On the transcendence of infinite sums of values of rational functions

N. Saradha and R. Tijdeman

Abstract We investigate convergent sums T = ∑_∞ n=1 P (n) Q(n) and U = ∑_∞ n=1(−1)^{n P (n)}_{Q(n)} where P (X), Q(X) ∈ Q[X], and Q(X) has only simple rational roots. Adhikari, Shorey and the authors have shown that T and U are either rational or transcendental. In the present paper simple necessary and sufficient conditions are formulated for the transcendence of T and U if the degree of Q is 3 and 2, respectively.

1 Introduction.

Throughout the paper we take q > 1 to be an integer and f(x) a number theoretic function which is periodic mod q with q∑ i=1 f(i) = 0. We denote by Z, Q, Q , the ring of rational integers, the field of rationals and the field of algebraic numbers. The first general result on the non-vanishing of S = ∞∑ n=1 f(n) n is probably due to Dirichlet who showed in 1839 by his class number formulas that L(1, χ) = ∑_∞ n=1 χ(n) n ≠ 0 if χ is a non-principal Dirichlet character. Around 1970, Chowla and Siegel obtained some non-vanishing results on periodic functions f assuming only values 1, −1 and 0, see [4]. Chowla [4] and Erdős (see [5]) formulated some related conjectures, one of which was proved by Baker, Birch and Wirsing [3] in 1973. They used Baker’s theory on linear forms in logarithms to establish that S ≠ 0 if f is a non-vanishing function defined on the integers with algebraic values and period q such that

(i) f(r) = 0 if 1 < gcd(r, q) < q.

(ii) the cyclotomic polynomial Φ_q is irreducible over Q(f(1), . . . , f(q)).

If q is prime, then (i) is vacuous and if f is rational valued then (ii) holds trivially. Baker, Birch and Wirsing further showed that their result would be false if (i) or (ii) is omitted. Indeed, let q = p^2 where p is a prime and f be defined by ∞∑ n=1 f(n) n^s = (1 − p^{1−s})^2ζ(s)

where ζ(s) denotes the Riemann zeta function. For p = 2, this yields 1 − 3 2 + 1 3 + 1 4 + 1 5 − 3 6 + 1 7 + 1 8 + · · · = 0

with period 4. Thus (i) is necessary. To see that (ii) cannot be omitted, they considered the quadratic characters χ, χ^′ mod 12 with conductors 3 and 4, respectively, and f = 2χ− √ 3χ^′.

The vanishing of S follows immediately from the values L(1, χ) =^π_2^√_3 and L(1, χ^′) =^π_3 . They also characterised all odd algebraic valued functions f for which S = 0.

In 1982 Okada [6] published a result which provides a description of all functions for which (ii) holds and S = 0. The criterion is a system of φ(q) + ω(q) homogeneous linear equations in f(1), . . . , f(q) with rational coefficients where φ(q) denotes the Euler’s totient function and ω(q) is the number of distinct prime divisors of q. The precise result is stated in Section 2. Okada’s proof depends on the basic result on the linear independence of the logarithms of algebraic numbers and on the non-vanishing of L(1, χ) if χ is a non-principal Dirichlet character. Okada’s result was used by Tijdeman [7] to prove that S ≠ 0 if f : Z → Q is completely multiplicative, and if f is multiplicative such that |f(p^k)| < p − 1 for every prime divisor p of q and every positive integer k (see Section 2).

In 2001, Adhikari, Saradha, Shorey and Tijdeman [1] proved that if S ≠ 0, then S is transcendental. They used this result to prove that if P (X) ∈ Q [X] and Q(X) ∈ Q [X] where Q(X) is a polynomial with simple rational roots, then T = ∞∑ n=1 P (n) Q(n) is transcendental provided T converges and is irrational. They proved many related results. Thus the question of deciding whether S = 0 or not has gained importance. For more information on the developments sketched above we refer to [2] and [7].

In the present paper, we rephrase Okada’s theorem so that it becomes a decomposition lemma (Lemma 1) and use it to derive that S = 0 implies ∞∑ n=1 f(an) n = 0 for any positive integer a coprime to q (Corollary 1). This is an intermediate result in [3, p.231, formula (7)].

