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Chapter 1.
Introduction.

A word is a concatenation of symbols from a finite alphabet A. In this
thesis A = {a,b}. A word may be finite, infinite in one direction or infinite
in two directions. In the last case we speak of Z-words. A finite pattern
x of symbols which appears in w is called a finite subword or factor of w.
We write © C w. In this thesis we will use number theory, combinatorics
and a little graph theory to study more closely the factor set of words and,
more generally, of languages. (A language is a collection of words). First we
introduce two classical concepts, balanced and stiff. If z is a finite word we
write |z| for its length (the number of symbols of z) and ¢(x) for its content
(the number of a’s in z).

Definition. A word w is balanced if |c(x) —c(y)| < 1 for all factors x,y C w
of equal length.

For example, w = aabb is not balanced because x = aa,y = bb are fac-
tors and c¢(z) = 2, ¢(y) = 0. Balanced words were introduced by Morse and
Hedlund in [MH]. They themselves did not use the term “balanced words”
but “Sturmian series”, after the Swiss mathematician J. C. F. Sturm (1803-
1855). The reason is that balanced words appear naturally in the theory of
second order differential equations and that the crucial step in noticing this
is given by the Sturmian separation theorem. For the interested reader we
have given a brief account of this in the Appendix. We prefer to use the
more modern terminology of balanced words. The term “sturmian” will be
reserved for a subclass of the balanced Z-words. Now the second concept.

If w is a word we write P(w,n) for the number of factors of length n.
The mapping P(w,.) : N — N is called the complexity function of w. (In
this thesis 0 € N and NT denotes the positive integers). As the name
suggests, the function P(w,n) indicates how “complex” the word w is. For
instance, if w is a Z-word then P(w,n) is ultimately constant if and only if
w is periodic. In formula,

Je,no¥n > ng (P(w,n) =c¢) <= Ip e NT Vi€ Z (w; = wiyp)

In fact, ¢ equals the minimal period of w, see Theorem 2.1 and the re-
mark following it. Therefore a Z-word w which is not periodic satisfies



P(w,n) > n+1 for all n. Hence, as noticed by Coven and Hedlund in [CH],
the complexity function P(w,n) = n+1 is the minimal one for non-periodic
w.

Definition. A word w is called stiff if P(w,n) <n+1 for all n.

We start, in Chapter 2, by discussing some classical results on balanced
and stiff words. We show that finite balanced words x are contained in bal-
anced Z-words w, likewise for stiff, and prove the well-known classification
of balanced (stiff) Z-words. The proofs we give are more or less streamlined
versions of the original ones but we have included them to keep this thesis
as self-contained as possible. Then we give a new proof of the formula for
bal(n), the number of balanced words of length n and derive a formula for
st(n), the number of stiff words of length n. After this we discuss some other
descriptions of balanced Z-words, in particular Beatty words, and in Sec-
tions 2.5.4, 2.5.5 we concentrate on the connection with sturmian morphisms
and continued fractions. We conclude Chapter 2 with a generalized version
of the Robinson equation. (The Robinson equation is AB = Cab where
A, B, C are required to be palindromes). The choice of material is rather
pragmatic: we have included what we need later on. Many interesting parts
of the theory are left out as an effect: the recurrency function for sturmian
words [MH, Section 10], the three distances theorem from Diophantine ap-
proximation and the three densities theorem [B], sturmian transducers [Pa,
critical exponents in sturmian words [Mi/Pi,V], sturmian words which are
fixed points of substitutions [CMPS,Pa2], Fraenkel’s conjecture concerning
the partition of Z into balanced sets of distinct densities [AGH,T2], etc.

As mentioned before, the minimal complexity function for non-periodic
Z-words w equals P(w,n) = n + 1. The next best thing will be P(w,n) =
n + k for n > N and some constant k. Such words will be the subject of
Chapter 3. If w has such a complexity function we say that w has minimal
block growth (MBG). One has to differentiate between recurrent and non-
recurrent w. A Z-word w is called recurrent if every factor x appears at
least twice in w. In a sense to be made precise below Z-words of MBG are
generalizations of stiff Z-words.

o If w is recurrent, then w = To where T is a substitution and ¢ a
recurrent stiff Z-word.

e If w is not recurrent then w is left periodic (a left tail of w is periodic),
it is right periodic but not periodic as a whole.



These results are well-known but we quantify them by indicating explicitly
how to calculate the constant k in the definition of MBG. We call it the
stiffness of w. We compare the case k = 1 with the case kK > 1 and use
the obtained results to show that P(Sk,n), the number of words of length
n contained in some w of stiffness k, is O(n?®). A far as we know a similar
result is not yet known for the number of k-stiff words of length n. (A word
x is called k-stiff if P(w,n) < n+ k for all n). In Section 3.4 we determine
which Z-words of MBG can be described using coding of intervals.

In Chapter 4 we take another look at the complexity function of Z-
words. We consider the quotient P(n)/n and show that it can converge to
any positive integer, but not to a real value a € (1,2). The proofs rely on
the notion of word graphs. We wonder whether all limit values must be
integer. We also wondered whether Z-words exist with P(n+1) — P(n) =1
for infinitely many n such that P(n)/n converges to 2. It turns out that this
is indeed possible, as shown in Theorem 4.4.



Chapter 2.
Balanced and stiff words: definitions and some properties.

