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Abstract
It is shown that the union of a sequence 77,75, ... of R-bounded sets
of operators from X into Y with R-bounds 7,79, ..., respectively, is R-

bounded if X is a Banach space of cotype ¢, Y a Banach space of type p,
and Y-, 7/ < oo, where r = pq/(¢—p) if ¢ < oo and r = p if ¢ = co. Here
1<p<2<qg<ooandp#q. The power r is sharp. Each Banach space
that contains an isomorphic copy of ¢y admits operators 17,75, ... such
that ||Tx|| = 1/k, k € N, and {T4,T%, ...} is not R-bounded. Further it is
shown that the set of positive linear contractions in an infinite dimensional
LP? is R-bounded only if p = 2.

1 Introduction

During the past few years a theory of LP-multipliers for operator valued func-
tions has been developed by means of the notion of R-boundedness of sets of
operators, see for example [1, 2, 3,4, 5, 6, 7, 8, 10, 12, 13, 17, 18, 19]. This the-
ory has been applied to study maximal regularity of certain abstract evolution
equations. For instance, L. Weis has shown in [18] that maximal LP-regularity
of the abstract Cauchy problem

Z’((t)) :(ilu(t) + f(t) for a.e. t >0, ()

in a Banach space X is equivalent to R-boundedness of the operator set
{N*(A—A)™" X €iR}

for some n € N={1,2,...}, whenever A is the generator of a bounded analytic
semigroup on X and X is a UMD-space. Similarly, Arendt and Bu have shown
in [1] that maximal LP-regularity of the problem

f(t) forae. te0,7]

u’(t) + Au(t) @)

u(0) =u(m) =0
comes down to R-boundedness of

{K*(k®T — A~ : k e N}.

Whether or not these sets of operators are R-bounded depends on the space
X and the operator A that are considered. In order to be able to establish



R-boundedness in specific cases, it seems useful to have a rich theory on ma-
nipulations with R-bounded sets at one’s disposal.

This paper concerns unions of R-bounded sets in the Banach spaces X =
L%(u), where (A, A, p) is an arbitrary measure space, and 1 < ¢ < oco. More
generally, Banach spaces X and Y are considered where X has cotype g and Y
has type p. It will be shown in Section 3 that the union of a sequence 77, 7o, . .. of
R-bounded sets of operators in £(X,Y) with Ro-bounds 71, 79, . . ., respectively,
is R-bounded if "7, 7/ < oo, where r = pg/(¢ —p) and 1 < p <2 < ¢ < o0,
p # q. In particular, a sequence of operators {1, T5,...} on LP(u), 1 < p < oo,
is R-bounded whenever Y72, ||Tk[> < oc. In Section 4 it is shown that the
power 7 in the union theorem of Section 3 is sharp for X = ¢9(N) and Y = ¢P(N).
It is also shown that Banach spaces that contain a copy of ¢y admit operators
Ty, Ty, ...such that ||Tk|| = 1/k, k € N, and {71, T3, ...} is not R-bounded. The
ideas of Section 4 yield a characterization of L?(u) among LP(u), 1 < p < oo,
by means of R-boundedness of positive contractions and isometries. This is
discussed in Section 6. Section 7, finally, presents two examples related to
resolvent families.

2 Preparations

Let X and Y be a real vector spaces with norms || - || x and || - ||y, respectively,
and let £(X,Y) denote the space of bounded linear operators that map X into
Y. Let 1 <r < oo. A subset 7 of L(X,Y) is called R,-bounded if there exists

a number 7, > 0 such that

" r\ T " »\ T
2= " Z erTrxy, <7 |27 Z ELTL
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for every n € N, every x1,...,x, € X and every T1,...,T, € 7. The number

7, is called an R,-bound of 7. We always assume that the spaces (X, ||| x) and
(Y, || - |ly) are Banach spaces. Kahane’s inequality (see [15, Theorem 1.e.13, p.
74]) says that for every p,q € [1,00) there exists a constant K ,(X) > 0 such
that
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for every n € N and every z1,...,2, € X. Thus a set 7 C L(X,Y) is R,-
bounded for every r € [1,00) as soon as it is R,-bounded for some r € [1,c0)
and therefore it is then simply called R-bounded.

