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Abstract

It is shown that the union of a sequence T1, T2, . . . of R-bounded sets
of operators from X into Y with R-bounds τ1, τ2, . . ., respectively, is R-
bounded if X is a Banach space of cotype q, Y a Banach space of type p,
and

∑

∞

k=1
τr
k < ∞, where r = pq/(q−p) if q < ∞ and r = p if q = ∞. Here

1 ≤ p ≤ 2 ≤ q ≤ ∞ and p 6= q. The power r is sharp. Each Banach space
that contains an isomorphic copy of c0 admits operators T1, T2, . . . such
that ‖Tk‖ = 1/k, k ∈ N, and {T1, T2, . . .} is not R-bounded. Further it is
shown that the set of positive linear contractions in an infinite dimensional
Lp is R-bounded only if p = 2.

1 Introduction

During the past few years a theory of Lp-multipliers for operator valued func-
tions has been developed by means of the notion of R-boundedness of sets of
operators, see for example [1, 2, 3, 4, 5, 6, 7, 8, 10, 12, 13, 17, 18, 19]. This the-
ory has been applied to study maximal regularity of certain abstract evolution
equations. For instance, L. Weis has shown in [18] that maximal Lp-regularity
of the abstract Cauchy problem

u′(t) = Au(t) + f(t) for a.e. t ≥ 0,
u(0) = 0,

(1)

in a Banach space X is equivalent to R-boundedness of the operator set

{λn(λI − A)−n : λ ∈ iR}

for some n ∈ N = {1, 2, . . .}, whenever A is the generator of a bounded analytic
semigroup on X and X is a UMD-space. Similarly, Arendt and Bu have shown
in [1] that maximal Lp-regularity of the problem

u′′(t) + Au(t) = f(t) for a.e. t ∈ [0, π]
u(0) = u(π) = 0

(2)

comes down to R-boundedness of

{k2(k2I − A)−1 : k ∈ N}.

Whether or not these sets of operators are R-bounded depends on the space
X and the operator A that are considered. In order to be able to establish
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R-boundedness in specific cases, it seems useful to have a rich theory on ma-
nipulations with R-bounded sets at one’s disposal.

This paper concerns unions of R-bounded sets in the Banach spaces X =
Lq(µ), where (A,A, µ) is an arbitrary measure space, and 1 ≤ q < ∞. More
generally, Banach spaces X and Y are considered where X has cotype q and Y
has type p. It will be shown in Section 3 that the union of a sequence T1, T2, . . . of
R-bounded sets of operators in L(X,Y ) with R2-bounds τ1, τ2, . . ., respectively,
is R-bounded if

∑∞
k=1 τ r

k < ∞, where r = pq/(q − p) and 1 ≤ p ≤ 2 ≤ q ≤ ∞,
p 6= q. In particular, a sequence of operators {T1, T2, . . .} on Lp(µ), 1 ≤ p < ∞,
is R-bounded whenever

∑∞
k=1 ‖Tk‖

2 < ∞. In Section 4 it is shown that the
power r in the union theorem of Section 3 is sharp for X = `q(N) and Y = `p(N).
It is also shown that Banach spaces that contain a copy of c0 admit operators
T1, T2, . . . such that ‖Tk‖ = 1/k, k ∈ N, and {T1, T2, . . .} is not R-bounded. The
ideas of Section 4 yield a characterization of L2(µ) among Lp(µ), 1 ≤ p ≤ ∞,
by means of R-boundedness of positive contractions and isometries. This is
discussed in Section 6. Section 7, finally, presents two examples related to
resolvent families.

2 Preparations

Let X and Y be a real vector spaces with norms ‖ · ‖X and ‖ · ‖Y , respectively,
and let L(X,Y ) denote the space of bounded linear operators that map X into
Y . Let 1 ≤ r < ∞. A subset T of L(X,Y ) is called Rr-bounded if there exists
a number τr ≥ 0 such that



2−n
∑

ε∈{−1,1}n

∥

∥

∥

∥

∥

n
∑

k=1

εkTkxk

∥

∥

∥

∥

∥

r

Y





1/r

≤ τr



2−n
∑

ε∈{−1,1}n

∥

∥

∥

∥

∥

n
∑

k=1

εkxk

∥

∥

∥

∥

∥

r

X





1/r

for every n ∈ N, every x1, . . . , xn ∈ X and every T1, . . . , Tn ∈ T . The number
τr is called an Rr-bound of T . We always assume that the spaces (X, ‖·‖X ) and
(Y, ‖ · ‖Y ) are Banach spaces. Kahane’s inequality (see [15, Theorem 1.e.13, p.
74]) says that for every p, q ∈ [1,∞) there exists a constant Kp,q(X) ≥ 0 such
that


2−n
∑

ε∈{−1,1}n

∥

∥

∥

∥

∥

n
∑

k=1

εkxk

∥

∥

∥

∥

∥

p

X





1/p

≤ Kp,q(X)



2−n
∑

ε∈{−1,1}n

∥

∥

∥

∥

∥

n
∑

k=1

εkxk

∥

∥

∥

∥

∥

q

X





1/q

for every n ∈ N and every x1, . . . , xn ∈ X. Thus a set T ⊂ L(X,Y ) is Rr-
bounded for every r ∈ [1,∞) as soon as it is Rr-bounded for some r ∈ [1,∞)
and therefore it is then simply called R-bounded.

