results on equations with co-
efficients that are not globally Lipschitz. In particular, models in financial mathematics
can naturally involve a combination of delay, processes with jumps, and locally Lipschitz
coefficients [24, (3.6)].

Our main contribution here is extending the results of [22] to equations with diffusion
coefficients that are only locally Lipschitz instead of globally Lipschitz. Moreover, the
continuity with respect to the Skorohod topology is relaxed to a condition that is consid-
erably better suited for verification in examples. Included in our analysis is the proof of a
variation-of-constants formula for (1) for locally Lipschitz F.

If the diffusion coefficient F'is only locally Lipschitz with linear growth (see Definition
4.1 for the precise formulation), the eventual Feller property and the variation-of-constants
formula, which play a key role in [22, 23|, do not follow from the results given there.
Establishing these results is the main content of this article. We do so by approximating
the locally Lipschitz diffusion coefficient by globally Lipschitz coefficients in a suitable
sense. The difficulty is to verify that the solutions of the equations with the approximated
coefficients converge to the solution of (1) in an appropriate sense and that the limit inherits
the desired properties. It turns out that the reduction steps in the proof of the variation-of-
constants formula in [23] have to be changed. The extension to locally Lipschitz coefficients
has to be done before increasing the generality of the other components and these steps
have to be adapted accordingly. The proof of the eventual Feller property is based on new
estimates, which relax the conditions on F' even in the globally Lipschitz case. Moreover,
we prove a stability theorem.

Two comments on the form of (1) are in order. First, in the spirit of [21, Chapter V]
we present our results for the one dimensional equation. At the cost of more complicated
notation our arguments can be extended to equations in R". Second, (1) is formulated
with a linear drift term. However, nonlinear drift terms are covered as well by our theory,
due to the generality of the noise processes that we allow. By doubling the dimension and



including deterministic components in the process L, locally Lipschitz nonlinearities in the
drift are included.

One may wonder how rich is the scope of equations with bounded locally Lipschitz
coefficients. On one hand, our generalization is interesting from a theoretical point of
view. An important question is what stochastic perturbations that can be added to a stable
linear delay differential equation so that the stability persists in the form of existence of
an invariant measure. Our results are a natural step in expanding the generality if this
theory. On the other hand, natural transformations of equations with unbounded globally
Lipschitz coefficients may yield equations with bounded coefficients that are only locally
Lipschitz, a situation that fits in our setting (see Example 7.4).

For other approaches to stochastic delay differential equations and invariant measures,
see, e.g., [16, 17, 18].

The outline of our arguments is roughly as follows. If the diffusion coefficient F' in (1)
maps the Skorohod space of real valued cadlag functions on [—«, 0] into itself and satisfies
a suitable locally Lipschitz and growth condition, then it is known that equation (1) has a
unique solution X for any initial process on [—a, 0] (see [14]). The solution itself is, however,
not a Markov process. Instead, one can consider the segments X; = (X (¢ + a))_a<a<o Of
the solution process. If a solution X (¢) of equation (1) is such that all of the segments
X; have the same distribution, then the solution itself is stationary as well. Therefore we
want to apply the Krylov-Bogoliubov method to the segment process, and for that we need
the state space to be separable. If the driving process L has continuous paths, (X;); takes
values in C[—a, 0], which is separable with the supremum norm ||.||. In general, L may
have jumps and then (X;),; is a process with as state space the Skorohod space D[—«;, 0] of
cadlag functions. This space is not separable under ||.||oo, but it is separable when endowed
with the Skorohod metric. In order to apply the Krylov-Bogoliubov method and obtain
an invariant measure, we need the eventual Feller property (see (13) and (14) in Section
4 below) and tightness of the segment process given by (1). We follow the approach of
[22], where the tightness is obtained by means of suitable estimates on the semimartingale
characteristics.

In Section 2 we give a brief review of the facts about the Skorohod space and determin-
istic delay equations that we need in the sequel. In Section 3 we obtain the variation-of-
constants formula. In Section 4 we give a precise formulation of the input of equation (1)
and introduce the segment process. Section 5 deals with tightness of the segment process.
The stability theorem is proved in Section 6 and the Markov and eventual Feller properties
and the existence of an invariant measure are established in Section 7.

2 Preliminaries

All the processes we consider are defined on the same filtered probability space (2, F;, F, P).
Since we are going to work with a Markov process whose state space is the Skorohod space
we recall some facts about it. For a < b, let Dla,b] and D|a, o) denote the linear spaces
of all real-valued cadlag functions defined on [a, b] and [a, 00), respectively. Similarly, for



to > 0, let D[0,¢y] denote the space of adapted cadlag processes on [0, %] and likewise
D[0, 00). On Dla, c0) the Skorohod metric is given by

ds(e,¢) = inf (oo X =t +[[All]),

AeA[a,00)
where Afa, 00) is the set of all increasing [a, 00) — [a, 00) homeomorphisms and

M) = A(s)|

MM =
Al = sup )=

a<s<t,s#t

log

The space (D[a, 00), dg) is complete and separable. Similarly, there is a complete separable
metric on Dla, b], which we also denote by dg.

We will also use a weaker metric on D[—c,0]. Consider an arbitrary § > a. We
extend a ¢ € D[—a,0] to $ € D[—f3,0] by $(t) = ¢(t) for t € [—a,0] and B(t) = 0 for
t € [-5,—a). Let the metric dg on D[—«, 0] be defined by

ds(0, ) == dp_p0)(®, V), ¢.¢ € D[—a,0],

where dpj_g, denotes the Skorohod metric on D[—£3,0]. It is straightforward to verify that
ds(p, ) < ds(p, ) for all ¢, € D[—a, 0], where dg still denotes the Skorohod metric on
D[—a,0]. The metric dg is actually independent of § and one could even choose 5 = 0.

Lemma 2.1. 1. (D[—a,0],dg) is a Polish space.
2. dg and dg generate the same Borel o-algebra B(D[—a, 0]).

Proof. 1. The set A :={p: ¢ € D[—a,0]} is a closed subset of D[—/, 0], which is a Polish
space. Indeed, Skorokhod convergence implies almost everywhere convergence and we can
finish the argument by right continuity of the limit. 2. As dg < dg, the dg-Borel o-algebra
is contained in the dg-Borel o-algebra. For the opposite inclusion it is enough to show that
finite dimensional sets, that is, {¢ € D[—a,0]: (¢(s1),...,¢(s,)) € C}, where C € B(R")
and —a < s <--- <s, <0, are in the dg-Borel o-algebra (see [3, (15.2) on p. 157]). This
is obvious as D[—a, 0], ds is a subspace of (D[—£,0],dp[-z,0) O

Next we collect some results on the deterministic delay equation

2(t) = ¢(0) + [y (ﬂfa,O} z(s + a),u(da)) ds fort >0, @)
z(a) = p(a) for a € [—a,0].

Here o > 0, p is a finite signed Borel measure on [—a,0], and the initial condition
¢ € D[—a,0]. The results that we need can be found in a more general framework in
[9]. However, we can give these results in a more easily accessible way as follows. Ac-
cording to [8, Theorem (i), p. 972], for each ¢ € D[—«, 0], there exists a unique function
x: [—a,00) — R whose restriction to [0, 00) is continuous and which satisfies (2). Indeed,
the map ¢ — f[—ap} Y(a) p(da) is a bounded linear map from C[—«, 0] with the uniform
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norm into R. Therefore it is also bounded on the Sobolev space Wt [—a, 0], as W1 is
continuously embedded in Cj. Since each ¢ € D[—a, 0] is bounded and measurable, we
have (¢(0),¢) € M' := R x L'[—a,0]. Hence we may apply [8, Theorem (i)] to obtain a
unique solution = to (2.6) of [8]. By Fubini theorem x is the unique solution of (2).

To stress the dependence on the initial condition, we denote the solution of (2) by
z(-, ). The solution corresponding to initial condition ¢(s) = 0 for —a < s < 0 and
©(0) =1 is called the fundamental solution and denoted by r.

