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Abstract

Existence of invariant measures for semi-linear stochastic evolution equa-
tions in separable real Hilbert spaces is considered, where the noise is gen-
erated by Hilbert space valued Lévy processes. It is shown that if the Lévy
process has locally bounded second moments, if the semigroup generated by
the linear part is hyperbolic, and if the Lipschitz constants of the nonlinear-
ities are sufficiently small, then existence of a mean square bounded solution
implies existence of an invariant measure. In case the semigroup is exponen-
tially stable, each solution is mean square bounded and there exists a unique
invariant measure with finite second moment whenever the Lipschitz constants
of the nonlinearities are sufficiently small. The stochastic integral with respect
to the Hilbert space valued Lévy process is constructed as a series by means
of a decomposition of the process into scalar processes. The existence of the
invariant measure is proved by a coupling argument, which depends on weak
uniqueness of solutions of the equation
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1 Introduction

There appears to be a still growing interest in stochastic evolution equations with
noise driven by more general processes than Wiener processes (Brownian motions).
Existence and uniqueness as well as many related aspects of finite dimensional
equations have been studied in great detail, see for instance [11, 15] and references
therein. The theory of infinite dimensional equations driven by more general than
Wiener processes is not as well-developped. Especially concerning invariant mea-
sures much less is known than for the case of Gaussian noise. The purpose of this
paper is to extend the recent result of [17] on existence of invariant measures for
semilinear hyperbolic equations driven by infinite dimensional Wiener processes to
the case of infinite dimensional Lévy noise. Stationary solutions of affine evolution
equations in Hilbert spaces with noise driven by Hilbert space valued Lévy processes
have been studied by Chojnowska-Michalik in [2, 3]. Long term behavior of stochas-
tic delay differential equations with more general noise processes have for instance
been studied in [10, 13]. Important references for infinite dimensional equations
driven by Wiener processes are the books [5, 6].

Consider a semi-linear stochastic evolution equation in a separable real Hilbert
space F, formally written as

dX () = [AX (t) + F(X(t))dt + G(X (£))dZ(t), >0, (1)



where the noise is driven by a Hilbert space valued process (Z(t));>o with stationary
and independent increments and locally bounded second moments. It will be shown
that if the semigroup generated by the linear part A is hyperbolic and the Lipschitz
constants of the nonlinearities F' and G are sufficiently small, then existence of a
mean square bounded solution implies existence of an invariant measure. More-
over, if the semigroup is exponentially stable, then there always exists an invariant
measure if the Lipschitz constants are small enough and it is unique.

The proof is an extension of the proof given in [17] for Wiener noise to more
general processes. The methods in [17] do not depend on continuity of paths nor on
the noise process being gaussian. They do, however, depend heavily on estimates
for the second moments of the occurring stochastic integrals. Therefore the theory
on integration with respect to Hilbert space valued Lévy processes presented in [2]
can not directly be applied. It turns out that if the process itself has finite second
moments then the stochastic integral satisfies suitable second moment estimates as
well. More than that, the stochastic integral can then conveniently be constructed
by means of a decomposition into scalar processes and satisfies an Ito isometry
just as in [16] for Wiener processes. Peszat and Zabczyk have taken a somewhat
different approach to stochastic integration with respect to infinite dimensional Lévy
processes, more in the spirit of [5].

Let us now state precisely the setting and the main results.

Situation (x). Let H and F be separable real Hilbert spaces, let A be the generator
of a strongly continuous semigroup (S(t))i>o in E, let F : E — EF and G : E —
L(H, E) be such that

I1F(z) = F(y)ll < Lrlle—yl,
1G(z) = Gl < Lalle —yll,  forall 2,y € E,

for some constants Lp, Lg > 0. Here L(H, E) denotes the space of all bounded
linear operators from H to E and ||| - ||| its norm. Let (2, F,P) be a probability
space, let (F;)i>o0 be a filtration in F, let (Z(t)):>0 be a family of random variables
on (2, F,P) such that

Z(t) is Fi-measurable,
Z(t+ u) — Z(t) is independent of F,
Z(t+u)— Z(t) and Z(s+ u) — Z(s) have the same distribution

for all s,¢,u > 0, and such that Z(0) = 0 and supy<,<7 E[|Z(t)||* < oo for all
T2>0.

We will consider mild solutions of (1), which are continuous (F;);>o-adapted
functions X : [0,00) — L?(Q; E) such that

X(1) :S(t)X(O)—s—/t S(t—s)F(X(s))ds+/tS(t—s)G(X(s))dZ(s), £>0.

Here L2(2; E) denotes the space of (equivalence classes of) square Bochner inte-
grable functions from (Q,F,P) to E. The stochastic integral will be defined in
Section 3. We will establish the following two theorems.

Theorem 1.1. Assume Situation (x). Assume that E = FE1 @ Ey where Ey and
E5 are closed subspaces of E that are invariant under S(t) for all t > 0, such that
S(t)|g, extends to a strongly continuous group on Ea, and such that there exist
M >0, a1 >0, as > 0 with

|S(t)z| < Me=t||x|| for all z € Fy,
[S(—t)z|| < Me=o2t||z| for all x € Fs,



for allt > 0. Let Py denote the projection on Ey along Eo and P the projection on
By along B Let o = (E||2(1) ~ EZ(U)])2 and

Ky = 6M?||Py||*(LE/an + LEa?),
Ky = 6M?|| Po|*(LE /a2 + LE0®).
If Ly and Lg are so small that
Ki <oy, Ks<ay and a1 Ko+ as Ky < ajas,

then ezistence of a mild solution X of (1) with sup,~,E||X(¢)||* < oo implies
existence of an invariant measure p of (1) with [}, ||lz||* du(z) < oo.

Theorem 1.2. Assume Situation (x) and assume that there exist M > 0 and o > 0
such that

|S@®)|| < Me™®" for all t > 0.
Let o := (E||Z(1) —E Z1)||*)Y/2. If Ly and L¢ are so small that
6M?*(L%/a+ LE0?) < a
then there exists a unique invariant measure (i of (1) with [, ||z||* du(z) < co.

It turns out that in case IE Z(t) = 0 for all ¢ > 0 the class of functions G that
is allowed in Situation (%) may be enlarged to functions that map into a space of
Hilbert-Schmidt type operators. For more details, see Theorem 5.9. The major part
of the construction of the stochastic integral is summarized in the next theorem.

Theorem 1.3. Assume Situation (x) and let ® : [0,00) — L2*(;L(H, E)) be
adapted and continuous. There exists a unique Q € L(H, H) such that

(Qz,y)g =E(Z(1),2)(Z(1),y) for all x,y € H.

This operator Q is symmetric, positive semi-definite, and of trace class. If (h;)ien
(N C N) is an orthonormal basis of H consisting of eigenvectors of Q and (\;)ien
are the corresponding eigenvalues, then the series

;V/ $)h; dZi(s)

converges in L?(Q; E) and for each i the integral

t
/ ®(s)hi dZ:(s)
0
exists as an L*(); E)-limit of Ito-Riemann-Stieltjes sums. Here
Z(t) = Z(t) =B Z(t) and Z;(t) = (Z(t),h;), t>0, i€ N.
Moreover, for every t > 0 one has

]E||Z/ $)Yhs dZi(s)|)? = ZA/IEH(I) (s)||? ds.

€N i€ N
The stochastic integral will be defined by

/Ot Z/ $)hi dZy(s).

i€EN



The organization of the paper is as follows. Section 2 studies Hilbert space valued
processes with stationary independent increments and finite second moments and
their decomposition into scalar processes. In Section 3 the decomposition is used
to construct the stochastic integral and prove Theorem 1.3. Section 4 discusses
existence and uniqueness of solutions of equation (1). Finally in Section 5 the
existence of stationary solutions of (1) is considered and Theorems 1.1 and 1.2 are
proved.

2 Processes with stationary independent increments

Definition 2.1. Let H be a separable real Hilbert space, let (2, F,P) be a proba-
bility space, and let Z = (Z(t))¢>0 be a family of H-valued random variables defined
on (2, F,P). We say that Z is a process with independent increments if

(1) for every t > s > 0 the increment Z(t) — Z(s) is independent of the o-algebra
generated by {Z(u) : 0 < u < s},

and we say that Z has stationary increments if

(2) for every s,t,u > 0 the increments Z(t +u) — Z(t) and Z(s + u) — Z(s) have
the same distribution.

The family (Z(t)):>o is called a Lévy process (cf. [15, Section 1.4, p.20]) if in addition
to (1) and (2) also

(3) Z(0) =0 P-a.s,;

(4) t— Z(t) is continuous in probability, that is, if t — ¢ then P(|| Z(t)— Z(to)]| >
g) — 0 for all € > 0;

(5) for P-almost every w € Q) the path t — Z(¢)(w) is cadlag (i.e. right continuous
and the left hand limit exists at each point).

