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The clustering problem described below is a fascinating topic for mathematicians. The objective looks
very simple. The solution is very hard to get. The following pages describe a clustering algorithm that uses
a particular homotopy strategy to turn a combinatorial optimization problem into a much more feasible
task. Here is a summary of the algorithm, using the homotopy strategy to create a smooth transition from
the inverse exponential distance D(�)

ij to an ordinary distance (equation numbers refer to the equations
given in the sequel).

1 Initialize: � = �; W = f1=ng 2 Rn�N
2 Outer loop {
3 Inner loop {
4 Compute distances Dij [W] =D

(�)
ij (30) (33) (34)

5 Do clustering; e.g. compute (39)
6 Compute weightsW = fwkig (42) (43)
7 } Until ::::
8 Increase � : � = � + � � �
9 } UntilW stabilizes
10 Output: fD(�)

ij = Dij [W]g

D
(�)
ij is a distance

D
(�)
ij = �� log

nX
k=1

wke
�dijk=�:

between objects (i; j) based on a weighted inverse exponential mean (24) (25) of fdijkgnk=1 with scale
parameter �.
As � becomes large, D(�)

ij approaches the ordinary distance (5),

lim
�!1

D
(�)
ij =

nX
k=1

wk dijk:

A working algorithm is available in C++ and FORTRAN. The interface is in R. The algorithm seems
to work well in practice. But several questions remain. For example:
1. Can we be more speci�c about the rate of transition parameter �, except that it should be relative

small.
2. In the inner loop, when should we stop iterating in relation to the transition in the outer loop.
Questions might be answered theoretically, but also empirically, through simulation.
3. Can we prove convergence?
The interested student may of course suggest other questions that are still open to be solved.

1 Introduction to the problem

The goal of cluster analysis is to partition a data set of N objects into subgroups such that those in each
particular group are more similar to each other than to those of other groups. Specifying an �encoder�
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function c(i) that maps each object i to a particular group Gl (1 � l � L)

c(i) = l) i 2 Gl; (1)

one can formalize this goal as �nding the �optimal� encoder c�(i) that minimizes a criterion Q(c) that
measures the degree to which the goal is not being met

c� = argmin
c
Q(c): (2)

One such criterion is

Q(c) =
LX
l=1

Wl

N2
l

X
c(i)=l

X
c(j)=l

Dij ; (3)

where Dij is a de�ned distance or dissimilarity measure between every pair of objects (i; j), and Nl is the
number of objects assigned to the lth group

Nl =
NX
i=1

I(c(i) = l); (4)

where the �indicator� function I(�) 2 f0; 1g indicates truth of its argument, and where fWlgL1 in (3)
are cluster weights. Thus criterion (3) is a weighted average over the groups, of the within group mean
distance between pairs of objects assigned to the same group. The cluster weights fWlgL1 are taken to
be functions of the group sizes fNlgL1 and can be used to regulate the distribution of groups sizes of the
solution (2). (See Hubert, Arabie, & Meulman 2001, p.19 for a review of possible heterogeneity measures
within a subset.) The usual choice fWl = N

2
l gL1 gives the same in�uence to all object pairs in the criterion

(3), encouraging equal sized solution clusters.

2 Attribute�value data

When each object i is characterized by a set of n measured attributes (variables),

xi = (xi1; :::; xik; :::; xin);

distances between pairs of objects Dij as in (3) are based on their respective values (xik; xjk) on each
attribute k. A well-known example is the Gower (1971) coe¢ cient of similarity. One de�nes a distance
dijk between objects (i; j) separately on each attribute k, and then Dij is taken to be a (weighted) average
of the respective attribute distances

Dij =
nX
k=1

wkdijk (5)

with

fwk � 0gn1 and
nX
k=1

wk = 1: (6)

For example, the individual attribute distances can be taken as

dijk = �ijk=sk (7)

where for numeric valued attributes
�ijk = jxik � xjk j; (8)

or often its square, and for categorically valued (nominal) attributes

�ijk = I(xik 6= xjk): (9)

