FRAENKEL’S CONJECTURE FOR SIX SEQUENCES

by R. Tijdeman

May 10, 2001

Abstract. A striking conjecture of Fraenkel asserts that every decomposition of Z_{>0} into m ≥ 3 sets {⌊α_in + β_i⌋}_{n∈Z>0} with α_i and β_i real, α_i > 1 and α_i’s distinct for i = 1, ..., m satisfies {α_1, ..., α_m} = { 2^m − 1 2^k : 0 ≤ k < m}. Fraenkel’s conjecture was proved by Morikawa if m = 3 and, under some condition, if m = 4. Proofs in terms of balanced sequences have been given for m = 3 by the author and for m = 4 by Altman, Gaujal and Hordijk. In the present paper we use the latter approach to establish Fraenkel’s conjecture for m = 5 and for m = 6.

Keywords: complementary sequences, exact covers, Fraenkel’s conjecture, Beatty sequences, balanced words.

1 Fraenkel’s conjecture

For real numbers α ≥ 1 and β denote by S(α, β) the sequence {⌊nα + β⌋ | n = 1, 2, 3, ...}. A finite set {S(α_i, β_i)|1 ≤ i ≤ m} is called an (eventual) exact cover if every (sufficiently large) positive integer occurs in exactly one S(α_i, β_i). If {S(α_i, β_i)}^m_{i=1} is an eventual exact cover, then ∑_m i=1 α^{−1}_i = 1.

Hence the only case with m = 1 is when α_1 = 1. We call α the rate of S(α, β) and α^{−1} its density and β the rest.

Skolem [Sk] gave a criterion for exact covers in case m = 2. He proved that if α_1 is irrational, then {S(α_i, β_i)}^2_{i=1} is an eventual exact cover if and only if^1_{α1} +^1_{α2} = 1 and^{β1}_{α1} +^{β2}_{α2} ∈ Z. Fraenkel [F1] proved the same result in case α_1 is rational. He further gave similar, but more complicated, necessary and sufficient conditions for {S(α_i, β_i)}^2_{i=1} to be an exact cover.

For m = 3 there exists an exact cover with distinct rates, namely {S( 7 4 , 0), S( 7 2 , −1), S(7, −3)}. Fraenkel [F2] noticed that there is an example for every m, namely (1) { S ( 2^m − 1 2^{i−1} , 1 − 2^{m−i} )}_m i=1 . He further made the following conjecture (cf. [EG, p.19]).

Fraenkel’s conjecture. If {S(α_i, β_i)}^m_{i=1} is an exact cover with distinct rates α_1, ..., α_m and m ≥ 3, then {α_1, ..., α_m} = { 2^m − 1

2^k : 0 ≤ k < m}.

Graham [G] used Kronecker’s approximation theorem and Skolem’s work to show that if all the rates of an eventual exact cover of m ≥ 3 sequences S(α_i, β_i) are distinct, then all the rates α_i are rational. It follows that each S(α_i, β_i) is periodic and that, when dealing with Fraenkel’s conjecture, we need not distinguish between eventual exact covers and exact covers.

If the rate α of a sequence S(α, β) is rational, we may assume without loss of generality that β is a rational number with the same denominator as α. Suppose {S(^{ai}_{ci} ,^{bi}_{ci} )}^m_{i=1} is an exact cover with rates^{ai}_{ci} where gcd(a_i, c_i) = 1 for i = 1, ..., m and m ≥ 3. Berger, Felzenbaum and Fraenkel [BFF] proved that if a_1 ≤ a_2 ≤ ... ≤ a_m, then a_{m−1} = a_m and moreover if b_{m−1} ≠ b_m, then a_{m−2} = a_{m−1} = a_m.

A thorough study of exact covers {S(α_i, β_i)}^m_{i=1} was made by Morikawa in a series of five papers. In [M1] he classified all exact covers with m = 3. His results imply Fraenkel’s conjecture for m = 3. In [M2] he classified all exact covers of the form {S(^{ai}_c ,^{bi}_c )}^4_{i=1} with gcd(a_i, c) = 1 for i = 1, 2, 3, 4 and verified Fraenkel’s conjecture for this subclass.