We will focus on Banach spaces X that have cotype ¢ € [2, 00] and Banach
spaces Y that have type p € [1,2], that is, there exist constants My, My > 0
such that for every n € N, z1,...,z, € X, and y1,...,y, € Y the inequalities
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hold, respectively. The expression (3 7_, ||lzx||% )¢ should be replaced by

max lzx]x

if ¢ = co. The constants Mx and My are called a cotype q constant of X and a
type p constant of Y, respectively. Each Banach space is of type 1 and cotype
oo with both type 1 and cotype oo constant equal to 1. If a Banach space is
of type p then it is of type r for any r € [1,p] and if it is of cotype ¢ then it
is of cotype r for any r € [g,o0]. For an abitrary measure space (A, A, 1) and
1 < p < o0, the Banach space LP(u) is of type p A 2 = min{p, 2} and of cotype
qV 2 =max{q,2}. See [15, p. 72-73] for proofs and more details.

Every R-bounded subset of £(X,Y) is bounded. The converse is true if and
only if X is of cotype 2 and Y is of type 2 (see [1, Proposition 1.13]).

In order to abbreviate notations, we fix a probability space (2, F,P) and
independent identically distributed (i.i.d) random variables €1, €9, . . . defined on
(Q,F,P) with P(e; = —1) = P(e; = 1) = 1/2. Expectation is denoted by E.
Then, for instance,
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The next proposition collects some preliminary results which are needed in
the sequel (see also [5, 7, 12, 19]).

Proposition 2.1. Let X, Y, and Z be Banach spaces, let 1 < r < oo, and let
S, 7T C L(X,Y) andU C L(Y,Z) be R,-bounded by o, T, and u, respectively.

1. {T} is R.-bounded by ||T||, for every T € L(X,Y).
If § C T, then S is R.-bounded by T.

US ={US:U eU,S €S} is R.-bounded by uo.
7 U {0} is R.-bounded by T.

A N N

S+T={S+T:5€8,TeT} is R-bounded by o + .
6. SUT is R--bounded by o + 7.

7. If A is a directed partially ordered set and (T)\)xep is an increasing family
of subsets of L(X,Y) such that Ty is R,-bounded by T for every A € A,
then (Jyep T is Rp-bounded by 7.



It follows from 2 and 6 of Proposition 2.1 that the notion of R-boundedness
defines a bornology in £(X,Y’) and thus the word ‘boundedness’ is justified (see
1))

The R,-bound for the union S U7 given in 6 of Proposition 2.1 may seem
rather large. It turns out, however, that this bound is the best bound that holds
in general. In particular, a countable set {17, 75, ...} need not be R-bounded
if the norms ||T1|], || 72|, .. are not summable (see Theorem 5.1). On the other
hand, in a Hilbert space a union of R-bounded sets is R-bounded if their R-
bounds are bounded. It may be expected that for X =Y = LP the conditions
providing R-boundedness of a union of R-bounded sets is somewhere between
boundedness and summability of the R-bounds of the components. That is,
more towards boundedness if p is close to 2 and more towards summability if p
is large. Theorem 3.1 shows that this expectation is true.

3 R-boundedness of unions

The proof of the next theorem uses the following observation on type and cotype
of Bochner spaces. If (4,4, ) is a measure space and X a Banach space of
type p, then L*(u, X) is of type p for each p < s < oo. If X is of cotype g,
then so is L®(u, X) for each 1 < s < ¢ (see [16, Lemme 1.1, Lemme 2.1]). More
specifically, if X is of type p with type p constant M, then L?(u, X) also has
type p constant M, and if X is of cotype ¢ with cotype ¢ constant M, then also
L?(u, X) has cotype ¢ constant M. These facts can easily be proved by means
of the inequality

<Z (f s du(a)>p> " / (Z \fk<a>\p> " o

which holds for p > 1, and the reversed inequality, which holds for 0 < p < 1,
neN, fi,..., fan € L'(p).