2.1. Preliminaries.

A word is a mapping w : I — ¥, where [ is an interval of integers and where
¥ is a finite set, called the alphabet. Throughout this thesis ¥ = {a, b} with
a # b. We will identify words = : I — X,y : Is — X if they are shifts of
each other. This means that there exists a ¢ € Z such that I; + ¢ = Iy and
Ti = Yivc for all ¢ € I;. A word is infinite if I is infinite and we will use the
terminology N-words, Z-words for words with domain N, Z, respectively. A
word w is called finite if I is finite. In that case the length |w| is defined
as |I| and its content c(w) as |{i € Ilw; = a}|, hence as the number of a’s
it contains. A subword or factor of w is merely the restriction of w to a
subinterval J C I. We will write x C w if x is a factor of w.

Definition 2.1. Let w be a word. Then w is called balanced if |c(A) —
¢(B)| <1 for any two finite factors A, B of the same length.

If wis a word and k¥ € N, then B(w,k) is defined as the collection of
all factors of length k, k-factors for short. If w is finite and |w| = n, then
obviously B(w,k) = @ for k > n. The cardinality P(w,k) := |B(w, k)| is a
function from N into itself and is called the complexity function of w.

Let p € N*. We call w periodic with period p if w; = w;y, whenever
1,7 +p € I. The smallest such p is called the period of w and each factor
of length p is called a period cycle. If I = N we call w eventually periodic
if there exist N > 0,p € N7 such that w; = w;;p whenever ¢ > N. The
smallest p is called the eventual period and every factor of [N, 00) of length
p is called an eventual period for w. We now give some properties of P(w, k)
when w is infinite. We may assume I € {N,Z}.

Theorem 2.1. [CH, Theorem 2.06]. Let w be an infinite word with
complezity function P(n). (We omit the w). Then the following statements
are equivalent:

a) P(n) is bounded; b) P(n) = P(n+ 1) for some n; c¢) P(n) < n for
some n; d) w is ultimately periodic when I = N and purely periodic when
I1=7.



Proof. a) = c) is obvious. Fix n € N. We can define an injection
¢ : B(n) — B(n + 1) by mapping each = € B(n) to a factor xx € B(n + 1).
This shows that P(n) is non-decreasing, hence ¢) = b). Suppose that
P(n) = P(n+1) for some n. Then the injection ¢ is a bijection and for each
x € B(n) we have a unique symbol o, such that xo, € B(n + 1). Then we
also have a unique such symbol o, if z € B(k) where k > n. This is because
we can write © = x1x2 where |z3] = n. Hence P(n) = P(n+1) = --- and
b) = a). If b) holds, pick an n such that P(n) = P(n+1) and x € B(n) such
that x appears at least twice in w. Say & = ws -+ Wsyn—1 = W¢- - Wign—1
where s < t. Then induction shows w; = wjy4 s for i > s. If I = N this
proves d). If I = Z we use the same argument with left-extensions *x to see
that w; = w;14—s for all i € Z. We leave d) = a) to the reader. O

Remark. Let w = max P(n) where we assume that a) until d) hold. Let p
be the period of w. In case I = N we pick s € N minimal such that w is
purely periodic on [s,c0) with period p. Then

_ { s+p if =N
- L pif I=Z

Proof. First suppose I = Z. Since P(p) < p, all words = of length p
have a unique successor symbol o, as before. The words w; - - - w;yp—1 With
0 < i < p are distinct since otherwise the proof of Lemma 2.1 would imply
a period < p. Hence P(p) = p and since P(p) = P(p+1) = --- we have
w = p. Now suppose I = N. It is clear that w < s+ p. We consider the
words x; = w; - Wits+p—1 Where 0 < ¢ < s+ p. Suppose that z; = z;
where 0 <i < j < p+s. Since P(s+p) < s+ p it follows as before that all
x € B(s+p) have a unique successor symbol o,. Then the distance j—i > p,
since otherwise the proof of Lemma 2.1 would yield a period smaller than
p. Hence i < s and we find that w is periodic on [i,00), a contradiction.
Therefore P(s +p) = s+ p = w. O

Now suppose that w is an infinite word for which P(n) is not bounded.
Then Lemma 2.1 shows that P(n) > n+ 1 for all n. Hence infinite words
with P(n) = n+ 1 are as close to periodic as you can get, without actually
being (ultimately) periodic. Motivated by this we have the following defini-
tion.

Definition 2.2. Let w be a word. Then w is called stiff if P(n) < n+1 for
all n.



Hence if w is infinite and stiff, then w is (ultimately) periodic or P(n) = n+1
for all n. In Theorem 2.2 we reprove the fact that all balanced words are
stiff. In Theorems 2.3, 2.4 we show directly from the definition that every
finite balanced (stiff) word appears as factor of a balanced (stiff) Z-word.
This will enable us to restrict ourselves to Z-words when we classify bal-
anced (stiff) words in sections 2.2 and 2.3, respectively.

Theorem 2.2. [MH, Lemma 3.2]. Every balanced word w is stiff.

Proof. We will prove a slightly more general statement. Let S be a col-
lection of words which is closed under factors, i.e. + C w,w € S =z € S.
Furthermore, suppose that |c(4) — ¢(B)| < 1 for all A, B € S of the same
length. We will show that P(S,n) := |B(S,n)| < n+1 for all n and, by
applying this to the collection of all factors of w, this will prove our theorem.
Now suppose that for some n € N we have P(S,n) > n+ 1, we take n to be
minimal. Then n > 1. Then P(S,n —1) < n,P(S,n) > n+ 2 and we see
that there exist x # y in B(S,n) with za,xb,ya,yb € S. (Then x,y are said
to have multiple right extension in §). We may write z = z'ca,y = y'oa
where « is a word, possibly empty, o € {a,b} and 7 is the other symbol of
the alphabet. Then cao,Gad € S, contradicting that S is balanced, as was
assumed. This proves our Theorem. O

For reasons of efficiency we now prove Theorem 2.3 with an extended defi-
nition of balanced.