Lemma 1 and Corollary 1 are used in Section 3 to prove that (1) ∞∑ n=0 (−1)^n(an + b) (qn + s_1)(qn + s_2) with a, b, s_1, s_2 ∈ Z, s_1 ≠ s_2, |a| + |b| > 0 and −^{s1}_q , −^{s2}_q never a non-negative integer, is transcendental except when s_1 ≡ s_2 (mod q) and a = 0. In the exceptional case the sum is rational. In Section 4, we use Lemma 1 to prove that (2) ∞∑ n=0 an + b (qn + s_1)(qn + s_2)(qn + s_3) with a, b, s_1, s_2, s_3 ∈ Z, s_1, s_2, s_3 distinct, a^2 + b^2 ≠ 0 and −s_1/q, −s_2/q, −s_3/q never a nonnegative integer, is transcendental except when s_1 ≡ s_2 ≡ s_3(mod q) or s_1 ≡ s_2 (mod q) and as_3 = bq or s_1 ≡ s_3 (mod q) and as_2 = bq or s_2 ≡ s_3 (mod q) and as_1 = bq. In the exceptional cases the sum is rational. On the other hand, the examples ∞∑ n=0 (−1)^n (3n + 1)(3n + 3)(3n + 5) = 1 16 ; ∞∑ n=0 16n^2 + 12n − 1 (4n + 1)(4n + 2)(4n + 3)(4n + 4) = 0 show that the corresponding results for (1) and (2) when the denominators are replaced with 3 and 4 factors, respectively, are not valid.

2 Decomposition Lemma.

We first introduce some notation and state Okada’s main result. We denote by P the set of all primes dividing q. For p ∈ P and n ∈ Z, we denote by v_p(n) the exponent to which p divides n. We write J = {a ∈ Z | 1 ≤ a ≤ q, gcd (a, q) = 1}, L = {r ∈ Z | 1 ≤ r ≤ q, 1 < gcd (r, q) < q} and L^′ = L ∪ {q}. We define for r ∈ L^′ and p ∈ P , P (r) = {p ∈ P | v_p(r) ≥ v_p(q)} and ε(r, p) = v_p(q) +^1_{p−1} if p ∈ P (r) v_p(r) otherwise.

We further define for r ∈ L^′ and a ∈ J, A(r, a) = 1 gcd(r, q) ∏ p∈P (r) (1 − 1 p^{φ(q)} )^{−1} ∑ n∈S(r) δ(r, a, n) n where S(r) = ∏ p∈P (r) p^{α(p)} | 0 ≤ α(p) < φ(q) and

δ(r, a, n) = 1 if r ≡ an gcd(r, q) (mod q) 0 otherwise

Theorem A. (Okada.) If Φ_q is irreducible over Q (f(1), . . . , f(q)), then S = 0 if and only if

(3) f(a) + ∑ r∈L f(r)A(r, a) + f(q) φ(q) = 0 for a ∈ J and (4) ∑ r∈L^′ f(r)ε(r, p) = 0 for p ∈ P. We observe that (3) and (4) form a system of φ(q)+ω(q) homogeneous linear equations in f(1), . . . , f(q) with non-negative rational coefficients. Suppose f ≢ 0 and S = 0. By (4), f(q) = 0 if f(r) = 0 for each r ∈ L. Hence, by (3), there exists at least one r ∈ L for which f(r) ≠ 0. So Theorem A implies the result of Baker, Birch and Wirsing mentioned in Section 1. In particular we find that if q is prime, then S ≠ 0 in accordance with Chowla’s conjecture.

Now we give an equivalent version of Theorem A.

Lemma 1. (Decomposition lemma.) Let Φ_q be irreducible over Q (f(1), . . . , f(q)). Let M be the set of positive integers which are composed of prime factors of q and let

ε(r, p) = v_p(q) +^1_{p−1} if v_p(r) ≥ v_p(q) v_p(r) otherwise.

Then S = 0 if and only if (5) ∑ m∈M f(am) m = 0 for every a with 0 < a < q, gcd(a, q) = 1 and (6) q∑ r=1 gcd(r,q)>1 f(r)ε(r, p) = 0 for every prime divisor p of q.