Theorem 3.1. Let 1 < p <2< g < o0 be such that p # q. Let (X, ] -] x) be a
Banach space of cotype q and (Y, ||-||y) a Banach space of type p. Let Ty, To, . ..
be subsets of L(X,Y) such that for each k € N the set Ty is Ro-bounded by a
number 1, > 0. Let T := J;—, T, and denote

TI=Tpg = pqp ifq<oo and rpq:=pifq= 0.

IfR:= (332, Tg)l/r is finite, then T is Ro-bounded by My Mx R, where Mx
is a cotype q constant of X and My a type p constant of Y.

Proof. Let n € N, Ty,...,T,, € 7 and let x1,...,x, € X. Choose a partition
LI,... Ix of {1,...,n} satisfying

T,eTpforalliely, k=1,..., K.

Here K is a finite number and some of the sets I may be empty. Let (', ', ')
be a probability space and let € ,, i € Iy, k = 1,...,K, be iid. random
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variables on (', F',P') with P'(¢} , =

—1) = P'(e}; = 1) = 1/2. Then also

the products e}, i € I, k = 1,..., K, (in the usual way extended to Q x
Q) are i.i.d. random variables with uniform distribution on {=1,1}. Denote
expectation with respect to P’ by FE'.

Let us start the estimations. In the next sequence of inequalities we use con-
secutively type p of LP(P',Y), R-boundedness, Holder’s inequality, and cotype
q of L4(P", X). We obtain for g < oo,

n 2 1/2 K
Zskaxk = ]E]E/ ZZ&]Ce%’iﬂxi
k=1 v k=14€ly,
9 1/2
K
- [B Lo dmn
k=1 i€l L2FY)
1/p
K p
<ty [ Y e
k=1 ||icI, L2 Y)
1/p
K p
<ty | oot |
k=1 icly L2 )
1/q
K q
SIS OER
k=1 ||iely L2(P X)
9 1/2
K
< MyRMx | E ZEkZ€;€7ixi
k=1 icly, L2 X)
2 1/2
X /

= MyRMx [EBE >N epe} i

k=1icI,,

X
. 9\ 1/2
= MyRMx [E | epan
k=1 X
If ¢ = 0o, we only have to replace
1/q
K q
> |12 kit
k=1 ||iel} L2(P.X)

2

Y

by maxi<kp<k || 2 er, €% i%ill2(p x) and recall that any Banach space is of co-

type oo.

O



The case p = ¢ = 2, which is not treated in the previous theorem follows
directly from the definitions. If X is of cotype 2 and Y is of type 2, then
every bounded subset of £(X,Y") is R-bounded. Moreover, if My is a cotype
2 constant of X and My is a type 2 constant of Y and if 7 C £(X,Y) and
7 € R are such that |T|| < 7 for all T' € 7, then Mx My is an Ry-bound of
T. Further notice that the cases p > 2 and g < 2 are not of interest, since the
only Banach space with type p > 2 or cotype ¢ < 2 is {0} (see [15, p. 73]).

Corollary 3.2. Let X be a Banach space of type 2 or cotype 2. Let 11,75, . ..
be subsets of L(X) such that for each k the set Ty is R-bounded by 1, > 0. If
S T < oo, then Uil Ty is R-bounded.

Corollary 3.3. Let 1 < p < 2 < q < o be such that p # q. Let X
be a Banach space of cotype q and let Y be a Banach space of type p. Let
T, Ts,... € LIX,Y). If Y02, [Tkl < oo, then {T1,T5,...} is R-bounded
and My Mx (332, | Tw|"»9) /™4 is an Rg-bound of this set, where 1,4, My,
and Mx are as in Theorem 3.1.