Definition 2.1.% Let w be a word and k € N*. Then w is called k-
balanced if |c(A) — ¢(B)| < k for any two finite factors A, B of equal length.

We will consider k-balanced Z-words with & > 2 in Chapter 3.

Theorem 2.3. Let x be a finite k-balanced word where k € NT. Then
x s a factor of a k-balanced Z-word.

Proof. By symmetry it suffices to show that for every finite k-balanced
word z either xa or xb is k-balanced. We suppose that = is k-balanced and
that xa,zb are not. There exists a minimal n; € NT such that xa contains
ni-factors A and A’ with ¢(A’) > ¢(A)+k. Since z is k-balanced, A’ is the fi-
nal ni-factor of za and c(A’) = ¢(A)+k+1. We write A’ =: Ca, c(A) =: kx
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whence ¢(C) = ki + k. Similarly there exists a minimal positive integer
ny such that x contains an ne-subword B and the last (ns — 1)-subword
D with ¢(D) =: ko such that ¢(B) = ka + k + 1. Denoting the domains
of A’B’C’D by [a17a2]’ [517/82]’ [71772]7 [51752]7 respectively, we have
[a1,a2) N [y1,72] = 0 and [B1, B2] N [d1,d2] = O, since ny and ne are min-
imal. Without loss of generality we assume nqy < ns: interchange a and b
if necessary. In that case C' is a suffix of D and D \ C is a subword of = of
length no —n1 and content k2 — k1 — k. Observe that A can be extended to
the left or to the right to an ng-subword A of , since otherwise we would
have
o] — (TLQ — TL1) < (1 and g + (712 - Tbl) > 09,

Whencem:a2—a1+1>52—[31—2(n2—n1)+1:~51—ﬁg+2n1—22
1+ 2n7 — 2 > n; which is impossible. It follows that A\ A is a subword of
x of length no — ny and content

C(A)—C(A)ZC(B)—k—klsz—lﬁ-l-l

since x is k-balanced. We now arrive at the contradiction that the (na —ny)-
subwords A\ A and D \ C of x satisfy ¢c(A\ A) —c¢(D\ C) > k. O

Theorem 2.4. Let x be a finite stiff word. Then x is a factor of a stiff
Z-word.

Proof. As before it is enough to prove that xza or xb is stiff whenever
x is stiff. For Z-words x we have already seen that P(x,n) < n for some
n implies that x is periodic. We now prove a finite analogue to this, which
will be Lemma 2.4.2.

Lemma 2.4.1. Let x be a finite word with P(x,n) < n. If both the first
(n — 1)-subword and the last (n — 1)-subword of x occur at least twice in x,
then x is purely periodic with period | < n.

Proof. For each 0 < i < n we define injections ¢;, 1; : B(x,i) < B(x,i+1)
by mapping each = € B(z,%) to some extension z*,xx € B(x,i + 1), respec-
tively. As in the proof of Theorem 2.1 we find that there exists a 0 <i <n
for which ¢;, 1; are bijections and the hypothesis of this lemma implies that
some i-factor of x is repeated. The remainder of the proof is similar to the
proof in Theorem 2.1 and will be omitted. a
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Lemma 2.4.2. [H,Vervoort]. Let x be a finite stiff word with P(x,k) < k.
a) Then x = afy with |a| + |y| < k such that B has period | < k —|a| —|v].
b) Then P(x,m) < k for all m > k.

Proof. a) Define zp = z and [y as the smallest [ with 1 < [ < k and
P(z,l) < 1. We define a sequence (x4,0;), t > 0 by induction. If the last
(I — 1)-word of z; does not occur elsewhere in x;, then we define z;11 as
with the last letter removed. Otherwise, if the first (I; — 1)-word of x; does
not occur elsewhere in x;, then we remove the first symbol of x; to obtain
x441. If the first and last (I; — 1)-factor are both repeated in z; then we
stop. If we don’t stop, then we put l;41 = min{l|1 <1 <1y, P(z41,0) <1}
It follows from the definitions that P(xzy,ly — 1) = [; for all ¢ and that
P(zy41,le — 1) = P(xy,ly —1) =1 =1; — 1. Hence 1 < 441 < I; and there
is a pair (z,,l;) for which the process ends. Applying Lemma 2.4.1 to this
pair we find that 8 := x, has a period

I<L<l—-—717<k—7=k—|af— ||

where «,y are the words preceding, succeeding x, in x respectively.
b) P(x,m) < |a| +1; + |y| < k by the periocity of z. O

Remark. If one draws the graph n — P(n) and interpolates linearly,
one may show that finite stiff words give rise to the upper boundary of a
trapezoid whose upstanding sides have slope —1,1 and that this trapezoid
may degenerate into an isosceles triangle. This explains why one sometimes
encounters the exotic name ”trapezoidal” instead of ”stiff”.

Proof of Theorem 2.4. Put n = |z|. If P(z,k) < k for all k£ < n then za
is stiff. Otherwise, let K be the maximal k < n with P(z, k) = k + 1. Note
that K < n since P(z,n) = 1, and that P(z, K + 1) < K + 1. By Lemma
2.4.2 b), we infer that P(x,m) < K +1 for m > K whence P(zo,k) < k+1
for o € {a,b} and k > K.