We will focus on Banach spaces X that have cotype q ∈ [2,∞] and Banach
spaces Y that have type p ∈ [1, 2], that is, there exist constants MX ,MY ≥ 0
such that for every n ∈ N, x1, . . . , xn ∈ X, and y1, . . . , yn ∈ Y the inequalities

(

n
∑

k=1

‖xk‖
q
X

)1/q

≤ MX



2−n
∑

ε∈{−1,1}n

∥

∥

∥

∥

∥

n
∑

k=1

εkxk

∥

∥

∥

∥

∥

2

X





1/2
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and


2−n
∑

ε∈{−1,1}n

∥

∥

∥

∥

∥

n
∑

k=1

εkyk

∥

∥

∥

∥

∥

2

Y





1/2

≤ MY

(

n
∑

k=1

‖yk‖
p
Y

)1/p

hold, respectively. The expression (
∑n

k=1 ‖xk‖
q
X)1/q should be replaced by

max
1≤k≤n

‖xk‖X

if q = ∞. The constants MX and MY are called a cotype q constant of X and a
type p constant of Y , respectively. Each Banach space is of type 1 and cotype
∞ with both type 1 and cotype ∞ constant equal to 1. If a Banach space is
of type p then it is of type r for any r ∈ [1, p] and if it is of cotype q then it
is of cotype r for any r ∈ [q,∞]. For an abitrary measure space (A,A, µ) and
1 ≤ p < ∞, the Banach space Lp(µ) is of type p ∧ 2 = min{p, 2} and of cotype
q ∨ 2 = max{q, 2}. See [15, p. 72–73] for proofs and more details.

Every R-bounded subset of L(X,Y ) is bounded. The converse is true if and
only if X is of cotype 2 and Y is of type 2 (see [1, Proposition 1.13]).

In order to abbreviate notations, we fix a probability space (Ω,F , P) and
independent identically distributed (i.i.d) random variables ε1, ε2, . . . defined on
(Ω,F , P) with P(ε1 = −1) = P(ε1 = 1) = 1/2. Expectation is denoted by

�
.

Then, for instance,

�
∥

∥

∥

∥

∥

n
∑

k=1

εkxk

∥

∥

∥

∥

∥

r

X

= 2−n
∑

δ∈{−1,1}n

∥

∥

∥

∥

∥

n
∑

k=1

δkxk

∥

∥

∥

∥

∥

r

X

=

∥

∥

∥

∥

∥

n
∑

k=1

εkxk

∥

∥

∥

∥

∥

r

Lr(P,X)

.

The next proposition collects some preliminary results which are needed in
the sequel (see also [5, 7, 12, 19]).

Proposition 2.1. Let X, Y , and Z be Banach spaces, let 1 ≤ r < ∞, and let
S, T ⊂ L(X,Y ) and U ⊂ L(Y,Z) be Rr-bounded by σ, τ , and u, respectively.

1. {T} is Rr-bounded by ‖T‖, for every T ∈ L(X,Y ).

2. If S ⊂ T , then S is Rr-bounded by τ .

3. US = {US : U ∈ U , S ∈ S} is Rr-bounded by uσ.

4. T ∪ {0} is Rr-bounded by τ .

5. S + T = {S + T : S ∈ S, T ∈ T } is Rr-bounded by σ + τ .

6. S ∪ T is Rr-bounded by σ + τ .

7. If Λ is a directed partially ordered set and (Tλ)λ∈Λ is an increasing family
of subsets of L(X,Y ) such that Tλ is Rr-bounded by τ for every λ ∈ Λ,
then

⋃

λ∈Λ Tλ is Rr-bounded by τ .

3



It follows from 2 and 6 of Proposition 2.1 that the notion of R-boundedness
defines a bornology in L(X,Y ) and thus the word ‘boundedness’ is justified (see
[11]).

The Rr-bound for the union S ∪ T given in 6 of Proposition 2.1 may seem
rather large. It turns out, however, that this bound is the best bound that holds
in general. In particular, a countable set {T1, T2, . . .} need not be R-bounded
if the norms ‖T1‖, ‖T2‖, . . . are not summable (see Theorem 5.1). On the other
hand, in a Hilbert space a union of R-bounded sets is R-bounded if their R-
bounds are bounded. It may be expected that for X = Y = Lp the conditions
providing R-boundedness of a union of R-bounded sets is somewhere between
boundedness and summability of the R-bounds of the components. That is,
more towards boundedness if p is close to 2 and more towards summability if p
is large. Theorem 3.1 shows that this expectation is true.

3 R-boundedness of unions

The proof of the next theorem uses the following observation on type and cotype
of Bochner spaces. If (A,A, µ) is a measure space and X a Banach space of
type p, then Ls(µ,X) is of type p for each p ≤ s < ∞. If X is of cotype q,
then so is Ls(µ,X) for each 1 ≤ s ≤ q (see [16, Lemme 1.1, Lemme 2.1]). More
specifically, if X is of type p with type p constant M , then L2(µ,X) also has
type p constant M , and if X is of cotype q with cotype q constant M , then also
L2(µ,X) has cotype q constant M . These facts can easily be proved by means
of the inequality

(

n
∑

k=1

(∫

|fk(a)|dµ(a)

)p
)1/p

≤

∫

(

n
∑

k=1

|fk(a)|p

)1/p

dµ(a),

which holds for p ≥ 1, and the reversed inequality, which holds for 0 < p ≤ 1,
n ∈ N, f1, . . . , fn ∈ L1(µ).