In 1991 Simpson [Si] showed that Fraenkel’s conjecture is true if min_i α_i ≤^3_2 . Quite recently Altman, Gaujal and Hordijk [AGH] established Fraenkel’s conjecture in case m = 4. Since they do so in the more general framework of balanced words, I shall deal with their paper in the next section.

2 Balanced words

Let Q be a finite set of ‘letters’, a so-called alphabet. A word on Q is defined as a surjective function W : Z_{>0} → Q. By a block we mean a finite set of consecutive positive integers. A block of N positive integers is called a block of length N or an N-block. A subsequence S of Z_{>0} is called a Beatty sequence with density d if the number of terms of S in an arbitrary N-block equals ⌊Nd⌋ or ⌈Nd⌉. A word W = {W (s)}^∞_{s=1} on Q is called a Beatty word if the inverse image of each letter of Q forms a Beatty sequence. Obviously a Beatty word represents an exact cover of the positive integers by Beatty sequences. A set S of positive integers is called balanced if the numbers of elements of S in any two blocks of equal lengths differ by at most 1. The word W is called balanced if the inverse image of each letter is a balanced set.

Usually a Beatty sequence on the positive integers is defined as a sequence {⌊nα + β⌋}^∞_{n=1} with β < 1 ≤ α + β. It follows from Lemma 1 that every such sequence S(α, β) is a Beatty sequence with d = α^{−1} as the density and that every Beatty sequence is of the form {⌊nα + β⌋}^∞_{n=1} or of the form {⌈nα + β⌉}^∞_{n=1}. If α is rational, then every sequence of the latter type can be written in the form of the former type and vice versa. If α is irrational, a sequence of the latter type need not be of the former type; e.g. {⌈nπ + 2 − π⌉}^∞_{n=1} cannot be represented as {⌊nα + β⌋}^∞_{n=1}.

By definition every Beatty sequence forms a balanced set. Hence every Beatty word is a balanced word. A result in the opposite direction is given in the Corollary of Lemma 2. Every balanced set has a density d ∈ [0, 1] which is the limit of the number of elements ≤ x divided by x as x → ∞ (see [MH2, p. 5], [T1, Lemma 1]). In the case of a Beatty sequence the density is equal to the inverse of the rate. We define the rate of a balanced set as the inverse of its density.

Almost by definition the complement of a Beatty sequence is a Beatty sequence and the complement of a balanced set is a balanced set. So every balanced set defines a balanced word on two letters (defined by its characteristic function), and every balanced word on two letters is characterised by a balanced set (take the inverse image of one of both letters). Altman, Gaujal and Hordijk ([AGH, Lemma 2.26]) used a generalisation of Graham’s result by Hubert to show that every balanced word on m ≥ 3 letters with distinct rates is periodic so that all the rates are rational.

The balanced words on three letters were characterised by the author [T1]: a balanced word on the letters a, b, c originates from any balanced set S = {s_i}_{i∈Z>0} with s_i < s_{i+1} for all i by putting letters a on places s_{2i}, letters b on places s_{2i+1} and letters c on the remaining places, or is a periodic word with period cycle (abacaba). (Of course, the choice a, b, c is arbitrary.) Note that in the former case the letters a and b have the same rates and that the exceptional case is in agreement with Fraenkel’s conjecture. Altman, Gaujal and Hordijk [AGH, Theorem 2.19] gave a simplified proof of this result and generalised it to balanced words on four letters. To be precise, they proved that the only balanced words on four letters with distinct rates are the periodic words with cycle (abacabadabacaba) and rates^{15}_8 ,^{15}_4 ,^{15}_2 , 15. This established Fraenkel’s conjecture in case m = 4, without the restriction imposed by Morikawa.

In the present paper we extend the method to establish Fraenkel’s conjecture in the cases m = 5 and m = 6. By Lemma 1 it suffices to prove the following assertion.

