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Abstract

It is shown that below every positive bilinear form on a Riesz space
there exists a greatest Riesz (orthosymmetric) bilinear form, called its
Riesz part. An explicit formula is given. If a positive inner product on a
Riesz space induces a norm such that the positive cone is closed and the
space complete, then its Riesz part is an inner product that induces an
equivalent norm.

This paper goes back to research on inner products on Riesz spaces that I
started in 1995, during my first year as a PhD student with Arnoud. Soon, our
attention shifted towards seminoms, leaving results we obtained unfinished and
our suspicions unconfirmed. Since then I had the vague plan to revisit these
first steps and try my new experience and insights. The occasion of this special
book seemed the right moment to do so, and I did with dearest memories.

1 Introduction

The presence of inner products in the theory of Riesz spaces (vector lattices)
is not as prominent as those of norms and vector space topologies. There is
literature available, though, especially focussing on bilinear forms, often in con-
nection with algebra structures or tensor products, and Hilbert lattices. In this
paper we study inner products that are positive as bilinear forms (called positive
inner products) in relation with inner products that induce Riesz norms (called
Riesz inner products).

We will show that for every positive bilinear form (.,.) on a Riesz space F
there exists a greatest positive bilinear form ({.,.)) below (., .) with the property
that |z| A ly| = 0 implies that ((z,y)) = 0. We will call ((.,)) the Riesz part of
(.,.) and construct it by an explicit formula.

In case (.,.) is an inner product, the question arises whether its Riesz part
is an inner product as well. It turns out to be a semi-inner product, but it fails
in general to be positive definite. The situation improves if we assume norm
completeness. We will show that if E is norm complete and ET is closed with
respect to the norm ||.|| induced by (.,.), then the Riesz part of (.,.) is an inner
product that induces a norm that is equivalent to ||.||. Further, if (.,.) is such
that (z,y) > 0 for all x > 0 implies that y > 0, then norm completeness of the
space yields that (.,.) is itself a Riesz inner product.



Throughout this paper, F will denote a Riesz space, and all our vector spaces
will be real. We assume the Axiom of Choice.

2 Generalities on bilinear forms

A bilinear form B: E x E — R is called positive if B(x,y) > 0 for all z,y € E™,
and Riesz if moreover B(z,y) = 0 for all z,y € E with |z] A [y| = 0 (ie.,
orthosymmetric in the terminology of [2]). Note that B is positive if and only
if it is increasing on ET x ET in both of its arguments. The cone of positive
bilinear forms on E generates a partially ordered vector space. Statements
involving ordering relations of bilinear forms refer to this ordering.

A bilinear form B on a vector space V is called symmetric if B(z,y) =
B(y, z) for all z,y € V and (semi-) positive definite if B(z,z) > 0 (> 0) for all
x € V\{0}. A (semi-) inner product is a (semi-) positive definite symmetric
bilinear form.

Every Riesz bilinear form B is semi-positive definite. Indeed, B(z,z) =
B(zt,27) + B(z~,z7) > 0 for all z. If E is Archimedean, [2, Cor. 2] yields
that B is also symmetric and hence a semi-inner product.

2.1 Lemma Let (.,.) be a semi-inner product on E and let p be its induced
seminorm. Then

(i) {.,.) is positive if and only if p is Fremlin, i.e., p(z — y) < p(z + y) for all
x, € Et (see [4], [5]).

(ii) (.,.) is Riesz if and only if p is Riesz.

Proor. (i): (z,y) = (p(x+vy) —p(x —y))/4 for all z,y € E. (ii): Observe that
{|z|, ||y — {x,x) = 4{x+,27) equals zero for all z € F if and only if (z,y) =0
for all x,y € F with |z| A |y| = 0 and combine with (i). 0

A function f: ET — R is said to be additive if f(z +vy) = f(z) + f(y) for
all z,y € ET and positively homogeneous if f(Ax) = Af(x) for all z € ET and
A €0, 00).