Theorem 3.1. Let 1 ≤ p ≤ 2 ≤ q ≤ ∞ be such that p 6= q. Let (X, ‖ · ‖X) be a
Banach space of cotype q and (Y, ‖ ·‖Y ) a Banach space of type p. Let T1, T2, . . .
be subsets of L(X,Y ) such that for each k ∈ N the set Tk is R2-bounded by a
number τk > 0. Let T :=

⋃∞
k=1 Tk and denote

r := rp,q :=
pq

q − p
if q < ∞ and rp,q := p if q = ∞.

If R := (
∑∞

k=1 τ r
k )1/r is finite, then T is R2-bounded by MY MXR, where MX

is a cotype q constant of X and MY a type p constant of Y .

Proof. Let n ∈ N, T1, . . . , Tn ∈ T and let x1, . . . , xn ∈ X. Choose a partition
I1, . . . IK of {1, . . . , n} satisfying

Ti ∈ Tk for all i ∈ Ik, k = 1, . . . ,K.

Here K is a finite number and some of the sets Ik may be empty. Let (Ω′,F ′, P′)
be a probability space and let ε′k,i, i ∈ Ik, k = 1, . . . ,K, be i.i.d. random
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variables on (Ω′,F ′, P′) with P
′(ε′k,i = −1) = P

′(ε′k,i = 1) = 1/2. Then also
the products εkε′k,i, i ∈ Ik, k = 1, . . . ,K, (in the usual way extended to Ω ×
Ω′) are i.i.d. random variables with uniform distribution on {−1, 1}. Denote
expectation with respect to P

′ by � ′.
Let us start the estimations. In the next sequence of inequalities we use con-

secutively type p of Lp(P′, Y ), R-boundedness, Hölder’s inequality, and cotype
q of Lq(P′, X). We obtain for q < ∞,



 �
∥

∥

∥

∥

∥

n
∑

k=1

εkTkxk

∥

∥

∥

∥

∥

2

Y





1/2

=



 ��� ′

∥

∥

∥

∥

∥

∥

K
∑

k=1

∑

i∈Ik

εkε
′
k,iTixi

∥

∥

∥

∥

∥

∥

2

Y





1/2

=






�

∥

∥

∥

∥

∥

∥

K
∑

k=1

εk

∑

i∈Ik

ε′k,iTixi

∥

∥

∥

∥

∥

∥

2

L2(P′,Y )







1/2

≤ MY







K
∑

k=1

∥

∥

∥

∥

∥

∥

∑

i∈Ik

ε′k,iTixi

∥

∥

∥

∥

∥

∥

p

L2(P′,Y )







1/p

≤ MY







K
∑

k=1

τp
k

∥

∥

∥

∥

∥

∥

∑

i∈Ik

ε′k,ixi

∥

∥

∥

∥

∥

∥

p

L2(P′,X)







1/p

≤ MY R







K
∑

k=1

∥

∥

∥

∥

∥

∥

∑

i∈Ik

ε′k,ixi

∥

∥

∥

∥

∥

∥

q

L2(P′,X)







1/q

≤ MY RMX






�

∥

∥

∥

∥

∥

∥

K
∑

k=1

εk

∑

i∈Ik

ε′k,ixi

∥

∥

∥

∥

∥

∥

2

L2(P′,X)







1/2

= MY RMX



 ��� ′

∥

∥

∥

∥

∥

∥

K
∑

k=1

∑

i∈Ik

εkε
′
k,ixi

∥

∥

∥

∥

∥

∥

2

X





1/2

= MY RMX



 �
∥

∥

∥

∥

∥

n
∑

k=1

εkxk

∥

∥

∥

∥

∥

2

X





1/2

.

If q = ∞, we only have to replace







K
∑

k=1

∥

∥

∥

∥

∥

∥

∑

i∈Ik

ε′k,ixi

∥

∥

∥

∥

∥

∥

q

L2(P′,X)







1/q

by max1≤k≤K ‖
∑

i∈Ik
ε′k,ixi‖L2(P′,X) and recall that any Banach space is of co-

type ∞.
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The case p = q = 2, which is not treated in the previous theorem follows
directly from the definitions. If X is of cotype 2 and Y is of type 2, then
every bounded subset of L(X,Y ) is R-bounded. Moreover, if MX is a cotype
2 constant of X and MY is a type 2 constant of Y and if T ⊂ L(X,Y ) and
τ ∈ R are such that ‖T‖ ≤ τ for all T ∈ T , then MXMY τ is an R2-bound of
T . Further notice that the cases p > 2 and q < 2 are not of interest, since the
only Banach space with type p > 2 or cotype q < 2 is {0} (see [15, p. 73]).

Corollary 3.2. Let X be a Banach space of type 2 or cotype 2. Let T1, T2, . . .
be subsets of L(X) such that for each k the set Tk is R-bounded by τk > 0. If
∑∞

k=1 τ2
k < ∞, then

⋃∞
k=1 Tk is R-bounded.