The process Z is called (F;)i-adapted if Z(t) if Fi-measurable for every ¢ > 0.
To abbreviate, we say that Z is an (F;):-stationary independent increments process
if Z is (Ft)r-adapted, Z has stationary increments, and for every t > s > 0 the
increment Z(t) — Z(s) is independent of Fs.

We will assume that supy<,«7 E|Z(t)||> < oo for all T and view Z(t) as an
element of L2(Q; H). The independence and stationarity of the increments yields
then a specific structure of the mean and covariance. The main tool is the next
lemma.

Lemma 2.2. Let (H,| - ||) be a normed space. Let T > 0 and let v : [0,T) — H
be additive, that is, u(s+t) = u(s) + u(t) for every s,t > 0 with s+t <T. Ifu is
bounded on [0,T), then u(t) = (t/T)u(T) for all t € [0,T].

Proof. We may consider the function ¢ — «(tT") : [0,1] — H instead of u, or rather
assume that T = 1. Clearly, u(0) = 0 and if n,m € N ={1,2,...} with n/m <1
then mu(n/m) = u(n) = nu(l), so u(t) = tu(l) for all ¢ € [0,1] N Q. Suppose
there is a t € [0,1] such that w := wu(t) — tu(l) # 0. Choose a sequence (qn)n
in [0,1] N Q such that ¢, 1 ¢. By passing to a subsequence we may assume that
oo (t —gn) < 1. By additivity we have that

u(t —gn) = u(t) — u(gn) = u(t) — gou(l),

which converges to w if n — oco. By passing to a suitable subsequence we may
assume that
[lw —u(t — gn)|| < 27" for all n.



For every N € N we then find

N N
lu(d =@l = 11D ult gl
n=1 n=1 .
= [[Nw =" (w—wu(t—gn))|
> Njwl-1.
The latter is impossible if u is bounded. O

Corollary 2.3. Ifv:[0,00) — [0,00) is additive, that is, v(s +1t) = v(s)+v(t) for
all s,t >0, then v(t) = tv(1) for all t > 0.

Proof. Let T > 0 be arbitrary. We want to prove that v(T') = Tv(1). The function
v is additive on [0,T]. As v(t) > 0 for all ¢, it follows that v is increasing on [0, T].
Hence 0 = v(0) < v(t) < v(T) for all t € [0,T]. By Lemma 2.2, v(t) = tv(1) for all
te[0,T]. O

In Lemma 2.4-Proposition 2.6 below, let H be a separable real Hilbert space, let
(Q, F,P) be a probability space, let (Fi)i be a filtration in F, and let Z = (Z(t))i>0
be an (Fi)¢-stationary independent increments process in H defined on (2, F,P)
with Z(0) = 0.

Lemma 2.4. If supg<;<7 E||Z(t)|| < 0o for all T' > 0, then
EZ(t)=tEZ(1) for all t > 0.
IfE|Z@)|? < oo for all t >0, then
E|Z0)]? = B |Z()|? for allt > 0,
where Z(t) = Z(t) —E Z(t), t > 0.

Proof. HE || Z(t)|| < oo, then Z(t) is Bochner integrable and therefore E Z(t) € H
is well defined. For s,¢ > 0 we have that

EZ(s+t) = E[Z(s+t)—Z(t)]|+EZ(t)
E[Z(s)— Z0O)]+EZ(t)
= EZ(s)+EZ(t).

Hence the function t — IE Z(t) is additive and since ||E Z(t)|| <E||Z(t)|], it is also
bounded on [0,7]. By Lemma 2.2 we obtain that E Z(¢) = ¢E Z(1), t > 0.

If E||Z(t)]? < oo, then E||Z(t)| < (E|Z(t)]?)"/? < oo and therefore Z(t) is
well-defined and IE || Z(t)||? < oo for all £ > 0. For s,t > 0 we have

E|Z(s+0)I* = BIZ(s+1) - ZO|° +2Z(s +1) = Z(1), Z(t) + | Z(1)[?]
E[IZ(s)|* +EZ(®)]*.
Application of Corollary 2.3 completes the proof. O

Proposition 2.5. Assume that E || Z(t)||* < oo for allt > 0 and let
m(t) =B Z(t),  Z(t)=Z(t) —m(t), t >0.
The following statements are equivalent:

(a) supg<;<r B Z()]|* < 00 for all T > 0;



(b) supg<i<r B Z(t)|| < 00 for all T > 0;

)
(c) m(t) =tm(1) for all t > 0;
(d) supg<i<r Im(t)|| < oo for all T > 0;
)

(e) t— Z(t) is continuous in probability.

Proof. (a)=-(b) is clear since E || Z(t)|| < (E ||Z(t)]|?)"/? for all ¢ > 0.
(b)=(c) is Lemma 2.4(1).
(c)=(d) is trivial.
To show that (d)=(a), observe that

E [[|Z(®)]* = 2(Z(t), m(t)) + [|m(t)]]?]
= E [[|IZ0)]? - 2B Z(t), m()) + [m(®)[|*]
E||Z()|% - [[m(t)]? for all t > 0.

E || Z(t)?

Hence by Lemma 2.4,

~ 2
swp | 21)]2 < TR Z) + (_sup_[m(0)])
0<t<T

0<t<T

To prove equivalence with (e), let s, > 0, ¢ > 0 and observe that

P(IZ() - Z()l >e) < (1/B[Z() - Z(s)|?
(1/)|t = s|B | Z(1)]*.

Hence t +— Z(t) is continuous in probability and we infer that t — Z(t) is continuous
in probability if and only if m is continuous. Now it is clear that (c)=>(e)=-(d). O

In particular, if (Z(t));>0 is a Lévy process such that E||Z(¢)]|?> < oo for all
t>0,then EZ(t) =tEZ(1) and E||Z(t) —E Z(t)||> =tE|Z(1)-E Z(1)|]?, t > 0.

We say that the process Z = (Z(t))i>0 has locally bounded second moments if
supg<i<7 E || Z(t)]|?> < oo for all T > 0. The process Z can be decomposed in a

sequence of scalar processes in the following way.

Proposition 2.6. Let (hi)ien (N C N) be an orthonormal basis of H. Let Z;(t) :=
(Z(t),hi), t>0,i€ N. Then:

(1) foreveryi € N, (Z;(t))i>0 is a scalar (Fy)¢-stationary independent increments
process and Z; ( ) =0 P-a.s. for every i € N;

(2) Yien 1Zi(0)]? < 00 P-a.s. for every t > 0;

(3) for any s,t,u >0 and any finite set F C N, the random vectors (Z;(t + u) —
Zi(t):i € F) and (Zi(s+u) — Z;(s) : i € F) have the same distribution;

(4) for every t > 0 the series Y . Zi(t)h; converges P-a.s. to Z(t). If in addi-
tion B[ Z(t)||* < oo, then Y ;cy E|Zi(t)|* < 0o and the series Y ;o Zi(t)hi
converges in L2(£; H) to Z(t).

Conversely, if we have (1), (2), and (3) above, then Z(t) := Y ;. n Zi(t)h; con-
verges in H P-a.s. for everyt > 0 and (Z(t))i>0 s an (Fi)i-stationary independent
increments process i H.



Proof. (1) Because Z is adapted to (Fi):, Z;(t) is Fr-measurable for every t > 0.
Further for ¢ > s > 0, Z(t) — Z(s) is independent of Fs and hence Z;(t) — Z;(s)
is independent of F,. If we have proved (3), then it follows that (Z;(t))>0 is an
(Ft)¢-stationary independent increments process. As Z(0) = 0 P-a.s., Z;(0) = 0
P-a.s.
(2) For t > 0 and P-a.e. w € Q, Z(t)(w) is an element of H and by Bessel’s
identity we have
3" K2 O). k) = 1202 < .
iEN
(3) Let s,t,u > 0 and m € N. Since Z(t + u) — Z(t) and Z(s + u) — Z(s) have
the same distribution, it follows that (Z1(t+u) — Z1(t), ..., Zm(t+u) — Zn(t)) and
(Z1(s+u) — Z1(8)y. .., Zm(s +u) — Zp(s)) have the same distribution.
(4) This is obvious if N is finite. So we assume that N = N. As remarked
in (2), for each t > 0 and P-a.e. w € Q, Z(t)(w) € H and we have Z(t)(w) =

Yoo ({Z(t)(w), hi)h; (convergent in H). If E || Z(t)||*> < oo, then by Bessel’s identity

Y EIZ@#)] =E(Z(1)]* < oo,
i=1

o that B[ Z(t)~ X1, Zi(Ohil> = EI| X540 ZiOhl? = S5, BIZi0) — 0
as m — oo.