Theorem. The only Beatty words W on m letters a_1, ..., a_m with distinct rates α_1 < α_2 < ... < α_m and 3 ≤ m ≤ 6 are the periodic words with cycle (F_m) where F_1 = a_1 and F_m = F_{m−1}a_mF_{m−1} for m = 2, 3, .... It follows that α_j =^{2m−1}_{2m−j} for j = 1, 2, ..., m. Section 3 contains some fundamental properties of Beatty sequences, balanced sequences and balanced words. Lemma 3 states that if a word is balanced on letters with distinct rates and the letter a has rate ≤ 3, then the word remains balanced if all the a’s are omitted. This is an extension of a result of Altman, Gaujal and Hordijk [AGH, Lemma 2.27] who proved the result when a has rate ≤ 2. Lemma 4, already contained in [T2], states that if the rates of the letters of a balanced word are distinct, then the integer parts of the rates are distinct. The Theorem is proved in Section 4 in case all rates are at least 3 and in Section 5 in the remaining case.

For more information on covers and Fraenkel’s conjecture I refer to [P] which contains a survey of the theory of covers up to 1981. Paper [T4] consists of a less complete, but more up-to-date survey of the literature on exact covers, a direct proof for Fraenkel’s conjecture in case m = 5 and proofs of some related results.

3 Some basic principles

In this section we derive some fundamental properties which are used in the proofs of the Theorem. We denote by |V | and c_x(V ) the number of letters of the finite subword V of W and the number of times that the letter x occurs in V , respectively. We further denote by r_a the rate of the letter a (in a given word W ). Observe that r_a is the average distance between consecutive a’s, where the distance between consecutive letters is 1.

Lemma 1. Every sequence of the form {⌊nα + β⌋}^∞_{n=1} with α ≥ 1 and β < 1 ≤ α + β or of the form {⌈nα + β⌉}^∞_{n=1} with α ≥ 1 and β ≤ 0 < α + β is a Beatty sequence. Conversely, every Beatty sequence is of one of these forms.

Proof. The number of terms of the sequence {⌊nα+β⌋}^∞_{n=1} in an N-block of positive integers (x, x+N] equals ⌊^{x+N−β}_α ⌋−⌊^{x−β}_α ⌋ and this difference equals N α + δ with |δ| < 1 and therefore ⌊^N_α ⌋ or ⌈^N_α ⌉. The proof that the sequence {⌈nα + β⌉}^∞_{n=1} is a Beatty sequence is similar.

Conversely, every Beatty sequence is a balanced sequence. The balanced sequences have been classified by Morse and Hedlund [MH2, pp. 8-19] and consist of three classes: periodic, rational and skew. The skew sequences are not Beatty. The periodic and irrational sequences are of the form {⌊nα + β⌋}^∞_{n=1} or {⌈nα +β⌉}^∞_{n=1} with α rational in the periodic case and α irrational in the irrational case. (cf. [T3, Theorem 2]) □

Lemma 2. Let S = {s_i}_{i∈Z>0} be an infinite balanced set of rate r. Let k be a positive integer. If kr /∈ Z, then s_{i+k} − s_i equals ⌊kr⌋ or ⌈kr⌉ for all i. If kr ∈ Z, then either s_{i+k} − s_i ∈ {kr, kr + 1} for all i or s_{i+k} − s_i ∈ {kr − 1, kr} for all i and it can occur for only finitely many i that s_{i+k} −s_i −kr is non-zero.

Proof. See [MH, p.17] or [T4, Lemma 2].

We call a word W an eventually Beatty (balanced) word if W (s) for s greater than some s_0 coincides with a Beatty (balanced) word. It is obvious that every eventually Beatty word is an eventually balanced word. As an immediate consequence of Lemma 2 we have the converse result.

Corollary. Every eventually balanced word is an eventually Beatty word.

It is not true that every balanced word is a Beatty word. For example, a(ab)^∞ is balanced, but not Beatty. Note that the rate of a sequence is determined by its asymptotic behaviour. In the proof of the Theorem we shall use that if {s_i}^∞_{i=1} is an eventually balanced set of rate r, then ⌊r⌋ ≤ s_{i+1} − s_i ≤ ⌈r⌉ for i greater than some i_0.

Lemma 3. Let W be a Beatty word on a finite alphabet {a, b, ...}. Suppose the rate of a in W is at most 3. Then the word W^′ obtained from W by omitting all a’s is balanced.