Proof. For any prime divisor p of q we note that ε(r, p) ≠ 0 implies p|r, hence r ∈ L^′. So, by Theorem A, it suffices to show that

(7) f(a) + ∑ r∈L f(r)A(r, a) + f(q) φ(q) = ∑ m∈M f(am) m . For any integer r ≥ 1, we denote by M(r) the set of positive integers which are composed of prime factors from P (r). Thus M(r) = M(gcd(r, q)) and M = M(q). We consider ∑ m∈M f(am) m = f(a) + ∑ r∈L ∑ m∈M am≡rmodq f(am) m + ∑ m∈M q|m f(am) m = f(a) + ∑ r∈L f(r) gcd(r, q) ∑ n∈M(r) δ(r, a, n) n +^{f(q)}_q ∑ n∈M(q) 1 n =: V. We have (8) ∑ n∈M(q) 1 n = ∏ p|q (1 + 1 p + 1 p^2

+ · · · ) = ∏ p|q 1 1 −^1_p = q φ(q) .

Let n ∈ M(r) and δ(r, a, n) = 1. We have v_p(n) = 0 if p ∉ P (r). If p ∈ P (r), then gcd(p,^q_{gcd(r,q)} ) = 1 whence p^{φ( qgcd(r,q) )} ≡ 1(mod^q_{gcd(r,q)} ). Since φ(^q_{gcd(r,q)} ) | φ(q), we obtain p^{φ(q)}gcd(r, q) ≡ gcd(r, q)(mod q) whence δ(r, a, np^{φ(q)}) = δ(r, a, n). Thus (9) ∑ n∈M(r) δ(r, a, n) n = ∑ n∈S(r) δ(r, a, n) n ∏ p∈P (r) (1 + 1 p^{φ(q)} + 1 p^{2φ(q)} + · · · ).

We substitute (8) and (9) in the expression V to obtain (7). □ As a consequence of Lemma 1 we derive the following corollary which is formula (7) of [3].

Corollary 1. Let Φ_q be irreducible over Q (f(1), · · · , f(q)). Suppose S = 0. Then ∞∑ n=1 f(kn) n = 0 for every k with gcd(k, q) = 1.

Proof. By Lemma 1, we find that (5) and (6) hold. Thus, by (5), ∑ m∈M f(akm) m = ∑ m∈M f(a^′m) m = 0 for every a with 1 ≤ a < q, gcd(a, q) = 1 where a^′ ≡ ak (mod q). If kr ≡ r^′(mod q), then ε(r, p) = ε(r^′, p). Hence ∑ r∈L^′ f(kr)ε(r, p) = ∑ r^′∈L^′ f(r^′)ε(r,^′ p) = 0

by (6). Now the assertion follows from the converse part of Lemma 1. □ We write formally ∞∑ n=1 f(n) n = ∑ gcd(a,q)=1 1 a ∑ m∈M(q) f(am) m .

It follows from Lemma 1 that if the series on the left hand side vanishes, so does the expression within brackets for every a coprime to q. The converse is not true in general. For instance, if q = 2 and f(n) = (−1)^n, n ∈ Z, then ∑ m∈M(2) f(am) m = f(a) + f(2a) 2 + f(4a) 4 + · · · = 0

for every odd a, but_∞ ∑ n=1 f(n) n = ∞∑ n=1 (−1)^n n = − log 2 ≠ 0.

In this example we have ∑ r∈L^′ f(r)ε(r, p) = 2f(2) ≠ 0 and hence (6) is not satisfied.

As another consequence of Lemma 1, we derive Theorems 9 and 10 of [7].

Corollary 2. Let f be completely multiplicative, or multiplicative with |f(p^k)| < p − 1 for every prime divisor p of q and every positive integer k. Also let Φ_q be irreducible over Q(f(1), . . . , f(q)). Then S ≠ 0.

Proof. Suppose S = 0. Since f is multiplicative, (5) with a = 1 implies that ∑ m∈M f(m) m = 0.

Note that the series is absolutely convergent because of the periodicity of f. Since ∑ m∈M f(m) m = ∏ p|q (_∞ ∑ j=0 f(p^j) p^j ) , we get

(10) ∞∑ j=0 f(p^j) p^j = 0 for some prime divisor p of q.