The following variation-of-constants formula for x(-, ¢) holds,

2(t, ) = r(1)p(0) + /O - s) /[ s + a)p(da)ds, t > 0, (3)

—(1’7—5)

where the inner integral is considered to vanish for s > «, hence the outer integral is
actually from 0 to ¢t A a. Indeed, by Fubini and substitutions one can verify that the right
hand side of (3) satisfies (2) and therefore equals the unique solution z(-,¢). By similar
arguments one can rewrite formula (3) as

x(t, ) = @(0)r(t) + /[_ , / r(t+ s —a)p(a)dau(ds) for t > 0. (4)

The delay equation (2) is said to be stable if the fundamental solution r converges to
zero as t — oco. The condition

vo(p) := sup {Re)\: ANeC, A— / e™u(ds) = 0} <0 (5)
[—04,0]

implies the even stronger property of exponential stability of all solutions , i.e., there exist
v, K > 0 such that |z(t, p)| < Ke "||¢||« for all ¢ > 0 and for any solution x(-, ¢) of (2).
Indeed, for the stability of the fundamental solution see the text below Corollary 4.1 on p.
182 of [12], and then the exponentrial stability of arbitrary solutions with initial condition
¢ € D[—a, 0] follows by direct computation from (3).

It is clear from (2) that each of its solutions z(-, ) is absolutely continuous on [0, T'] for
every 7' > 0 and even continuously differentiable on («a, 00). If (5) holds, then (2) yields
the exponential decay of the derivative (-, ) directly.

3 Variation-of-constants formula

This section establishes a variation-of-constants formula for equation (1). The major point
is to show existence and uniqueness for equations of variation-of-constants form.

Recall that for two local martingales M and N their quadratic covariation process
is denoted by [M,N]. Recall also that for t > 0, [5|dA(s)] (J5~|dA(s)]) denotes the
pathwise total variation on [0, ¢] ([0, 00), respectively) of a process A € D[0,00). The next
two definitions are taken from [21, Section V.2, p. 250-251].



Definition 3.1. Let 1 < p < oo. For a process X € D0, o0) set

[ X |sp == || sup [ X ()] [+
>0

and let S”[0,00) denote the Banach space of X € [0, 00) for which || X||,us» is finite.
Further for a local martingale M with M(0) = 0 and a cadlag adapted process A with
paths of finite variation on compact intervals a.s. and A(0) = 0, set

Ju(M, A) = [[[N. N2 + / A o

For a semimartingale Z with Z(0) = 0 set

121 » = (M, A),

inf 7
Z=M+A Jp

where the infimum is taken over all possible decompositions Z = M + A where M is a
local martingale with M(0) = 0 and a A is a cadlag adapted proces with paths of finite
variation on compact intervals a.s. and A(0) = 0. Furthermore, let H?[0,00) denote the
Banach space of all semimartingales Z with Z(0) = 0 such that || Z||g» is finite. For t5 > 0,
the analogous Banach spaces of processes only defined on [0, to] are denoted by S”[0, t,]
and HP[0, to). B

For 1 < p < oo there exists a constant ¢, such that
1Z]ls> < &l Z]|ar (6)

for all semimartingales Z with Z(0) = 0 (see [21, Theorem V.2, p.252]. For a process
X € D[0,0) and a stopping time T', the pre-stopped process X T~ is given by

(X)) (w) = X (1) (@) Locierwyy + X(EAT(W) =) (@) Lgzrwys0y, @ €Q, t>0.

Observe that X7~ € D[0, c0).
The following definition from [23] is essentially from [21, p. 256].

Definition 3.2. A map V: D[0,00) — D[0,00) is called functional Lipschitz if for any
X,Y € DI0, ¢

(a) for any stopping time 7', X7~ = Y7~ implies ¥(X)T~ = ¥(Y)T~
(b) there exists a (positive finite) adapted increasing process K such that

W(X)(w,8) = W(Y)(w,8)] < K{w, £) sup | X (w, 5) — ¥ (w,5)].

s<t

Definition 3.3. A map V: D[0,00) — D[0, 00) is called locally Lipschitz functional with
linear growth if it satisfies



(a) for all X, Y € D[0, 00) and all stopping times T'

X =y = yXxX) =y

(b) for each n € N there exists an adapted increasing process K, such that for all ¢ > 0
and all w € §,

(U(X)(w, ) = ¥ (Y )(w, t)] < Kn(w, 1) sup [X(w,5) = V(w, )|

s<t
whenever | X (w, s)|, |Y(w,s)] <n forall s <t
(c) there exists a positive increasing adapted process 7(t) such that

U (X)(w,t)] < y(w,t)(1+sup|X(w,s)|) for all X € D0, c0).

s<t

Notice that by (b): X' = Y™ implies ¥(X)* = ¥(X)*, for any X,Y € D[0, o).
Therefore, for U € D[0,t,] we can define ¥(U) € D0, ¢y] unambiguously, simply by ex-
tending U to [0,00). Notice also that any functional Lipschitz map is a locally Lipschitz
functional with linear growth.

In the sequel we will need the following condition on a function g: [0, #y] — R.

Condition 1. For every Y € SP[0,%] and Z € H>(0, ],
/ g(- —s)Y(s—)dZ(s) € H"[0,1o] and

0

| o= sv(s-1azes)
where ty > 0, R > 0 and 1 < p < oo are given constants.

< R|Y ||s70,00 1 Z | 1220 0,01

0 HP[0,to]

Lemma 3.4. Let ty > 0 be given and let g satisfy Condition 1 for some p and R. Assume
that U is locally Lipschitz with linear growth, U(0) = 0, and such that the processes K, (t)
and ~y(t) are constants. Let Z € H>[0,t] with || Z| g~ < 4%%}% and let J € S”[0,to]. Then
for any stopping time T the equation

X@ﬁaﬂww+(éﬁ«—@wxx&ww@0<m 0<t<t

has a unique solution X € SP[0,ty]. Moreover, X is a semimartingale if J is.

Proof. For each n € N and X € D[0, o] let X™(¢) := (X(t) An) V (—n), t € [0,t,]. Now
define W™ : ID)[O, to] — ID)[O, to] by

U(X) = W(XM),

7



Then U™ is functional Lipschitz: (a) is immediate and for (b) notice that

[I(X)(#) = T (Y)(O)] < Knsup X (s) =Y (s)]
< K,sup|X(s) = Y(s)].

s<t

By [21, Theorem V.5(ii), p. 254], there is a stopping time 7™ such that P(T™ > ;) > 1—-27"

and ZT"~ € S(Qcp}(nR) (notation of [21]), with ¢, as in (6). Then by [23, Lemma 5.6] there

is a unique X" € 5”0, %] such that

T—

e =70+ ( ol XY (51427 5

and we have

X" se < 17" Nlgr +

</0 g(- — s)\If"(X")(S_MZTn(S))T_

§P

S 2||J||§P + 20p

/ G- — WX (s—)dZT" ()

0

HP

< 2| J)lsr + 26, R (X")[|s [ 277 || =
< 2| J]lsr + 2, Ry (1 + || X" 57)2[| Z ]| 122,
where the second inequality follows from [21, Theorem V.2 and proof of Theorem V.5], the

third by Condition 1, and the fourth by (c) of Definition 3.3. Since 4¢,R7y||Z||g= < 1 by
assumption, we obtain a

2[|J|gr + 4, RY|| Z |
1— 4chfyHZ|]£oo

[ X" s» < =: C < oo for all n.

In particular

P
P( sup |X"(s)| >n) < % for all n € N.
n

0<s<to
Let now A, = {supg<.<y, |X"(s)| < n} and B, = {I™ > to}. ThenP(A, N B,) >

1 —27"—CP/nP. Set Qn = A, N By, Uy = \i>n, Qk, =, D, so that Q, C Q4q,
P(Q2,) T P(€') = 1. On Q, we have that -

)

sup [X*(s)| <k, 2T =2Z

0<s<tg

and also W™ (X*) = Uk(X*) = U(X*) for ky > k > n.