Let us now consider the converse statement. Let (Z;(t))i>0, ¢ € N, be (Fy)s-
stationary independent increments processes in R with Z;(0) = 0 satisfying (2) and
(3). By (2), for t >0, Z(t) := > _,cn Zi(t)h; converges in H P-a.s., and then Z(t)
is Fi-measurable. For t > s > 0, Z;(t) — Z;(s) is independent of F, for alli € N
and hence Z(t) — Z(s) is independent of Fs. Further, (3) yields that for s,¢,u > 0
the random variables . (Z;(t + u) — Zi(t))h; and 3, o (Zi(s +u) — Zi(s))hi
have the same distribution for any finite F C N. Therefore Z(¢t + u) — Z(t) and
Z(s+u) — Z(s) have the same distribution. O

In case of a Wiener process a special choice of the basis (h;); in H leads to a
decomposition into independent processes. For (F;):-stationary independent incre-
ments processes we can achieve in a similar fashion a decomposition into uncorre-
lated processes. The key object to consider is the covariance operator associated
with a Lévy process with locally bounded second moments. Its construction and
properties are very similar to the Gaussian case and therefore we omit proofs. See
also [14].

In Theorem 2.7—Corollary 2.9 below, let H be a separable real Hilbert space, let
(Q, F,P) be a probability space, let (Fi)i>o0 be a filtration in F, and let Z = (Z(t))i>0
be an (Fi)i-stationary independent increments process in H defined on (2, F,P)
with Z(0) = 0 and such that

E|Z(t)||* < oo for all > 0.

Let
Z(t):=2Z(t)—EZ(t) and m :=E Z(1).

Theorem 2.7. (1) There exists a bounded linear operator QQ : H — H which is
uniquely defined by

(Qu,y) =E(Z(1),2)(Z(1),y), w,y€ H.



This operator Q is symmetric, positive semi-definite, and of trace class. More-
over, trace Q = E || Z(1)||? and

(tQz,y) =E(Z(t),x){Z(t),y), =,y € H,
for every t > 0.

(2) There exists an orthonormal basis (hi)ien of H consisting of eigenvectors of
Q. If (\)ien are the corresponding eigenvalues and

Zi(t) == (Z(t),hs), t>0,i€N,
then B
X =E|Z(1)]?, foralli€ N, and Y\ = trace Q.

ieN
Moreover, for every s,t >0 and i,5 € N one has

E Zi(s)Z;(t) =0 ifi# j.
Proof. (1) Very similar to the case of Wiener processes.

(2) Tt follows from standard theory of trace class operators that @ is compact

(see [4, §18]) and hence there exists an orthonormal basis (h;);en of H consisting
of eigenvectors of ). Clearly,

E|Z()] = E(Z(1)h)* = (Qhi,hi) = \i, i € N.

By Bessel’s identity,
BIZ0)7 =B (20, h)? = 3 A = trace Q.
ieEN iEN
Let t > s > 0 and 4,j € N with i # j. By Proposition 2.6(3), for s > r > 0 the
random vectors (Z;(s) — Z;(r), Z;(s) — Z;(r)) and (Z;(s — ), Z;(s — r)) have the

same distribution, so

E(Zi(s) = Zi(r))(Z;(s) = Zi(r)) = EZi(s —r)Z;(s —7)
= E(Z(s—71),h){(Z(s — 1), hj)
= (s = r)(Qhi, h;) = 0.
Proposition 2.6(1) yields that Z(t) — Z(s) and Z(s) are independent for all k, £ €
N, so we conclude

EZi(5)Zi(t) = EZi(s) (Z(6) = Z;(5)) + B (Zils) = Z:(0)) (Zi(5) — 2Z;(0))
= 0.
O

Definition 2.8. The bounded linear operator () : H — H that satisfies

(Qu,y) = B(Z(1),2)(Z(1),y) for allw,y € H
is called the covariance operator of the process (Z(t))¢>o-

Corollary 2.9. There exists an orthonormal basis (h;)ien of H such that the de-
composition
Zi(t) = (Z(t),h;) t>0,i€N,

yields scalar (Fi);-stationary independent increments processes (Z;(t))i>0, @ € N,
that are mutually uncorrelated, that is,

E [(Z:i(t) - E Zi(1))(Z;(s) = E Zj(s))] = 0
forall s,t >0, 4,5 € N withi # j.



Example 2.10. Let us show that uncorrelatedness of the components is in gen-
eral not sufficient for (3) of Proposition 2.6. Let P; and P> be two scalar Poisson
processes with rate 1 and let B; and Bs be two normalized Brownian motions, all
of them defined on a probability space (£, F,P) and adapted and with indepen-
dent increments with respect to a filtration (Fi):>0 in F. Assume moreover that
P, P>, B1, and By are mutually independent. Let

_ Pl(t), 0<t<1,
Py(t) = { P (1) + Py(t) — P(1), t>0,

and
| Bi(t), 0<t=<l,
Bs(t) == { Bi(1) + By(t) — Ba(1), t>0.

Then Ps is a Poisson process with rate 1 and Bj is a normalized Brownian motion
on (£, F,P) with respect to (F;)¢>0. Let

Zl(t) = Pl(t)—‘rBl(t), Zg(t) = Pg(t)—Bz;(t), tZO

The processes Z; and Z5 are stationary independent increments processes, E Z; (t) =
EZ5(t) =0 for all t > 0, and E Z;1(s)Za2(t) = 0 for all s,¢ > 0. However, the pro-
cess (Z1(t), Zo(t))t>0 in R? does not have stationary increments. For instance, the
distributions of Z1(1) — Z5(1) and (Z1(2) — Z1(1)) — (Z2(2) — Z2(1)) are not equal.

3 Stochastic integral

If Z = (Z(t))i>0 is an (F),-stationary independent increments process in a sepa-
rable real Hilbert space H defined on a probability space (2, F,P) with a filtration
(Ft)¢ in F, and Z(0) = 0 and supy<,«7r E|[|Z(t)]|> < oo for all T > 0, then Z can
be splitted into a deterministic process and a process with zero means. Indeed,

Z({t)=mt+ Z(t), t>0,

where

m:=EZ(Q1), Z(t)=2Z(t) —mt, t>0.
Accordingly, a stochastic integral with respect to Z will be the sum of a Riemann (or
Bochner) integral and a stochastic integral with respect to (Z (t))¢>0, which has zero
means. We first construct the latter integral, which we will do via decomposition
into scalar processes.

In Definition 3.1-Corollary 3.4 below, let (2, F,P) be a probability space, let
(Ft)e>o0 be a filtration in F, let N C N, and let (Z;(t))t>0, @ € N, be mutually uncor-
related (F)¢-stationary independent increments processes in R defined on (2, F,P)
with Z;(0) = 0 for all i, Y ;e yE|Zi(t)|]* < 00 and E Z;(t) = 0 for all t > 0 and
it €N. Let \; = E |Zz(1)|2

The class of integrands that we consider contains both adapted continuous func-
tions and adapted simple functions.

Definition 3.1. Let X be a Banach space and let a,b € R with a < b. A function
F :[a,b] — X is called piecewise uniformly continuous (PUC) if there exist a =
ap < a3 < -+ < ap = b such that F is uniformly continuous on (ax_1,ax) for
k=1,...,n. A function F : [0,00) — X is called PUC if F|jo 7] is PUC for every
T>0.

Proposition 3.2. Let F be a separable real Hilbert space and letT > 0. Leti,5 € N
and let ®;,®; : [0,T] — L*(; E) be adapted PUC functions.



(1) There exists an element in L?(Q2; E) denoted by fOT D, (t) dZ;(t) such that for
every € > 0 there exists a § > 0 such that

n—1 2

A@ﬁﬂ&mfiﬁwM&wmf&m»

k=0

E <e€

for every partition 0 = tog < t1 < -+ < t, =T with maxy(tg+1 — tr) < 9. In
other words, the Ito-Riemann-Stieltjes sums

n—1

D () (Zilti) — Ziltr))

k=0
converge to fOT ®;(t) dZ;(t) in L*2(, E).

(2) One has E fOT ®,(t) dZ;(t) =0 and

E‘A¢wM&@ =MAIM@@W#

(3) Ifi+# j one has

E </T O, (t) dZi(t),/T (1) de(t)> =0.