A similar result if a has rate at most 2 is due to Altman, Gaujal and Hordijk [AGH, Lemma 2.27].

Proof. Suppose W is a Beatty word. Choose two subwords V^′_1 , V^′_2 of length n in W^′. Let V_1 and V_2 be subwords of W such that the first and last letters are not a’s and that the words reduce to V^′_1 , V^′_2 , respectively, if the a’s are omitted. Let k := |V_1|−n and l := |V_2|−n denote the number of appearances of the letter a in V_1 and V_2, respectively. We may assume l ≥ k.

Case 1: l = k. Since the number of occurrences of any letter in V_1 and V_2 differs by at most 1, the same is true for V^′_1 and V^′_2 . Hence W^′ is balanced with respect to V^′_1 and V^′_2 .

Case 2: l > k + 1. Note that V_1 has n + k letters among which exactly k letters a. Let V̂_2 be the word obtained from V_2 by truncating the first letter and the last l − k − 1 letters. Then V̂_2 has also n + k letters, but the number of a’s in V̂_2 is at least l − (l − k − 2) = k + 2. This contradicts that W is balanced.

Case 3: l = k + 1. Suppose there is a b ∈ Q such that |c_b(V^′_1 ) − c_b(V^′_2 )| > 1. Then b ≠ a and |c_b(V_1) − c_b(V_2)| > 1. Since V_1 and V_2 are subwords of the balanced word W and |V_2| = |V_1| + 1, we obtain that c_b(V_2) = c_b(V_1) + 2 and that V_2 = bV b for some subword V of W . By a similar reasoning we further deduce that W contains bV_1b as a subword. Hence between the last a preceding bV_1b and the first a succeeding it there are at least |V_1|+2 = n+k+2 letters. On the other hand, between the first and the last a in V_2 there are at most |V | − 2 = n + k − 3 letters. Since W is a Beatty word, V_1 contains k letters a and V_2 contains k + 1 letters a, we find that on the one hand (k + 1)r_a > n + k + 2 and on the other hand kr_a < n + k − 1. On combining both inequalities, we get r_a > 3. This contradiction shows that |c_b(V^′_1 ) − c_b(V^′_2 )| ≤ 1 for all b ∈ Q. Hence W^′ is balanced. □

Remark. If in Lemma 3 the rates of the letters in W are distinct, then the rates of the letters in W^′ are distinct and we have in fact for the rate r^′_b of b ≠ a in W^′ that r^′_b = r_b(1 − r^{−1}_a ). This follows from the observations that the ratios of rates of letters ≠ a are the same in W and W^′ and that the sum over all letters of the inverses of the rates equals 1.

Lemma 4. Let W be an eventually balanced word on a finite alphabet {a, b, ...}. Let k and l be integers such that ⌊kr_a⌋ = ⌊lr_b⌋. Then kr_a = lr_b.

Proof. Suppose kr_a < lr_b. Then the situation occurs infinitely often that there are two a’s with exactly k − 1 letters a and fewer than l letters b in between. By Lemma 2 there are infinitely often at least ⌊kr_a⌋ − 1 letters between the two a’s. Then there are at least ⌊kr_a⌋ + 1 letters between the last b preceding the first a and the first b succeeding the last a. Thus ⌈lr_b⌉ ≥ ⌊kr_a⌋ + 2 = ⌊lr_b⌋ + 2 which is a contradiction. □

Corollary. If ⌊r_a⌋ = ⌊r_b⌋, then r_a = r_b. If the rates of an eventually balanced word are distinct, then each letter is characterised by the integer part of its rate.

Remark. In the proof of the Theorem we shall often denote a letter by the integer part of its rate. By the Corollary this characterises the letter uniquely.