If we consider measures P" given by P"(A) := P(A N Q,)/P(Q,) for n so large that
P(Q,) > 0, we have for & > n that

XE(t) =TT (1) + ( /0 tg(t — s) (X" (s-) dZ(s))T_

=7+ ([ ate—9ees-) dZ<s>)T ,
XMty =TT () + ( /0 tg(t — )W (X")(s—) dZ(s))T_
=7+ ([ ate=9w0ens-) dZ<s>)T

T—

=0+ ([ ot - 9w 6o aze)

P,-a.s., the stochastic integrals being computed according to the probability P,,. This
is easily seen by applying [21, Theorem II.14 and Theorem II1.18] and the fact that the
stochastic convolutions above are P-a.s. cadlag. Since W* is functional Lipschitz in the
sense of [23, Definition 5.1]), the uniqueness in [23, Proposition 5.8] yields that we have
for k > n that X* = X" P"-a.s., thus P-a.s. on (2,,. Hence there is a process X such that
for almost all w € Q" and all t > 0

X(t,w) = lim X"(t,w),

n—oo

which is adapted and cadlag, since the filtration satisfies the usual conditions. Moreover,
we have for each n that

X=X"=J"+ (/O.QC —5)U"(X")(s—) dZT"(S))T
=J + (/0 g(- —8)U(X)(s—) dZ(s))T

on €2, a.s. Hence X satisfies the equation. We also have that

sup | X(s)[P = lim sup |X"(s)]’ P-as.,
0<s<to n—00 0<s<ty
so that by Fatou’s lemma,
| X | s» < sup [[X"[|sp < o00.
n

For uniqueness, suppose X' is another solution in D0, ¢y]. Consider the fundamental
sequences S™ := inf{t: |X(¢)| > n} and S} := inf{t: |X'(¢)] > n}. Then on the set
C,, = {S™ A S} > to} the processes X and X’ both solve the equation with U™, so by
uniqueness in [23, Proposition 5.8] X = X’ on C,,. Hence X = X’ a.s.

Finally, if J is a semimartingale, X°"~ is a semimartingale for each n, by (a) and (c)
of Definition 3.3 together with Condition 1, hence X is a semimartingale as well. O
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Lemma 3.5. Assume the situation of Lemma 3.4 with p > 2, but without the condition

12| zo=10,t0) < 4%#}%. Then for each stopping time T the equation

t T—
X0 =0+ ([ ge-9u006-)020) . 0se<n
0
has a unique solution in D0, to]. If J is a semimartingale, then X is a semimartingale as

well.

Proof. Let U™ be the functional Lipschitz maps as in the proof of Lemma 3.4. By [23,
Proposition 5.8] for each n there is an X™ € D[0, ¢y] such that

Xn(t) = J(t) + / gt — 5T (X" (5-) dZ(s).

which is a semimartingale if J is a semimartingale. (Indeed, before applying [23, Proposi-
tion 5.8], J and Z can be extended constantly after ¢, to [0,00) and then the solution can
be restricted to [0, t].) Stop X™ at T— to obtain

T—

(X)) =T (1) + (/Otg(t —5) " (X™))(s-) dZ(S))
and set X" := (X™)T~. As before, Condition 1 and [21, Theorem V.2] yield
X" | s7o,t0) < 2017 s710,001 + 26 RI™ (X™) | w1001 | 2] o 10,201
By the linear growth of ¥ we have
(WX (O] = [T((X™ An) v (=n))(@)]

<71+ sup [(X*(s) An)V (=n)]) <7(1+n)

and obtain
[ X" spi0,00) < 2[[T|sp + 2, Ry (1 + n)[| Z] 520,40 -

Let A, := {supg<s<, |[X"(t)] > n}, n € N. Then
P(An) < 207 P(|J]]s7i0.00) + o By (1 + n)[[ 2] z=10.40))

by Chebyshev’s inequality. Let further Q, := (-, (2 \ Ag). Notice that Q, C Q,41 and
P(Q,) T 1, since p > 2. Define probability measures P"(A) := P(Q,, N A)/P(Q,,) for n > N,
where N is such that P(Qy) > 0. Arguing as in Lemma 3.4 we obtain for £ > n that
X* = X" on €, so we can define a process X := lim X", which is then the unique solution
of the equation. If J is a semimartingale then so is X. O
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Proposition 3.6. Let Z be a semimartingale and J € D[0,00). Let g be a function on
[0, 00) which satisfies Condition 1 for each to > 0 with some R(ty) > 0 and some fized
p > 2. Further, suppose that V is a locally Lipschitz functional such that the processes K,
and v are deterministic. Then the equation

X(t) = J(t) + /Otg(t — S U(X)(s—)dZ(s), >0,

has a unique solution in D[0, 00), which is a semimartingale if J is.

Proof. Fixty > 0. First we show existence and uniqueness on [0, tg]. There is a fundamental
sequence T* of stopping times such that JT'= € 5700, 00) and 77~ ¢ H>[0,00). By the

linear growth of ¥ and Condition 1, (f(fg(t —s)U(0)(s—) dZ(s)) is a semimartingale.
>0

Hence we may assume that ¥(0) = 0.
By the previous lemma, for each ¢ there is an X, such that

T —

Xo(t) = J" (1) + (/Otg(t — $)W(Xy)(s—) dZTl_(s)) for all ¢ € [0, to].
Moreover,

L

Xt =+ ( olt — S)U(XE ) (5-) dzTWs))Tl |

Define X :=lim X, and argue as in the two previous lemmas to show that X is the unique
solution on [0, ¢p]. Finally, we can use the same techniques to patch the solutions together
obtaining a unique global solution. O

We can now show existence and uniqueness for the general equation of variation-of-
constants form.

Theorem 3.7. Let VU be a locally Lipschitz functional with linear growth and let g be a
Junction on [0, 00) which satisfies Condition 1 for each to > 0 with some R(ty) > 0 and for
some fized p > 2. Suppose Z is a semimartingale and J € D[0, 00). Then the equation

X(t) = J() +/0 g(t —s)W(X)(s—)dZ(s) (7)

has a unique solution in D[0, 00), which is a semimartingale if J is.
Proof. Fix ty > 0. For n, k € N there are constants ¢, ; > 0, 75 > 0 such that
P(Qup) > 1—27""% where Q,, := {K,(to,w) < cop}
P(Q) > 1—27%, where Q;, == {v(to,w) < Y}
Set Q== (), Qns N Q. Then P(Q) > 1 —27%1 and on Q, K,(to,w) and ~(ty,w) are

bounded functions. Now apply the last part of the proof of Proposition 5.8 of [23], using
existence and uniqueness from the previous proposition. O
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As we mentioned in the introduction, the fundamental solution r of the deterministic
delay equation is absolutely continuous on compacts and its derivative is bounded on
compacts. Hence due to [23, Lemma 4.2], r satisfies Condition 1 for any ¢, > 0 and p > 1
with R = 1+ (1 + ¢,)tosupg<i<y, |7'()]. So there is a unique solution of the variation-of-
constants formula (7) with ¢ = r. This solution also satisfies the stochastic delay differential
equation

dX(t) = ( g O]X(Hs)u(ds)) dt + U(X)(t—)dZ(1). (8)

This can be shown by applying the stochastic Fubini theorem. The result is actually Lemma
6.1 in [23]. Although the statement there presupposes ¥ to be functional Lipschitz, the
only property of the functional ¥ used in the proof is that it is a map D[0, co) — D|0, c0).
As (8) has a unique solution (see [14]), it follows that this solution satisfies the variation-
of-constants formula. Stated precisely:

Theorem 3.8. Let p be a finite signed Borel measure on [—a, 0] and let r be the funda-
mental solution of the deterministic delay equation. Let W be a locally Lipschitz functional
and let Z and J be semimartingales. The unique solution X of

X(t):X(0)+J(t)+/0t g O}X(s+a)u(da)ds

+/t\IJ(X)(s—)dZ(s), t>0,

satisfies

X(t)=rt)X(0)+ /Ot r(t—s)dJ(s)

+/tr(t—s)\II(X)(s—)dZ(s), t>0.

4 The equation and the segment process

In the remaining part of the paper we consider (1) and show that it has an invariant
measure under suitable conditions.

Our approach is to see the stochastic equation (1) as a perturbation of the deterministic
equation (2). If the deterministic part is stable it is plausible to expect existence of an
invariant measure under mild conditions on the diffusion part. Therefore we assume that
(5) holds. For an analysis of the case where (5) does not hold, see, e.g., [2].

As was shown in [11, Theorem 3.1], even if F' is constant, a necessary condition
for the existence of an invariant measure on the jumps of the Lévy process L is that
f\x\>1 log |z| v(dx) < oo, where v denotes the Lévy measure of L. As our situation is even
more general, we need this condition as well.
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As mentioned in the introduction, the main point of this paper is to relax the global
Lipschitz condition in [22, Assumption 4.1(c)] to a locally Lipschitz condition. Our locally
Lipschitz condition on F' is the following.