Proof. (1) Let 0 =ag < a1 < --- < ag =T be such that ®; is uniformly continuous
on each interval (ax—1,ax). Let M := supy< 7 E||®;(s)||* and let € > 0. Take
§ > 0 such that 8M N6\; < € and such that for each k one has | ||®;(r) — ®;(s)||? <
e/(2T(\; + 1)) whenever r, s € (ag—1,a;) and |r —s| < 6. Let 0 =t <1 < --- <
t, = T be a partition of [0,T] with maxy(tg+1 — tx) < 0 and let 0 = 50 < 81 <
-+ < 8 =T be a refinement. Define the simple function

n—1
\I/ = Z (bi(tk)]l[tk,tk+1)‘
k=0
Then the Ito-Riemann-Stieltjes sum of ®; corresponding to the partition ¢1,...,%,
8 n—1 m—1
> @i(te) (Ziltarr) = Zilte) = D>, Ulsk) (Zilsk1) — Zi(sk) -
k=0 k=0

10



By adaptedness, independent increments, and the assumption E Z;(t) = 0 for all ¢,

E i Qi (tr) (Zi(trr1) — (sk) (Zi(sk+1) — Zi(sk))
k=0 k=0
=E < Sk),‘I’(Sg) —@i(85)>
k=0 (=0

(Zi(sk+1) — Zi(sk)) (Zi(se+1) — Zi(se))

= " B[ ¥(st) — Bu(s)E (Zi(sien) — Zilsi)?

k=0
m—1k—1

+2 30 3B [(Wlsk) — Bis), Wse) = Bilse)) (Zilsisn) = Zilse))
k=0 ¢=0

"E (Zi(sk11) — Zi(sk))

E (9 (s) — i(sk)|I*Ni (k1 — Sk).

k=0

Denote by L C {1,...,n} the set of indices ¢ for which the interval [t,_1,t;) contains

one or more of the points ai (the jump points of ®;). Note that L has at most K
elements. Hence

m—1

E W (s1) — ®i(sk)[*Ni(skr1 — s8)
k=0

Z Z +Z Z E W (sk) — ®i(sk)]°Xi (Sk41 — k)

LEL kisp€[tr—1,te) LEL kispE€[te—1,te)

=D DD DI -1 (L TEN /R EHOR) PHENIE

LEL kispE€[te—1,te)

9
— —
+ Z Z 2T (N + 1) (5t1 = 5
LZL kisp€[te—1,te)
9
< D AMNi(skrs = 1) + gy AT
teL '

< NAMMN b +¢e/2<e.

Since L?(Q; E) is complete, it follows that the limit of the Ito-Riemann-Stieltjes

sums 37— @;(ty) (Zi(trs1) — Zi(ty)) over partitions 0 = tg <ty < --- < t, =T
with mesh sizes tending to zero converge in L?(Q; E).
(2)—(3) For any partition 0 =tg < t1 < --- <t, =T,

n—1

E Y @i(tk) (Zi(trsr) — Zi(tr)) i E ©;(tk)E (Zi(te+1) — Zi(tr))
k=0 870
and hence fo t)dZ;(t) = 0.

Because of (1 ) and continuity of the inner product in L?(Q; E), it suffices to
show for (3) that

<i (1) (Ziltin) Z<tk>>,§¢j<te><zj<te+l>—z<te>>> 0

k=0 £=0

11



for each partition 0 =tg < Ty < -+ - <t,=T. For0<k<n—-land0</< k-1,
D, (ty), @ (te) and Z;(tes1) — Z;(tr) are Fy, -measurable and therefore independent
of Zi(thrl) 7Zi(tk). For 0 S k S n—1and /¢ Z k'+1, (I)i(tk), q)j(tg), and Zi(thrl) —
Z;(tr) are Fy,-measurable and therefore independent of Z;(t¢41) — Z;(t¢). Further,
for 0 < k <n—1is (®;(tx), ;(tx)) independent of the increments Z,(tx41) — Zp(tx)
for all p. Recall also that ]E( p(tk+1) — Zp(tx)) = 0 for all p. Thus we find

E <Z Di(tr) (Zi(th+1) — Zi(tr)) , i D (te) (Z;(tes1) — Zj(te))>

k=0 =0
-YE (@i(tr), @ (tr)) (Zi(tkt1) — Zi(tk)) (Zj(ths1) — Z;(tx))]
k=0
n—1k—1
N B [(@i(tk), ®;(te)) (Zi(trsr) — Zi(t)) (Z;(tesr) — Z;(te))]
k=0 £=0
30 S E (i), @500) (Ziltiss) — Zilti) (Zytess) — Z4(te)
k=0 ¢=k+1
= > E{Pi(tr), @t )E [(Zi(te+1) — Zi(tr)) (Zj (k1) — Zi(tr))]-
k=0

If i # j, then Z; and Z; are uncorrelated (see Corollary 2.9) and we can conclude
(3) since Z; and Z; have zero means. If ¢ = j then we find

n—1
IE||Z<I> ) (Zi(thr) = Zi(te) > = DB (1@a(t) PN (b1 — ta),
k=0
and (2) follows. O

Theorem 3.3. Let T > 0. For eachi € N let ®; : [0,T] — L?(; E) be an adapted
PUC function and assume that

Z/\/ E ||®;(t)|]? dt < oo.

i€EN
Then:
(1) for each t € [0,T] the series Y, fo ) dZ;(s) converges in L?(2; E) and
Z/ ZA/IEH(I) (s)|1? ds;
i€EN i€EN
(2) the function t — Y ,cn fo s)dZ;(s) : [0,T] — L?*(Q; E) is (Ft)i-adapted

and continuous;

(3) if D is a separable real Hilbert space and A : E — D is a bounded linear
operator then for each t € [0,T]

;JM ) dZi( (;V/ )

12



Proof. (1) follows from Proposition 3.2(2)—(3).

(2) By construction, for each ¢t € [0, T the integral fo s)dZ;(s) is Fi-measurable.
In order to prove the continuity, let ¢ € [0,T] and h € [O T — t]. We have

]EHZ/Hhtbi(s)dZi(s)—Z/th)i(s)dZi(s)Hz
JEHZ/ L) (5)®i(s) dZi(s) ’

i€EN

=3 / E [T (5)Bi(s) |2 ds

1eEN

T
:/ ]l[t t+h) Z)\]E”@ ||2d8
0

i€EN

which tends to zero as h | 0, by Lebesgue’s dominated convergence theorem and
the assumption that fOT Sien ME | @(s)[[2ds < oo. Left continuity is proved in

the same fashion.
(3) follows from the very construction of the integral and the fact that the map
f— Af from L%(; E) to L?(2; D) is linear, bounded, and preserves adaptedness.
O

If E is a separable real Hilbert space, denote by L(H, E) the Banach space of
bounded linear operators from H to E and denote its norm by ||| - ||.

Corollary 3.4. Let E be a separable real Hilbert space, let T > 0 and let & :
[0,7] — L*(Q; L(H, E)) be an adapted PUC function. Let (h;);en be elements of
H with ||h;|| =1 for all i and denote ®;(t) := ®(t)h;, t >0, i € N. Then

zGN/
converges in L2($; E) and

RIS [ wwanl < (S [ Elleol? e

i€EN €N

Proof. Every ®; : [0,T] — L?*(Q; E) is PUC and adapted and

S / E @02 dt < (3 A) / B {[[®(2)]||2 dt.

i€EN i€EN
The conclusion follows from Theorem 3.3(1). O

Let us apply the above results to processes (Z;(t)):>o that arize as components
of an H-valued process.

In proposition 3.5-Proposition 3.8, let H and E be separable real Hilbert spaces,
let (Q,F,P) be a probability space with a filtration (Fy)i>o0 in F, and let Z =
(Z(t))i>0 be an (Fi)i-stationary independent increments process in H defined on
(Q, F,P) with Z(0) =0 and such that

sup E||Z(t)||* < oo for all T > 0.
0<t<T

13



Let ~
m:=EZ(1), Z(t)=Z(t)—mt, t>0.

Let Q be the covariance operator of Z, let (h;)ien (N C N) be an orthonormal
basis of H consisting of eigenvectors of Q, and let (N\;)ien be the corresponding
eigenvalues. Let

Zi(t) :== (Z(t), h;) and Zi(t) == (Z(t),h;), t>0, i€ N.

We need to show that the definition of the stochastic integral becomes indepen-
dent of the choice of the eigenvector basis (h;);.