4 Fraenkel’s conjecture if all rates exceed 3

In this section we assume that W is a Beatty word on a finite alphabet Q such that the rates of the letters are distinct and at least 3. We shall show that Q contains at least 7 different letters. By the Corollary of Lemma 4 the letters are characterised by the integer parts of their rates. We shall denote a letter by the integer part of its rate if we know the value and it is less than 10, and otherwise by some other symbol. An ∗ will denote some unknown letter which may be equal to one of the already used letters. By r_x we denote the rate of x. Recall that the distance between two consecutive x’s in W is ⌊r_x⌋ or ⌈r_x⌉. Thus if a letter is denoted by 3, then the distance between consecutive 3’s is 3 or 4. Sometimes we make an assumption by using symmetry. Then it may occur that the letters in the argument are written in the inverse order. Since the arguments concern finite blocks, it does not effect their validity.

Lemma 5. If each of the letters 3, 4 and 5 occur in W , then r_3 >^{15}_4 , r_4 > 9 2 , r_5 >^{17}_3 and all other letters have rates at least 10.

Proof. Suppose the letters 3, 4 and 5 occur in W . Since r_5 > r_4 > r_3, the patterns 4 3 ∗ ∗ 3 4 and 5 4 ∗ ∗ ∗ 4 5 occur. In the latter pattern the middle ∗ has to be 3, since 3 can have only jumps 3 and 4. Thus we have the pattern 3 5 4 ∘ 3 ∘ 4 5 3 where ∘ denotes letters different from 3, 4 and 5. The two consecutive jumps of length 4 of the letter 3 imply r_3 >^7_2 . It follows that the former pattern has to be extended as follows: 3 ∗ ∗ 4 3 ∗ ∗ 3 4 ∗ ∗ 3. One of the middle ∗’s has to be 5. Because of symmetry we may assume that we have 5 3 ∘ ∘ 4 3 5 ∘ 3 4 ∘ 5 3. The letter before the first 5 has to be 4 and we obtain r_4 >^9_2 . Thus we have the patterns

4 5 3 ∘ ∘ 4 3 5 ∘ 3 4 ∘ 5 3 and 4 ∘ ∘ 3 5 4 ∘ 3 ∘ 4 5 3 ∘ ∘ 4.

The latter pattern can only be extended as

5 3 4 ∘ ∘ 3 5 4 ∘ 3 ∘ 4 5 3 ∘ ∘ 4 3 5

and we obtain r_3 >^{15}_4 and r_5 >^{17}_3 . Applying this information to the other pattern, we find that the patterns have a common extension

5 3 4 ∘ ∘ 3 5 4 a 3 b 4 5 3 c ∘ 4 3 5 ∘ 3 4 ∘ 5 3

where a, b and c are letters with rates at least 6. If some letter 6, 7, 8 or 9 occurs, it has to be a, b or c, It is easy to check that a ≠ 6, 7, 8, 9, that b ≠ 6, 7, 8, 9 and that c ≠ 7, 8, 9. The only remaining possibility is c = 6, but then a = 6, which has been excluded. □

Remark. Since three consecutive places are blocked for 1’s and 2’s, it follows from the proof that the letters 1 and 2 do not occur. The same remark applies to lemmas 6, 7 and 9.

Lemma 6. If 3, 4, 6 and 7 occur in W , then |Q| ≥ 7.

Proof. Suppose 3, 4, 6 and 7 occur. Then 5 does not occur in W by Lemma 5. Since r_7 > r_6, the following pattern is in W : 7 6 ∗ ∗ ∗ ∗ ∗ 6 7. If there are two 4’s between the two 6’s, then we have 7 6 4 ∗ ∗ ∗ 4 6 7 and the 3’s cannot be placed. Thus there is only one 4 in between and we have 4 7 6 ∘ ∘ 4 ∘ ∘ 6 7 4 where ∘ denotes a letter different from 4, 6, 7. The only possible extension is

a 3 4 7 6 3 b 4 c 3 6 7 4 3 d

where a, b, c, d are letters with rates at least 8. If |Q| ≤ 6, then a = c ≠ b = d and a and b are at most 8. This is impossible by Lemma 4. □

Lemma 7. If 3, 4 and 6 occur in W , then |Q| ≥ 7.

Proof. Suppose 3, 4 and 6 occur and |Q| ≤ 6 . Then 5 and 7 do not occur in W by Lemmas 5 and 6. Because of symmetry we may assume that at least one of the following patterns is in W : case (a) a 4 3 6 b 3 4 c case (b) 6 4 3 a b 3 4 6 where a, b, c are distinct and at least 8.