Definition 4.1. A map F: D[—«a,00) — D[—a«, 0) is called a locally Lipschitz functional
of deterministic type (in short lolidet) if it satisfies

1 Vn € N 3K, > 0 such that Vz,y € D[—a,00) Vt >0

sup [z (s)| V [y(s)] < n = [F(z)(t) = F(y)()| < Kn sup [z(s) —y(s)],

sEt—a,t] sEft—a,t]

2 3y > 0 such that Vo € D[—a,00) Vt > 0

[F(z)(1)] <~ (1 + sup |ﬂf(8)\) :

s€[t—ayt]

Definition 4.2. Let (®(s))sc[—a,00 Pe an initial condition, that is, a process with cadlag
paths and such that ®(s) is Fyp-measurable for all —a < s < 0. For X € D[0,00) or
X € D[—a, 00) define X ¢ € D[—a, ) by

| @(s), —a<s<0,
Xals) = { X(s), s>0.

Here we extend the filtration by setting F, := F; for s < 0. Define further W¢: D[0, 00) —
D0, 00) by
Vo (X)(t,w) = F(Xa(w))(?).

By standard arguments, Ug indeed maps into D[0, c0).

Set Qy = 0 and Q, = {sup|_,q |®(s)] > n} for n > 1. Then Q, T Q. Define
Cn: @—=Rand7v: Q2 — R by

Ch(w) =K, onQ,, Cyw):=K,ronQ p\Qir1
F(w) :=~v(1+n) on Q, \ Q1.

Notice that C,, and 7 are Fy-measurable for all n. Moreover, Uq satisfies
1. for t > 0 and X,Y € D0, o00),

‘\IICD(X)(tv w) - \Ilq)(Y)(tv w)‘ < CYL(("}) sup |X<87w) o Y(‘va)‘

s€[(t—a)t,t]

if SUpsei(t—a)+ 4 1 X (5, w)| VY (s,w)| < n, and
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Vo (X)(t,w)| <7(w) (1 + o }IX(t,W)|>

_Oé)+7
for all X € D0, o0).

In other words, Wq satisfies (b) and (c) of Definition 3.3, and (a) is obvious.

Define
// O(s + a)u(da)ds, t>0.

Then Jg is an adapted (by Fubini arguments) cadlag process of finite variation. Moreover,
t)<1>(0) is an adapted process of finite variation. Hence by [23, Theorem 4.1}, r(¢)®(0) +
fo (t — s)dJ(s) is a semimartingale.
Let X be the unique solution (see [14, Theorem 4.5]) of

X(t) = ®(0) +/ o X o(s + a)p(da)ds + /0 F(X ¢)(s—)dL(s)
= ®(0) + Jo(t / . X (s + a) p(da)ds
- /Ot Wo(X)(s—)dL(s).
By Theorem 3.8, X is also a solution of
X(t) =rt)®(0) + /Otr(t —s)dJ(s)
- /Otr(t — §)Wq(X)(s—) dL(s).

Because of (3) Theorem 3.8 takes the following form in the current setting.

Theorem 4.3. Let F: D[—«a,00) — D[—a,o0) be lolidet. Then for X € D[0,00) and
® € D[—a, 0] the following two statements are equivalent:

1. X is the unique solution of
t t
+ / / X o(s + a) p(da)ds + / F(X a)(s—)dZ(s), ¢ >0,
0 J[~a,0) 0
2. X obeys the variation-of-constants formula

X(t) = a(t, @) +/tr(t— (X 8)(s=)dZ(s), t>0.
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Recall that for a process X € D[—a, c0) we denote by (X;);>o the segment process,
which takes values in D[—q, 0] for each ¢t. More precisely, X;(s) = X(t+s) for —a < s < 0.
We wish to show that the segment process is Markov. For this to be true F' obviously has
to be autonomous in the sense of the following definition.

Definition 4.4. A map F': D[—a, 00) — D[—a, 00) is autonomous if for all z € D][—a, 00)
and all s,t > 0,
F(z(s+-))(t) = F(z)(s + 1).

Assume that F' is autonomous. For u > 0 and (Y'($))_a<s<o cadlag and F,-measurable,

we consider the equation
/ / X(s+a)u(da)ds
a,0]

+ [ FOOG-are), 1z
0
X(t)=Y(t), —-a<t<O,
where L"(t) = L(t+u) — L(u), t > 0. The underlying filtration G;* is (the right continuous
version of) o(L(s+u)—L(u): 0 <s <t)VF,. Denote by (X3(t))i>—_a the unique solution

of this equation and let (X},);>o denote the corresponding segment process.
For any Fo-adapted initial condition ® and ¢ > 0 the process Xg := X2 satisfies

Xo(u+-)(t) — Xo(u) = Xo(t +u) — Xo(u)

— / ’ Xa(s + a)u(da)ds + / ' F(Xg)(s—)dL(s)
u [—,0] u

:/0 o X@(u+-)(8+a)u(da)ds—|—/0 F(Xo(u+))(s—) dL(s),

where the latter equality holds by the fact that F' is autonomous. The process L" is a Lévy
process relative to the filtration F, ;. and G; C Fy, for all t > 0, hence X%  is also a
solution of the equation relative to the filtration F,. (see [21, Theorem I1.16]). Hence

X4, (1) = Xo(t +u) 9)

for all ¢ > 0, due to the strong uniqueness of the equation.
Under additional conditions we will show below that the segment (Xg.); is a Markov
process, that is,

E15(X%, )1 Ful = Ap(Xaw), (10)

where
Ap =E15(X;,), ¢ € D[~a,0],

for every B € B(D[—a,0]). Notice that X¢; is F/B(D[—a, 0])-measurable, since the Borel
o-algebra generated by the Skorohod topology B(D[—«, 0]) equals the o-algebra generated
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by the finite dimensional set [3, (15.2) on p. 157]. By By(D[—«, 0]) we denote the space of
bounded Borel (relative to the Skorohod topology) functions on D[—a,0]. For 0 < s <t

we define
Pif(e) =Ef(X3,s), »€D[-a,0], f€ By(D[~a,0]). (11)

We will show that P,; maps Bj(D[—a,0]) into B,(D[—«,0]), that P,; = P, sPs; for
0<wu<s<t and that Py = Fy;—s.
Then X4, is a homogeneous Markov process and the operators

Pt = PO,t (12)

form a Markovian semigroup. We will also show that (P;):>o is eventually Feller in the
following sense:

1. for f € Cy(D]—a,0]), t > «,
Bif € Cy(D]=a, 0]); (13)

2. fort > a, f € Cy(D[—a,0)]),

ligl P, f(¢) = P.f(v) uniformly in . (14)

Since AX,(t) = F(X,)(t—)AL(t), and L is stochastically continuous, we have that X, is
stochastically continuous, hence by [22, Lemma 3.2], the segment process X, is stochas-
tically continuous as well. So by bounded convergence and subsequence arguments, 2.
follows.

The proof of 1. will be more involved and is given in Section 7.

In the sequel we will use several assumptions on the input to our equation (1), so we
list them here.
Assumption 1. 1. vo(p) <0 (see (5)).
log |z| dv(x) < 0.

2. The Lévy measure v of L satisfies f\x\>1

3. F is lolidet.

4. F'is autonomous and bounded.

We remark that boundedness of F' implies growth condition 2. of Definition 4.1.

5 Tightness of segments

In this section we obtain the tightness of the segment process under Assumption 1. We
start by showing that for each fixed T" > 0, and any uniformly bounded sequence ®,, of
initial conditions (i.e. sup,, SUp_,«,<oSup,cq |Pn(s, w)| < o0), that

sup P(sup | X, (t)] > K) — 0 as K — o (15)
n t<T
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(recall that X denotes the solution of (1) with initial condition ®), by showing the fol-
lowing stronger result.

Theorem 5.1. Let ®,, be a uniformly bounded sequence of initial conditions. Let further
Assumption 1 hold. Then the laws of (Xe,(t + 8): s € [0,])t0, nen form a tight set.
Consequently,
supsupP( sup |Xg,(t +u)| > K) — 0 as K — oo. (16)
n t>0 0<u<La

Notice that (16) implies (15). In order to prove Theorem 5.1, we need several lemmas.

Lemma 5.2. Suppose vo(p) < 0. The fundamental solution r of the deterministic delay
equation is C1 on o, 00) and its total variation TV|_o ) is finite.