If f is completely multiplicative, then ∞∑ j=0 ( f(p) p )_j = 0 for some prime divisor p of q

which is not possible. If f is multiplicative with |f(p^k)| < p − 1 for every prime divisor p of q and every positive integer k, then | ∞∑ j=0 f(p^j) p^j | > 1 − p − 1 p (1 + 1 p + · · · ) = 0

contradicting (10). □ We remark here that in the statement of Theorem 9 in [7], the condition |f(p^k)| ≤ p−1 should be replaced by |f(p^k)| < p−1. The example f(0) = 2, f(1) = f(5) = 1, f(2) = f(4) = −1, f(3) = −2 with period 6 shows that the statement is false under the former condition. The application to Erdős’ problem in [7] is not affected by this correction.

3 Alternating Series.

In this section, we apply Lemma 1 and Corollary 1 to investigate sums

(11) T = ∞∑ n=0 (−1)^n(αn + β) (qn + s_1)(qn + s_2)

with α, β ∈ Q , s_1, s_2 ∈ Z. We prove

Theorem 1. Suppose T is given by (11) with |α| + |β| > 0. Let Φ_{2q} be irreducible over Q(α, β) and s_1, s_2 distinct integers such that qn+s_1, qn+s_2 do not vanish for n ≥ 0. Assume that α ≠ 0 if s_1 ≡ s_2 (mod q). Then T is transcendental.

We derive Theorem 1 from the following lemma.

Lemma 2. Let T^′ = ∞∑ n=0 (−1)^n(α^′n + β^′) (qn + r_1)(qn + r_2) with 0 < r_1 ≤ q, 0 < r_2 ≤ q, r_1 ≠ r_2, r_1, r_2 ∈ Z, α^′, β^′ ∈ Q . Suppose |α^′| + |β^′| > 0 and Φ_{2q} is irreducible over Q(α^′ , β^′). Then T^′ is transcendental.

Proof. First we show that T^′ ≠ 0. Suppose T^′ = 0. We may assume without loss of generality that gcd(q, r_1, r_2) = 1. By partial fractions, we see that

T^′ = ∞∑ n=0 (−1)^n { A^′ qn + r_1 + B^′ qn + r_2 }

where A^′ = −^{qβ′−α′r1}_{q(r1−r2)} and B^′ =^{qβ′−α′r2}_{q(r1−r2)} . Suppose A^′ = 0. Then B^′ ≠ 0 and

T^′ = B^′ ∞∑ n=0 { 1 2qn + r_2 − 1 2qn + q + r_2 } . Hence T^′ ≠ 0. Similarly if A^′ ≠ 0 and B^′ = 0, we have T^′ ≠ 0. Thus we may suppose that A^′ ≠ 0, B^′ ≠ 0. We define f(n) for n ≥ 0 as

f(n) =

A^′ if n ≡ r_1(mod 2q) B^′ if n ≡ r_2(mod 2q) −A^′ if n ≡ q + r_1(mod 2q) −B^′ if n ≡ q + r_2(mod 2q) 0 otherwise.

Thus f is a periodic function with period 2q and

(12) T^′ = ∞∑ n=1 f(n) n = ∞∑ n=0 { f(r_1) 2qn + r_1 + f(r_2) 2qn + r_2 − f(r_1) 2qn + q + r_1 − f(r_2) 2qn + q + r_2 } = 0.

Hence (5) and (6) are valid by Lemma 1.

Case 1. Let q be odd. Then one of r_i, q + r_i is even and the other is odd for i = 1, 2. Further ε(r_i, 2) = 0 if r_i is odd and ε(r_i, 2) = 2 if r_i is even. We apply (6) with q replaced by 2q for p = 2 to obtain |f(r_1)| = |f(r_2)|. We re-write (12) as

T^′ = qf(r_1) ∞∑ n=0 { 1 (2qn + r_1)(2qn + q + r_1) ± 1 (2qn + r_2)(2qn + q + r_2) } . We see that all terms within the curly brackets have the same sign whence T^′ ≠ 0, which is a contradiction. Thus q is not odd.

