
Mastermath Functional Analysis

Homework 1

I. (a) Suppose the real or complex vector space X is a TVS in the discrete topology.
Show that X is the zero space.

(b) Suppose the real or complex vector space X is a TVS in the coarsest possible
topology on X (with only the empty set and X as open sets). Show that X is
the zero space.

(c)) In spite of the failure of the above two obvious attempts to make a given general
real or complex vector space into a TVS, this can always be done. Even better:
an abstract real or complex vector space can always be made into a normed
space. Indicate (without verifying obvious facts) how this can be done.

II. Let X and Y be TVS, with Y finite dimensional, and let T : X → Y be a linear (but
not necessarily continuous) surjection. Show that T is an open map.

III. Let X be a TVS, and let n = 0, 1, 2, 3, . . . be a fixed integer. Show that the closed
subspaces of X of codimension n are precisely the kernels of continuous linear sur-
jective maps from X onto a TVS of dimension n. (Obviously, this generalises the
characterisation of continuous non-zero functionals by poperty (b) in Theorem 1.18)

Furthermore, from Chapter 1 of Rudin’s Functional Analysis:

5. (definition of bounded set)

15. (C(Ω) does not have HB): you can take the real line for Ω if you want.

20. in a slightly more conveniently scaled version: take en(t) = e2πint and regard these
as elements of the Hilbert space X = L2(0, 1).

Hints:

1. The en (in the new scaling) are an orthonormal basis of X (you need not prove
that).

2. For each n = 1, 2, 3, . . . there is a convenient continuous linear functional on X ,
defined in terms of Fourier coefficients, that has not only fn in its kernel, but
even the whole of X2. Assuming that x is the sum of x1 and x2, what happens
if you apply each of these functionals?
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