There are numerous suggestions in the literature for distance measures on individual attributes other than
(8) and (9). Particular choices re�ect the goal of the cluster analysis. The approach presented in this



paper applies to any such de�nitions. The denominator sk (7) provides a scale for measuring �closeness�
on each attribute. It is often taken to be

sk =
1

N2

NX
i=1

NX
j=1

�ijk (10)

or some other measure of spread or dispersion of the fxikgNi=1 values over all objects. For equal attribute
weights fwk = 1=ngn1 , this gives the same in�uence to all of the attributes in de�ning the criterion (3)
and thereby on the solution (2). Sometimes the weights in (5) are set to unequal values to further re�ne
relative in�uence based on user domain knowledge or intuition, if it is suspected that particular attributes
are more relevant than others to clustering the objects.
From (3) and (5) one can express the (equal weight) clustering criterion as

Q(c) =
LX
l=1

Wl

 
1

n

nX
k=1

Skl

!
(11)

where
Skl =

1

N2
l

X
c(i)=l

X
c(j)=l

dijk (12)

is a measure of the dispersion (scale) of the data values on the kth attribute for objects in the lth group,
fxik j c(i) = lg. For example, if one uses dijk = (xik�xjk )2=s2k then Skl = 2 �varfxik=sk j c(i) = lg. Thus,
using (5) to de�ne distance encourages (2)-(3) to seek clusters of objects that simultaneously have small
dispersion on all or at least many of the attributes. That is, the objects within each solution subgroup
are simultaneously close on a large number of the attributes.

3 Feature selection

De�ning clusters in terms of simultaneous closeness on all attributes may sometimes be desirable, but
often it is not. In data mining applications, the values of many attributes are often measured and it is
unlikely that natural groupings will exist based on a large number of them. Usually, clustering, if it exists,
occurs only within a relatively small unknown subset of the attributes. To the extent all of the attributes
have equal in�uence, this type of clustering will be obscured and di¢ cult to uncover.
The relative in�uence of each attribute xk is regulated by its corresponding weight wk in (5). Formally,

feature selection seeks to �nd an optimal weighting w = fwkgn1 as part of the clustering problem by jointly
minimizing the clustering criterion according to (3) and (5) with respect to the encoder c and weights w.
That is,

(c�;w�) = arg min
(c;w)

Q(c;w) (13)

where

Q(c;w) =
LX
l=1

Wl

N2
l

X
c(i)=l

X
c(j)=l

Dij [w]; (14)

and Dij [w] is given by (5), here emphasizing its dependence on the weights. The solution w� has high
weight values for those attributes that most exhibit clustering on the objects, and small values for those
that do not participate in the clustering. The solution encoder c� identi�es the corresponding clusters.
There is a vast literature on feature weighting/selection in clustering and classi�cation; among others,
see DeSarbo, Carroll, Clarck, & Green 1984, De Soete, DeSarbo, & Carroll 1985, De Soete 1986, 1988,
Fowlkes, Gnanadesikan, & Kettenring 1988, Milligan 1989, Van Buuren & Heiser 1989, Gnanadesikan,
Kettenring, & Tsao 1995, and Brusco & Cradit 2001.

4 Clustering on di¤erent subsets of attributes

Although feature selection is often helpful, it only seeks groups that all cluster on the same subset of
attributes. Those are attributes with large solution weight values (13). However, individual clusters may



represent groupings on di¤erent (possibly overlapping) attribute subsets, and it is of interest to discover
such structure. With feature selection, clustering on di¤erent subsets of attributes will still be obscured
and di¢ cult to uncover.
One can generalize (14) to �nd clusters on separate attribute subsets by de�ning a separate attribute

weighting wl = fwklgnk=1 for each individual group Gl, and jointly minimizing with respect to the encoder
and all the separate weight sets associated with the respective groups. That is,

(c�; fw�
l gL1 ) = arg min

(c;fwlgL1 )
Q(c; fwlgL1 ); (15)

where

Q(c; fwlgL1 ) =
LX
l=1

Wl

N2
l

X
c(i)=l

X
c(j)=l

Dij [wl]; (16)

and

Dij [wl] =
nX
k=1

wkldijk: (17)