Example 3.4. (Cesaro means) Let 1 < p < 2 < ¢ < o0, p # ¢, and either
p>1or q < oo, and let X be a Banach space of type p and cotype ¢. Let M,
be a type p constant and My be a cotype ¢ constant. Let T' € L£(X) be such
that ||T]| <1 and 1 € p(T). Let

Then the set {S7,52,...} is R-bounded. More specifically, for each n € N the
set {S1,...,S,} is Ro-bounded by

C sup | T(I—-T")(I-T)"",

1<m<n

where C' = My My (3%°_, (1/m)"«)Y/™va. Indeed, it is clear that
i(T ++T") = iT(I —T™)(I -T)"!
m m '

Corollary 3.3 yields that the set {Sy,...,S,} is Re-bounded by

C sup |T(I—-T")(I-T)7"|.

1<m<n

Since p > 1 or ¢ < 0o, we have r, , > 1 and C'is finite. The proof is completed
by the observation that the sets {Si,...,S,} are increasing in n and that for
all m

1T = T™) (I = D) < TN+ TN = T) 7 < 20 = T) 7).



4 Sharpness of the powers

We will show next that the power r,, in Theorem 3.1 is sharp. That means,
ifl1<p<2<qg<o0,p#q and s > r,, then there are Banach spaces X
and Y such that X is of cotype ¢ and Y of type p and there are sets 71,75, ...
in £(X,Y) with Re-bounds 71,79, .. ., respectively, such that Y 7, 77 < co but
Ur2; 7 is not R-bounded.

In fact we show more. If 1 <p < 00,1 <g<oo,not ¢g<2<p,and s >rp,
where

(PA2)(qV2)

Tpgq = ifg<oo and rps:=pA2ifqg=o0,
P (qv2) - (pA2) i

then there exist T1,Ts,... € L(¢9(N),¢P(N)) such that > 72, ||Tk||°* < oo and
{T1,T5,...} not R-bounded.

The analysis is based on Khintchine’s inequality (see [14, Theorem 2.b.3,
p. 66]), which says that for any 1 < r < oo there exist constants ¢, and C, in

(0, 00) such that
n 1/2 n r\ 1/7 n 1/2
Cr (Z \ak\2> < (E Zf?kak > <Cr <Z ‘ak‘2> ) (3)
k=1 k=1 k=1

for all n € N and all aq,...,a, € R.

Lemma 4.1. Let (A, A, 1) be a measure space, let 1 < p < oo and 1 < g < o0,
letl<r<oo,neN,andas,...,a, €R. Suppose that there exist eq,...,e, €
LP(p) N L(p) with

e, >0, ex 0, ex Neg=0 foralll £k andk=1,...,n.
LetTh,...,T,, € L(L9(p), LP (1)) and let T be an R,-bound of {a1T1,...,anTy}.
1. If Tyep, = ey and |legllq =1 for k=1,...,n, then
72 erllerlpn (@ an)ll2
if g < oo and T > cpller|lpll(ar, ... an)|2 if ¢ = 0.
2. If Tyey = ei, and |leg|l, =1 for k=1,...,n, then
2 G el T s o)
3. If Tyer, = ey, and |leg|lq =1 for k=1,...,n, then

7> 0"V (el anllenllp)lp
if g < o0 and 7 > [[(callerllps - s anllenllp)lly o g = oo -

Here ¢, and C, are constants that satisfy (3).



Proof. For any (1,...0, € R and s = p or s = ¢, disjointness of the e yields

n r\ 1/r n 5 s\1/s
(E S e ) = { el i< oo
k=1 R

maxi<g<n |Oxlllexlls if s =oc.
By (3), for any v1,...,7, € Rand s =p or s =g,
n m L7 n r 1/r

(E Z€k7kel ) = <E Z&’k’yk H61H2>

k=1 s k=1

n 1/2
C <Z %3) lexls

k=1

and (B || 35—y exyerl D) > e (g 7) llealls.