If the last (K — 1)-word in z does not occur elsewehere as a subword
of z, then P(z/, K — 1) = P(z,K — 1) —1 < K — 1 where 2’ denotes z
with the last symbol removed. Then Lemma 2.4.2; part b) again, implies
P(z',K) < K —1 hence P(z, K) < K contradicting our choice of K. There-
fore the last (K — 1)-word appears elsewehere in z, followed by a symbol
0. For every k < K we then have that the final k-word in xo is repeated.
Hence P(zo,k) = P(x,k) < k4 1. Thus xo is stiff. O
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In the next section we will classify the balanced Z-words.

2.2. Classification of the balanced Z-words.

Let w be a balanced Z-word. We fix positive integers m,n and consider
subwords A, B, C C w of length m, n, mn respectively. We denote their con-
tents by b, by, by respectively. We can see C' as a union of m factors of
length n and also as a union of n factors of length m. Since w is balanced we
have n(by —1) < by < m(by, +1), hence n(by, —1) < m(by +1). This result
in a slightly stronger form and in a slightly different context can already
be found in [MH2, Theorem 2.1]. Rewriting gives 2 — o < L 4 1 apq
combining this with a symmetric argument we find |%§L — %ﬂ < % + % For
every n € NT we choose an n-factor of w and we denote its content by b,,.
The inequality shows that (%”)‘fo is a Cauchy sequence in R, hence it has
a limit @ and a > 0. Since two choices for b, can differ by at most one,
it follows that « is the same for all sequences b,. Hence we may give the
following definition.

Definition 2.3. Let w be a balanced Z-word and let b, be the content
of an n-factor of w for every positive integer n. The density @ = a(w) of w
is then defined as the limit of %" as n — oo.

Lemma 2.5.1. Let w be a balanced Z-word with density o and let by, be the
content of an n-factor of w. Then |b, — na| < 1.

Proof. For any m-factor of w with content by, we have | — o] <
as we saw before. Letting m — oo we find |2 — o < L. O
We now concentrate on balanced Z-words with a rational density o = %,
where k£ > 0 and n > 1 are integers with (k,n) = 1. Applying the previous
lemma with this n, we find that ¢(z) € {k — 1,k,k + 1} for all x € B(w,n).
The values kK — 1 and k£ + 1 are mutually exclusive since w is balanced. If
« = 0 then Lemma 2.5.1 shows that b, < 1 for all n-factors of w and this
means that w contains at most one a. It is easy to see that w = ---bbb---
and w = b>ab™ are indeed balanced with density 0. If & = 1, then a(w) = 0
where w is the Z-word obtained from w by interchanging a and b. It follows
that w = ---aaa--- or w = a*°ba*. From now on we assume that 0 < o < 1.

Definition 2.4. Let w be a balanced Z-word of rational density a = %
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where (k,n) = 1 and x € B(w,n). Then x is called an exceptional factor
when c(x) # k. It is exceptional of maz type when c(x) = k+ 1 and of min
type when c(x) =k — 1.

The correctness of the term ”exceptional” follows from the following lemma.

Lemma 2.5.2 [MH, Lemma 3.1]. Let w be a balanced Z-word of rational
density o = %, where (k,n) = 1. Then there is at most one exceptional
factor and this factor, if it exists, appears only once in w.

Proof. Suppose that the subwords of w with domains X = [z,z + n)
and Y = [y,y + n) are exceptional, where = < y. Note that w is balanced if
and only if w is balanced, where w is obtained from w by exchanging a and
b. Therefore we can assume without loss of generality that the words with
domain X,Y are exceptional of max-type. In that case ¢(X) = ¢(Y) = k+1.
We consider two cases.

a) x+n <y. Then ¢ 44n) + Clotny) + Clyy+n) = Clo,y+n), hence
Clatny) T2k +2 = Clgyin)

Applying Lemma 2.5.1 twice we have (y—xz)a+k+1 = (y—z—n)a+2k+1 <
Clatnyy) T2k +2 = Cpyin) < (y+n—2z)a+1= (y—z)a+k+1. Apparently
we have equality everywhere, in particular cjyip,) = (y — 2 —n)a — 1. It
follows that y —z = 0 mod n and we may partition [z+mn,y) into X := ¥="—=
intervals of length n. From c[;y,,) = Ak — 1 it follows that one of these

intervals has content < k, a contradiction.

b) x <y <x+n. By Lemma 2.5.1 we have 2k + 2 = ¢y y1n) + Cly,y4n) =
Claytn) T Cyatn) < (Y+n—z)a+1+ (r+n—y)a+1=2(k+1). Because
equality holds everywhere we have (y — x)a € Z. This, however, is a con-
tradiction since 0 < y —z < n and (k,n) = 1. O

We note that a Z-word w can be identified with a subset W C Z in an
obvious way, namely by defining w; = a <= ¢ € W. We call a subset
W C Z balanced if and only if the corresponding word w is balanced. The
following lemma by Tijdeman explicitly describes subintervals of a balanced
set W.

14



Lemma 2.5.3. [T, Lemma 3]. Let W be a balanced set of rational density
a= % >0 and let x1 < --- < xp be consgcutz’ve elements with p < k. Then
there exists an integer s such that x; = |2F2] for 1 <i < p.