As before (6), the attribute weights satisfy

fwkl � 0gn1 and
nX
k=1

wkl = 1; 1 � l � L: (18)

For any given encoder c, the solution to (15)-(16) for the corresponding attribute weights is w�kl =
I(k = k�l ) where k

�
l = argmin1�k�n Skl, with Skl given by (12). That is, the solution will put maximal

(unit) weight on that attribute with smallest dispersion within each group Gl, and zero weight on all other
attributes regardless of their respective dispersions within the group. Therefore, minimizing criterion (16)
will produce solution groups that tend to cluster only on a single attribute. This type of clustering can be
detected by simple inspection of the marginal data distributions on each attribute separately. Our goal is
�nding groups of objects that simultaneously cluster on subsets of attributes, where each subset contains
more than one attribute.
This goal can be accomplished by modifying the criterion (16) with an incentive (negative penalty) for

solutions involving more attributes. One such incentive is the negative entropy of the weight distribution
for each group

e(wl) =

nX
k=1

wkl logwkl: (19)

This function achieves its minimum value for equal weights and is correspondingly larger as the weights
become more unequal. Incorporating (19), the modi�ed criterion becomes

Q(c; fwlgL1 ) =
LX
l=1

Wl

N2
l

X
c(i)=l

X
c(j)=l

D
(�)
ij [wl]; (20)

with

D
(�)
ij [wl] =

nX
k=1

(wkl dijk + �wkl logwkl) + � log n: (21)

(The last term simply provides a translation so that minwl
D
(�)
ij [wl] = 0 whenever fdijk = 0gnk=1:) The

quantity � � 0 controls the strength of the incentive for clustering on more attributes. It is a meta�
parameter of the procedure and provides control over the type of clustering sought. Increasing/decreasing
its value will encourage clusters on more/less attributes.
For a given encoder c, the solution to (15), minimizing (20)-(21) for the corresponding optimizing

weight values is

wkl = exp(�Skl=�)
,

nX
k0=1

exp(�Sk0l=�); (22)



with Skl given by (12). This solution puts increased weight on attributes with smaller dispersion within
each group Gl, where degree of this increase is controlled by the value of �. Setting � = 0 places all weight
on the attribute k with smallest Skl, whereas � =1 forces all attributes to be given equal weight for each
group Gl.
Since all individual attribute distances (7) are normalized as in (10), the quantity Skl will tend to be

near unity for attributes that do not contribute to the clustering of group Gl, and smaller for those that
do. In this sense the value chosen for � de�nes the meaning of �clustering� on an attribute. A group
of objects Gl = fi j c(i) = lg is said to �cluster�on attribute k, if Skl for group Gl is smaller than the
value of �. Often setting � ' 0:2 is a reasonable starting choice; one can then experiment with alternative
values based on the observed results.
For a given encoder c, one can minimize (20)-(21) with respect to all the weights fwlgL1 (22), thereby

producing a criterion Q (c) that depends only on the encoder. The result is

Q(c) =
LX
l=1

Wl �
"
�� log

 
1

n

nX
k=1

exp(�Skl=�)
!#

; (23)

where the optimal encoder is given by (2). The bracketed quantity in (23) is proportional to a generalized
(Orlicz) mean

f�1

"
1

n

nX
k=1

f(Skl)

#
(24)

of fSklgnk=1, where here
f(z) = 1= exp(z=�) (25)

is the inverse exponential function with scale parameter �. This criterion (23) can be contrasted with that
for ordinary clustering (11). Clustering based on distances using (5) with equal (or other prespeci�ed)
attribute weights minimizes the arithmetic mean of the attribute dispersions within each cluster; separate
optimal attribute weighting within each cluster of objects minimizes the inverse exponential mean (24)-
(25).