Proposition 3.5. Let T > 0 and let ® : [0,T] — L*(Q;L(H, E)) be PUC and
adapted. Denote ®,(t) :== ®(t)h;, t > 0,1 € N. Then:

(1) Yien fOT ®;(t) dZ;(t) converges in L?(2: E) and

T
> /0 ®,(t) dZi(t)

iEN

2

T
E < (trace Q) / E [||®(t)]]? d:

(2) for every y € E and every € > 0 there exists a & > 0 such that for every
0=ty <ty < <tp=T with maxy [tg+1 — tgx| < one has

n—1 T

<Z‘I’(tk) (Z(tk-i-l) - Z(tk)) ay> - <Z/ D;(t) dZi(t)ay>
k=0 ieN /0

(3) if (gi)ien is another orthonormal basis of H consisting of eigenvectors of Q,

then - ) . ]
3 / (t)gs dZ(1), 95 = 3 / ®i(1) dZi(1).

i€EN ieN

2

E <¢g;

Proof. (1) follows from Corollary 3.4 and Theorem 2.7.
(2) Let y € E and € > 0. Choose § > 0 such that

T n—1
(trace Q)||y\|2/0 El[| D 2(tk) Lty e (t) = @)|IPdt <&
k=0

for every partition 0 = tg < t1 < -+ < t, = T with maxy, |tx4+1 — tx| < §. Then
for any such a partition, let ¥ := Z;é O(tg) 1, t,.,)- By Parseval’s identity and
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Theorem 3.3(1),
=B | Y Y (@:t) 5 ) (Z(tirn) = Z(0). )

—ZA/ B [{(W() — B()hs, )

1€EN
< trace Q / B (|9 (t) — B(1)]|[ly]? d < e.
0

(3) From (2) we infer

(5 vonazuna)= (3 [[a0izoa) e

for all y € E. Since F is separable the assertion follows. o

Let us now address the integral with respect to the deterministic mean process
and combine the two integrals.

Lemma 3.6. Let T > 0 and let ® : [0,7] — L*(Q; L(H; E)) be PUC. Then
fT O(t)m dt exists as a Riemann integral and

0
. 2
/ O(t)m dt
0

Proof. The first assertion is standard, the second follows from the Cauchy-Schwarz
inequality. O

T
E ‘ < T/ E||®(t)m]? dt.
0

Theorem 3.3, Corollary 3.4, Proposition 3.5 and Lemma 3.6 allow us to give the
next definition.

Definition 3.7. Let T > 0 and let ® : [0,7] — L?*(Q;L(H;E)) be PUC and
adapted. We define

/OTCI)(t) dZ(t) ;:/O tym dt + Z/

where ®;(t) := ®(t)h;, t > 0,7 € N. Then fo (t)dZ(t) € L*(Q; E) and

E /0 () dZ(t)

T
< 2(|m|[7 + trace Q) [ E o0
0

15



If m = 0 we have

E /O B(t)dZ(t) =0

/ Cawyaz

The following observation relates the integral of Definition 3.7 to the integral of
[2].

Proposition 3.8. Let T > 0 and let ® : [0,T] — L*(Q; L(H, E)) be adapted and
simple, that s,

and

E

2 T
=Y on [ Bl
0

i€EN

n—1
O(t) = Y O(tr)Lity 10p)(t)
k=0
for all t and for some 0 <tp <--- <t, =T. Then
T n—1
[ ez =Y et (Z(twn) - Z().
0 k=0

Proof. Denote ®;(t) := (®(t), h;), t > 0,7 € N. If we consider a limit over partitions
that are refinements of ¢, ..., t,, then Proposition 3.5(2) yields

<Z / ¢i<t)d2i<t>,y>=<zcb<tk> (Z<tk+1>—2<tk>),y> P-as.
ieN 0 k=0

for every y € E. Hence, as F is separable,

T n—1
> [ w0z = 3 o) (20 - Zw)
ieN 0 k=0
Clearly,
T n—1
/ (t)ymdt =Y B(te)m(trsr — tr)
0 k=0
and the assertion follows. O

Example 3.9. Let (Z(t)):>0 be a Poisson process with rate 1 defined on a prob-
ability space (Q, F,P). Let F; be the o-algebra generated by {Z(s) : 0 < s < t},
t > 0. Then (Z(t))t>o0 is an (F;)i-independent increments process with Z(0) = 0
and

P(Z(t)=k)=e "*/k!, kEN, t > 0.

We will compute that

1

t ) 1
/0 2()AZ(s) = L 200 ~ L 2(0), 120,

First notice that E Z(t)" ™! =¢>°,"  (})E Z(t)" for t > 0 and m € N, so that

EZ(t) =t, EZ(t)? =t +t,
EZ(t)? =t3+3t2+t, EZ@)* =t +6£2+ Tt2 +¢.

It is straightforward to infer that

E[Z(t)? - Z(t) — 1] = t* + 4> + 22, ¢ >0. (2)
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Let T > 0 and let ¢ > 0. Take § := min{7T'e/7,T %,1}. Let 0 = t5 <
t1 < -+ < t, = T be any partition with maxy(tx+1 — tx) < 6. We show that
E| S0 Z(t)(Z(tie1) — Z(te) — (3 Z(T)* — 1Z(T))|> < e. We have that

S 202 te) - Z(0) = i Zltier) + Z(00)(Z(trsn) — Z(13))
k=0
- % kz:: (tes1) — Z(tg))?
and )
S (Z(ths1)? — Z(13)?) = Z(T)? — Z(0)° = Z(T)?
k=0
Further
S Zltnen) - 200 = S [(Zltner) — Z(00)? — (Zltsn) — Z(t)
k=0 k=0
—(tgs1 —t)?] + Z(T) + ni(tkﬂ —t5)2.
k=0
Hence
B| Y 2(60)(Z(tin) - 2(0)) - G277 - 2207
k=0
=E ’% ) [(Z(ter1) = Z(tx)? = (Z(trs1) = Z(tr)) = (i1 — )]
k=0
+ % z_:(tk-i-l —tr) ’2
k=0

< 2|5 Y [(Z(thnr) — Z(00))° — (Zlter) - Z(0) — (tnss — )]

k=0
1 n—1 2
2B |5 Y (tne — t)?]
k=0
1 n—1 2
=3 S E|(Z(tes1) - Z(1))? ~ (Z(tksr) = Z(00)) = (brss — 0)°|
k=0
n—1

1 2

+ §(k_0(tk+1 - tk) ) )

where in the last step we have used that (Z(¢));>0 has independent increments and
E[(Z(tks1) — Z(tr))? — (Z(tks1) — Z(tg)) — (g1 — tr)?] = 0 for all k. Since the
increments of (Z(t));>o are stationary, (2) yields that

n—1 2

Y E ‘(Z(thrl) — Z(t1))? = (Z(tksr) = Z(tk)) = (trer — i)
k=0

I
-

n

= (tpyr — te)?[(terr — te)? +4(tp1 —tr) +2] < TO(0% +40+2) < e
0

=
Il

Clearly, (Zz;é(tkﬂ —t1)?)? < (T6)? < €, and the proof is complete.
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Notice that Theorem 1.3 is contained in Theorem 2.7, Corollary 3.4, and Propo-
sition 3.2.

4 Stochastic differential equations

By a simple transformation in equation (1) we can arrange that (Z(t)):>0 is a
process with zero means and, if desirable, with IE||Z(1)||> = 1. The main result
concerning existence and uniqueness of mild solutions of (1) is Theorem 4.1 below.
It considers semi-linear equations of the form

dX(t) = [AX(t)+ F(t, X (t))]dt + G(t, X (¢))dZ(t), t>0,
and the slightly more general form

dX (t) = [AX(t) + F(t, X(0))ldt + Y Gi(t, X ())dZi(t), t>0.
ieN
In Theorem 4.1-Corollary 4.2 below, let H and E be separable real Hilbert spaces,
let (2, F,P) be a probability space with a filtration (Fi)i>o in F, and let Z =
(Z(t))i>0 be an (Fi)i-stationary independent increments process in H defined on
(Q,F,P) with Z(0) = 0 and supg<;<r E || Z(t)||> < oo for all T > 0. Let Q be
the covariance operator of Z, let (hi)ien (N C N) be an orthonormal basis of H

consisting of eigenvectors of @ and let (\;);en be the corresponding eigenvalues.
Let

m =1 Z(t), Z(t) := Z(t) — mt,
Zi(t) == (Z(t),h;), t>0,i€eN.

Let (S(t))i>0 be a strongly continuous semigroup on E and let F : [0,00) x E — E
be such that there exists Lr > 0 with

1E(tz) = Fty)ll < Lrlz—yl, ¢>0, z,y€E.