Proof. Since r is absolutely continuous on [0, 7] for every T' > 0, we have that for s > ¢
and s,, — s that

/ F(sn + a)pu(da) = <%>~g@w=/’ r(s + a)pu(da),
[—a,0] [—a,0]

by bounded convergence. So h(t f g(s)ds, t > «, is an antiderivative of a continuous
function, hence C', and I/(t) = ( ), Wthh is a continuous function on [a, 00). More-
over, the estimate |g(t)] < C"exp(—p3t) holds for some C’, 3 > 0, so that TV}, .yr <
[ C" exp(—pt) dt < oo. Since r is absolutely continuous on [0,a] and TVi_qqr = 1, we
obtain that T'V|_, )r < 0o. O

Lemma 5.3. Suppose vo(p) < 0 and let 7(t) := f[_a 0 r(t+ a)p(da), fort > 0. Then 1 is

almost everywhere on [0,00) equal to the derivative of r and the total variation TV)y )T is
finite.

Proof. The first claim follows directly. For the second claim, let 0 <ty <t; < --- <, <
oo, then

S (i) — #(t) |<[‘ §jvzﬂ+n»—Mt+@Hmw@
— aO
< TV[*O:,OO)T|N|'
]

Lemma 5.4. Suppose vo(p) < 0. Let A C D[—a, 0] such that sup e SUp_,<s<o|©(s)| <
00. Then the solutions of the deterministic delay equation satisfy

sup sup |z(t, )| < 0.
pEA te[—a,00)
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Proof. By (4), for p € A,

|z(t, )| = ' /ao]/ r(t + s — a)p(s) dsu(ds)

<sup|<P( )l sup |7 ( Sup [7(s)|asup sup |p(s)]|p] < oo.
peA 5€[—a,00) se[ 0) pEA —a<s<0

O

Lemma 5.5. If Assumption 1 holds, {L(Xe,(t)): t >0, n € N} is a tight set of laws on
R, provided that sup,, sup_, ) SUP,eq |Pn(s,w)| < 0o.

Proof. Since X, (1) = ) + fo r(t — s)F(Xs,)(s—)dL(s) and by Lemma 5.4
sup,, |z(t, ®,)| < oo, we can execute the same proof as in [22, Proposition 4.2], as the
only property of F'(Xg,) used there is that it is a bounded process. O

We proceed by showing that the laws of the deducted segments Xg, (t + ) — X, (1),
t > 0, are tight as well.
Define processes

I"(u) = . O]Xq>n(u+v)u(dv)

-/ (st [ ko = 905141 ) i)
= /[a’o] z(u+ v, @,)pu(dv) + /Ouf(u — s)F(Xe,)(s—) dL(s),

where we used the stochastic Fubini theorem and that r(s) = 0 for s < 0. Hence, since
X, is cadlag, the processes

V™ u) = /Our(u — 5)F(Xe,)(s—)dL(s)

have cadlag versions, which we will use in the sequel.

Lemma 5.6. Processes V" defined above satisfy

lim supsupP( sup |[V"(t+s)| > K) =0,
K—00peN t>0  0<s<a

in other words, {SUpg<.<, |V"(t + 5)[: t > 0,n € N} is a tight set of laws on R.

Proof. First we show that the set of laws {L(V"(u)): u > 0, n € N} is tight. To do so,
we examine the proof of [22, Proposition 4.2]. There the authors prove that the family of
laws {L(X(t)): t > 0} is tight, where

X(t) = /0 r(t—s)F(X)(s—)dL(s), t>0.
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In the proof they use the boundedness of F/(X(s—)), the fact that r(t) decays exponentially
for t — oo, and that the Lévy process L is exactly as in our Assumption 1. Due to our
Assumption 1 we have the same bound for F(Xs,)(s—) for all n simultaneously. As we
also have exponential decay of the function 7, we can execute the same proof for V" (u)
and obtain that {L(V"(u)): u > 0, n € N} is tight.
As
sup [V7(t+5) < sup [Vt +5) — VI(E)| + [V (1),
0<s<a 0<s<a
and we have that {L(V"(t)): t > 0, n € N} is tight, it is enough to show tightness of the
laws of supycge,, |V (t +s) — V™(t)|, where n € N and ¢ > 0.
Our Lévy process L decomposes into

L(t) = bt + M(t) + N(t),

where N(t) = > ., AL(s)1jaL(s)>1, M is a square integrable Lévy martingale, and b € R.
Then -

sup
0<u<la

< 3 C'mexp(=A(t - )| AN(s)],

s<t+a

t+u
/0 #(t +u — ) F(Xo,)(s—) AN(s)

and the last process is bounded in probability by time reversal for compound Poisson
processes and [11, Lemma 4.3] (see also [22, Proof of Proposition 4.2]). Further,

t+u t+u
/ 7t +u—s)bds| < C’b/ exp(—0(t +u —s))ds < C'b.
0 0

Therefore it is enough to show that the laws of

sup
0<u<la

)

t+u t
/0 Tt +u—s)F(Xe,)(s—)dM(s) — /0 7t — s)F(Xs,)(s—)dM(s)

n € N, t > 0, are a tight family. Now

t+u t
/O Pt +u— ) F(Xo,)(s—) dM(s) — /0 F(t— $)F(Xa,)(s—) dM(s)

< /0 (Frt+u—s)—7r(t—3)F(Xe,)(s—)dM(s)

+

t+u
/t F(t +u— 5)F(Xa,)(s—) dM(s)

19



For the first term we estimate

/0 (Frt+u—s)—7r(t—s))F(Xe,)(s—)dM(s)

=| [ [ arte s opca )6 a6)

-|/ t / vt P (Xo, ) () di(v) dM(s)

_ /0 a < /I:M F(Xq>n)(s—)dM(s)> di (v)

t+a t—vt+w
< / sup / F(Xa, (s—) dM(s)| dJf|(v),
0 w<la,neN

t—v
by the stochastic Fubini theorem. Hence

/0 (r(t+u—s)—7r(t—s))F(Xe,)(s—)dM(s)

t+a 2\ 1/2
< / (Esup ) d|r|(v)
0 u<la

< (TVjg,00)7)AmA(EM (@)*)V/2,

by Doob’s inequality, boundedness of I’ and the fact that M is a Lévy square integrable
martingale.

For the second term, we first extend 7 by 7(s) = 7(0) for s < 0 and compute

/t T bt = 8)F(Xa,) (=) dM(s)
— /t+u (/u dr(t — s +v) +7(t — S)) F(Xe,)(s—) dM(s)

g/ /dm—st(X%)( —)dM(s)
+ [7(0)F(Xa, ) (t—)AM(1)]

/t+“/ Li—ococtru—:t'(Xo, (s—)) dr(z) dM(s)

_ /0 ( /t”“F(X%x ) dM(s >) a7 (2)

by applying stochastic Fubini theorem and because |AM| < 1. Hence, arguing as above,
we obtain

E sup

u<a

/t (X)) (5-) dM(s)

—v

IN

+7(0)[m

+7(0)[m

t+u
Eoigga /t 7t +u—s)F(Xe,)(s—)dM(s)

< (TVio.cey)4m*(EM ()*) !/ + 17(0)m
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Now the proof is complete. O

Proposition 5.7. Let Assumption 1 hold, and let ®, be a uniformly bounded sequence of
initial conditions. Then the laws of (Xo,(t +s) — Xe,(t): s € [0,a]),t >0, n €N, are
tight in D0, a].

Proof. We use the same strategy as in [22, Proposition 4.3] and only need to show that

lim supsupP( sup |[["(t+u)| > K) — 0,

K—oo pn >0 0<u<a

where

)= [ Xt ou()

— [ sl oo + [ i 9F(Xe,)(5-)dL(s)
(0] 0

Since the first term is bounded in n and ¢ by Lemma 5.4, we infer the claim with the aid
of Lemma 5.6. O

Now proving Theorem 5.1 is straightforward.