5 Search strategy

De�ning the clustering solution as the minimum of some criterion does not fully solve the problem. One
needs a method for �nding the minimizing encoder c� that identi�es the solution clusters. This is a
combinatorial optimization problem (among others, see Hansen & Jaumard 1997, Hubert, Arabie, &
Meulman, 2001, Van Os, 2001) for which a complete enumeration search over all possible encoders is
computationally impractical for large problems. For these one must employ less than thorough heuristic
search strategies.
For ordinary clustering based on (3) or similar criteria, a large number of heuristic search strategies

have been proposed. These are known as distance based �clustering algorithms�(for example, see Hartigan
1975, Späth 1980, Jain & Dubes 1988, Kaufman & Rousseeuw 1990, Arabie, Hubert, & De Soete 1996,
Mirkin 1996, Gordon 1999). For attribute�value data (Section 2), clustering algorithms equivalently
attempt to minimize (11) by using (5) with equal (or prespeci�ed) weights to de�ne the distances Dij
between object pairs.
The criterion (23) is a more complicated highly non convex function of the fSklg. The approach used

here is to apply an alternating optimization strategy based on (20). One starts with an initial guess for
the weight values, for example all values equal fwkl = 1=ng. The criterion (20) is then minimized with
respect to the encoder given those weight values. Given that encoder, (20) is minimized with respect to
the weights, producing a new set of values for fwlgL1 . These are then used to solve for a new encoder, and
so on. This iterative procedure is continued until a (local) minimum is reached.
From (21) the criterion (20) can be expressed as

Q(c; fwlgL1 ) =
LX
l=1

Wl

N2
l

X
c(i)=l

X
c(j)=l

Dij [wl] + �
LX
l=1

Wl

nX
k=1

wkl logwkl; (26)



where Dij [wl] is given by (17).
For a given encoder c(�), the minimizing solution for the weights is given by (22). Given a set of weight

valuesW = fwlgL1 2 Rn�L, the solution encoder c�(� jW) minimizes

Q(c jW) =
LX
l=1

Wl

N2
l

X
c(i jW)=l

X
c(j jW)=l

Dij [wl]: (27)

The form of this criterion is similar to that of (3) where distance between objects assigned to the same
group, c(i jW) =c(j jW) = l, is given by Dij [wl]. However, conventional clustering algorithms cannot be
directly used to attempt to minimize (27) since they require distances to be de�ned between all object
pairs, not just those assigned to the same group. The strategy employed here is to de�ne a distance
Dij [W] between all object pairs that when used with standard clustering algorithms produces an encoder
that approximates the solution c�(� jW) minimizing (27).
The starting point for deriving such a distance measure is the assumption that c�(� jW) has the

property
1

N2
l

X
c�(i jW)=l

X
c�(j jW)=l

Dij [wl] <
1

NlNm

X
c�(i jW)=l

X
c�(j jW)=m

Dij [wl]; m 6= l; (28)

for all solution groups Gl = fi j c�(i jW) = lg. That is, the average distance between pairs of objects
within the same group Gl, based on the weights for that group wl, is smaller than the corresponding
average distance between groups based on wl. If this were not the case, the value of (27) could be further
reduced by merging Gl with all groups Gm (m 6= l) for which (28) was violated. Furthermore from (28)
one has

1

N2
l

X
c�(i jW)=l

X
c�(j jW)=l

Dij [wl] <
1

NlNm

X
c�(i jW)=l

X
c�(j jW)=m

max(Dij [wl]; Dij [wm]) (29)

for m 6= l: Therefore, de�ning

D
(1)
ij [W] = max(Dij [wc(i jW)]; Dij [wc(j jW)]) (30)

one has
1

N2
l

X
c�(i jW)=l

X
c�(j jW)=l

Dij [wl] =
1

N2
l

X
c�(i jW)=l

X
c�(j jW)=l

D
(1)
ij [W]; (31)

and from (29)

1

N2
l

X
c�(i jW)=l

X
c�(j jW)=l

D
(1)
ij [W] <

1

NlNm

X
c�(i jW)=l

X
c�(j jW)=m

D
(1)
ij [W]; m 6= l: (32)