Theorem 4.1. Let G; : [0,00) X E — E be continuous for every i € N and such
that there exists a constant Lg > 0 with

Y NilGilt,x) - Gilty)|* < Lz -yl

€N

t
/ SO NG5, 0)]% ds < 00, >0, 2,y € E.
0 jen

Then:

(1) for every Xo € L*(S%; E) that is Fo-measurable there exists a unique adapted
continuous function X : [0,00) — L?(Q; E) such that for all t >0

¢ t
X(t)=5St)Xo+ / S(t— s)F(s,X(s)) ds+ Z/ S(t— $)Gi(s, X (s)) dZ;(s);
0 ienJo

(2) the solution X of statement (1) is also weakly unique (unique in distribution).
That means, if (', F',P') is another probability space with a filtration (F}):
in F', Z' = (Z'(t))i>0 is an (F|)¢-stationary independent increments process
in H defined on (U, F',P’) such that for every 0 < t; <ty < --- < t,, the
distributions of (Z(t1), ..., Z(tn)) and (Z'(t1),. .., Z'(t,)) are the same, and if
X\ € LAY E) is F}-measurable and X{, and X have the same distribution,
then the unique adapted continuous function X' : [0,00) — L*(QV; E) that
satisfies
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t T
X'(t) = S(t)X, +/O S(t—s)F(t, X'(s) ds + Z/o S(t—s)Gi(s,X'(s)) dZ.(s),

iEN
for allt > 0, has the property that for every 0 < t; <ty < --- <t, the random
vectors

(X(t1),...,X(tn), Z(t1), ..., Z(ty)) and
(X'(t1), ..., X (tn), Z'(t1), ..., Z'(tn))

have the same distribution. Here

For a proof of Theorem 4.1 one can follow almost literally the proofs of Theo-
rem 4.1 and Theorem 4.2 in [16], due to Proposition 3.2 and Theorem 3.3.

Corollary 4.2. Let G : [0,00) X E — L(H, E) be continuous and such that there
exists a constant Lg with

NGt 2) =Gl < Lellz —yll, t20, z,y € E.

Then for every Xo € L*(Q%; E) that is Fo-measurable there exists a unique adapted
continuous function X : [0,00) — L?(Q; E) such that

X(t) = S() Xo + /O S(t— )F(s, X (s)) ds + /O S(t— )G, X(s)) dZ(s), (3)

t > 0. Moreover, this soluton X is also weakly unique.

Proof. Let

F(t,z) == F(t,z) + G(t,z)m, and
Gi(t,z) = G(t,x)h;, t>0, z€E.

Then (3) is equivalent to

X(t):S(t)X0+/() S(tfs)F(s,X(s))derZ/O S(t — s)Gi(s, X (s)) dZi(s),

iEN
t > 0. Further,
> O XillGilt,x) — Gi(t, y)|I* < (trace Q)[|G(t, ) — G(t,y)||| < (trace Q)Lg|l — y]|
iEN

forallt >0, z,y € F, and

t t
/ S A Gi(s, )] ds < (trace Q) / 1G5, 0)[[12 ds < 0o
0 0

i€EN

for all ¢ > 0 by continuity of G. Hence Theorem 4.1 may be applied. O

5 Invariant measures

We are now in a position to extend the results of [17] about existence of invariant
measures to evolution equations with more general noise processes than Wiener
processes. We will first consider processes with zero means, which can be obtained
in the more general situation by a simple transformation of the equation.

In Lemma 5.1-Theorem 5.9 below, let H and E be separable real Hilbert spaces,
let (Q, F,P) be a probability space with a filtration (Fy), in F, and let Z = (Z(t))i>0
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be an (Fi)i-stationary independent increments process in H defined on (2, F,P)
with Z(0) =0, E||Z(t)||?> < 0o and E Z(t) = 0 for allt > 0. Let Q be the covariance
operator of Z, let (h;)ien (N C N) be an orthonormal basis of H consisting of
eigenvectors of Q, and let (\;);en be the corresponding eigenvalues. Let

Zi(t) = (Z(t),hs), t>0, i N.

Let (S(t))e>0 be a strongly continuous semigroup on H with generator A. Let F :
H — H be such that

|1F(z) = F)ll < Lrllz —yll for all z,y € H,
for some Lp >0 and let G; : H — H, i € N, be such that
D AillGi(@) = Giw)|I* < Lallz — y|* for all w,y € H,
ieN
Do NlGO)? <
i€EN
for some Lg > 0.
We consider mild solutions of the equation
dX(t) = [AX(t) + F(X(t))]dt + Z G;(X(t)dzZ;(t), t > 0. (4)
iEN

Recall that for every X € L?(Q; E) that is Fop-measurable equation (4) has a unique
mild solution, which is also weakly unique, by Theorem 4.1.

Lemma 5.1. Let ®; : [0,00) — L?(Q; E), i € N, be adapted PUC functions such
that

Z/\/ E ||®:(t)||? dt < oo for all T > 0.

iEN
LetT >0 and 7 > 0 and let

Z™(t) =Z({t+71)— Z(1),
Then Z7 = (Z7(t))t>0 is an (Fitr)i>o-stationary independent increments process

with Z7(0) = 0, B||Z7(t)||> < 0o and E Z7(t) = 0 for all t >0, Z7 has covariance
operator @, and

T+‘r

Z/ J(t+7)dZ7(t Z/T Zi(t).

ieEN €N

Here
T+t T+t
/ By () dZi(t) = / Bi(O)Lpzan (DdZi(t), i€ N,
T 0

Definition 5.2. The semigroup (S(t)):>0 is called hyperbolic if E = FE1 @ E5 where
E, and E, are closed subspaces of E that are invariant under S(¢) for all ¢ > 0,
such that S(t)|g, extends to a strongly continuous group on Es, and such that there
exist M > 0, a; > 0, as > 0 with

S(t)z|| < Me™*||z|| for all z € Ej,

|S(—t)z|| < Me!||z|| for all = € Es,

for all ¢ > 0. We let P, denote the projection on F; along E5 and P» the projection
on F5 along Fj.
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Proposition 5.3. Assume that (S(t))i>0 is hyperbolic, and let Ev, Ea, M, a1, aq,
Py, and Py be as in Defintion 5.2. Let 7 > 0. Let Xo € L?(Q; E) be Fo-measurable,
let X be the mild solution of (4) with X (0) = Xo, and let Y be the mild solution of

dY (t) = [AY (t) + Ndt + > Gi(Y (1))dZ] (1), t >0,
iEN

with Y (0) = X, where
Z7(t) = Z(t+7)— Z(t), ZI(t):=(Z7(t),h;), t >0, i€ N.
Define
z(t) =E|P[X({+7) - Y
2(t) =B P[X(t+7) - Y (@) t>0.
(1) Ifsupso B[ X (#)[* < oo, then

t
21(t) < 3M2e™2121(0) + 2L, / e~ (=9 (21 (s) 4 2a(s)) ds
0

25(t) < 2L / €200 (34 (s) + 22(s)) ds,
¢
for all t > 0, where
Ly = 3M?||Py||*(L% /o + LE) and Lo = 3M?||P||*(L%/as + LE).
(2) If (S(t))i>0 is exponentially stable, that is, E; = {0}, then zo = 0 and

t
21(t) < 3M%e 212 (0) + 2K1/ e~ 1 (t=5) 2 (s) ds
0

for all t >0, where Ky = 3M?(L% /a1 + L%).
Proof. Let t > 0. We have

X(t) = S(t)X0+/O S(t — s)F( ds+z/ (t — $)Gi(X(s)) dZi(s),

i€EN
Y() = S(t)X0+/O S(t—s)F ds+2/ (t —5)Gi(Y(s))dZ] (s).
Hence by Theorem 3.3(3),

X(@t+7)=58(t)S(1) X0+ S(t) /OT S(t—s)F(X(s))ds

+Z/ S(t — $)Gi(X (s + 7)) dZ] (s),
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by Lemma 5.1. So

+/ S(t—s)P[F(X(s+ 1)) — F(Y(s))ds

+ 3 [ S 9PIGX (s +7) = Gy ()] 427 (5)

and
E||P[X(t+7) - Y (T)]l* <3E|S(t)P[X (1) — Xol|?

3B /0 S(t— $)PL[F(X (5 + 7)) — F(Y(s))] ds|]®

+3E| ) /O S(t = s)PGi(X (s + 7)) = Gi(Y ()] dZ] (s)]*.

i€EN

We estimate

E Z/O S(t—s)PA[Gi(X (s + 1) = Gi(Y ()] dZ] (s)]*

< ZA/ E|[|S(t — s)Pi[*|Gi(X (s + 7)) = Gi(Y(5))]|* ds
iEN 0
S/ HS(tfs)P1||2L2GIE||X(s+T)fY(s)Hst.
0
Further,
H/O S(t —s)Pi[F(X (s + 7)) — F(Y(5))]]I” ds
< ([ 18@ =P IS0 - )PP (s + 7)) = FY ()]s
S/O IIS(S)PﬂdS/0 [ = s)PLIF(X(s+ 7)) = F(Y(s))[I” ds.
Hence

E|P[X(t+7) - YOl <
SE(|S(t)PX () — Xol||*

t t
3 / 1S(s) Py | s / 1S(t — )Py L3E [ X (s +7) — Y(s)[ ds
0 0

t
+3/ IS(t — s)PL|2LEE | X (s + 7) — Y (s)||2 ds
0
< 3MZe 2R || P [X (1) — X0l

¢
AR 1) [ IR X ) - V)1 ds
0
Since E || X (s + 7) — Y (s)]|?ds < 221(s) + 222(s) for all s > 0, we obtain

t
21(t) < 3M2e 2112 (0) 4 21, / e~ (t=9) (21 (5) 4 22(s)) ds.
0
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In case (2) we have that P is the identity map and the assertion is established. To
prove the second estimate in case (1), let to > 0 and ¢ € [0,t0]. Since

u+v
X(u+v):S(u)X(v)+/ S(u+v—s)F(X(s))ds
+ Z/ S(u+v — 8)Gi(X(s)) dZi(s)

i€EN

we find with u = tg — t and v = ¢t + 7 that

X(to+7)=8{to—t)X({t+7)+ ’ S(to—s)F(X(s+1))ds

+Z/ (to — 8)G4(X (s + 7)) dZ7 (s).