Case (a). We have Q = {3, 4, 6, a, b, c}. Denoting by (x|y) that only x y and y x are possible, the pattern (a) can only be extended as

(4|6)(3|c) a 4 3 6 b 3 4 c ∗ .

Hence 8 ≤ c ≤ 9 and ∗ is 3 or a. If ∗ = a, then a = 8, c = 9 and we obtain

(4|6)(3|9) 8 4 3 6 b 3 4 9 8 3 6 4 (3|b) ∗ ∗ ∗ ∗ .

Here the four ∗’s have to comprise 3, 4, 6, 8 and 9, which is impossible. If ∗ = 3, then r_3 <^7_2 and we have

∗ b 3 (4|6)(3|c) a 4 3 6 b 3 4 c 3 ∗ .

Hence 9 < r_b < 11. Since ∗ can only be 4, we get

4 b 3 6 4 (3|c) a 4 3 6 b 3 4 c 3 ∗ and r_4 <^9_2 . This yields 4 b 3 6 4 (3|c) a 4 3 6 b 3 4 c 3 6 4 (3|a) b whence 10 < r_a < 13 and b = 9. We obtain ∗ 3 4 b 3 6 4 (3|c) a 4 3 6 b 3 4 c 3 6 4 (3|a) b and ∗ can only be c = 8. Note that the three ∗’s in 8 3 4 b 3 6 4 3 8 a 4 3 6 b 3 4 8 3 6 4 (3|a) b ∗ ∗ ∗ have to comprise a 3, 4, 6 and 8. This is impossible. Case (b). We assume a < b. The pattern has to be extended as 3 4 (3|c) 6 4 3 a b 3 4 6 (3|c) 4 where c ≠ 3, 4, 6, a, b. Hence Q = {3, 4, 6, a, b, c} and r_4 <^{14}_3 . The left (3|c) should be c 3 and we obtain r_3 <^{10}_3 and 9 ≤ r_c < 12. The only possible extension is (3|4) 6 ∗ 3 4 c 3 6 4 3 a b 3 4 6 (3|c) 4 (3|∗) where ∗ is a or b. Since b > a ≥ 8, the right ∗ should be a. Then the left ∗ has to be a too and we find a = 8 . Now the only possible further extension is ∗ ∗ ∗ ∗ ∗ b (3|4) 6 8 3 4 c 3 6 4 3 8 b 3 4 6 (3|c) 4 (3|8).

The five ∗’s have to contain two 3’s and one 4, one 6, one 8 and one c. This is a contradiction. □

Lemma 8. If 3 and 4 occur in W , then |Q| ≥ 7.

Proof. Assume 3 and 4 occur and |Q| ≤ 6. In view of Lemmas 5 and 7 we may assume that 5 and 6 are not in Q. Then the pattern a 4 3 b c 3 4 d occurs in W , where a, b, c, d are distinct unless a = d = 7. We may assume b < c. Case (a). a = d = 7. Then c > b ≥ 8. Hence we have

(3|e) 7 4 3 b c 3 4 7 (3|e)

where e ≠ 3, 4, 7, b, c and Q = {3, 4, 7, b, c, e}. The only possible extension is

∗ ∗ (b|c) 3 4 (3|e) 7 4 3 b c 3 4 7 (3|e).

The two ∗’s should contain both 3 and 4 and 7 which is impossible. Case (b). Q = {3, 4, a, b, c, d} and the only possible extension is (3|d) a 4 3 b c 3 4 d (3|a) ∗ ∗ ∗ ∗ . Hence 7 ≤ a ≤ 9 and 7 ≤ d ≤ 9. Since 7 ≤ b < c, we have r_c ≥ 10. Note that the four ∗’s cannot be a, c or d and contain at most one 3, one 4 and one b. This does not suffice. □

Lemma 9. If 3, 5 and 6 occur in W , then |Q| ≥ 7.