2.2 Lemma Let B: ET x ET — R be such that B is additive and positively
homogeneous in both arguments. Then there is one and only one bilinear form
B on E extending B, and

(i) if B(z,y) > 0 for all z,y € E*, then B is positive,

(i) if B(z,y) = 0 for all z,y € ET with x Ay = 0, then B(x,y) = 0 for all
x,y € E with |z| A |y| = 0.

PRrooOF. Define for z,y € E:

B(l‘,y) = B($+,y ) - B(m_ay+) - B($+,y_) +B($_’y_)' (1)



Then B = Bon EY x ET. If a € Et, 2 € E, and 21,29 € E* are such
that £ = z1 — @2, then x1 + 2~ = 2+ + 29 and, by additivity of B, B(x1,a) +
B(z™,a) = B(z™,a) + B(xa,a), so that

B(xz",a) — B(x™,a) = B(z1,a) — B(zz,a).

Similarly,
B(a,z") — B(a,»”) = B(a,z1) — B(a, z3).

Then for z,y € E and x1, T2, y1,y2 € BT with = 21 — 29 and y = y; — y» one
has

B(may) = B($+,y+)—B(.’L‘_,y+)—B($+,y_)+B($_,y_)
= B(zlay+)7B(I25y+)7B(I17y_)+B(I2;y_)
= B(z1,y1) — B(z1,y2) — B(x2,y1) + B(22, y2).

For x1,22,a € F it follows that

B(xl +'T2;a) = B(forz;r,a"—)—B(a:wax;r,a_)
—B(ay +ay,a") + Blry +25,a7)
= B(w1,a) + B(xa,a),

and, similarly, ~ ~ -
Bl(a,z1 + x2) = B(a,z1) + B(a, z2).

It is clear from the definition of B that for x,5 € E and A € [0,00) one has
that B(—z,y) = —B(z,y), B(z,—y) = —B(z,y), B(Azr,y) = AB(z,y), and
B(x,\y) = AB(x,y). Thus, B is a bilinear form on E that extends B. That it
is the only one can be seen from (1).

Assertion (i) is obvious. To see (ii), let x,y € E be such that |z| A |y| = 0.
Then xt, =, y*, y~ are pairwise disjoint, so that (1) yields that B(z,y) = 0.
0O

Ezample. Let X be a compact Hausdorff space, let E = C(X), and let B be
a positive bilinear form on E. According to a theorem by Fremlin[3, 3.6], there
is a finite regular Borel measure g on X x X such that

B(f.q) = /X J@g)dnte.y) foral f.g € E.

If 11 is concentrated on the diagonal A := {(z,z): x € X}, then B is Riesz. Also
the converse is true. Indeed, assume that B is Riesz. First, let R = A x B be
a closed rectangle in X x X with RNA = 0. Then AN B = (), so with aid of
Urysohn’s lemma we can find f,g € E with disjoint supports and f =1 on A,
g=1on B,and 0 < f,g < 1. Then u(R) < [ f(x)g(y)dp(z,y) = B(f,g) = 0.
Now let K C X x X \ A be compact. We claim that K is covered by finitely
many closed rectangles that do not intersect A. Indeed, there exists an open
set V O K with VNA = (). As V is open, V is the union of open rectangles and



finitely many of them cover K, by compactness. The closures of the rectangles
are contained in V" and the claim follows. Thus we have that u(K) = 0 and, by
regularity of p, that u(X x X \ A) = 0.

3 The Riesz part of a positive bilinear form

We will now present a construction of the Riesz part of a positive bilinear form.
It will be convenient to use the following terminology.

Let x € ET. A finite family (x1,...,z,) of elements of ET is called a parti-
tionof xifx =x1+---+x,. If X and Y are two partitions of z, then Y is called
finer than X if every element u of X corresponds to a subfamily of Y that is a
partition of u. From the Riesz decomposition property (cf. [1, Thm 1.15, p.14])
it is clear that for any two partitions X and Y there is a common refinement,
i.e., a partition that is finer than both X and Y. It follows that the set of all
partitions of x endowed with the ‘finer than’ relation is directed.