That is, the solution encoder c�(� jW) minimizing (27) has the property that the average within group
distance, using (30), is smaller the the corresponding between group average. The solutions produced by
standard clustering algorithms also attempt to achieve this goal. Therefore, applying a standard clustering
algorithm based on D(1)

ij [W] (30) will attempt to produce a solution minimizing (27).
The distance de�ne by (30) is not the only one that satis�es properties (31) (32). Any �majoriz-

ing�distance that is equal to D(1)
ij [W] when c(i jW) = c(j jW) and is larger otherwise will share these

properties. An example is

D
(2)
ij [W] =

nX
k=1

max(wk;c(i jW); wk;c(j jW)) dijk: (33)

Any such distance could be used to produce a surrogate criterion for (27) in the form of (3) to be minimized
by conventional clustering algorithms. Speci�c choice will depend on performance in the context of a
particular clustering algorithm. This situation is common in optimization problems using heuristic search
strategies, where one often chooses to optimize a surrogate criterion with the same solution as the desired
one. The choice of a surrogate is based solely on performance in the context of the chosen search strategy.



Empirical evidence so far suggests that both (30) and (33) yield similar results using common clustering
algorithms, with (33) sometimes providing superior performance.
In summary, an alternating optimization algorithm attempting to minimize (23) would initialize all

weight values to W = fwkl = 1=ng. A solution encoder c�(� jW) is obtained by applying a clustering
algorithm using either (30) or (33) to de�ne interpoint distances. New weight values W are computed
based on c�(� jW) using (12) (22). These weight values de�ne new inter object distances for the clustering
algorithm. These steps are iterated until the solution stabilizes.

6 Weighted inverse exponential distance

The alternating optimization strategy outlined in the previous section is unlikely to produce satisfactory
results if applied straightforwardly. The highly non convex nature of (23) induces a very large number of
distinctly suboptimal local solutions. If the initial weight values W = f1=ng are far from their (global)
minimizing values, it is likely that the alternating strategy will converge to one of these suboptimal local
solutions. This will especially be the case when there is clustering on small subsets of the attributes. In
order to be successful, it is necessary either to �nd good initial weight values close to the solution values,
or to use an alternative surrogate criterion for which the weight valuesW = f1=ng provide a good starting
point. Since it is usually di¢ cult to assign good starting values without knowing the ultimate solution,
the latter strategy is pursued here.
For any set of weights w = fwkgn1 consider the interpoint distance measure

D
(�)
ij [w] = min

ftkgn1

nX
k=1

tk dijk + � tk log
tk
wk
;

nX
k=1

tk = 1; (34)

= �� log
nX
k=1

wke
�dijk=�:

This is a distance between objects (i; j) based on a weighted inverse exponential mean (24) (25) of fdijkgnk=1
with scale parameter �.
As � becomes large , D(�)

ij [w] approaches the ordinary distance (5),

lim
�!1

D
(�)
ij [w] =

nX
k=1

wk dijk: (35)

Therefore, as the limit is approached this distance de�nition (34) can be used on the right hand side of
(30) or (33) to produce equivalent surrogate criteria for (27).
For �nite values of � alternate surrogate criteria are de�ned. These alternatives need not lead to

equivalent surrogates for (27) since they will not necessarily satisfy properties (31) (32). However, setting
the value of � in (34) to be the same as that used for � in (23) produces a criterion quite similar to (23)
when all weight values are taken to be equalW = f1=ng. This can be seen by �rst using (12) to express
(23) as

Q(c) = ��
LX
l=1

Wl log
1

n

nX
k=1

0BB@ Y
c(i)=l
c(j)=l

e�dijk=�

1CCA
1

N2
l

: (36)

Setting � = � and then substituting (34) into (30) or (33) with all weight values equal to 1=n produces
the surrogate criterion

~Q(c) = ��
LX
l=1

Wl log

0BB@ Y
c(i)=l
c(j)=l

1

n

nX
k=1

e�dijk=�

1CCA
1

N2
l

: (37)