Case 2. Let q be even. Then r_i, q + r_i are both odd or both even for i = 1, 2. By (5) and (6), there exists an r with 1 ≤ r < 2q, gcd(r, 2q) > 1 for which f(r) ≠ 0. Let r = r_1 and p̃ be a prime factor of q dividing r_1. Then it follows from (6) that there exists s ≤ 2q with p̃ | s and s ≠ r_1 such that f(s) ≠ 0. Now s ≠ r_2, s ≠ q + r_2, since gcd(q, r_1, r_2) = 1. Hence s = q + r_1.

Assume gcd(r_2, 2q) = 1. Suppose v_2(r_1) ≥ v_2(q). Then either v_2(r_1) > v_2(q), v_2(q + r_1) = v_2(q) or v_2(r_1) = v_2(q), v_2(q + r_1) > v_2(q). On applying (6) with q replaced by 2q and p = 2, we obtain ε(r_1, 2) = ε(q + r_1, 2). Since v_2(r_1) ≠ v_2(q + r_1), this is possible only when v_2(r_1) ≥ v_2(2q) and v_2(q +r_1) ≥ v_2(2q) which is false. Thus we get from ε(r_1, 2) = ε(q +r_1, 2) that

(13) v_2(r_1) = v_2(q + r_1) < v_2(q).

Next we show that b_i = r_2 + i 2q p̃ for 0 ≤ i < p̃

are distinct modulo 2q and all but one b_i are coprime to 2q. Suppose b_i ≡ b_j (mod 2q) with 0 ≤ j < i < p̃. Then (i − j)^{2q}_{p̃} ≡ 0 (mod 2q) which is impossible since i − j < p̃. Hence the b_i’s are distinct. Suppose there exists a prime p dividing both b_i and 2q for some i with 0 < i < p̃. Then p is odd, p = p̃ and v_{p̃}(q) = 1 and there exists exactly one such i, say i_0. We apply (5) with a = b_0 and b_i to see that

f(b_0) = f(r_2) = f(r_2 + i 2q p̃ ) = f(b_i) for 0 < i < p̃, i ≠ i_0,

since all the terms in (5) for m > 1 are equal because f(am) ≠ 0 for m > 1, m ∈ M only when am ≡ r_1 or q + r_1(mod 2q) and p̃ divides r_1 and q. This is impossible since r_2 and q + r_2 are the only residue classes coprime to 2q at which the function f does not vanish and no b_i(mod 2q) with i > 0 can equal q + r_2. Thus gcd(r_i, 2q) > 1 for i = 1, 2.

Note that r_1 or r_2 is odd. Assume r_1 is odd. (The case r_2 is odd is similar.) Put d = gcd(r_1, 2q) > 1. Hence d is odd. We put a =^{r1}_d , b =^{q+r1}_d . Then gcd(a,^{2q}_d ) = gcd(b,^{2q}_d ) = 1. Now we show that it is possible to choose an integer m such that

(14) m is prime, m > 2q, m ≢ q + 1 (mod 2q), m ≡ a^{−1}b (mod 2q d ). If a^{−1}b ≢ q + 1 (mod^{2q}_d ), then we choose any prime > 2q which is ≡ a^{−1}b (mod^{2q}_d ) and (14) is satisfied. So we suppose that a^{−1}b ≡ q + 1 (mod^{2q}_d ). There are φ(2q)/φ(^{2q}_d ) primitive residue classes mod 2q in the residue class a^{−1}b (mod^{2q}_d ). Now φ(2q) φ(^{2q}_d ) ≥ d ∏ p|d p prime

(1 − 1 p ) ≥ 2

since d is odd. Hence we may take a primitive residue class ≢ q + 1 (mod 2q) and ≡ a^{−1}b (mod^{2q}_d ). By Dirichlet’s theorem, we can find a prime m satisfying (14). Note that

(15) m(r_1 + q) = mad + mq ≡ bd + mq = r_1 + q + mq ≡ r_1(mod 2q).

Since gcd(m, 2q) = 1, we may apply Corollary 1 with k = m to obtain

(16) ∞∑ n=0 { f(r_1) 2qn + r^∗_1 + f(r_2) 2qn + r^∗_2 − f(r_1) 2qn + r^∗_3 − f(r_2) 2qn + r^∗_4 } = 0 where r^∗_i ≡ m^{−1}r_i (mod 2q), 0 < r^∗_i ≤ 2q for 1 ≤ i ≤ 4 with r_3 = q + r_1, r_4 = q + r_2. We have

(17) r^∗_3 ≡ m^{−1}r_3 = m^{−1}(q + r_1) ≡ ab^{−1}bd = ad = r_1(mod 2q)

and by (15),

(18) r^∗_1 ≡ m^{−1}r_1 ≡ m^{−1}(m(q + r_1)) ≡ r_3 (mod 2q).