Given a positive bilinear form B on E and z,y € ET, we will associate with
every partition X = (x1,...,2,) of x and Y = (y1,...,ym) of y the sum of
B(zg,y) over all k € {1,...,n} and [ € {1,...,m} with a; A y; # 0, denoted

shortly by
Z B(xkvyl)
k,l: zi Ay #0

We will see that the infimum of these sums over all partitions yields the greatest
Riesz bilinear form below B. First we show that the sums form a decreasing
net.

3.1 Lemma Let B be a positive bilinear form on E and let z,y € Et. Let

X = (z1,...,xy) and X' = (a},...,2],) be partitions of x andY = (y1,...,Ym)

»n’

andY' = (yi,...,y,,) of y. If X' is finer than X and Y’ is finer than Y, then

Z B(.’L‘;,y;) < Z B(Qﬁk,yl).

i,j:a:é/\yj’v;éo k,l: 2, ANy #0

PROOF. Since X' is finer than X and Y” finer than Y, one has that {1,...,n'} =
LUu---UI, with I, NI; = ( for all k # [ and xp, = Zidk z for all k, and
similarly {1,...,m/} = JiU---UJy, with JyNJy =0 for k # land y, = 37, ;. v;
for all [.

If k and [ are such that z; Ay, = 0, then j Ay; = 0 for all i € I}, and j € ;.

Therefore

i,5: @AY F#0 kb i€l j€I: mj Azl #0

> Blaiy))

k:xpAe#0 i€l ,j€I;

> Blak,w).

k,: x Ay #0

IN



3.2 Theorem Let B be a positive bilinear form on E. Define for x,y € ET:

D(‘rvy) = inf Z B(‘Tkayl)' (2)
T=x1+ - +Tn k,l: xp Ay #£0
Yy=yi1+-+ym
21,y:>0, all k.l

Then D extends uniquely to a Riesz bilinear form on E and that one is the
greatest Riesz bilinear form on E below B.

PROOF. Let z,y € ET. Let I be the set of all pairs (X,Y) where X and YV’
are partitions of x and y, respectively, directed by the relation ensuing from
‘finer than’. By the previous lemma, the net ((x1,...,2n), (Y1, Ym)) —
>kt mnpz0 B@i ), (#1,.,20), (Y1, ,ym)) € I, is a decreasing net of
positive reals, hence convergent, and its limit is the infimum D(x,y). From this
it is straightforward that D is positively homogeneous in both arguments. To
see that D is additive, let 2,3,z € ET and let I be the directed set of pairs
of partitions of x + y and 2. Let I’ be the directed subset of I where of the
partitions of x 4+ y only those are included that are refinements of (x,y). Then
for every ((u1,...,up), (21,...,24)) € I' the partition (uq,...,u,) splits into a
partition (z1,...,z,) of z and (y1,...,ym) of y, and

Z B(uy, zg) = Z B(xg, zs) + Z By, zs).

r,8: ur A2s7#0 k,s: xpAzs#0 l,s: Yy Azs#0

By taking limits it follows that D(x + y,z) = D(zx,z) + D(y, z). Similarly,
D(z,y+ 2z) = D(x,y) + D(z, 2).

It is clear from the definition that D is positive and that z A y = 0 implies
that D(x,y) = 0. Thus, Lemma 2.2 yields that D extends uniquely to a Riesz
bilinear form on E, which we denote by D as well.

For x,y € E* one has that D(z,y) < B(x,y), so that D is below B in the
ordering of bilinear forms on E. Suppose that also F' is a Riesz bilinear form
on E below B. Then for any z,y € ET and partitions (z1,...,2,) of z and
(yla cee aym) Ofy7 one has that Zk,l:azk/\yﬁéo B(.’Ek’ yl) > Ek,l:azk/\yﬁéo F(‘rk’ yl) =
Y w1 Fxk, y1) = F(z,y) and then the definition of D yields that D > F. Thus,
D is the greatest Riesz bilinear form on E below B. O

We will call the greatest Riesz bilinear form below a positive bilinear form
B the Riesz part of B.