Proof. Suppose 3, 5 and 6 occur and |Q| ≤ 6. By Lemma 7 we have 4 /∈ Q. Since r_5 < r_6, the pattern 6 5 3 a b 3 5 6

occurs in W . The only possible extension is

∗ (3|c) 6 5 3 a b 3 5 6 (3|c)

where c ≠ 3, 5, 6, a, b. We may assume a < b, whence a ≥ 7, b ≥ 8, but now there is no letter available for ∗. □

Lemma 10. If 3 and 5 occur in W , then |Q| ≥ 7.

Proof. Suppose 3 and 5 occur and |Q| ≤ 6. Then we may assume 4, 6 /∈ Q in view of Lemmas 8 and 9, so that the other letters are at least 7. Since letter 5 has sometimes jumps 5, we may assume that in W one of the following patterns occurs:

(a) a 5 3 b c 3 5 d (b) 5 a 3 b c 5 3 d.

If a = d in case (a), then we have a = 7, b ≥ 8 and as only possible extension

7 5 3 b c 3 5 7 (3|e) ∗

with e ≠ 3, 5, 7, b, c. Hence no letter is available for (∗). We may therefore assume that 3, 5, a, b, c, d are distinct and Q = {3, 5, a, b, c, d}. In case (a) we may assume 7 ≤ b < c and the only possible extension is

∗ (3|d) a 5 3 b c 3 5 d (3|a)

and no letter is available for ∗. Contradiction.

In case (b) a, b, c, d are distinct. The only possible extension is c (3|d) 5 a 3 b c 5 3 d a. Hence a = c = 7. This contradicts the Corollary of Lemma 4. □

Proposition. If W is a Beatty word on an alphabet Q so that the rates of the letters are distinct and all at least 3, then |Q| ≥ 7.

Proof. Suppose |Q| ≤ 6. If 3 /∈ Q, then, by Lemma 4, Corollary, 1 = ∑ q∈Q r^{−1}_q ≤ 1 4 + 1 5 + 1 6 + 1 7 + 1 8 + 1 9 < 1.

For an exact cover the sum of the densities of the sequences has to be equal to 1. Thus 3 ∈ Q. By Lemmas 8 and 10 we may assume that 4 and 5 are not in Q. Hence, by Lemma 4, Corollary, 1 = ∑ q∈Q r^{−1}_q ≤ 1 3 + 1 6 + 1 7 + 1 8 + 1 9 + 1 10 < 1.

5 Fraenkel’s conjecture with at most six letters

In this section we prove the Theorem by induction on m.

Proof of the Theorem. For the case m = 3 see [T1], [AGH, Theorem 2.19] or [T4]. Use that every Beatty word is balanced.

Induction step. Suppose 3 < m ≤ 6, the statement of the Theorem is true for m − 1 and we are given a Beatty word W on m letters a_1, ..., a_m with distinct rates α_1 < α_2 < ... < α_m, respectively. Then, by the Proposition, we have α_1 < 3. By Lemma 3 the word W^′, obtained from W by omitting all a_1’s, is balanced. By Lemma 2, Corollary, W^′ is an eventually Beatty sequence. Denoting the rate of a_j in W^′ by α^′_j , we have α_i/α_j = α^′_i/α^′_j for 1 < i < j ≤ m so that α^′_2 < α^′_3 < ... < α^′_m. By the induction hypothesis applied to some suitable tail of W^′, we obtain that W^′ is eventually a periodic word with cycle (F^′_{m−1}) where F^′_1 = a_2 and F^′_j = F^′_{j−1}a_{j+1}F^′_{j−1} for 2 ≤ j < m. Moreover α^′_j =^{2m−1 −1}_{2m−j} for j = 2, ..., m. Since α^′_2 < 2, the pattern a_2a_2 occurs in W^′. Then the pattern a_2a^k_1 a_2 appears in W for some k. If k = 0, then a_2a_2 appears in W , whence α_2 < 2 and by Lemma 4, Corollary, α_1 < 1. This is impossible.

If k = 1, then a_2a_1a_2 appears in W . Hence α_2 < 3 and α_1 < 2. So every pair of consecutive letters contains an a_1. Then a_3 is surrounded by a_1’s, in contradiction with α_2 < 3.