Each term in both (36) and (37) contains the logarithm of a measure of central tendency of fe�dijk=�g; for
all c(i) = c(j) = l and 1 � k � n. For Q(c) this measure is the arithmetic mean over k of the geometric



mean over (i; j). For ~Q(c) it is the geometric mean over (i; j) of the arithmetic mean over k. Both of these
criteria are similar in that they are most strongly in�uenced by the dijk that have small values compared
to �, and correspondingly less in�uenced by those with larger values. By contrast, directly using (30) or
(33) based on (17) using equal weight valuesW = f1=ng produces the criterion

�Q(c) =
LX
l=1

Wl

N2
l

X
c(i)=l

X
c(j)=l

1

n

nX
k=1

dijk: (38)

Each term in (38) contains a measure of central tendency of fdijkg; for all c(i) = c(j) = l and 1 � k � n,
based on the arithmetic mean. This criterion is independent of � and most strongly in�uenced by the larger
valued dijk. Therefore, to the extent that the respective geometric and arithmetic means of fe�dijk=�g
appearing in (36) and (37) are not too di¤erent, solutions minimizing (37) would likely be much closer to
those minimizing (23) (36) than solutions produced by minimizing (38). (Note that 0 < e�dijk=� � 1.)
Empirical evidence suggests that this is indeed the case.
Since Q(c) and ~Q(c) are not identical, applying a clustering algorithm based on (30) or (33), substi-

tuting (34) in place of (17) (with � = � and equal weights W = f1=ng) does not produce the solution
minimizing (23). It only provides a potentially good starting point for the iterative algorithm described in
Section 5. From (35), as � !1 this substitution produces the distance measure used by that algorithm.
This suggests a homotopy optimization strategy in which (34) replaces (17) in (30) or (33), with � being
the homotopy parameter. Its value is initialized to that of �, and then gradually increased as iterations
proceed. This smoothly transforms the criterion being minimized from (37), to (27) based on (30) or (33),
as the weight values progress from W = f1=ng to their minimizing values. Such a strategy leads to the
following algorithm for clustering objects on subsets of attributes (COSA):

Algorithm COSA1

1 Initialize: W = f1=ng; � = �
2 Loop {
3 Compute distances Dij [W] (30) (33) (34)
4 c clustering algorithm (fDij [W]g)
5 Compute weightsW = fwlgL1 (12) (22)
6 � = � + �
7 } UntilW stabilizes
8 Output: c� = c

The value of � (line 6) controls the rate of increase in the value of the homotopy parameter �. There is
as yet no theory to suggest appropriate values of � in particular applications. Setting � =1 causes this
algorithm to compute the solution minimizing (37) at the �rst iteration, and then immediately to switch
to the algorithm described in Section 5, based on ordinary distance, (17), (30) or (33), starting at that
solution. Smaller values of � cause a more gradual evolution from weighted inverse exponential distance
(34) to ordinary distance as the weight values in turn evolve. Empirical evidence suggests that the value of
� should be taken to be quite small (� . 0:1), causing a slow evolution. Otherwise, the weighted inverse
exponential distance approaches ordinary distance too rapidly, thereby causing the algorithm to converge
to an inferior local minimum in spite of its potentially good starting point. In fact, in all applications
encountered so far, using � = 0 provides performance quite close to that of the experimentally determined
optimum value, and much better performance than � =1.

7 Hierarchical Clustering

The COSA1 algorithm of the preceding section uses a conventional iterative clustering method as a
primitive (line 4). It can be viewed as a �wrapper�placed around a chosen clustering algorithm extending
that algorithm to clustering on subsets of attributes. As with most conventional iterative clustering
methods, the number of clusters sought L must be speci�ed.
A very popular class of clustering techniques, especially with gene expression microarray data, are

hierarchical methods. These do not require prespeci�cation of the number of clusters. Instead, they



arrange potential clusters in a hierarchy displayed as a binary tree (�dendrogram�). The user can then
visualize this representation to assess the degree of clustering present in the data, and manually choose a
particular partition of the objects into groups. Using COSA1 as a wrapper around such a manually driven
procedure is cumbersome at best. For hierarchical clustering, one needs a version of the algorithm that
provides inter object distances fDijg encouraging clustering on subsets of attributes, without requiring
the speci�cation of a particular iterative clustering algorithm or the number of groups L.
The key ingredient to producing such a version is based on the de�nition of clustering: pairs of objects