IN

To show 1., choose x;, = e, k=1,...,n. Then Trx = ey, so
n r\ T n 1/2
E ngakaxk > Cr (Z ai) llellp-
k=1 P k=1
Hence
1/r
n r 1/q
n if ¢ < 00
erllerllpli(an, - am)lla < 7| B D Cepan = { T
k=1

q

and the lower bound for 7 follows.
Similarly, 2. and 3. are shown by choosing z; = e; and x; = e for k =
1,...,n, respectively. O

Proposition 4.2. Let 1 < p < oo and 1 < ¢ < oo be such that not p=q = 2.
Define for k € N operators Sk, Ty, U € L(¢1(N),¢P(N)) by

Skm = a:(k)]l{l}, Tkx = .Z'(l)]l{k}, Uk = a:(k:)]l{k}, S gtJ(N)

1. Ifp>2,q>2, and s > rp g, then {(1/k)"/*Sy: k € N} is not R-bounded.
2. If p <2, ¢ <2, and s > rp,, then {(1/k)"/*T}: k € N} is not R-bounded.
3. Ifp<2<qands>ry, then {(1/k)"/*Uy: k € N}] is not R-bounded.

Proof. 1. For an n € N, choose z, = 1yy, k = 1,...,n. According to
Lemma 4.1.1, an R,-bound of {(1/k)'/*Sy: k € N} would be greater than
e VA0 k25)Y2 if g < 0o and greater than ¢, (3 p_, k=2/%)1/2 if ¢ = o0,
for every n € N. As (37_, k=%/5)1/2 > nl/27/s ‘and 1/2 — 1/s — 1/q > 0, this
is impossible.

2. For n € N, choose z = 113, k = 1,...,n. According to Lemma 4.1.2, an
R,-bound of {(1/k)'/*T}: k € N} would be at least C; 'n=1/2(37_, k~P/5)1/P,



which is greater than C'n~1/2+1/P=1/s This is impossible, as —1/2 + 1/p —
1/s > 0.

3. For n € N, choose x = 1y, k = 1,...,n. Lemma 4.1.3 yields that
an R,-bound of {(1/k)Y/*Uy: k € N} would majorize n=Y4(32_, kP/*)1/P if
q < ooand (37_, k7P/5)VP if g = oo, for all n. As (Dop_, k~P/*)1/P > pl/p=1/s
and —1/q¢+ 1/p —1/s > 0, such an R,-bound cannot exist. O

It follows from the previous proposition that the power r,, is sharp in
Theorem 3.1 for X = ¢9(N) and Y = (P(N). Indeed, observe first that the
operators Sy, T}, and U}, are contractive from X into Y. In the case p > 2 and
q > 2, we can choose for each s > r,, at € (r,,,5) and then (1/k)'/*S), are
operators in £(¢9,¢7) such that >_p°, ||(1/k)/¢Sk||* < oo and {(1/k)/*Sy: k €
N} is not R-bounded, by Proposition 4.2.1. In the case p < 2 and ¢ < 2
we consider (1/k)Y*T},, k € N, and use Proposition 4.2.2. If p < 2 < ¢ we use
(1/k)Y*U;, and Proposition 4.2.3. Observe that in the remaining case ¢ < 2 < p
the space X = ¢9(N) has cotype 2 and Y = ¢P(N) has type 2, so that every
bounded subset of £(X,Y) is bounded.

5 Banach spaces containing cg

Theorem 3.1 might raise questions about converse implications. For instance,
for which Banach spaces X is the following statement true: if T7,75,... are
bounded linear operators on X and (||7%||x)x € ¢ (N) for some r > 1, then
{Ty: k € N} is R-bounded. Corollary 3.3 yields that this property is true if X
is of type p > 1 or of cotype ¢ < co. We will show next that the above property
does not hold for Banach spaces containing an isomorphic copy of cq.

Theorem 5.1. Let X be a Banach space that contains an isomorphic copy
of co. Then there are Ty, Ty, ... € L(X) such that || Tx|| = 1/k and such that
{Th,T5,...} is not R-bounded. More specifically, one can arrange that there
ezists a constant C > 0 such that the R-bound of {T4,...,T,,} is > C> }_1/k
for every n.