Thus r^∗_3 = r_1, r^∗_1 = r_3 = q + r_1. From (15), it follows that (m − 1)r_1 ≡ 0 (mod q). Suppose r^∗_2 ≡ r_2 (mod q). Then (m−1)r_2 ≡ 0 (mod q). Hence m ≡ 1 (mod q) since gcd(q, r_1, r_2) = 1. If m ≡ 1 (mod 2q), then a ≡ b(mod^{2q}_d ) which is not possible since b − a =^q_d . On the other hand, m ≢ q + 1 (mod 2q) by (14). Thus r^∗_2 ≢ r_2 (mod q). Now we add (12) with (16) and use (17), (18) to get

f(r_2) ∞∑ n=0 {( 1 2qn + r_2 − 1 2qn + q + r_2 ) + ( 1 2qn + r^∗_2 − 1 2qn + r^∗_4 )} = 0.

Note that r^∗_4 ≡ m^{−1}r_4 = m^{−1}(q + r_2) ≡ q + r^∗_2 (mod 2q) so that r^∗_4 = r^∗_2 ± q. By the monotonicity of^1_{2qn+k} −^1_{2qn+k+q} with respect to k, the sign of the expression between the curly brackets in the infinite sum above depends only on r_2 and r^∗_2 . Hence all these expressions have the same sign. Since r^∗_2 ≢ r_2 (mod q), the sum does not vanish. Hence f(r_2) = 0, which is a contradiction.

Thus T^′ ≠ 0. Now we apply [1, Theorem 1] to see that T^′ is transcendental. □ Proof of Theorem 1. We assume without loss of generality that gcd(q, s_1, s_2) = 1. By using partial fractions, we have T = ∞∑ n=0 (−1)^n { A qn + s_1 + B qn + s_2 }

where A = −^{qβ−αs1}_{q(s1−s2)} and B =^{qβ−αs2}_{q(s1−s2)} . Let s_1 ≡ r_1 (mod q) and s_2 ≡ r_2 (mod q) with 0 < r_1 ≤ q, 0 < r_2 ≤ q. Then

(19) T = γ ± ∞∑ n=0 (−1)^n { A qn + r_1 + B qn + r_2 }

where γ ∈ Q (α, β). If r_1 = r_2, then

(20) T = γ ± α q ∞∑ n=0 (−1)^n qn + r_1 = γ ± α q ∞∑ n=0 { 1 2qn + r_1 − 1 2qn + q + r_1 } . We see that the infinite sum in the latter expression for T does not vanish. Now we apply [1, Theorem 1] with

f(n) = 1 if n ≡ r_1(mod 2q) −1 if n ≡ q + r_1 (mod 2q) 0 otherwise to conclude that the infinite series and hence T is transcendental. Thus we may assume that r_1 ≠ r_2. Now we apply Lemma 2 to (19) to see that T is transcendental. □ We note that if s_1 ≡ s_2 (mod q) and α = 0, then by (20), we have T algebraic.

4 Series with terms having three products in the denominator.

In this section we consider series of the form

(21) U = ∞∑ n=0 αn + β (qn + s_1)(qn + s_2)(qn + s_3)

with α, β ∈ Q , s_1, s_2, s_3 ∈ Z. We prove

Theorem 2. Suppose U is given by (21) with |α| + |β| > 0. Let Φ_q be irreducible over Q(α, β) and s_1, s_2, s_3 be distinct integers such that qn + s_1, qn + s_2, qn + s_3 do not vanish for n ≥ 0. Assume that s_1, s_2, s_3 are not in the same residue class mod q. Further let

(22) s_1 ≢ s_2(mod q) if αs_3 = βq; s_2 ≢ s_3(mod q) if αs_1 = βq; s_3 ≢ s_1(mod q) if αs_2 = βq.

Then U is transcendental.