Corollary 3.3. Let 1 ≤ p ≤ 2 ≤ q ≤ ∞ be such that p 6= q. Let X
be a Banach space of cotype q and let Y be a Banach space of type p. Let
T1, T2, . . . ∈ L(X,Y ). If

∑∞
k=1 ‖Tk‖

rp,q < ∞, then {T1, T2, . . .} is R-bounded
and MY MX(

∑∞
k=1 ‖Tk‖

rp,q)1/rp,q is an R2-bound of this set, where rp,q, MY ,
and MX are as in Theorem 3.1.

Example 3.4. (Cesaro means) Let 1 ≤ p ≤ 2 ≤ q ≤ ∞, p 6= q, and either
p > 1 or q < ∞, and let X be a Banach space of type p and cotype q. Let M1

be a type p constant and M2 be a cotype q constant. Let T ∈ L(X) be such
that ‖T‖ ≤ 1 and 1 ∈ ρ(T ). Let

Sm :=
1

m

m
∑

k=1

T k, m = 1, 2, . . . .

Then the set {S1, S2, . . .} is R-bounded. More specifically, for each n ∈ N the
set {S1, . . . , Sn} is R2-bounded by

C sup
1≤m≤n

‖T (I − T m)(I − T )−1‖,

where C = M1M2(
∑∞

m=1(1/m)rp,q )1/rp,q . Indeed, it is clear that

1

m
(T + · · · + T m) =

1

m
T (I − T m)(I − T )−1.

Corollary 3.3 yields that the set {S1, . . . , Sn} is R2-bounded by

C sup
1≤m≤n

‖T (I − T m)(I − T )−1‖.

Since p > 1 or q < ∞, we have rp,q > 1 and C is finite. The proof is completed
by the observation that the sets {S1, . . . , Sn} are increasing in n and that for
all m

‖T (I − T m)(I − T )−1‖ ≤ ‖T‖(‖I‖ + ‖T‖m)‖(I − T )−1‖ ≤ 2‖(I − T )−1‖.
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4 Sharpness of the powers

We will show next that the power rp,q in Theorem 3.1 is sharp. That means,
if 1 ≤ p ≤ 2 ≤ q ≤ ∞, p 6= q, and s > rp,q, then there are Banach spaces X
and Y such that X is of cotype q and Y of type p and there are sets T1, T2, . . .
in L(X,Y ) with R2-bounds τ1, τ2, . . ., respectively, such that

∑∞
k=1 τ s

k < ∞ but
⋃∞

k=1 Tk is not R-bounded.
In fact we show more. If 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞, not q ≤ 2 ≤ p, and s > rp,q

where

rp,q :=
(p ∧ 2)(q ∨ 2)

(q ∨ 2) − (p ∧ 2)
if q < ∞ and rp,q := p ∧ 2 if q = ∞,

then there exist T1, T2, . . . ∈ L(`q(N), `p(N)) such that
∑∞

k=1 ‖Tk‖
s < ∞ and

{T1, T2, . . .} not R-bounded.
The analysis is based on Khintchine’s inequality (see [14, Theorem 2.b.3,

p. 66]), which says that for any 1 ≤ r < ∞ there exist constants cr and Cr in
(0,∞) such that

cr

(

n
∑

k=1

|αk|
2

)1/2

≤

(

�
∣

∣

∣

∣

∣

n
∑

k=1

εkαk

∣

∣

∣

∣

∣

r)1/r

≤ Cr

(

n
∑

k=1

|αk|
2

)1/2

, (3)

for all n ∈ N and all α1, . . . , αn ∈ R.

Lemma 4.1. Let (A,A, µ) be a measure space, let 1 ≤ p ≤ ∞ and 1 ≤ q ≤ ∞,
let 1 ≤ r < ∞, n ∈ N, and α1, . . . , αn ∈ R. Suppose that there exist e1, . . . , en ∈
Lp(µ) ∩ Lq(µ) with

ek ≥ 0, ek 6= 0, ek ∧ e` = 0 for all ` 6= k and k = 1, . . . , n.

Let T1, . . . , Tn ∈ L(Lq(µ), Lp(µ)) and let τ be an Rr-bound of {α1T1, . . . , αnTn}.

1. If Tkek = e1 and ‖ek‖q = 1 for k = 1, . . . , n, then

τ ≥ cr‖e1‖pn
−1/q‖(α1, . . . , αn)‖2

if q < ∞ and τ ≥ cr‖e1‖p‖(α1, . . . , αn)‖2 if q = ∞.

2. If Tke1 = ek and ‖ek‖p = 1 for k = 1, . . . , n, then

τ ≥ C−1
r ‖e1‖

−1
q n−1/2‖(α1, . . . , αn)‖p.

3. If Tkek = ek and ‖ek‖q = 1 for k = 1, . . . , n, then

τ ≥ n−1/q‖(α1‖e1‖p, . . . , αn‖en‖p)‖p

if q < ∞ and τ ≥ ‖(α1‖e1‖p, . . . , αn‖en‖p)‖p if q = ∞ .