Proof. It is no restriction to take p = k. Define T, = {|ZE2|}k
for all s € Z. Increasing s by 1 increases Y.¥ | T,(i) by 1 since only the
term with in + s = —1 mod k changes. Hence we can choose an s € Z with
Yk Ty(i) = X%, x;. Denote this Ty by T. If (T)5_; # (x;), then we
have T'(i) < x;,T(j) > x; for some indices i and j. First we suppose i < j.
Then T'(i) < z; < z; < T(j). Now

T() - 1) = ) P < U0y g U OR )

which gives z; — x; < @ — 1. The interval [z;,z; 4+ 1) contains j —i + 1
elements of W, hence j —i+1 < (z; +1 —xz;)a+1<j—i+1, by Lemma
2.5.1. Tt follows that equality holds everywhere in (*), but then @ €Z
and LJ",:' S| — | ks | = G _ki)n. This contradicts the fact that equality holds
everywhere in (*), showing that i < j is impossible. The case j < i is dealt

with in a similar way using the interval [z, z;—1). Hence (T})¥_, = (z;)¥_,.0

If the Z-word w we consider has no exceptional block, then c¢(z) = k for
all x € B(w,n) and it follows that w has period n. This n is in fact the
minimal period, because the fraction % is irreducible. Let x1 < -+ < xy be
the elements of W N [1,n]. Then Lemma 2.5.3 gives us an integer s such
that z; = [ 42| for 1 <i < k. Since W and {| ™ | };cz both have period
n and coincide on [1,n], it follows that W = {I_Zfl,jsj}iez. Given 8, We may
choose A, i € Z such that An + s = pk. Then LWJ = pu+ %] Hence

W is equivalent, up to a shift, with W’ := {L%J}zez

Now assume that w does have an exceptional block, say x = wq - wp_1.
Then every n-factor of w|(_q -2 and w|[1 ) has content k and it follows
that these infinite words have period n. The ”overlapword” with domain
[1,n—2] has content k—1. Indeed, if = is of max-type, then c¢(z) = k+1,wo =
wp—1 = a and otherwise we have c(x) = k — 1,wy = w,—1 = b. Applying
Lemma 2.5.3 we find w|(_qg 5,91 = {ats ko1 _and W 00) = N
Here s,t are integers such that || = ["# | for 1 < < k — 1. First
let us suppose that z is of max-type. Substituting ¢ = 0 and ¢ = k in the
respective formulas we find [£] = 0 and |£| = —1. In particular ¢t < s. We

15



have 28 MEltl ¢ 7 for 1 < < k — 1, since otherwise the equality above

could not hold. Since these forms are integer for some 0 < ¢ < k, it follows
that they are integer for i = 0. Hence s = 0(k),t = —1(k) and together
with [£] =0, [£] = —1, this implies that s = 0,¢ = —1. We leave it to the
reader to check that s = —1,¢ = 0 if x is of min-type. We now check that
all these Z-words are indeed balanced. The periodic case is a special case
of words given by W = {[{i + ¢|}icz and W = {[{i + ¢]}icz. Here ( > 1
and ¢ € R. These words are called Beatty words and if { is irrational we
speak of sturmian words. In Lemma 2.5.4 we show that Beatty words are
balanced, Lemma 2.5.5 is somewhat similar to Lemma 2.5.3 and in Lemma
2.5.6 we show that every balanced Z-word of irrational density is in fact stur-
mian. After that we are ready to give the promised list of balanced Z-words.

Lemma 2.5.4. Let ( > 1 and ¢ € R. Define the Z-word w by W =
{[Ci+ @) }tiez or by W = {[(i + ¢ }icz. Then w is balanced of density %

Proof. We only deal here with the floor-case. Fix n > 1 and let x € Z. The
number of elements of W in the interval [z,z 4+ n) equals the number of i
with < [(i+ ¢] <z +n. But this is equivalent to 272 < i < =% and
the number of integer solutions is [W] — [%1 € [2] +{0,1}. Since
this is true for any n, the word w is balanced. For any n-factor y C w we
have 7 —1 < | 2] <c(y) < [2]+1< F+1, hence |% - %\ < 1. Tt follows

that w has density % The ceiling case is similar. O

Lemma 2.5.5. Let W = {x;}icz with x; strictly increasing be a balanced set
of positive density a.. Let ¢ := % and ¢ € R be arbitrary. Then z; < |(i+ ]
for all i or x; > (i + ¢] for all i.

Proof. Suppose that we have i,j € Z with |(i+¢]| < z; and z; < [(j+¢].
Assume first that ¢ < j, then [{i + ¢] < z; < x; < [(j + ¢]. We have
[Cj+¢]—[Ci+¢] <((j—1i)+1, hence zj —x; < ((j —i) — 1. The interval
[x;,z; + 1) contains exactly j —i+ 1 elements of the balanced set W, hence
Lemma 2.5.1 yields j —i+1 < (z; —z;+1)a+1 < j—i+1, a contradiction.
The case j < 7 is left to the reader. O

Lemma 2.5.6. Fvery balanced Z-word w with irrational density is stur-
mian.
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Proof. Write W = {z;};cz for the corresponding balanced set with the
x; strictly increasing and where the bisequence x; is defined up to a shift of
indices only. Let a be the density of w and { := é as before. We introduce
the set V := {¢ € R|z; < [(i + ¢] for all i € Z}. The set V is not empty
since any ¢ with zg < |#] is contained in V by Lemma 2.5.5. Also V # R
since any ¢ with g > |¢| is not contained in V. Also V' is monotonic in
the sense that ¢ € V¢ < ¢ = ¢ € V. It follows that 6 := inf(V) is a
real number and the right-continuity of |x| shows that § = min(V'), hence
V = [0,00). We have z; = [(i + 0] for some i, because otherwise also
§—-1e€V.Ifz; =[{j+0] for all j we are done. Hence let us suppose that
xj < |¢j+0] for some j. If (j+60 ¢ Z, then z; < [(j+0 —¢€] for some € > 0
and then Lemma 2.5.5 implies § — € € V, a contradiction. Therefore such j
satisfy (j + 60 € Z and because ( is irrational this happens for a unique j.
We have x; = (j+60 — 1, because a smaller value for z; would give 0 —1 € V
by Lemma 2.5.5. Thus z; = [(i+ 0] — 1,(i) = [¢i+ 0 — 1] for all ;. Here
1,(@) equals 1 if i = j and 0 otherwise. O