We derive Theorem 2 from the following lemma.

Lemma 3. Let

U^′ = ∞∑ n=0 α^′n + β^′ (qn + r_1)(qn + r_2)(qn + r_3) with r_1, r_2, r_3 distinct positive integers ≤ q and α^′, β^′ ∈ Q . Suppose |α^′| + |β^′| > 0 and Φ_q is irreducible over Q(α^′ , β^′). Then U^′ is transcendental.

Proof. First we show that U^′ ≠ 0. Suppose U^′ = 0. We may assume without loss of generality that gcd(q, r_1, r_2, r_3) = 1. Using partial fractions, we get

U^′ = ∞∑ n=0 { A^′ qn + r_1 + B^′ qn + r_2 + C^′ qn + r_3 }

where

A^′ = qβ^′ − α^′r_1 q(r_1 − r_2)(r_1 − r_3)

, B^′ = qβ^′ − α^′r_2 q(r_2 − r_1)(r_2 − r_3)

, C^′ = qβ^′ − α^′r_3 q(r_3 − r_1)(r_3 − r_2) . Observe that A^′ + B^′ + C^′ = 0. Hence if any of A^′, B^′, C^′ vanishes then the series U^′ reduces to some series in which all the expressions between curly brackets have the same sign. Then U^′ ≠ 0. Thus we may assume that none of A^′, B^′, C^′ vanishes. We define f(n) for n ≥ 0 as f(n) = A^′ if n ≡ r_1 (mod q) B^′ if n ≡ r_2 (mod q) C^′ if n ≡ r_3(mod q) 0 otherwise.

Thus f is a periodic function with period q taking only three non-zero values f(r_1), f(r_2), f(r_3) with

(23) f(r_1) + f(r_2) + f(r_3) = 0 and U^′ = ∞∑ n=1 f(n) n = 0.

Hence (5) and (6) are valid by Lemma 1. Thus there exist r, s ∈ {r_1, r_2, r_3} with r ≠ s and a prime p_1 dividing gcd(q, r, s). Without loss of generality, we may take r = r_1, s = r_2. If p_1 ‖ q, by (6) with p = p_1, we have f(r_1) + f(r_2) = 0 giving f(r_3) = 0 by (23), which is a contradiction. Thus p^2_1|q. Now suppose gcd(r_3, q) = 1. Let r_3 +^{iq}_{p1} ≡ a_i (mod q) where 0 < a_i < q for 0 ≤ i < p_1. We note that a_i ’s are all distinct and coprime to q. When we apply (5) to the numbers a_i, then all non-zero terms corresponding to m > 1 are the same and we find f(a_i) = f(r_3) ≠ 0 for i = 0, 1, ..., p_1 − 1.

Since p_1 ≥ 2, this is a contradiction. Thus gcd(r_3, q) > 1. Further we may suppose that p_1 ̸|r_3 since gcd(q, r_1, r_2, r_3) = 1. Let q_1 be a prime with q_1 | gcd(r_3, q). By applying (6) with p = q_1, we may assume that q_1 | r_2. Then q_1 ̸| r_1. Thus we have

r_1 = R_1p^{α1}_1 · · · , r_2 = R_2p^{β1}_1 q^{γ1}_1 · · · , r_3 = R_3q^{δ1}_1 · · ·

where the dots represent other prime factors of q and gcd(R_i, q) = 1 for i = 1, 2, 3. Applying (6) with p = p_1 and p = q_1, we find that^{f(r1)}_{f(r2)} and^{f(r2)}_{f(r3)} are negative and, by (23), that |f(r_2)| = |f(r_1) + f(r_3)|. Hence |f(r_2)| > |f(r_1)| and |f(r_2)| > |f(r_3)|. Again using (6) we get α_1 > β_1, δ_1 > γ_1 and v_{p1} (r_2) < v_{p1} (q), v_{q1} (r_2) < v_{q1} (q). It follows that v_p(r_2) < v_p(q) for every prime divisor p of q. Further we note that gcd(r_1, r_3, q) = 1 since f(r_1f(r_3) > 0. Hence we may write

r_1 = R_1p^{α1}_1 · · · p^{αt}_t , r_2 = R_2p^{β1}_1 · · · p^{βt}_t q^{γ1}_1 · · · q^{γs}_s , r_3 = R_3q^{δ1}_1 · · · q^{δs}_s

where p_i ’s and q_i ’s are distinct sets of primes. By permuting r_1 and r_3 if necessary, we may assume that all the p_i are odd. We select a number a_0 coprime to q as follows. Suppose

R_1 ≡ R_2(mod q p^{β1}_1 · · · p^{βt}_t q^{γ1}_1 · · · q^{γs}s ).