(i; j) in the same solution clustered group c�(i) = c�(j); using a particular distance de�nition Dij , will
tend to have relatively small values of Dij . This is the goal driving all clustering methods. Let KNN(i)
be K closest objects to i based on Dij ,

KNN(i) = fj jDij � di(K)g (39)

where di(K) is the Kth order statistic of fDijgNj=1 sorted in ascending values. Then among those objects
j 2 KNN(i) there will be an over representation of objects for which c�(i) = c�(j). That is,

1

K

X
j2KNN(i)

I [c�(j) = c�(i)] >
1

N

NX
j=1

I [c�(j) = c�(i)]: (40)

The more pronounced the clustering, the stronger this inequality becomes. Therefore, to the extent (40)
holds, statistics computed on KNN(i) will re�ect those computed on fj j c�(j) = c�(i)g. In particular,
for the scale measure (12) this implies

Sk;c�(i) w
1

K2

X
j2KNN(i)

X
j02KNN(i)

djj0k: (41)

This represents a measurement of scale of the attribute xk for objects fj j j 2 KNN(i)g. Furthermore, in
the interest of reduced computation (41) can in turn be approximated by

Ski =
1

K

X
j2KNN(i)

dijk: (42)

Under these assumptions one can modify the COSA1 algorithm by replacing the clustering algorithm
(line 4) by a procedure that computes fKNN(i)gN1 , and replacing wc(i jW)  wi = fwkignk=1 in (30) (33)
(34) for computing the distances (line 3), with

wki = exp(�Ski=�)
,

nX
k0=1

exp(�Sk0i=�) (43)

for calculating the weights (line 5). With this substitution, the matrix of weightsW becomes an n �N
matrix with entries wki. These changes produce the following algorithm:

Algorithm COSA2

1 Initialize: W = f1=ng; � = �
2 Loop {
3 Compute distances Dij [W] (30) (33) (34)
4 Compute fKNN(i)gN1 (39)
5 Compute weightsW = fwkig (42) (43)
6 � = � + �
7 } UntilW stabilizes
8 Output: fDij = Dij [W]g

The purpose of this algorithm is to obtain a good set of weight values W 2 Rn�N for calculating
interpoint distances fDijg (line 8) by approximately minimizing the criterion

Q(W) =
NX
i=1

24 1
K

X
j2KNN(i)

Dij [wi] + �
nX
k=1

wki logwki

35 : (44)



These distances can then be input to hierarchical clustering algorithms.
The weight valuesW� = fw�

i gN1 minimizing (44) are those that create the smallest K�nearest neigh-
borhoods, subject to the negative entropy incentive (19). Here the size of each neighborhood is measured
by the average distance to its center point xi, using attribute weights wi = fwkign1 . This is inversely
related to an estimate, based on KNN(i), of the probability density p(xi jwi). In this sense, the solution
weights minimizing (44) are chosen to maximize these probability density estimates.
The considerations concerning the value of the homotopy rate parameter � (line 6) are the same as

those for the COSA1 algorithm. The size K chosen for the nearest neighborhoods is not critical and
results are fairly stable over a wide range of values. It should be large enough to provide stable estimates
of Ski (42) but not too much larger than the size of the cluster containing the ith object. Setting K w

p
N

is a reasonable choice, although some experimentation may be desirable after reviewing the sizes of the
uncovered clusters.

.

The complete paper (Friedman, J.H. & Meulman, J.J. 2004, Clustering objects on subsets of variables.
Journal of the Royal Statistical Society, Series B, 4, 815-849), including examples and discussion, can be
found at: http://www.datatheory.nl/pages/Friedman&Meulman.pdf