Remarks. 1. In case x = y in formula (2), it follows with aid of common
refinements and Lemma 3.1 that

D(l’, 1;) = inf Z B(I‘k, ZC[)- (3)
T=T1+ 0+ Tn ko lag Az #£0
z,>0, all k



2. As pointed out in Section 2, every Riesz bilinear form on E is semi-
positive definite, and a semi-inner product if £ is Archimedean. It is immediate
from our construction that the Riesz part of a symmetric positive bilinear form
is symmetric. Hence the Riesz part of a positive bilinear form B is a semi-inner
product if B is symmetric or £ Archimedean.

3. If the Riesz part D of a positive bilinear form B on E is a semi-inner
product, we can follow a slightly different approach. Indeed, D can be recovered
by polarisation from its induced Riesz seminorm, which may be constructed by
means of formula (3), or, in case F is Dedekind complete, by (4) below.

In case FE is Dedekind complete, there is a useful reformulation of formula (3).
We derive it in two steps.

3.3 Lemma Assume that E is Dedekind complete. Let x,x1,...,x, € ET be
such that x = xy + --- + x,. Then there exist finite subsets Uy, ...,U,, of ET
such that their elements form a partition of x that is finer than (x1,...,x,) and
such that

Ui LU; fori#j and

u,veU; =uNv#0 foralli.

(A L B means that |a| A|b| =0 foralla € A and b € B.)

PROOF. Denote for each k € {1,...,n} the band generated by xy by Aj and
let A, be the band generated by z. Denote Aj := A, N Ag, where Ag stands
for the disjoint complement of Aj. Consider the following collection of bands:

B:={DiyN---NDy: the band Dy = Ay or A} for k=1,...,n}\ {{0}}.

Clearly B is a finite set; number its elements as By, ..., B,,. We need three
observations on By, ..., By,.

Firstly, B; L B; for ¢ # j. Indeed, let 4,5 € {1,...,m} and write B; =
DyNn---ND, and B; = E1N---NE,, where for each k one has Dy, = A, or A},
and B = Ay or A). If i # j, then B; # B; and then there is a k with Dy # Ej.
Then it follows that Dy L Ej and therefore B; L B;.

Secondly, By @ -+ ® B;, = A;. Indeed, F is Dedekind complete and by
induction to [ one can straightforwardly show that

®{D;N---NDy: the band Dy = Ay or A} for k=1,...,1} = A,

for every 1 € {1,...,n}.

Thirdly, for every i € {1,...,m} and k € {1,...,n} one has either B; 1 Ay
or B; C Ag. Indeed, write B; = D1 N---N D, with D; = A; or A for each .
Then Dy, is either Ay or Aj, hence either B; C Ay or B; L Ay.

Now let P; be the projection on the band B; and define

U, == {Pix1,...,Px,}\ {0},

i=1,...,m. Then U; L Uy for ¢ # j, because B; L B; for i # j. Further, if
u,v € Uj, then u = P;x; and v = P;x;, for certain k and [ and u and v are both



nonzero, so that the third observation above yields that B; C A; and B; C Ay.
Then v and v both generate the band B; and therefore u A v # 0.

Because of the second observation, ), Pz, = x) for each k € {1,...,n},
which means that the elements of Uy,...U,, form a partition of x that is finer
than (21,...,zp). ]

3.4 Theorem Let B be a positive bilinear form on E and let D be its Riesz
part. If E is Dedekind complete, then for every x € E' one has
n
D(z,x) = inf > By, xx). (4)
T=T1++Tn el
i Ax;=0, k#l
x>0, all k

PROOF. From the formula in Theorem 3.2 it follows that D is not greater
than the infimum at the right hand side of (4). To prove that it is not less
ecither, let z1,...,2, € ET be such that x = z; + --- + z,. According to
the previous lemma, there is a partition (u1,...,u,) of x that is finer than
(x1,...,2,) and such that {1,...,7} = 1 U---U I, with I1,...,I,, pairwise
disjoint and U; := {u,: p € I;}, i =1,...,m, are such that

U; LU; fori##jand
u,veU; =uANv#0 foralli.