Then both the numbers R_1 ±^q_{pβ1+11} are not congruent to R_2(mod^q_{pβ11 ···pβtt qγ11 ···qγss} ) and one of them is coprime to q. We take a_0 to be one of R_1 ±^q_{pβ1+11} which is coprime to q. If R_1 ≢ R_2 (mod^q

p^{β1}_1 ···p^{βt}_t q^{γ1}_1 ···q^{γs}_s ), then we take a0 = R1. Hence in (5) with a = a0, no term occurs

involving f(r_2). Since α_1 ≥ β_1 + 1, we know that a term involving f(r_1) occurs in the expansion (5). Thus we get 0 = Af(r_1) + Bf(r_3)

with A > 0, B ≥ 0 and^{f(r1)}_{f(r3)} < 0. This is a contradiction. □ Proof of Theorem 2. We assume without loss of generality that gcd (q, s_1, s_2, s_3) = 1. By using partial fractions, we have U = ∞∑ n=0 { A qn + s_1 + B qn + s_2 + C qn + s_3 } where A = qβ − αs_1 q(s_1 − s_2)(s_1 − s_3) , B = qβ − αs_2 q(s_2 − s_1)(s_2 − s_3) , C = qβ − αs_3 q(s_3 − s_1)(s_3 − s_2) . We observe that

(24) A + B + C = 0.

Let s_i ≡ r_i(mod q) with 0 < r_i ≤ q for i = 1, 2, 3. Then we re-write

(25) U = γ + ∞∑ n=0 { A qn + r_1 + B qn + r_2 + C qn + r_3 } where γ ∈ Q(α, β). Suppose r_1 = r_2. Then r_1 ≠ r_3 and by (24), we have

(26) U = γ + C(r_1 − r_3) ∞∑ n=0 1 (qn + r_1)(qn + r_3) . By our assumption C ≠ 0. Hence the infinite sum in (26) does not vanish. Now we apply [1, Theorem 1] to conclude that U is transcendental. Similarly U is transcendental whenever r_1 = r_3 or r_2 = r_3. Thus we may assume that r_1, r_2, r_3 are all distinct. Now we apply Lemma 3 to conclude that the infinite sum in (25) and hence U is trasnscendental. □ We observe from (22),(23),(24) that in the cases when s_1, s_2, s_3 are all in the same residue class (mod q) or when (22) is not valid, then U is algebraic.

References.

[1] S.D. Adhikari, N. Saradha, T.N. Shorey, R. Tijdeman, Transcendental infinite sums, Indag. Math. N.S. 12 (2001), 1-14.

[2] S.D. Adhikari, Transcendental Infinite sums and related questions, to appear in Proc.

Intern. Conf. on Number Theory at Chandigarh, October 2000.

[3] A. Baker, B.J. Birch, E.A. Wirsing, On a problem of Chowla, J. Number Th. 5 (1973), 224-236.

[4] S. Chowla, The Riemann zeta and allied functions, Bull. Amer. Math. Soc. 58(1952), 287-305.

[5] A.E. Livingston, The series ∞∑ 1 f(n)/n for periodic f, Canad. Math. Bull. 8 (1965), 413-432.

[6] T. Okada, On a certain infinite sums for a periodic arithmetical functions, Acta Arith.

40 (1982), 143-153.

[7] R. Tijdeman, Some applications of diophantine approximations, to appear in Proc.

Millennium Conf. on Number Theory at Urbana, May 2000.

N. Saradha R. Tijdeman School of Mathematics Mathematical Institute Tata Institute of Fundamental Research Leiden University Homi Bhabha Road P.O. Box 9512 Mumbai 400 005 2300 RA Leiden India The Netherlands email: saradha@math.tifr.res.in email: tijdeman@math.leidenuniv.nl