Theorem 2.5. The balanced Z-words, modulo shift, are given by:

a) w=a®,w=>00° and W = {L%J}zez where k,n € NT satisfy (k,n) =1
and & € (0,1). (periodic case)

b) w= a°°ba“’°,w = booaboo,. W = {L%J}’i&% U {L%J}fo and
W = {L%J}]ﬁ; U{[%]}%°, where k,n € NT satisfy (k,n) =1 and
% € (0,1). (skew case)

c) W={[Ci+¢|},W ={[Ci+¢]|} where { > 1 is irrational and 0 < ¢ < 1.
(sturmian case)

Proof. We have already shown that every balanced Z-word is of this form
and that the words in classes a and c are indeed balanced. In Theorem 2.8
we will show that the classes a, b, ¢ have the same collection of finite factors.
It will follow that every Z-word in b is balanced as well. Note that none of
the Z-words in b is periodic. O

Remarks. - An infinite word w is called recurrent if every finite factor
appears in at least two different locations. In other words, there should be
two different domains inducing it. It is easily checked that Z-words from
class a and c are recurrent and that Z-words from class b are not.

1

- Given a sturmian Z-word w the number ( is unique, { = a(w)’ and w has
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at most one representation of each type. In the special case that ¢ € Z&(Z
one speaks of standard sturmian Z-words and we will come back to them
later. The words with ¢ € % + Z & (Z are known as Bernoulli words.

- Theorem 2.5. can be used to characterize the right-infinite words x such
that both ax and bx are balanced. Such words have a density « and we put
¢(=-—=. Ifa € (0,1) NQ there exist exactly two such words x. If we write
a = i with k,n positive and coprime they are given by the subsets {[%J }§°
and {|™~1]}$° of N*. If & = 0,1 we only have z = b>,a®™, respectively.
Finally, for a € (0,1) \ Q there is only one such x and it is given by the
subset {[(i]}$° of NT. All such z are called standard Beatty words on N
and we will see another characterization of them in Section 2.5.5.

IR =

2.3. Classification of the stiff Z-words.

Since the balanced Z-words have been given in the previous section, we need
only consider those stiff Z-words which are not balanced. We first give the
main result.

Theorem 2.6. The stiff, not balanced, Z-words w, modulo shift, are given
by W= {|Z 1Y U {5180 and W= {27 ES U {5 ])5e

Here k,l,r,s are integers with 0 < [ < 5,0 < k < randlr —ks =1 in
the first case and lr — ks = —1 in the second case. If k =0 orl = 0 the
corresponding set should be read as ().

Proof. We start the proof with a simple lemma. A palindrome is a word
which does not change when it is read from right to left. Palindromes are
either finite or have domain Z.

Lemma 2.6.1. Let w be any word which is not balanced. There is a unique
P of minimal length such that aPa,bPb C w and this P is a palindrome.

Proof. Pick A,B C w of minimal length n such that ¢(4) > ¢(B) + 2.
Then A = aAa, B = bBb and ¢(A) = ¢(B) because n is minimal. If A # B,
then A = CoA',B = CoB' where A', B',C are words and ¢,7 are com-
plementary symbols. If o = a, then aCa,bCb C w and |aCa| < |A|, con-
tradicting the minimality of n. If ¢ = b, then A = aCbA’a, B = bCaB'b
and cancellation gives us the factors A’a, B'b C w of equal length with
c(A'a) = ¢(B'b) + 2. Here |A’a| < |A]| contradicts the minimality of n. We
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conclude that A = B =: P. If P is not a palindrome, then P = ToYyo Z for
words x,y and a symbol o, where % is the word obtained by reading = from
right to left. Then A = (azo)y(T T a) and B = (bxo)y(o T b). If o = a,
then the factors axa, b T b contradict the minimality of n. If ¢ = b one uses
the other pair. Thus P is a palindrome.

Now suppose that also aQa,bQb C w. Then |aQa| > n, hence |Q| > |P|
and we assume that |Q| = |P|. If P # @, then P = RoP',Q = RoQ’ and it
follows that o Ro,oRo C w. Since |R| < |P| this contradicts the minimality
of n and it follows that P is unique. O

Let w be a word. A factor z is said to have multiple right-extension (m.r.e.)
in w if xa,xb C w. The collection of these factors is denoted by MRE(w)
and MRE;(w) = MRE(w) N B(w,i). If a factor doesn’t have m.r.e., then we
say it has unique right-extension (u.r.e.), although it might happen of course
that x does not have any right-extensions at all. Similar definitions can be
given with ”left” instead of ”right”. Some authors call a factor right-special
if it has m.r.e. and left-special if it has m.l.e.

Now let w be a stiff Z-word which is not balanced, and let P be the palin-
drome from Lemma 2.6.1. We write |P| =: n — 2,A := aPa,B = bPb
as in the proof of that lemma. Since w is stiff we have |MRE;(w)| =
P(w,i+ 1) — P(w,i) <1 for all i € N. In particular MRE,,_o(w) = {P}.
Then either MRE,,_1(w) = ) or MRE,,_1(w) = {oP} for some symbol o.
In the former case we find that w has period p < n — 1 which is impossi-
ble, since then we could delete the first p symbols from A and from B to
obtain smaller factors A’, B’ with ¢(A’) — ¢(B’) = ¢(A) — ¢(B) = 2. Hence
MRE,,_1(w) = {oP} and 7Po ¢ w.