Here cr and Cr are constants that satisfy (3).
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Proof. For any β1, . . . βn ∈ R and s = p or s = q, disjointness of the ek yields

(

�
∥

∥

∥

∥

∥

n
∑

k=1

εkβkek

∥

∥

∥

∥

∥

r

s

)1/r

=

{

(
∑n

k=1 |βk|
s‖ek‖

s
s)

1/s if s < ∞,
max1≤k≤n |βk|‖ek‖s if s = ∞.

By (3), for any γ1, . . . , γn ∈ R and s = p or s = q,

(

�
∥

∥

∥

∥

∥

n
∑

k=1

εkγke1

∥

∥

∥

∥

∥

r

s

)1/r

=

(

�
∣

∣

∣

∣

∣

n
∑

k=1

εkγk

∣

∣

∣

∣

∣

r

‖e1‖
r
s

)1/r

≤ Cr

(

n
∑

k=1

γ2
k

)1/2

‖e1‖s

and (
�
‖
∑n

k=1 εkγke1‖
r
s)

1/r ≥ cr(
∑n

k=1 γ2
k)1/2‖e1‖s.

To show 1., choose xk = ek, k = 1, . . . , n. Then Tkxk = e1, so





�
∥

∥

∥

∥

∥

n
∑

k=1

εkαkTkxk

∥

∥

∥

∥

∥

r

p





1/r

≥ cr

(

n
∑

k=1

α2
k

)1/2

‖e1‖p.

Hence

cr‖e1‖p‖(α1, . . . , αn)‖2 ≤ τ





�
∥

∥

∥

∥

∥

n
∑

k=1

εkxk

∥

∥

∥

∥

∥

r

q





1/r

=

{

n1/q if q < ∞
1 if q = ∞

and the lower bound for τ follows.
Similarly, 2. and 3. are shown by choosing xk = e1 and xk = ek for k =

1, . . . , n, respectively.

Proposition 4.2. Let 1 ≤ p ≤ ∞ and 1 ≤ q ≤ ∞ be such that not p = q = 2.
Define for k ∈ N operators Sk, Tk, Uk ∈ L(`q(N), `p(N)) by

Skx := x(k) � {1}, Tkx := x(1) � {k}, Uk := x(k) � {k}, x ∈ `q(N).

1. If p ≥ 2, q > 2, and s > rp,q, then {(1/k)1/sSk : k ∈ N} is not R-bounded.

2. If p < 2, q ≤ 2, and s > rp,q, then {(1/k)1/sTk : k ∈ N} is not R-bounded.

3. If p ≤ 2 ≤ q and s > rp,q, then {(1/k)1/sUk : k ∈ N}] is not R-bounded.

Proof. 1. For an n ∈ N, choose xk = � {k}, k = 1, . . . , n. According to

Lemma 4.1.1, an Rr-bound of {(1/k)1/sSk : k ∈ N} would be greater than
crn

−1/q(
∑n

k=1 k−2/s)1/2 if q < ∞ and greater than cr(
∑n

k=1 k−2/s)1/2 if q = ∞,
for every n ∈ N. As (

∑n
k=1 k−2/s)1/2 ≥ n1/2−1/s, and 1/2 − 1/s − 1/q > 0, this

is impossible.
2. For n ∈ N, choose xk = � {1}, k = 1, . . . , n. According to Lemma 4.1.2, an

Rr-bound of {(1/k)1/sTk : k ∈ N} would be at least C−1
r n−1/2(

∑n
k=1 k−p/s)1/p,
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which is greater than C−1
r n−1/2+1/p−1/s. This is impossible, as −1/2 + 1/p −

1/s > 0.
3. For n ∈ N, choose xk = � {k}, k = 1, . . . , n. Lemma 4.1.3 yields that

an Rr-bound of {(1/k)1/sUk : k ∈ N} would majorize n−1/q(
∑n

k=1 k−p/s)1/p if
q < ∞ and (

∑n
k=1 k−p/s)1/p if q = ∞, for all n. As (

∑n
k=1 k−p/s)1/p ≥ n1/p−1/s

and −1/q + 1/p − 1/s > 0, such an Rr-bound cannot exist.

It follows from the previous proposition that the power rp,q is sharp in
Theorem 3.1 for X = `q(N) and Y = `p(N). Indeed, observe first that the
operators Sk, Tk, and Uk are contractive from X into Y . In the case p ≥ 2 and
q > 2, we can choose for each s > rp,q a t ∈ (rp,q, s) and then (1/k)1/tSk are
operators in L(`q, `p) such that

∑∞
k=1 ‖(1/k)1/tSk‖

s < ∞ and {(1/k)1/tSk : k ∈
N} is not R-bounded, by Proposition 4.2.1. In the case p < 2 and q ≤ 2
we consider (1/k)1/tTk, k ∈ N, and use Proposition 4.2.2. If p ≤ 2 ≤ q we use
(1/k)1/tUk and Proposition 4.2.3. Observe that in the remaining case q ≤ 2 ≤ p
the space X = `q(N) has cotype 2 and Y = `p(N) has type 2, so that every
bounded subset of L(X,Y ) is bounded.

5 Banach spaces containing c0

Theorem 3.1 might raise questions about converse implications. For instance,
for which Banach spaces X is the following statement true: if T1, T2, . . . are
bounded linear operators on X and (‖Tk‖k)k ∈ `r(N) for some r > 1, then
{Tk : k ∈ N} is R-bounded. Corollary 3.3 yields that this property is true if X
is of type p > 1 or of cotype q < ∞. We will show next that the above property
does not hold for Banach spaces containing an isomorphic copy of c0.