1EN

Apply S(—(to —t)) P> and rearrange terms. We obtain
PQX(t+T) = S( ( 0 —t))PgY(to—f—T)

_ / S(—(s — ) PF(X (s + 7)) ds

72/0 (s — 1)) PGi(X (s + 7)) dZ7 (s).

Similarly,
PY (t) = S(—(to — t)) P2 X (to)
~ °g( (s — 1)) PoF(Y (5)) ds
_Z/ S(=(s — 1)) PG (Y (s)) dZ7 (s).
iEN
Therefore,

E || Po[X (t+7) = Y (1))
< 3MP||Py||Pe202 0" VE || X (to + 1) — Y (to) |

to
+SMNRI L) e OB X o 4) - Y (1 0
t
to
FILPIPLE [ OB Y (s )~ V(s d,
t
Now we use that t — E || X (¢)||2 = E||Y(t)||? is bounded and let g — oo. Then

29(t) < 2L /too e=2(57) (21 (s) 4 2a(s)) ds.

O
In the situation of Proposition 5.3(2), application of Gronwall’s lemma yields
21(t) < 3M2z (0)e~ (1 2K0t 4>,
SO

E[X(t+7) = Y(@)|* < 3M%e (1 2KI'E | X (1) - Y (0)%.
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If 2K; < oy then we can infer that ¢ — E||X(¢)||? is bounded. Indeed, by weak
uniqueness of solutions of (4), X(¢) and Y (¢) have the same distribution for all
t > 0. Hence

(B 1X(E+ D))" - ® X1
= |@ X e+ )22 - ® Y 1)
< (E|X({t+7)—Y#)]*)Y? for all t > 0.
If we let

= s (BIX@P)Y2, ne,
nT<t<(n+1)7

then we obtain
1/2
en < (3M2e-<a1—2K1>mE|\X(T) - Y(o)\|2) Ve, n>1,
so for all n > 0,
-1 1/2
en < \/gM(e(Otl—QKl)T/Q o 1) (]E HX(T) _ Y(O)HQ) 1 co.
In particular we obtain that X is bounded and, with 7 =1,

2
2v3M
2 < -
i;gE X @) < <e<m_2xl>/g — + 1)

Thus, as B || X () - Y (0)[|* < 2B [ X ()[|* + 2B [[Y(0)[|* < 4sup,», B[ X (#)]%,

sup B IIX(1)]*

0<t<1

E||X(t+7)—Y(t)|? < De (@172K0t forall t > 0 and 7 > 0,

with

2
2v/3M

D=12M?* ——— _+1]| sup E|X®)|>

<e(a1—2K1)/2_1 )09521 X @)l

A similar conclusion can be drawn in the case of Proposition 5.3(1), as the next
lemma shows.

Lemma 5.4. Let 21,22 : [0,00) — [0, 00) be bounded continuous functions such that
there exist constants C, K1, Ky > 0 and oy > 0, ag > 0 with

t
z1(t) < Ce ' + K, / e 17 (21 (5) + 2a(s)) ds,
0

29(t) < Ky /tOO e 207 (21 (s) + 22(s)) ds

for allt > 0. If
Ki<ay, Ks<as and a1 Ko+ asKy < ajas,
then

(1 — y)az(az +7)
(1 — K1 —7)(a1 + az)y

z1(t) + z2(t) < C (1 + > e " for allt >0,

where v may be any number in (0,7o], with

~ o (Oél 7K1+042)(0410427061K27062K1) (5)
0 =
arag — a1 Ky — ag Ky + as(az — K3)
KlKQOéQ

ajay — a1 Ky — as Ky + as(as — Ka)

= Oéllef
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A proof of Lemma 5.4 is given in the last part of the proof of Theorem 5.1 in
[17], which is independent of the stochastic differential equation under consideration
there.

Corollary 5.5. Under the assumptions and with the notations of Proposition 5.3(1)
one has
E|X(t+7)-Y®)|* < De* for all t >0,

where v may be any number in (0,7], D is given by

- +7)
D =24M> (1 (01 —7)(e202 P2 E X ()12
< " (1 — 2Ly — ) (a1 + a2)y 122 i;% X))

and o is given by (5).
The next theorem is contained in Theorem 3.2 of [17].

Theorem 5.6. Let 1 < p < co. Let X : [0,00) — L*(Q; E) be a bounded continuous
function and let j1x ) denote the distribution of X(t) for t > 0. Assume that there
exists for every T > 0 a bounded continuous function Y; : [0,00) — L*(Q : E) such
that Y (t) has the same dsitribution as X (t) for allt > 0. IfE || X (t+7)-Y, ()] — 0
uniformly in T > 0 as t — oo, then there exists a Borel probability measure y on E
with [ ||z||P du(z) < co such that px ) — p in the sense of weak convergence of
measures as t — 00.

It remains to show that the limit measure is invariant. Let for each Xy €
L?($; E) that is Fo-measurable t — X (t, Xo) denote the mild solution of (4) with
X (0, Xo) = Xo, and let px (¢, x,) denote the distribution of X (¢, X¢), t > 0. Let

Cy(E):={f: E—R: f is continuous and bounded}.
The operator T'(t), t > 0, defined by
(TW)N)(z) :=Ef(X(tz), =cH, fecC(E),

are called the transition operators of (4). For a bounded linear operator T : Cy(E) —
Cy(E) we denote its adjoint by T*. It is well known (and admits almost verbatim
the proofs of [17, Section 7]) that

(1) T(¢t) is a bounded linear operator from Cy(E) to Cy(E) for every t > 0;
(2) px(t,x0) = T(t)"pux, for every t > 0;
(3) (T'(t))i>o0 is a semigroup on Cy(E).

Definition 5.7. Let (T'(t))i>0 be the transition operators of (4). A Borel prob-
ability measure p on E such that T(¢)*u = p for all ¢ > 0 is called an invariant
measure of (4). If an Fo-measurable Xo € L*(; E) is such that px( x,) = px,
for all ¢ > 0, then px, is called a stationary distribution of (4) and t — X (¢, Xo) is
then called a stationary solution. With these definitions, an invariant measure p is
a stationary distribution of (4) if and only if

/ ]2 dpu(z) < oo,
E

if Fy is assumed to be rich enough to allow existence of an Fy-measurable random
variable with distribution .

As in [17, Proposition 7.2] we have the following.
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Proposition 5.8. Let Xo € L2(S; E) be Fo-measurable. If KX (t,X,) converges
weakly to some Borel probability measure p on E, then p is an invariant measure
of (4). If t — E||X(t,Xo)||? is bounded, then [, |z|? du(x) < cc.

By combining the above results we conclude the next theorem on invariant
measures.

Theorem 5.9. Assume that (S(t)i>0 is hyperbolic and let Ey, Ea, ai, ag be as in
Definition 5.2. Let L1, Lo, and K1 be as in Proposition 5.3.

(1) If Ly and Lg are so small that
201 < 1, 205 < 2, and 201 Lo + 2001 < o0,

and if there exists a mild solution X of (4) with sup,sq B || X (t)||* < oo, then
there exists an invariant measure p of (4) with with [, ||z||* du(z) < cc.

(2) If S(t))i>0 is exponentially stable and Lr, Lg are so small that 2K, < a1,
then there exists a unique invariant measure ji of (4) with [ ||z||* du(z) < oco.

Proof. (1) and the existence in (2) follow from Corollary 5.5, Theorem 5.6, and
Proposition 5.8. To show the uniqueness in (2), suppose that 1 and v are both invari-
ant measures of (4) with finite second moments. Let X and Yy be Fp-measurable
random vaiables on (2, F,P) with distributions p and v, respectively. Let X be the
solution of (4) with X(0) = X, and Y the solution of (4) with Y (0) = Y,. If we
paraphrase the first steps of the proof of Proposition 5.3, we obtain that

EX(t) - Y(OI? < 3M%>E||X, - Yol

t
+K1/ e~ IR || X (s) — Y (s)|? ds,
0

for all ¢ > 0. Multiplication by e“! and application of Gronwall’s lemma yields
E|X(t) - Y(#)|> <3M’E || X, — Yo%e (@ =K=Dt for t > 0.