Now suppose that 7P, o P occur in this order in w, i.e. TP = w|[z z4n-1),
0P = wlp yin_1) where z < y. We take z,y such that the distance y — =z
is minimal. Since all (n — 1)-factors of w different from oP have u.r.e. in
w, it follows that the factors wlj;1,—1) with 2 <4 < y are all different.
Hence y —z 4+ 1 < P(n — 1) < n which implies y < = + n — 1. Note that
Wyin—1 = 0 because 0Po ¢ w. If y = x+n—1, then 0 = wy = wyipn_1 =7,
a contradiction. Hence y < x + n — 2. Writing P = 7 --- m,—2 and noting
that P is a palindrome, we find 0 = wy = w4 (y 2) = Ty—z = Tn—1—y+z =
Wp4z—1 = 0, another contradiction. This proves that P does not occur
before o P inside w. Applying this to w we find that P&, Po do not occcur
in w in this order.
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By shifting w we may assume that wlj ,—1) = 0 P7 and we write w|(_qo n—2]
= Wy, W[1,00) = Wy. We have aPa,bPb C w and by the previous paragraph
we have cPo C w;,dPg C w,. From Po ¢ w, we deduce P(w,,n —1) <
P(w,n—1)—1 < n—1. Since the initial (n —1)-factor P& of w, is repeated,
we find that w, is purely periodic with some minimal period r < n. It follows
that we may characterise [1, c0) as the largest right-infinite domain on which
w is purely periodic. In particular we find that 0 PG appears only once in w
and that w, therefore, is not recurrent. If w, is not balanced, then Lemma
2.6.1 would give a word @ such that aQa,bQb C w,. Then |Q| > |P| =n—2
and @ € MRE(w,), hence P(w,,n — 2) < P(w,;,n — 1). This means that
the right-period r > n, contradicting what we saw before. Therefore w, is
balanced. It is then contained in a periodic balanced Z-word by periodicity
and Theorem 2.5 shows that w, is given by a rational Beatty sequence with
certain density %, where k € N,r € Nt and (k,r) = 1. Similarly, w; is
purely periodic with period s < n, balanced and given by a rational Beatty
sequence of density é, say.

Suppose that z € B(w;,n — 1) N B(w,,n — 1) and choose integers i <
0,j > 1 such that * = w|j;4n—1) = W[} j4n—1)- Pick ¢ > ¢ minimal
such that w|ys4n_1) = oP. Since MRE, 1(w) = {oP}, we find that
oP = w|j—i+[t,t+n—1) C wy, a contradiction. Thus for ¢ > n — 1 we have
B(wy,i)NB(wy,i) = 0 and the factors of w not contained in either of them are
exactly those containing 0 Pg. There are exactly t—n+1 of these. Hence for
i > n we find P(w,i) = (i—n+1)+s+r. Since w is stiff and not periodic, we
conclude s + r = n. We can therefore write c Pd = XY where X,Y are pe-
riod cycles for w; and w, respectively. Hence ¢(P) = k+1—1,|P| =r+s—2.
It follows that W; = {[%3£[}*F1 and that W, = {{ZF2[}%°. For the
problem cases k = 0,l = 0 we adopt the convention that we read the cor-
responding set as (). The formulas give equal values for 1 < i < k+1 — 1.
Since B(wi,t) N B(wy,t) = @ for k large, we have % +* é and the integer
A = [r — ks is non-zero. For the moment we assume that A > 0 and we
will show that A = 1, as stated in the theorem. Note that [ > 0 in this case.

If k=0 then r = 1,w, = bbb--- and ob™ is not periodic, hence o = a.
Furthermore P = b°~!, hence w = (ab*~1)*®b® = (b*~1a)*b>. This corre-
sponds indeed to the first formula in Theorem 2.6 for (k,l,r,s) = (0,1,1, )
and we have A = 1. From now on we assume that 0 <! <s,0 < k <.

Lemma 2.6.2 Suppose k,l,r,s € Nt \u € Z satisfy (I,s) = (k,r) =
1,2 <% and 2] = L%J for0<i<k+1. Then A\ =—A+ pk,u = pl
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for some integer p where A = Ilr — ks.

Proof. Since (I,s) = 1 we can choose 0 < i < k + [ such that # €Z
and since (k,r) = 1 we can choose 0 < j < k + [ such that % € Z. Then
iS;L“ < "I’:)‘ and jr,;")‘ < js?”. Rewriting this yields jA < ku — I\ < @A,
hence j < i. Of course this holds for all such choices 1, j.

Assume k < [. If two such ¢ exist then 0 < jo <ig <ig+1 < k+1 for
some g, jo. But then jo+k <149+ < k+1 and jo+k is also a possible choice
for j. This implies that jo + k < ip hence jo,ip +1 € {1,---,k+1—1} lie at
least k41 apart, which is absurd. It follows that only one i( exists and that
19 <I. If ig <l thenig+1,---,ip+ k is a complete set of residues modulo k
all less than k + [ and it would have to contain a j, which is impossible. We
conclude ig = [ and because [ + 1,---,k 4+ 1 — 1 contains no j we find that
[ is itself a j, hence ls# = % € Z. This argument, mutatis mutandis,
also works for [ < k. In particular g = 0(l) and writing 1 = pl we have
s—l—p:”Z’\,hence)\:—A—Fpk. O

Lemma 2.6.3. Suppose k,l,r,s,\, u are as in the previous lemma. More-
over suppose that max(k,l) > 1. Then A = 1.