Let z; be the sum of the elements of U;, i = 1,...,m. Then x = z1 + --- 2,
z; > 0 for all ¢, and z; A z; = 0 for ¢ # j. For each i, u Av # 0 for all u,v € U;
and hence

B(zi, zi) = Z Blup,uq) = Z B(up, uq).

p,q€l; P,q€Li, up Aug#0

It follows that

Z Blup,uq) = Z Z B(up, uq)

P,q: Up Aug#0 i=1 p,q€l;, upANuqg#0
m
=1

As (uq,...,u,) is finer than (x1,...,2,), Lemma 3.1 yields that

ZB(xk,wk) > ZB(%’, i),
- i—1

k=1

and Y " B(z;,z2;) is greater than or equal to the right hand side of (4).
Thus, the proof is complete. O



4 Positive inner products

In this section we will apply our construction of Riesz parts to inner products.
If (., .) is a positive inner product on E, then its Riesz part ({.,.)) is a semi-inner
product (see Remark 2 after Theorem 3.2). The question arises whether it is an
inner product or not.

Example. A positive inner product with Riesz part equal to zero. Let E =
LY(R), and a = 1|_1 1}, and let

() = 4<z*a><y*a>, vy € E,

where * denotes the convolution product. It is clear that (.,.) is a positive semi-
inner product on E and if (xz,2) = 0, then z * a = 0, so that &4 = 0, hence
2 = 0 and therefore = 0.

Let ({.,.)) be the Riesz part of (.,.). We will show that ((.,.)) = 0. Let
Spe = [k/n,(k+1)/n), k=-n*+1,...,n* =1, S, _p2 := (=00, —n + 1/n),
Spn2 = [n,00), and A, = UZZZ 2Snk X Spg,n€N. Forx € EY andn €N

2
we have z =Y ;. xg, with 2, = 21g, ., so that

sz,xk Z///zk a(t — r)zk(s)a(t — ) drdsdt

_ / / / . (r s)alt — Pyt — s) drdsd.

Since 14, — 0 a.e., Lebesgue’s dominated convergence theorem yields that

({x,x)) = 0.

In case of norm completeness and a closed positive cone, the Riesz part of a
positive inner product turns out to be an inner product. To show this, we start
with the following lemma. Its proof follows standard arguments.

{{z, z))

IN

4.1 Lemma Let (.,.) be a positive inner product on E such that ET is closed
with respect to the norm induced by {(.,.). If E is norm complete, then E is
Dedekind complete.

PROOF. Denote by ||.|| the norm induced by (.,.). Let A be a subset of E that
is bounded from above. It has to be shown that A has a supremum. Without
restriction one may assume that A C ET and that A is closed under finite
suprema. Let a :=sup,c4 ||z|| < oo. Then there is a sequence (z,), in A with
|zn|l — « and it can be chosen to be increasing. Since

Iyl = lly = l® + ll=1* + 28y — 2, 2) > lly — 2]|* + [l

for all 0 < z < y, one has for m > n that [|x,[]* > ||[Tm — zu||* + [|2a]/?, so
|Zm — 2nll®> < [|[Zm]|? = ||zn]|*> — 0. As E is norm complete, x := lim, o y,
exists and because ET is closed it follows that = > z,, for all n.



For a € A one has that z,Va € A, and aVx, = x,+(a—x,)" > 2+ (a—2)T,
so that [|a V x,||? > ||on + (@ — 2)T||2 > ||z,||* + ||(a — 2)T||? for all n. Then
l(a—2)F] <laVaa|? = |lzal? < a® = ||za]|> — 0, and therefore a < z. Thus,
x is an upper bound of A. If z is also an upper bound of A, then so is z A z,
which yields that ||z A z|| > « = ||z|| and that is only possible if 2 A z £ a.
Hence z is the least upper bound of A. O

We will need the following extension of the parallelogram law. It can be
proved by a straightforward induction argument.

4.2 Lemma Let V' be a vector space and let p be a seminorm on V induced
by a semi-inner product. Let x1,...,x, € V. Then

S plermi ot eama)® = 2°(p(e)? + o+ plan)?).
e1,..,en€{—1,1}

4.3 Theorem Let (.,.) be a positive inner product on E such that E7 is closed.
If FE is norm complete, then (.,.) is equivalent to a Riesz inner product on E,
i.e., the norm induced by (.,.) is equivalent to a norm induced by a Riesz inner
product.

