
Mastermath Functional Analysis

Homework 2

From Chapter 2 of Rudin’s Functional Analysis:

6. (Example of a dense subspace of the first category). The key to this exercise is the
fact that the functions, used to define the Fourier coefficients, together form the usual
orthonormal basis of the Hilbert space L2(T). With that in mind, and a judicious
choice of a result in the text of this chapter, this exercise is not hard.

13. (Closed convex absorbing subsets of, e.g., a Banach space contain a neighbourhood
of 0). You need not solve the problem posed in the final sentence, where L2 is
retopologised.

Exercises not from the book:

I. Let X be a topological vector space. Then the following are equivalent:

(a) There exists a non-zero continuous linear functional on X;

(b) There exists an open convex subset of X, other than ∅ and X.

Prove this equivalence.

II. Let X be an infinite dimensional normed space and let S = {x ∈ X : ‖x‖ = 1}
be its unit sphere. Prove that the weak closure S̄w of S equals the closed unit ball
B = {x ∈ X : ‖x‖ ≤ 1} of X.

III. This exercise concerns two results on closed convex hulls mentioned during the fourth
lecture.

(a) Let X be a topological vector space. If ∅ 6= S ⊂ X, let the convex hull of A be
the smallest convex subset of X containing S, i.e., let

co(S) =
⋂

A⊃S convex

A,

and let the closed convex hull of A be the smallest closed convex subset of X
containing S, i.e., let

co(S) =
⋂

A⊃S closed and convex

A.

Prove that co(S) = co(S), so that the closed convex hull is the closure of the
convex hull. (The latter is the definition of the closed convex hull on p. 72 of
the book.)



(b) Let X be a locally convex space, and let K be a non-empty compact convex
subset of X. For a subset S of X, prove that the following are equivalent, using
Theorems 3.23 and 3.25 if necessary:

(i) K = co(S);

(ii) E(K) ⊂ S̄ ⊂ K where, as usual, E(K) denotes the set of extreme points of
K.

IV Let X be a non-compact locally compact Hausdorff space, and let C0(X) be the
Banach space of all continuous functions on X vanishing at infinity, supplied with
the supremum norm. Show that C0(X) is not isometrically isomorphic to the norm
dual of a Banach space.
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