Proof of Theorem 5.1. We have X, (t+-) = (Xo, (t++) — Xon (t)1)+ Xon (t)1 for all £ > 0,
where 1(s) =1 for all s € [0, a]. Let € > 0. By Proposition 5.7, there exists a compact set
K C D[0,a] such that P(Xg, (t+) — Xen(t)1 € K) > 1—¢/2 for allt > 0 and n € N. By
Lemma 5.5 there exists a bounded interval I C R such that P(Xs, (¢) € ) > 1 —¢/2. Let
K':={o+cl: c € K, ceI}. Then P(Xg,(t+-) € K') > 1—¢. The set K’ has compact
closure in D[0, a|, due to [3, Theorem 12.4]. Indeed, as K is compact it satisfies conditions
(12.25) and (12.30) of [3]. Then K satisfies these conditions as well, hence it has compact
closure by the same theorem. Thus, {£(Xe,(t+)): t >0, n € N} is t ight. O

6 A stability theorem
In this section we prove that ®, — & in D[—a,0] w.r.t. ds in probability implies uni-

form convergence on compact sets in probability of the corresponding solutions, under
Assumption 1 and the following condition:

0, — @ in D[—a,0] wrt. dg = /004 (F(2_,)(t) — F(x_,)(t)* dt — 0, (17)

where x_,(t) := x(t) for t > 0 and z_,(t) := ¢(t) for —a <t <0, and likewise for z .
We need the following approximations of F':

FN(z)(t) == F(z'™)(t), where 2 := (xAN)V(=N), for 2 € D[—a,o0), t >0, and N > 0.
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Then F is Lipschitz in the sense of [22, (2.5)]. Indeed, for z,y € D[—a, 00) and ¢ > 0 and
N > 0, we have that |2V (t)|, |[y™ (t)| < N for all t > —a, hence by condition 1 of Definition
4.1 there is K such that

[FY(@)(t) = FY () (1) = [F()(t) = Fy™)(0)] <
Ky sup [a%(s) —y"(s)] < Kn sup |a(s) = y(s)]

sEt—a,t] sEft—a,t]

for all ¢ > 0.
If (17) holds for F then it also holds for the approximations FV, provided N >
sup,,  [on(s)| V [(s)], since then for any 2 € D0, 00),

F¥(x.p) = F((.,)™) = F((z™).,)

and the same holds for ¢,.
We need the next lemma.

Lemma 6.1. Let L be a Lévy process with Lévy measure v and let T' > 0. Then for each
K > 0 there exist constants b and o such that for each stopping time R with |AL""| < K

we have
2 T
<2 <b2T + 202 + 2/ u? V(du)) / EH (t)*dt,
gQ[O,T} (7K7K) 0

for every predictable process H with fOT EH (t)*dt < co.

Y AL (s)

Proof. Let K > 0 and let R be a stopping time such that |[AL®~| < K, and let H be a

predictable process such that fOT EH (t)*dt < co. Consider the Lévy-Ito decomposition of
L (see [1, Theorem 2.4.16]),

L(t) =bt+oB(t) + /

uN(t, du) + / ulN(t,du)
(—K,K) u|>K

and set Ly (t) = L(t) — f‘u|>K uN (t,du). Then L~ = L% so we have

t)dLR t)dLiE <2

H?[0,T]

VdLg

I

H?[0,T]

H?[0,T]

argueing as in [21, Proof of Theorem V.5]. Denote

/ /KK) N(dt, du),

where the integral is as defined in [1, Section 4.2]. Notice that Iy (t) equals the usual
stochastic integral of H with respect to the Lévy process f(_ K.K) uN(t,du), as one can see
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from the construction of both integrals. Since fOT f(fKJ()I[E(ul—](t))2 dtv < oo by assump-
tion and Fubini, [1, Theorem 4.2.3] yields that Iy is a square integrable martingale and
EIy(t)? = [y vidv [y BH(#)? dt. Now

[ ot <o [0 vo [ HGABE) 10

where the first term is a process of bounded variation and the latter two terms are square

integrable martingales. Hence by a well known identity for square integrable martingales
(see [21, Cor. 3 to Theorem I1.27]),

o S (TV (b/o H(s) ds))2 +9E (a /OT H(s)dB(s) + IH(t))2

T T
< 20°T / EH (t)* dt + 40? / EH (t)*dt + 4E(I4(T))>.
0 0

s)dL(s

O

Theorem 6.2. Let Assumption 1 and (17) hold. If ®, — & in D[—a,0] w.r.t. dg in
probability, then Xe, — X uniformly on compact subintervals of [0, 00) in probability.

Proof. Write X = Xg, X" = X, throughout this proof. Fix "> 0 and ¢ > 0.
Assume first that {®,,, @} is a uniformly bounded family. Hence Theorem 5.1 can be
applied and (15) holds, so that there exists Ny such that for N > Ny,

sup P(sup | X"(¢t)| > N),P(sup | X (t)| > N) < e.
n t<T t<T

Define stopping times 7™ := inf{t: | X"(t)| > No} and T := inf{t: | X(¢)| > No}. Then
P(T">T)>1—¢cand P(T> > T) > 1 — . Moreover,

(X" (¢ / e / o (XM (s + a)u(da) ds

T / F((X™T")(s—) LT (s)

[ [0 o+ e s

[ Ryt o)

0

So by uniqueness of solutions, (X™)1"~ = (XéNO))T ~, where X ) denotes the solution to
the equation (1) with F replaced by F™°. Likewise, (X)T T = (X(NO))T ~. Since

Sup [X7 (1) = X (D] < sup | X" (1) = Xy ()] +sup | X, (1) = X3 (1)

+sup [ X$ (1) — X<t>\,

t<T

23



we obtain for > 0,

P(sup | X" (t) — X(t)| > 6) < P(sup |X"(t) — X5 ()] > §/3)

t<T t<T

+ P(sup | X (1) = X5 (8)] > 6/3) + P(sup | Xg™ (1) = X(1)] > 6/3)

t<T

<P(T" < T) + Bsup [ X0 () — Xg° (8)] > 6/3) + B(T™ < T)
t<T

< 2¢ + P(sup | X (1) — X§ ()] > 6/3).
t<T
Hence in this special case there is no loss of generality by assuming that F' is Lipschitz in
the sense of [22, (2.5)].

Let R be a stopping time such that L#~ has bounded jumps, is a-sliceable for suitably
small o, and P(R > T') > 1 —¢ (see [21, Theorem V.5]). Denote by Z and Z" the solutions
of equation (1) with L replaced by L~ and initial condition ® and ®,, respectively. By
uniqueness of solutions, (Z")%~ = (X™)%®~ and Z%~ = X~ Hence for § > 0,

P( sup [X"(t) — X(t)] = 0)

0<t<T
<P(sup | X"(t)—X(@t)|>dand R>T)+P(R<T)
0<t<T
<P(sup [Z2"(t) = Z(1)] = 0) +¢/2,
0<t<T

so it suffices to show that Z" — Z uniformly on [0, 7] in probability. To show this we
introduce some notation:

Yo(r) /0 /[_ o) = Zo o4 )l + /0 (F(Z2) — F(Za.))(5—) dLE(s),

G U0 = [ (Zan(t )~ (2= 0 (0 0) )
HAU)(0) 1= F(Z.o,)(0) ~ F(Z = U).a,)(0),

t > 0. We obtain for U™ := Z — Z™ the equation
U™(t) = ®(0) — @, (0) + Y"(¢ / G (U™)( ds+/ H™(U™)(s—) AL (s).

Lemma V.3.2 of [21] extended to two driving semimartingales yields [|U"||g2j07) <
Cl®(0) = ®,(0) + Y"||s2(07) With a constant C' > 0 depending on the process L~ and
the uniform bound for the Lipschitz constants of mappings V +— f[_a 0 V(- + u)p(du),

V- f[fa " Vo, (- +u)p(du), V— F(Vs), and V — F(Vg,). (Notice that this boun is
finite as [F' is assumed to be Lipschitz and we assumed that ®,,, ® is a uniformly bounded
family. As ®,, — ® w.r.t. dg in probability, we have ®,,(0) — ®(0) in probability, hence

1U" | s20,7y = O 1f [|Y"{| 520,27y — O-
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Next we show [[Y™"|g201 — 0. Due to the continuous embedding of H ?[0, 7] into
S?[0,T7] (see [21, Theorem V.2]) and Lemma 6.1 this follows if

IE/O ( /[_a’0]<Z_cI><t+u) — Z_cpn(t—l-u)),u(du)) +(F(Ze))(t) — F(Zs,)(t)) ) dt — 0

(18)
as n — oo. By the boundedness of F and assumption (17) we have
EfOT (F(Zo)(t) — F(Zg,)(t))* dt — 0 as n — oco. Moreover,

/oT (/[a,o] Z(a(t+u) = Za,(t+u)) M(du)) 2 dt
— /T (/[_wo]@)(t +u) — O, (t + 1)) M(du)) </[—a,0}(q)(t ) — Bt +v)) u(dv)) Qi

-/ /[_a,o] /0 (B(t + 1) — Dt +w)) (Dt +0) — ot + 0)) 1oy (1)

Li—q,—1(v) dtpe(du)p(dv).