Proof. For clarity of the argument we first consider the case that X = ¢y. Define
for n > 1 and 0 < m < n the blocks of indices

= {ieN: 2" 4 (012" << 2" 4 27, £=1,...,2™,

and the elements -

yp =y (=)L .

(=1
Define for kK = 1,2, ... the operators

1 o
Thx = z ;x@" +k)yr, € co.

Since the elements y;!, n € N, have disjoint supports, we obtain T} € L(cp).
Further, for each n € N, Ty Lion gy = (1/k)yg, and || Tx|| = 1/k, k =1,2,....



We claim that {T%,7T5,...} is not R-bounded. Indeed, let n € N and let

Tp = Lygngpy, bk =1,...,n. As the z; are disjointly supported and [|zx|[oc = 1,
we have
e 3 S -
ee{-1,1} llk=1

On the other hand, if ¢ € {—1,1}", then we can choose ¢; such that £;y}" equals
Lon Iy, and we can choose inductively ¢,, such that e,,y;) equals 1 on I,
and I}, C IV ,, form=2,...,n Withie€ I}, we find that

n

> em(1/m)ym

m=1

n

Z (1/m)ym(i) = D (1/m).

0o m= m=1

Thus,

n
E exTrxy

k=1

n
2y > 1/k.
ee{-1,1}" k=1
It follows that {77, 7%, ...} is not R-bounded. Actually we have shown that the
smallest Ri-bound of {T71,..., T} equals >} 1/k=> "1 || Tk-
Next, let X be a Banach space such that there exists a linear injection
i: ¢g — X and constants ¢, C' > 0 such that

(e 9]

cli(@)llx < l[zfloc < Clli(2)llx, 2 € co.

For n,k € N the map x — (i~ !(z))(2" + k) is a bounded linear function on i(cg)
with norm < C' and according to Hahn-Banach’s theorem it can be extended
to a bounded linear functional ¢, on X with [j¢, || < C. Now define the
operators

Tz = (1/k)i <Z(Pnk ) reX, k=12 ....

Then Tj, € £(X) and [|T;|| < k~'¢'C for all k. Further, Ty (i(Lianig})) =
(1/k)i(y) for all k,n € N. Rescale T}, to Sy := (1/k)T}/||Tk||, so that || S| =
1/k for all k. If we fix n € N and let

v = i(Longpy), k=1,...,n,

then
n n n
> eSear|| =Y ETR T 2 cC? Y 1k
k=1 X k=1 k=1
The assertions now follow easily. O

6 Characterization of L2

Lemma 4.1 leads to a characterization of L? among LP by means of R-bounded-
ness of positive linear contractions and isometries. By a linear contraction on
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a Banach space (X, || - ||) we mean a linear map T' € £(X) with || T|| < 1. The
map T € L(X) is an isometry if | Tx| = ||z| for all z € X. If X is a Banach
lattice, then we call a linear map T : X — X positive if Tx > 0 for all z > 0. If
(Q,F, 1) is a measure space, 1 < p < oo, and Q1 € F, then LP(u) decomposes
into LP(u) = LP(p1) @ LP(p2), where Qo = Q\ O, Fi = {ANQ;: A € F},
wi(A) = p(A), A € Fi, i = 1,2, and the norm of LP(u1) & LP(u2) is given by
(Il P+ 11 Fle [P)1/7 if p < 00 and || flay lloc V[ flas lloc if p = co. We further
recall that an atom in a o-finite measure space (2, F,u) is a set A € F with
u(A) > 0 such that for every E € F with u(E \ A) = 0 either u(F) = u(A) or
w(E) = 0.

Theorem 6.1. Let (Q,F,u) be a measure space, let 1 < p < oo, and let
X = LP(u). Assume that X is infinite dimensional.