We conclude that k ≥ 2 and α_2 ≥ 3. Since a_1 is balanced in W , every subword of k letters contains at least k − 1 letters a_1 and therefore a_3 is surrounded by a^{k−1}_1 ’s. Since a_2 is balanced in W and a_2a^k_1 a_2 and a^{k−1}_1 a_3a^{k−1}_1 occur, we obtain k + 2 > α_2 ≥ 2k − 1. Thus k = 2 and a_2a_1a_1a_2 appears in W . It follows that α_1 < 2 and 3 ≤ α_2 < 4. Then in between two consecutive a_2’s in W there are two or three letters, the first and last of which are equal to a_1. We conclude that in a block of two a_2’s in W^′ exactly two a_1’s are inserted in W and between any other pair of consecutive letters in W^′ exactly one a_1. This means that W is eventually equal to the m-th Fraenkel word (F_m). Hence α_j =^{2m−1}_{2m−j} for j = 1, 2, ..., m. Hence, by Lemma 1 the inverse image of each letter is of the form {⌊nα + β⌋}^∞_{n=1} or {⌈nα + β⌉}^∞_{n=1} with α rational. Since these sequences are periodic, W itself is a periodic word with period cycle (F_m).

References

[AGH] E. Altman, B. Gaujal & A. Hordijk, Balanced sequences and optimal routing, Report TW-97-08, Leiden University, The Netherlands, 1998.

[BFF] M.A. Berger, A. Felzenbaum & A.S. Fraenkel, Disjoint covering systems of rational Beatty sequences, J. Combin. Th. A 42 (1986), 150-153.

[EG] P. Erdös & R.L. Graham, Old and New Problems and Results in Combinatorial Number Theory, Monogr. 28, L’Enseignement Math., Genève, 1980.

[F1] A.S. Fraenkel, The bracket function and complementary sets of integers, Canad. J. Math. 21 (1969), 6-27.

[F2] A.S. Fraenkel, Complementing and exactly covering sequences, J.

Combin. Th. A 14 (1973), 8-20.

[G] R.L. Graham, Covering the positive integers by disjoint sets of the form {[nα + β] : n = 1, 2, ...}, J. Combin. Th. A 15 (1973), 354-358.

[M1] R. Morikawa, On eventually covering families generated by the bracket function, Bull. Fac. Liberal Arts, Nagasaki Univ., Natural Science, 23 (1982), 17-22.

[M2] R. Morikawa, On eventually covering families generated by the bracket function IV, Bull. Fac. Liberal Arts, Nagasaki Univ., Natural Science, 25 (1985), 1-8.

[MH1] M. Morse & G.A. Hedlund, Symbolic dynamics, Amer. J. Math.

60 (1938), 815-866.

[MH2] M. Morse & G.A. Hedlund, Symbolic dynamics II - Sturmian trajectories, Amer. J. Math. 62 (1940), 1-42.

[P] Š. Porubský, Results and problems on covering systems of residue classes, Mitteilungen Mathem. Seminar Giessen, Heft 150 (1981), 85 pp. [Si] R.J. Simpson, Disjoint covering systems of rational Beatty sequences, Discrete Math. 92 (1991), 361-369.

[Sk] Th. Skolem, Über einige Eigenschaften der Zahlenmengen [αn + β] bei irrationalem α mit einleitenden Bemerkungen über einige kombinatorische Probleme, Norske Vid. Selsk. Forh. (Trondheim) 30 (1957), 118-125.

[T1] R Tijdeman, On complementary triples of sturmian bisequences, Indag. Math. (N.S.) 7 (1996), 419-424.

[T2] R. Tijdeman, On disjoint pairs of sturmian bisequences, Report W96- 02, Leiden University, The Netherlands, 1996.

[T3] R. Tijdeman, Intertwinings of periodic sequences, Indag. Math. (N.S.)

9 (1998), 113-122.

[T4] R. Tijdeman, Fraenkel’s conjectures on exact covers, to appear.

Mathematical Institute Leiden University P.O. Box 9512 2300 RA Leiden The Netherlands email: tijdeman@wi.leidenuniv.nl