This expression converges almost surely to zero and is bounded in n and w, as convergence
in dg implies almost everywhere convergence on [—«, 0] and the family ®,,, ® is uniformly
bounded. Hence (18) holds indeed, and we proved the special case of uniformly bouded
initial conditions.

For the general case, notice that since ®, — ® w.r.t. dg in probability, the laws of
®,, converge weakly to the law of ®, and since (D[—«,0],dg) is Polish we have by the
Prohorov theorem that the family of laws of ®,,® is tight. Hence for a ¢ > 0 there is
a set K C D]|—a,0] compact w.r.t. dg such that P(®, € K, & € K) > 1 — ¢ for all n.
As convergence w.r.t. dg is implied by Skorokhod convergence, K is also compact w.r.t.
ds. Hence all the functions in K are bounded by some finite constant C'. Consider the
truncated initial conditions ®¢ and ®° and let X and X be the solutions of equation
(1) with these initial conditions. We have that P(®, = ®¢, & = &%) > 1 — ¢, and
concentrating P on the sets {®, = ®¢} and {® = ®°}, with the aid of [21, Theorem
IV.23] and the uniqueness of solutions we conclude that

X" = X" as. on {®, = &7}
X =X as. on {® = &}
Moreover, it is easy to check that ®¢ — &Y w.r.t. dg in probability, so that be the special
case above, supg<;<p | X "(t) — X (t)| — 0 in probability. Finally, for § > 0,
P( sup |X(t) — X™(t)] > 6) <P(sup |X(t)— X(t)| > /3)+P(sup |X(t)—X (t)| > /3)
0<t<T 0<t<T 0<t<T

+P(sup | X" (t) — X"(t)] > §/3)

0<t<T

<2 +P(sup |X"(t) — X"(t)| > §/3)

0<t<T
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and the theorem has been proved. O

Remark 6.3. 1. By stopping X = Xg appropriately, we can use similar techniques as
before and prove Theorem 6.2 even if F' is not bounded, but merely having linear
growth.

2. Each of the conditions ‘®, — ® w.r.t. dg in probability’, ‘®, — ® w.r.t. dg a.s.’, and
‘®, — & w.r.t. dg a.s.” is stronger than the condition of Theorem 6.2.

In the next Corollary the use of ds instead of dg is essential; see [22, Section 3.3] for a
counterexample with dg.

Corollary 6.4. Let Assumption 1 and (17) hold. If ®,, — ® with respect to dg in proba-
bility, then Xo,+ — X, with respect to dg in probability for every t > 0.

Proof. If t > «, the assertion readily follows from Theorem 6.2. Consider 0 < t < a.
Let A be an increasing homeomorphism from [—/3,0] onto itself. Define p: [—3,0] —
[—53,0] by p(s) = s for s € [—t,0], p(s) = At + s) —t for s € [—a, —t), and affine on
[—8, —a] with p(=8) = —3. Then p is an increasing homeomorphism, sup,c_g |p(s) —
s| < supep [A(s) — ], and

Sup [ Xa, (t4+5)~Xo(t+p(s))| < sup [ B,(t+5)~BA(t+5))|V sup |Xo, (t-+5)—Xo(t+s)].

s€[—a,0] sE€E[—a,—t] s€[—t,0]

Hence dg(Xs, 1, Xot) < da(Pn, P) +SuDe(g o) [ Xa,(5) — Xa(s)|, and the proof follows. [

7 Markov and eventual Feller property and existence
of invariant measure

Theorem 7.1. Let Assumption 1 and (17) hold. The segment process (Xo1)i>0 15 a Markov
process, the transition operators Py defined by (11) map Ba(D[—«,0]) into By(D[—«,0])
and satisfy

Pu,t = Pu,sPs,t and Ps,t = PO,tfs

forall0 < u < s <t. Moreover, the Markov semigroup (P;):>o defined by (12) is eventually
Feller.

Proof. In this proof we endow D[—a, 0] with the metric dg. Recall that by Lemma 2.1 dg
and dg generate the same Borel o-algebra B(D[—a;, 0]).

We begin by showing (10). Let 0 < u < ¢t and B € B(D[—«,0]). Observe that
15(X%, ;) is measurable, as X%, , = Xs(t), by (9). Let Cj denote the space of bounded
functions f: D[—a, 0] — R that are continuous with respect to dg. Let f € C} and let € be
an F,-measurable random variable with values in D[—a, 0]. For a F,-measurable random
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variable £ with values in D[—a, 0], let A(§,w) := f(X{,(w)). Let further A(p) :=EA(y,")
for o € D[—a,0]. Assume first that

=Y alg, (19)
i=1

with a; € D[—a,0] and C; € F,, and C; mutually disjoint, | J, C; = Q, and P(C;) > 0 for
all i. Then A(§,w) =), A(a;,w)1l¢,(w) (as before we rescale P to C; and use [21, Theorem
IV.23] and uniqueness of solutions), so

E[AE(+), )| Fu] = Z 1¢,EA(a;,-) = ZA(ai)lci = A((+))-

If ¢ is an arbitrary F,-measurable random variable with values in D[—«, 0], then there
are &, of the form (19) such that dg(&n(w),{(w)) — 0 as m — oo for a.e. w (see [25,
Proposition 1.1.9]). Due to the continuity of f and Corollary 6.4 we have A(&,,, ) — A(§,-)
in probability, so that

as f is bounded. Again by Corollary 6.4 we have A(p,) — A(p) whenever dg(¢,,p) — 0,
so that A(&,) — A(€) a.s. Hence E[A(E, )| F.] = A(€) as.

Next let C' be a closed subset of D[—«,0] and choose f, € C, such that f, | 1¢
pointwise. Let A,(w) := fu(X{,(w)) and A(p,w) = 1o(X(w)), w € Q, and A,(p) =
EA,(p,-) and A(p) =EA(p, ), ¢ € D[—«,0]. Then A,, | A and A, | A pointwise, so

By a monotone class argument we can extend the above identity to any C' € B(D[—a, 0]),
that is, we have proved (10).

We show that P;; maps By(D[—a,0]) into By(D[—«,0]). Indeed, if f € Cp, then
Corollary 6.4 yields that Ps,f € Cy. If C is a closed subset of D[—a, 0], then there are
fn € Cp such that f, | 1¢ pointwise and then Ps.f, | Ps:1¢ pointwise, so Ps;1¢c €
By(D[—a,0]). By a monotone class argument we obtain P;;1c € By(D[—a,0]) for any
F € B(D[—a,0]) and then it follows that Ps;f € By(D[—a,0]) for any f € By(D[—a,0]).

The Markov property (10) yields for 0 < u < s <t that

Pu,tf(@) = Ef(‘)(z,t—u) = E(E[f(Xz,t—u”fs])
= E(E[f(XXu o)) = EEAXGo)lxe, =)
= Pu,sPs,tf(cp)'

By uniqueness in law [15, Subsection IX.6¢c] we have that (X{,);>0 has the same law as
(Xy,t)e>0 for each u > 0, since L" and L have the same law. Hence Py, = Py ,s.

Finally, we establish that (P;); is eventually Feller. By Proposition 6.2 we have that
for each t > a, ¢, — ¢ in D[—a,0] implies X, ; — X, in D[—a, 0] in probability, so
P f(¢n) = P.f(p), hence (13) holds. Property (14) has already been shown. O
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Remark 7.2. The condition (17) is rather mild as the following examples show.

1. Let p be a finite signed Borel measure on [—«,0] and let f be a locally Lipschitz
function on R with linear growth. Define

P =1 ( /[ R Dplan) ), ez
F(z)(t) =0, —a<t<O0,

x € D|—a,00). Then if ¢, — ¢ in D[—a,0] and = € D|0, ),

/0 C(Flap(t) — Pl (1))? di

- [ (s( e plae)) - 1 ( [ ot v>p<dv>))2 at
gcAa([mJ@%u+m—xw@+mm@m)aﬁ
(

[ lten ot o)
-(%m$@%@+m-mwa+mmmm)@
o [T et o et ettt 0 et )

]—u<—t1U<—tp(du)p(dv) dta

for some C' depending only on f, x, p, and (i, ), where the latter equality follows by
Fubini theorem and the fact that z_,, (t+w) = x_,(t+w) whenever t+w > 0. Now by
the Fubini theorem and dominated convergence F' satisfies (17) for each z € D|0, 00).