Theorem 5.1. Let X be a Banach space that contains an isomorphic copy
of c0. Then there are T1, T2, . . . ∈ L(X) such that ‖Tk‖ = 1/k and such that
{T1, T2, . . .} is not R-bounded. More specifically, one can arrange that there
exists a constant C > 0 such that the R-bound of {T1, . . . , Tn} is ≥ C

∑n
k=1 1/k

for every n.

Proof. For clarity of the argument we first consider the case that X = c0. Define
for n ≥ 1 and 0 ≤ m ≤ n the blocks of indices

In
m,` := {i ∈ N : 2n + (` − 1)2n−m ≤ i < 2n + `2n−m}, ` = 1, . . . , 2m,

and the elements

yn
m :=

2m
∑

`=1

(−1)` � In
m,`

.

Define for k = 1, 2, . . . the operators

Tkx :=
1

k

∞
∑

n=0

x(2n + k)yn
k , x ∈ c0.

Since the elements yn
k , n ∈ N, have disjoint supports, we obtain Tk ∈ L(c0).

Further, for each n ∈ N, Tk � {2n+k} = (1/k)yn
k , and ‖Tk‖ = 1/k, k = 1, 2, . . ..

9



We claim that {T1, T2, . . .} is not R-bounded. Indeed, let n ∈ N and let
xk = � {2n+k}, k = 1, . . . , n. As the xk are disjointly supported and ‖xk‖∞ = 1,
we have

2−n
∑

ε∈{−1,1}n

∥

∥

∥

∥

∥

n
∑

k=1

εkxk

∥

∥

∥

∥

∥

∞

= 1.

On the other hand, if ε ∈ {−1, 1}n, then we can choose `1 such that ε1y
n
1 equals

1 on In
1,`1

, and we can choose inductively `m such that εmyn
m equals 1 on In

m,`m

and In
m,`m

⊂ In
m−1,`m−1

, for m = 2, . . . , n. With i ∈ In
n,`n

we find that

∥

∥

∥

∥

∥

n
∑

m=1

εm(1/m)ym

∥

∥

∥

∥

∥

∞

≥
n
∑

m=1

εm(1/m)ym(i) =

n
∑

m=1

(1/m).

Thus,

2−n
∑

ε∈{−1,1}n

∥

∥

∥

∥

∥

n
∑

k=1

εkTkxk

∥

∥

∥

∥

∥

∞

≥
n
∑

k=1

1/k.

It follows that {T1, T2, . . .} is not R-bounded. Actually we have shown that the
smallest R1-bound of {T1, . . . , Tn} equals

∑n
k=1 1/k =

∑n
k=1 ‖Tk‖.

Next, let X be a Banach space such that there exists a linear injection
i : c0 → X and constants c, C > 0 such that

c‖i(x)‖X ≤ ‖x‖∞ ≤ C‖i(x)‖X , x ∈ c0.

For n, k ∈ N the map x 7→ (i−1(x))(2n +k) is a bounded linear function on i(c0)
with norm ≤ C and according to Hahn-Banach’s theorem it can be extended
to a bounded linear functional ϕn,k on X with ‖ϕn,k‖ ≤ C. Now define the
operators

Tkx := (1/k)i

(

∞
∑

n=0

ϕn,k(x)yn
k

)

, x ∈ X, k = 1, 2, . . . .

Then Tk ∈ L(X) and ‖Tk‖ ≤ k−1c−1C for all k. Further, Tk(i( � {2n+k})) =
(1/k)i(yn

k ) for all k, n ∈ N. Rescale Tk to Sk := (1/k)Tk/‖Tk‖, so that ‖Sk‖ =
1/k for all k. If we fix n ∈ N and let

xk := i( � {2n+k}), k = 1, . . . , n,

then
∥

∥

∥

∥

∥

n
∑

k=1

εkSkxk

∥

∥

∥

∥

∥

X

≥ c−1
n
∑

k=1

k−2‖Tk‖
−1 ≥ cC−2

n
∑

k=1

1/k.

The assertions now follow easily.

6 Characterization of L2

Lemma 4.1 leads to a characterization of L2 among Lp by means of R-bounded-
ness of positive linear contractions and isometries. By a linear contraction on
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a Banach space (X, ‖ · ‖) we mean a linear map T ∈ L(X) with ‖T‖ ≤ 1. The
map T ∈ L(X) is an isometry if ‖Tx‖ = ‖x‖ for all x ∈ X. If X is a Banach
lattice, then we call a linear map T : X → X positive if Tx ≥ 0 for all x ≥ 0. If
(Ω,F , µ) is a measure space, 1 ≤ p ≤ ∞, and Ω1 ∈ F , then Lp(µ) decomposes
into Lp(µ) = Lp(µ1) ⊕ Lp(µ2), where Ω2 = Ω \ Ω1, Fi = {A ∩ Ωi : A ∈ F},
µi(A) = µ(A), A ∈ Fi, i = 1, 2, and the norm of Lp(µ1) ⊕ Lp(µ2) is given by
(‖f |Ω1

‖p + ‖f |Ω2
‖p)1/p if p < ∞ and ‖f |Ω1

‖∞ ∨ ‖f |Ω2
‖∞ if p = ∞. We further

recall that an atom in a σ-finite measure space (Ω,F , µ) is a set A ∈ F with
µ(A) > 0 such that for every E ∈ F with µ(E \ A) = 0 either µ(E) = µ(A) or
µ(E) = 0.