PROOF. Let |.|| be the norm induced by (.,.). According to Lemma 2.1, p
is a Fremlin norm and hence monotone, i.e., increasing on ET. Since E is
norm complete with respect to ||.| and ET is closed, ||.|| is equivalent to the
Riesz norm p: x +— |||z|]| on E (see [5, Cor. 3.48]). (Note that p need not be
induced by an inner product.) More precisely, there is a constant ¢ > 0 such
that cp(x) < ||z|| < p(z) for all z € E. Let ({.,.)) be the Riesz part of (.,.) and
let |||.]]| be its induced seminorm.

On the one hand, for z € E one has |||z||[* = ||||z|]]|*> = {|=|,|z],)) <
{|z|,]x]) = p(x)?. On the other hand, E is Dedekind complete according to
Lemma 4.1 and then Theorem 3.4 says that

n

2l = (el |21.)) = inf > (wxax), z€E.
lz|=z1++on f=1
Az =0, k#l
x>0, all &

For any z1,...,x, € ET that are pairwise disjoint, one has with aid of Lemma 4.2
that

Dlewa) = 27" Y e+ ezl

i=k €1,..,en€{—1,1}

> Eplerz + -+ entn)?

v
N
3

= 27" Z AEpllerry + -+ enwp|)?



S T mre
€1,..,en€{—1,1}

= ploy+-+3,)%
It follows that for every x € FE

lz[[l = ep(lz]) = cp().

Thus, |||.||| is equivalent to p, and therefore to ||.]|. 0

4.4 Corollary If {.,.) is a positive inner product on E such that E™ is closed
and E is norm complete, then the Riesz part of (.,.) is an inner product.

Finally, we will consider Riesz spaces with positive inner products that are
norm complete. As Hilbert spaces such spaces are isomorphic to their norm
duals. How are the orderings related?

Let ||.|| be a norm on E. Denote its norm dual by (F’,|.]|") and endow
it with the partial ordering generated by the cone of positive (i.e. increasing)
continuous linear functions. Let (.,.) be an inner product on E and ||.| its
induced norm. Then E’ and E are isomorphic as normed spaces if and only if
F is norm complete. To characterize isomorphism with respect to the ordering
structure, we will call the inner product (.,.) order compatible if for every y € E:

(,y) >0forallz >0 < y>0.
For y € E one has that
v (r,y) € B <= (z,y)>0forallzec E"

and the latter is equivalent to y > 0 if and only if (.,.) is order compatible.
Therefore, if E is norm complete, E’ and E are isomorphic as partially ordered
vector spaces under the natural isomorphism if and only if (.,.) is order com-
patible. Clearly, order compatible inner products are positive. Note that if (.,.)
is order compatible, then f(x) > 0 for all f € E'T implies that x > 0, so that
Et is closed (see, e.g., [7, Cor 4.2], or [5, Prop. 1.54]).

In R™ the only order compatible inner product is the standard inner product,
possibly with weights. More generally we have the following.

4.5 Theorem Let (.,.) be an order compatible inner product on E. If E is
complete with respect to the norm induced by (.,.), then (.,.) is a Riesz inner
product.

PrROOF. Let .|| be the norm induced by (.,.). Because ||.| is Fremlin, it
is known that for every f € E’ there are fi, fo € E't with f = fi — f» and
| it L]l < |IfI (see, e.g., [8] or [5, Thm 5.3]). Because (.,.) is order compatible,
E’ and E are isomorphic as partially ordered Hilbert spaces, and it follows that
for every x € E there are z1,19 € E1 with © = x1 — 29 and ||z1 + 22| < ||z

10



As |||l is a Fremlin norm, one has ||z|| < | |z|]| and from the above also
Hzll| < ||lz|| for all z € E. Thus, ||.|| is a Riesz norm and Lemma 2.1 then
yields that (.,.) is a Riesz inner product. O

4.6 Corollary Let (.,.) be an inner product on E such that E is norm complete.
Then E’ and E are isomorphic as partially ordered Hilbert spaces if and only if
(.,.) is a Riesz inner product.

I conclude with a word to the honored reader:

Thanks!
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