1. The set of all positive linear contractions on X is R-bounded if and only
if p=2.

2. If X is separable, then the set of all positive linear surjective isometries
on X is R-bounded if and only if p = 2.

Proof. 1. Since in a Hilbert space every uniformly bounded set of operators
is R-bounded, the ‘if’ part is clear. Suppose that p # 2. Let n € N be
arbitrary. Since LP(u) is infinite dimensional, there exist mutually disjoint sets
Ay,..., A, € F with p(A;) > 0 for i = 1,...,n. Define a; := u(A;)~ Y7 if
p<ooand a; :=1if p=o00, for i = 1,...,n. Further define

€; = ailAi and Soz(f) = O‘illu(Ai)l/fﬂAi d:u’ f € X,
i=1,...,n, and

Tf:=oi1(flen +2(fler +@3(flez + -+ on(fen—1,

f € X. It is easily checked that T is a positive linear contraction from X
into X. Further, Te; = e;_1 for i = 2,...,n and Te; = e,. Let T; := T%71,
i =1,...,n. Then Lemma 4.1 yields that any R,-bound of {T1,...,T,} is at
least ¢,n!/2=1/p \/C’,Tlnl/p_l/2 if p < oo and at least ¢,n'/? if p = co. It follows
that the set of positive linear contractions is not R-bounded.

2. As before, the ‘if” part is well known. Suppose that p # 2. Since LP(u)
is infinite dimensional, there are mutually disjoint sets A, As,... € F with
0 < pu(A4;) < oo for all i. Then Qp = |J;2; 4; with Fy = {ANQ;: A e F}
and p1(A) = p(A), A € Fi, is o-finite. Consider the induced decomposition
LP(u) = LP(u1) @ LP(p2). Any positive linear surjective isometry on LP(uq)
extends (by identity on LP(us)) to a positive linear surjective isometry on LP(1).
It therefore suffices to show that the positive linear surjective isometries on
LP(uyp) are not R-bounded.

It will be convenient and ligitimate to interpret inclusions and equalities in
(Q1, F1, p1) modulo sets of measure zero. We adopt the formalism of [9] to view
(1, F1, 11) as a measure algebra rather than a measure space. If A and B are
two distinct atoms in the measure algebra, then AN B = 0. As (Qq,F1, 1)
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is o-finite, it contains at most countably many atoms, say B;, ¢ € N, where
N C N. The sets Q3 = (J;cy Bi and Q4 = Q; \ Q3 induce a decomposition
LP(uy) = LP(u3) @ LP(ug). The space LP(us3) is isometrically isomorphic to
(P(N) as a Banach lattice and the measure ;4 has no atoms. If N is infinite, it
is clear how to use Lemma 4.1 to show that the set of positive linear surjective
isometries on LP(yu) is not R-bounded.

If N is finite, then p4(€4) > 0, as LP(p;) is infinite dimensional. Choose
an 5 € Fy with 0 < p4(€5) < oo and consider the induced decomposition
LP(ug) = LP(us) @ LP(ueg). Since LP(u) is separable, also LP(u5) is separable
and hence the measure space (25, Fs, us) is separable (see for the definition [9,
VIIL.40, p. 168] and for the implication [9, VIIL.42, p. 177]). From [9, VIII.41
Theorem C, p. 173] it follows that (5, F5, u5) is as a measure algebra isomor-
phic to the interval [0, 5 (£25)] with its Borel o-algebra and Lebesgue measure.
Thus, LP(us) is as a Banach lattice isometrically isomorphic to LP[0, u5(€25)]),
and the proof can easily be completed with aid of Lemma 4.1. O

7 Two examples

The purpose of this section is to indicate how the previous results can be used
for manipulations with resolvent families. We do not establish R-boundedness
of the resolvent families mentioned in the Introduction and the examples serve
as mere illustration. Let X be a Banach space of type p > 1 or of cotype ¢ < oo.
For instance, X = LP(u), where 1 < p < oo and (92, F, 1) is a measure space.
Let (T'(t))t>0 be a strongly continuous semigroup on X with generator A such
that (0,00) € p(A).