Theorem 6.1. Let (Ω,F , µ) be a measure space, let 1 ≤ p ≤ ∞, and let
X = Lp(µ). Assume that X is infinite dimensional.

1. The set of all positive linear contractions on X is R-bounded if and only
if p = 2.

2. If X is separable, then the set of all positive linear surjective isometries
on X is R-bounded if and only if p = 2.

Proof. 1. Since in a Hilbert space every uniformly bounded set of operators
is R-bounded, the ‘if’ part is clear. Suppose that p 6= 2. Let n ∈ N be
arbitrary. Since Lp(µ) is infinite dimensional, there exist mutually disjoint sets
A1, . . . , An ∈ F with µ(Ai) > 0 for i = 1, . . . , n. Define αi := µ(Ai)

−1/p if
p < ∞ and αi := 1 if p = ∞, for i = 1, . . . , n. Further define

ei := αi 	 Ai
and ϕi(f) := α−1

i µ(Ai)
−1

∫

f 	 Ai
dµ, f ∈ X,

i = 1, . . . , n, and

Tf := ϕ1(f)en + ϕ2(f)e1 + ϕ3(f)e2 + · · · + ϕn(f)en−1,

f ∈ X. It is easily checked that T is a positive linear contraction from X
into X. Further, Tei = ei−1 for i = 2, . . . , n and Te1 = en. Let Ti := T i−1,
i = 1, . . . , n. Then Lemma 4.1 yields that any Rr-bound of {T1, . . . , Tn} is at
least crn

1/2−1/p ∨C−1
r n1/p−1/2 if p < ∞ and at least crn

1/2 if p = ∞. It follows
that the set of positive linear contractions is not R-bounded.

2. As before, the ‘if’ part is well known. Suppose that p 6= 2. Since Lp(µ)
is infinite dimensional, there are mutually disjoint sets A1, A2, . . . ∈ F with
0 < µ(Ai) < ∞ for all i. Then Ω1 :=

⋃∞
i=1 Ai with F1 = {A ∩ Ω1 : A ∈ F}

and µ1(A) = µ(A), A ∈ F1, is σ-finite. Consider the induced decomposition
Lp(µ) = Lp(µ1) ⊕ Lp(µ2). Any positive linear surjective isometry on Lp(µ1)
extends (by identity on Lp(µ2)) to a positive linear surjective isometry on Lp(µ).
It therefore suffices to show that the positive linear surjective isometries on
Lp(µ1) are not R-bounded.

It will be convenient and ligitimate to interpret inclusions and equalities in
(Ω1,F1, µ1) modulo sets of measure zero. We adopt the formalism of [9] to view
(Ω1,F1, µ1) as a measure algebra rather than a measure space. If A and B are
two distinct atoms in the measure algebra, then A ∩ B = ∅. As (Ω1,F1, µ1)
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is σ-finite, it contains at most countably many atoms, say Bi, i ∈ N , where
N ⊂ N. The sets Ω3 =

⋃

i∈N Bi and Ω4 = Ω1 \ Ω3 induce a decomposition
Lp(µ1) = Lp(µ3) ⊕ Lp(µ4). The space Lp(µ3) is isometrically isomorphic to
`p(N) as a Banach lattice and the measure µ4 has no atoms. If N is infinite, it
is clear how to use Lemma 4.1 to show that the set of positive linear surjective
isometries on Lp(µ1) is not R-bounded.

If N is finite, then µ4(Ω4) > 0, as Lp(µ1) is infinite dimensional. Choose
an Ω5 ∈ F4 with 0 < µ4(Ω5) < ∞ and consider the induced decomposition
Lp(µ4) = Lp(µ5) ⊕ Lp(µ6). Since Lp(µ) is separable, also Lp(µ5) is separable
and hence the measure space (Ω5,F5, µ5) is separable (see for the definition [9,
VIII.40, p. 168] and for the implication [9, VIII.42, p. 177]). From [9, VIII.41
Theorem C, p. 173] it follows that (Ω5,F5, µ5) is as a measure algebra isomor-
phic to the interval [0, µ5(Ω5)] with its Borel σ-algebra and Lebesgue measure.
Thus, Lp(µ5) is as a Banach lattice isometrically isomorphic to Lp[0, µ5(Ω5)]),
and the proof can easily be completed with aid of Lemma 4.1.

7 Two examples

The purpose of this section is to indicate how the previous results can be used
for manipulations with resolvent families. We do not establish R-boundedness
of the resolvent families mentioned in the Introduction and the examples serve
as mere illustration. Let X be a Banach space of type p > 1 or of cotype q < ∞.
For instance, X = Lp(µ), where 1 ≤ p < ∞ and (Ω,F , µ) is a measure space.
Let (T (t))t≥0 be a strongly continuous semigroup on X with generator A such
that (0,∞) ∈ ρ(A).

Example 7.1. The following two statements are equivalent:

(a) {λ(λI − A)−1 : λ ≥ 1} is R-bounded,

(b) {kn(knI − A)−1 : k ∈ N, k ≥ m} is R-bounded for some m,n ∈ N.