Moreover, F' is lolidet: for ¢ > 0 and x,y € D[—a, 00) such that sup,c(;_ 4 |2(s)| V
ly(s)| < n we have

| st o) | [ gt o)

[—a,0] [—a,0]

Hence as f is locally Lipschitz there is a C}, > 0 such that

[ e = o) ol
—a,0

< Culpl sup a(t+v) — y(t +v).

vE[—a,0]

< nlp.

I

|F(2)(t) = F(y) ()] < C

Since f has linear growth, it follows that F' is lolidet.

However, F' need not be Lipschitz in the sense of [22, (2.5)] if f is not Lipschitz.
To see this, take f(t) = sin(#?), p the Lebesgue measure on [—a, 0], and evaluate
F(z,)(t) = sin(a?n?), where x, = n.
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2. Likewise we can take pi,...,pq signed Borel measures on [—a,0] and f a locally
Lipschitz on R?. In particular, we may take for F' combinations of finitely many
point evaluations.

As above, F is lolidet but need not be Lipschitz in the sense of [22, (2.5)].

3. Let f be a locally Lipschitz function on R. Let for x € D[—a, 00),

F(x)(t) := f( sup |x(s)]), for ¢t >0,

t—a<s<t

F(z)(t) :=0for —a<t<D0.
Then if ¢, — ¢ in D[—a, 0], for z € DI0, 00),
a o 2
[0 - redorase [ sw ool sw o) a
0 0 t—a<s<t t—a<s<t

for some C' depending only on f, z, and (¢, ), hence by bounded convergence the last
expression above will tend to zero if for a.e. t € [0, a]

sup [z, (s)] = sup |z,(s)] — 0. (20)
t—a<s<t t—a<s<t
Let us show that (20) holds for ¢ such that ¢ is continuous at t — a.. Let (\,) be a

sequence of increasing homeomorphisms on [—a;, 0] such that ||¢, — @ oA\ ||eo + | An —
I||oc — 0. Then

sup |en(s)] — sup |o(s)]

t—a<s<0 t—a<s<0

< sup | o A(s)] — sup [p(s)]].

t—a<s<0 t—a<s<0

sw (o)l = s [eon ()] +
t—a<s<0 t—a<s<0

The first term converges to 0 as ||¢, — oA, ||«- For the second term, let € > 0 and let
d > 0besuch that t—a—0 < s <t—a+¢ implies p(t —a) —e < p(s) < p(t—a)+e.
Fix N such that ||\, — I||cc < ¢ for all n > N. Then

sup o A(s)| = sup  [p(s)[ < sup  [p(s)| < sup |p(s)|+e
t—a<s<0 An (t—a)<s<0 t—a—96<s<0 t—a<s<0
and

sup |p(s)[ —2e < sup  [p(s)| < sup (s,
t—a<s<0 t—a+0<s<0 An(t—a)<s<0

so that the second term is less than 2¢ whenever n > N. Now since

SUD; st |Tp(8)] = SUP;_p<sco |0(5)] V supg< < |2(5)| and the same with ¢, (20)
holds if ¢ is continuous at t — «. Hence F satisfies (17) for each x € D|0, o0).
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If z,y € D[-a,o0) are bounded by mn on [t — «,t], then
}sup[tfa,t] |2(s)| — SUP_q.4 ly(s)]| < n, so by the assumption on f there is a
C,, > 0 such that

[F(X)() — F(y) ()| < Cp | sup |(s)] — sup [y(s)]|

[t—aut] [t—aut]

As SUPset—a,t] |.T<8)‘ < SUPselt—a,1] |.’L‘<S) - y(8>| + SUPset—a,t] ‘y<8)‘7 we obtain by Sym-
metry }Supse[tfa,t] [z (s)] — SUDset—a,t] |?/(5)H < SUDgelt—ay |z(s) — y(s)|. Since f has
linear growth, it follows that F'is lolidet. Again, F' need not be Lipschitz in the sense
of [22, (2.5)] if f is not Lipschitz, as we see by taking f(¢) = sin(¢?) and evaluating
F' on the sequence z,, = n.

4. Similar arguments as in 3. can be given for functionals like f(sup; ,<.<;#(s)),
f(inf;_p<s<tx(s)) and f(inf;_p<s<t |2(5)]).

Notice that all functionals F' in the previous remark are autonomous in the sense of
Definition 4.4. If f is bounded, then F' satisfies all conditions of Assumption 1 and (17).

Finally we consider existence of an invariant measure. Denote by P the set of Borel
probability measures on D[—q, 0] endowed with the topology of weak convergence of mea-
sures. Let B, denote the space of all real valued bounded Borel functions on D[—«, 0] and
denote (¢, f) = [ fd¢, f € By, ¢ € P. The adjoint of the Markov semigroup defined in
(12) is given by

<Pt*<7f>:<<7ptf>7 fEBthEP'

A measure 7 € P is called an invariant measure for (1) if
Pin=n for all ¢ > 0.

If n is the distribution of an initial segment ®, then P;n is the distribution of the segment
Xt.¢. Therefore if @ is an Fy-measurable random variable with values in D[—a, 0] whose
law is an invariant measure, the segment process corresponding to the solution X of (1)
with initial condition ® is constant in law. In this case the solution X itself is also constant
in law.

Theorem 7.3. Grant Assumption 1 and assume that (17) holds for every x € D]0, c0).
Then equation (1) has an invariant measure.

Proof. Tt follows from Theorem 7.1 that P, maps C, = Cy(D[—«,0]) into Cy for ¢t > «
and that ¢ — P;( is a continuous map from [a, 00) to P. Moreover, P}, , = PP} for all
s,t > 0. Theorem 5.1 yields that the set {P(: t > «} is tight, where, for instance, ( is
the distribution of the initial condition ¢ = 0.

Next, proceeding as in [22, Section 4.2], the invariant measure 7 is obtained by means
of the Krylov-Bogoliubov method. O
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Example 7.4. Let us illustrate by means of an example how transformation of an equation
with unbounded globally Lipschitz coefficients may lead to an equation with bounded
coefficients that are locally but not globally Lipschitz. Consider the equation

AX(t) = —az(t)dt + F(X,)dt + g(X)AW(E), >0,

where @ > 0, « > 0, and f,g: D[—a,0] — R are Lipschitz with respect to |-||., and
continuous with respect to the Skorohod metric dg and such that

fW)IV1g(y)| < C(1+[y(0)]") forally € D[~a,0]

for some C' > 0 and 0 < r < 1. The process W is a real valued Wiener process. With a
sufficiently smooth strictly increasing ¢: R — R such that

¢(x) = sgn(x)|x|® for large ||

for some 0 < s < 1 — r, the process

satisfies

dY (t) = —asY (t)dt + f(Yz)dt + g(Yz)dW (2),
due to Ito’s formula. The coefficients f and § are given by
F(y) = asy(0) — asd/' (6~ (y(0)))d ™ (y(0)) + &' (6 ((O)) f(t — &~ (y(1)))
+ 2067 W)t 67 (u(1)”
9(y) = ¢' (6 (y(0))g(t — &~ (y(1))),

for y € D[—a,0]. A computation reveals that fand g are bounded. Indeed, choose R > 1
such that ¢(x) = sgn(z)[z]* for |z| > RY*. Then ¢/(¢(2))6~\(z) = sz, |¢/(6~"(x))] =
s|z[*715 and |¢" (¢~ (2))| = s(1 — s)|z|' % for || > R, so that

/(67 @)L+ [o]7%) < 25 and |6"(6@)](1+ [2]7*)? < 4s(1 — 5)
for |z| > R and therefore
F(w)] < lasy(0) — ag/ (6™ (5(0))6~ (w(0))| + CI6/ (6~ (HONI(1 + |6~ (w(O)))
F 501" (6 WOI+ 167 (O]’
<MV2C(s+s(1—s))
for all y € D[—a, 0], where

M = sup |asz — a¢/(¢~" (2))d~" ()] + C|¢ (6~ (2)|(1 + |67 (2)[")

lz|<R

+ %Clcb”(cbl(w))l(l +lo~ (@))%,
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and, similarly,
[9(y)] < M Vv 2s for all y € D[—a, 0].

It easily follows from the local Lipschitz continuity of f, g, ¢/, ¢ and ¢! that f and ¢
are locally Lipschitz continuous. Since ¢! is not Lipschitz, f and ¢ need not be globally
Lipschitz, even if f and g are globally Lipschitz.
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