Example 7.1. The following two statements are equivalent:
(a) {\AI —A)~t: X > 1} is R-bounded,
(b) {k"(k"I — A)~': k € N, k > m} is R-bounded for some m,n € N.

If we show the implication (b)=-(a), then the equivalence is clear. We may
assume that m = 1. We use that for a map A — S(\): [a,b] — L£(X) with
IS(A) = S(u)|| < LIA — | for all A\, € [a,b] and some constant L the set
{S(A\) — S(a): A € [a,b]} is Ry-bounded by L(b — a) for every 1 < r < oo.
This follows readily from Proposition 2.1.1, 4, 5, and 7 and the observation
that >0 1 [[S(A) — S(Ni—1)]| < L(b — a), so that the vector sum of the sets
{0,S(\i) = S(Ai—1)}, 0 <@ < mn, is Ry-bounded by L(b — a), for any a = A\g <
Ap <o <A <D
Since there exists a constant M > 0 such that

l(ul = A7 = XA = A7 < (M/NA = pl, A1,
it follows that for each k € N,
T o= A — A7 — k" (E"T — A~ X e [k k)

is R,-bounded by (M/k™)((k+1)" — k") < Mn((k+1)/k)"~!/k. By Theorem
3.1, it follows that (J;, 7 is R-bounded, so that {A\(AI — A)~': A > 1} C
{k"(k"I — A)~' : k € N} + U2 7 is R-bounded.
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Example 7.2. If ||T(¢)|| < 1 for all ¢ > 0 and if the set of Cesaro means
{n"YT(1) +---T(n)): n € N} is R-bounded, then the set { [ Ae ™ MT(t) dt:
A > 0} is R-bounded. Here floo Ae T (t) dt denotes the bounded linear opera-
tor z — [ Ae™MT(t)z dt. For a proof, denote S, :=n~13 ) T(1)*, n € N.

We first show that the set {3"1_; Ae™**T(k): A >0, n € N} is R-bounded.
Indeed, according to [19, Lemma 2.2.6], the convex hull of the set of Cesaro
means and the zero operator co{0,Sx: k € N} is also R-bounded. Now use
that {>p_jauT(k): n e N, a1 > g > -+ >, >0, D)0 < 1} =
co{0,Sx: k € N}. For a proof, notice for the less obvious inclusion that for
a1 > ag > >y >0 with ag 4+ -+ + ay, < 1 the choice fy := k(g — agi1),
1 <k<mn, (apt1:=0) yields

n k n n n
D B> (/T =) <Z(ak - Oék+1)> T(6) =) T
(=1

k=1 (=1 =1 \k=¢

and > ), B < L.
Next, we show that { /" Ae T'(t)dt: A > 0, n € N} is R-bounded. For

a proof, observe first that A — fol e MT(t)dt is continuous and that for any
0< A <A< < At

é /01 e~ M () dt — /Ole—*ktT(t) dtH

mo a1
§E /(e)‘kt—e)‘k“t)dt
k=170
1

< / (e — e Amtydt < 1.
0

Hence A — fol e MT(t) dt is of bounded variation and thus {fol e NT(t)dt: A >
0} is R-bounded (use, e.g., [19, Theorem 2.2.8] or [7]). Further,

n—1
> XM (k) / e NT(t) dt
k=1

1
0
n—1 .1
=> / Ae MR 4 k) dt
k=170

= / Ae MT(t)dt, A>0, neN.
1
Due to Proposition 2.1.3 we obtain the asserted R-boundedness.

Finally, notice that { [ Ae™T(t)dt: A > 0} is in the strong closure of
{[["xeMT(t)dt: A > 0, n € N}, so that it is an R-bounded set (see [19,
Theorem 2.2.8] or [7]).

If 1 € p(T(1)), then Example 3.4 yields that {Sk: k € N} is R-bounded.

It remains to investigate whether the set {fol Ae ™ MT(t)dt: X > 0} is R-
bounded, in order to establish R-boundedness of the set {A(A] — A)~! =
JoZAe T MT(t)dt: A > 1}
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