For every f : ' — R that is Lipschitz continuous with Lipschitz constant Ly, we
obtain, by invariance of the measures p and v, that

’/fdu—/fdv ‘/fdux@ /fduy@

B f(X(t) - t))]
LiE|X() - X ()\QHOastHoo.

IN

Thus p = v. o
Now Theorem 1.1 and Theorem 1.2 follow easily.

Proof. of Theorem 1.1 Let Q be the covariance operator of (S(t)):>0 and let (h;)ien
(N C N) be a basis of H consisting of eigenvectors of @ and let (\;);en be the
corresponding eigenvalues. Let

:IEZ(I) Z(t) == Z(t) — mt,
=(Z(t),h;), t>0,1€N.

/—\
\_/

Let



Then
|F(z) = F(y)ll < Lrllz -y,
D XillGi(@) = Gi(w)lI* < (trace Q)L |z — y,

€N

Y AlGO))? < (trace QIGO)]] < oo,

ieN
for all z,y € E. Every mild solution of (1) is a mild solution of
dX (t) = [AX(t) + F(X(®)ldt + Y Gi(X())dZi(t), t>0,
iEN

by definition of the stochastic integral. Recall that trace Q = IE || Z(1)||%. Applica-

tion of Theorem 5.9(1) completes the proof. O
Proof. of Theorem 1.2(2) The assertion follows from Theorem 5.9(2) in the same
way as Theorem 1.1 is concluded from Theorem 5.9(1). |
6 Examples

Example 6.1. (Heat equation) Let A C R? be a bounded open set with a C?
boundary dA. Consider E = L*(A) and let F : E — E and G : E — L(H,E)
be Lipschitz maps with Lipschitz constants Ly and L, respectively. Here H is a
separable real Hilbert space on which we consider a stationary independent incre-
ments process Z = (Z(t))i>0, which is defined on a probability space (2, F,P) with
a filtration (F;)¢>0. Assume Z(0) =0 and

sup B[ Z(t)||* < oo for all T > 0. (6)
0<t<T

Consider the nonlinear stochastic heat equation
ou
ot

for a.e. x € A and all ¢ > 0, with initial and boundary conditions

(t,2) = Dgult, z) + F(u(t, ) (@) + (G(ult, ))dZ(t))(z), (7)

u(0,2) = uo(z), z €A,
u(t,x) =0, x € OA,

where ug is an E-valued Fp-measurable random variable. The operator A := A,
defined on D(A) = {u € H%(A) : u = 0 on A} C E generates a strongly continuous
semigroup (S(t))¢>0 on E such that

IS@)|l < exp(—at) for all t > 0,

where —a < 0 is the greatest eigenvalue of A. Good estimates of « are given in [12,
Theorem 12.3, p. 304]. According to Theorem 1.2 there exists a unique invariant
measure p for (7) on E with [, [|z]|* du < oo whenever

K :=6(L%/a+ Léo) < a,

where o = (E||Z(1) — E Z(1)||>)*/2. Remark that Lg = 0 in the case of additive
noise. Further, if F' is given by

F(u) =z — f(u(z)), ue€L*A),

for some Lipschitz continuous function f : R — R, then Lr < Ly, where Ly
denotes the Lipschitz constant of f. In the linear case, that is, F =0 and Lg = 0,
the condition (6) on the noise process Z can be relaxed (see [3]).
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Example 6.2. (Functional differential equation) Let » > 0, d € N, d > 1, and
denote for a function z : [~r, 00) — R?,

z4(0) ;== x(t+0), 0¢€[-r0],t>0.

Consider the functional differential equation

dz
{ E(t):L(th), t=>0, (8)
Zo = ¥,
where ¢ : [-r,0] — RY, L : W12 — R? is a bounded linear functional, and where
W12 is the Sobolev space
wh? = Wh([=r,0;R?) = {f € L*([~r,0;R") :

t

Jg € L*([—r,0);R?) such that f(t) = f(—r) +/ g(s)ds

—-r

for all t € [—r,0]}.

For f € W12 we denote the corresponding derivative g by f’, and

1/2

£z = (13 + 1F115)

0 1/2
where ||f]l2 = (ffr |£(0)]? d9) . Here | -| denotes the norm of R. It is well known
(see e.g. [1, Theorem 4.4, p.138]) that W12 ([—r,0];R?) C C([-r,0]; R?) and

r2 41

1/2
1fle= sup |f(0)|§< ) Ifle fewie.
<t<0

Let M? denote the Delfour-Mitter space
M? = R & L*(-r, O RY)

endowed with the norm

1/2
[ 9)llarz = (laf* + lwl3) "

Define

D(A) == {(a,y) € M? :y € W2 a =y(0)},
Ale,y) == (Ly,y'), (a,y) € D(A).

According to [7], there exists a strongly continuous semigroup (S(¢));>0 on M? with
generator (A, D(A)). Moreover, for each ¢ = (a,y) € M? one has that a function

x: [-r,00) — R? with a continuous restriction to [0, c0) satisfies
x(t) :04+L(f(;zsds), t>0,
_ B 9)
z(t) = y(t), r<t<o,

if and only if (x(t), x;) = S(¢)(w, y) for all t > 0. To emphasize the initial condition,
we denote this solution by (-, ¢). If in addition y € W% and a = y(0), then this
function z satisfies z; € W12 for all ¢ > 0 and equation (8) holds.
Because (S(t)):>0 is strongly continuous, there exist constants C,v € R such
that
1S ()|l arz < Ce’t||p||ar2 for all t >0, ¢ € M?. (10)
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Hence
lz(t, )| = [(S(B)p)1| < Ce”lpllpz, > 0.

In some cases the possible values of the exponent v in (10) can be determined.
Suppose that L is continuous with respect to the supremum norm || - ||, on W2,
Then for ¢ € M2 and t > 7 > 0,

ottop) — om0l = |1
<t s | ' (@)(0) s

< Ut —7)C" @l a2,

t

() dS) ’

where ¢ denotes the norm of L with respect to || - ||eo. Hence for any 7' > 0, the set
{x(aw) : [OaT] —R: ZRS MQ, ||50||]\/12 < 1}

is equicontinuous and by the Arzela-Ascoli theorem relatively compact with respect
to ||+ ||eo- It follows that {S(t)¢ : o € M?, |l¢| a2 < 1} is relatively compact in M2
for each ¢t > r. Hence the semigroup S is eventually compact. Therefore the growth
bound of S equals the spectral radius of A (see [9, Corollary IV.3.12, p.281]). That
means that for every

v > s(A) :=sup{RA: A€ o(4)}

there exists a constant C' > 1 such that (10) holds. It is fairly often possible to
estimate or even compute the spectrum of A and thus the possible values of v (see
[8, 9]). It seems that much less is known about the corresponding constant C'. Some
upper bounds for C can be derived from [7].

Next, let m € N, and let f : M? — R? and g : M? — R%™ be Lipschitz
continuous functions. Let (Z(¢))¢>0 be a stationary independent increments process
in R™ defined on a probability space (2, F,P) with a filtration (F;);>0 and such
that Z(0) = 0 and supg<;«7 E|Z(t)|> < oo for all T > 0. Consider the nonlinear
stochastic functional differential equation

d(t) = (L(mt) + f(x(t)wt))dt+g(aﬁ(t),xt)dZ(t)7 t>0. (11)
We can rewrite this equation in our framework as
dX (1) = (AX(t) + F(X(t)))dt FG(X()dZ(t), t>0, (12)

where X (t) = (z(t),z¢), t > 0, is a process in M2, A is the generator of (S(t)); as
defined above, and

Fla,y) = (f(a,9),0),  Gla,y) = (9(,9),0), (a,y) € M.

The Lipschitz constants of F' and G equal the Lipschitz constants Ly and L, of f
and g, respectively. Denote o := (E|Z(1) — E Z(1)|?)'/2. According to Theorem
1.2 there exists a unique invariant measure p of (12) with [, > |z a2 dp(z) < oo if

6C*(L}/lv|+ Lyo®) < |v| and v <O.
Of course the same conclusion holds for coeflicients F' and G of more general form

with sufficiently small Lipschitz constants and also for infinte dimensional processes
(Z(t))i>0 that satisfy the condition of Theorem 1.2.
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Finally, notice the difference between the required continuity of the linear func-
tional L and the nonlinearities f and g. The functional L must be continuous on
W12 and therefore continuity with respect to || - || suffices. It may contain point
delays. The functionals f and g are supposed to be continuous on M? and may not
contain other point evaluations than at 0. They are typically of an integral form
with possibly Dirac measure at 0.
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