If we show the implication (b)⇒(a), then the equivalence is clear. We may
assume that m = 1. We use that for a map λ 7→ S(λ) : [a, b] → L(X) with
‖S(λ) − S(µ)‖ ≤ L|λ − µ| for all λ, µ ∈ [a, b] and some constant L the set
{S(λ) − S(a) : λ ∈ [a, b]} is Rr-bounded by L(b − a) for every 1 ≤ r < ∞.
This follows readily from Proposition 2.1.1, 4, 5, and 7 and the observation
that

∑n
i=1 ‖S(λi) − S(λi−1)‖ ≤ L(b − a), so that the vector sum of the sets

{0, S(λi) − S(λi−1)}, 0 ≤ i ≤ n, is Rr-bounded by L(b − a), for any a = λ0 ≤
λ1 ≤ · · · ≤ λn ≤ b.

Since there exists a constant M ≥ 0 such that

‖µ(µI − A)−1 − λ(λI − A)−1‖ ≤ (M/λ)|λ − µ|, λ, µ ≥ 1,

it follows that for each k ∈ N,

Tk := {λ(λI − A)−1 − kn(knI − A)−1 : λ ∈ [kn, kn+1]}

is Rr-bounded by (M/kn)((k + 1)n − kn) ≤ Mn((k + 1)/k)n−1/k. By Theorem
3.1, it follows that

⋃∞
k=1 Tk is R-bounded, so that {λ(λI − A)−1 : λ ≥ 1} ⊂

{kn(knI − A)−1 : k ∈ N} +
⋃∞

k=1 Tk is R-bounded.
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Example 7.2. If ‖T (t)‖ ≤ 1 for all t ≥ 0 and if the set of Cesaro means
{n−1(T (1) + · · · T (n)) : n ∈ N} is R-bounded, then the set {

∫∞
1 λe−λtT (t) dt :

λ ≥ 0} is R-bounded. Here
∫∞
1 λe−λtT (t) dt denotes the bounded linear opera-

tor x 7→
∫∞
1 λe−λtT (t)xdt. For a proof, denote Sn := n−1

∑n
k=1 T (1)k, n ∈ N.

We first show that the set {
∑n

k=1 λe−λkT (k) : λ ≥ 0, n ∈ N} is R-bounded.
Indeed, according to [19, Lemma 2.2.6], the convex hull of the set of Cesaro
means and the zero operator co{0, Sk : k ∈ N} is also R-bounded. Now use
that {

∑n
k=1 αkT (k) : n ∈ N, α1 ≥ α2 ≥ · · · ≥ αn ≥ 0,

∑n
k=1 αk ≤ 1} =

co{0, Sk : k ∈ N}. For a proof, notice for the less obvious inclusion that for
α1 ≥ α2 ≥ · · · ≥ αn ≥ 0 with α1 + · · · + αn ≤ 1 the choice βk := k(αk − αk+1),
1 ≤ k ≤ n, (αn+1 := 0) yields

n
∑

k=1

βk

k
∑

`=1

(1/k)T (`) =

n
∑

`=1

(

n
∑

k=`

(αk − αk+1)

)

T (`) =

n
∑

`=1

α`T (`)

and
∑n

k=1 βk ≤ 1.
Next, we show that {

∫ n
1 λe−λtT (t) dt : λ ≥ 0, n ∈ N} is R-bounded. For

a proof, observe first that λ 7→
∫ 1
0 e−λtT (t) dt is continuous and that for any

0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λm+1,

m
∑

k=1

∥

∥

∥

∥

∫ 1

0
e−λk+1tT (t) dt −

∫ 1

0
e−λktT (t) dt

∥

∥

∥

∥

≤
m
∑

k=1

∫ 1

0
(e−λkt − e−λk+1t) dt

≤

∫ 1

0
(e−λ1 − e−λm+1t) dt ≤ 1.

Hence λ 7→
∫ 1
0 e−λtT (t) dt is of bounded variation and thus {

∫ 1
0 e−λtT (t) dt : λ ≥

0} is R-bounded (use, e.g., [19, Theorem 2.2.8] or [7]). Further,

n−1
∑

k=1

λe−λkT (k)

∫ 1

0
e−λtT (t) dt

=
n−1
∑

k=1

∫ 1

0
λe−λ(t+k)T (t + k) dt

=

∫ n

1
λe−λtT (t) dt, λ ≥ 0, n ∈ N.

Due to Proposition 2.1.3 we obtain the asserted R-boundedness.
Finally, notice that {

∫∞
1 λe−λtT (t) dt : λ ≥ 0} is in the strong closure of

{
∫ n
1 λe−λtT (t) dt : λ ≥ 0, n ∈ N}, so that it is an R-bounded set (see [19,

Theorem 2.2.8] or [7]).
If 1 ∈ ρ(T (1)), then Example 3.4 yields that {Sk : k ∈ N} is R-bounded.
It remains to investigate whether the set {

∫ 1
0 λe−λtT (t) dt : λ ≥ 0} is R-

bounded, in order to establish R-boundedness of the set {λ(λI − A)−1 =
∫∞
0 λe−λtT (t) dt : λ ≥ 1}.
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