Proof. Without loss of generality p = 0 since increasing p by 1 shifts
both sequences one place to the right. The formulas then simplify to A\ =
—A,p=0,s= lT;A and | %] = [";AJ for 0 < ¢ < k+ 1. Suppose k > 1.
For 1 < ¢ < k we have s + [ %5 = I_((Hll)sj = I_(‘HZI)CPAJ = s+ | %], hence
[%J = [#J = [%J and, consequently, fr(%) > %. So we have A < k

and {fr(%),---,fr(@)} C {%,---,%}. Since all fractions on the left
are distinct we find k —1 < k — A hence A = 1. A similar argument can be
given if [ > 1. O

We have now shown that A = 1 if it is positive, except in the case where
k =1 =1, which we assume from now on. The only thing that Lemma 2.6.2
gives us in this case is that A = r — s, which does not help very much. If x is
a word, then we denote by [z];, [z]’ the first and last factor of x of length 4,
respectively. If z is finite this is only defined if ¢ < ||, if = is left-infinite only
[z]" is defined and if x is right-infinite then only [z]; is defined. Suppose that
o = b, hence bPa C w. Then w, = (b""a)--- and P = [(b""1a) - ],4s_o.
From 0 < s < r we deduce r + s — 2 > s, hence [P]; = b°. Also w; is an
extension of P to the left with period s, hence w; = b*° and k = 0. This
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contradicts our assumption that k¥ > 0. Therefore ¢ = a and a similar rea-
soning gives w; = --- (ab* 1), P =[--- (ab* D" 2. By ¢(P) = k+1-1=1
we obtain r < s+ 1 and we have A =r — s = 1, as claimed.

Hence if A > 0, then A =1 and Lemma 2.6.2 yields A = —1 + pk, u = pl
for some integer p. Also we recall that w|p 1) = aPb, hence [ 7] =0 and
p = 0. Since W = W, UW, it follows that W is indeed given by the first for-
r(ilula in Theorem 2.6 with Ir — ks{_: 1. Now assume that A < 0. The word
w is stiff and not balanced and A(w) = —A(w) > 0. The previous argument
then shows that A(E) = 1, hence that A(w) = —1, and that up to shift
we have W= {3 U {272 ]19° with the same reading convention as

.(—
before. Reflecting yields W = — W and the substitution j = k+ 1 — ¢ shows
that this is indeed equivalent to the second formula in Theorem 2.6.

We will now verify that the formulas for W as given in Theorem 2.6 in-
deed define stiff Z-words which are not balanced. As we have seen most
of the ingredients before we will be short. Suppose first that k,l,r,s are
integers with 0 < [ < 5,0 < k < r and Ir — ks = 1. Then %] = [Z=L]
for 0 < i < k+1. For 0 < i < [ this follows from *-1 < % < i apq
for | < i < k+ 1 this follows from % < =L < =5 Gince |%] and
|==1] are not equal for i = 0 we deduce that [1,00) is the largest right-
infinite domain on which w is periodic, with period r. Similarly we find

that (—oo,r + s — 2] is the largest left-infinite domain on which w is peri-

odic, with period s. We define w|jg ,4s—1) =t aPb,w; := W|(_o 45— and
Wy 1= w|[1700). We note that every factor of w, of length >~ —1 has u.r.e.in
wy, hence every factor of w' := wy ) of length > r has ur.e. in w'. In

particular this holds for its initial factor aP. If aP were repeated in w', this
would imply that w’ is periodic, which is not true. Hence aP ¢ w, and
similarly we have Pb ¢ w;. In particular aPb appears only once in w. A
density argument shows that B(w;,i) N B(w,,7) = @ for i large. For large
i we then have P(w,i) = (i — |aPb| + 1) + s+ = i + 1 and we conclude
that w is stiff. It is not balanced since it has no density. Now suppose that
0<1<s50<k<nrlr—Fks=—1and let W be defined by the second
formula in Theorem 2.6. Then w is given, modulo shift, by the first formula
as we have already seen. Since W is stiff and not balanced the same holds
for w. If k =0 or [ = 0 one uses a similar reasoning. O

Remarks. - The words w from Theorem 2.6 are called infinite Hed-
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lund words and A :=Ir — ks € {—1,1} is called the signature of w. Every
triple (s,r,A) with s, coprime positive integers and A € {—1,1} deter-
mines a unique infinite Hedlund word which we denote by PER(s,r, A). We
have seen that the palindrome P from the proof of Theorem 2.6 can be seen
as the maximal overlap of the periodic parts of w. We call it the finite
Hedlund word induced by w and denote it by per(s,r, A). We denote the
class of finite Hedlund words by H; note that § € H. In terms of the pa-
rameters k, [, r, s one has |P| = r+s—2,¢(P) = k+[—1 as shown in the proof.

- Given P € H and A € {%1}, there exists exactly one infinite Hedlund
word of signature A inducing P.

Proof. Suppose first that two Hedlund words with period pairs (s, r), (s',7")
and the same A induce P. Writing |P| +2 = a,¢(P) + 1 = 8 we have
r+s=r'"+s=a,k+l=k+1'=8,Ir—ks=1'r" —k's
Thenla—sf=1(r+s)—s(k+1)=lr—ks=Ur"—kKs =l'a—s'p e {£1}.
Hence «, 3 are coprime and (I —")a = (s — s')3. Since s,s’ < a we have
s=s"r=r'1=1k=k and the infinite Hedlund words are indeed equal.
Suppose now that P € H, then some PER(s,r, A) induces P by definition.
The word PER(r, s, —A) is obtained from the previous one by mirroring and
since P is a palindrome it follows that PER(r, s, —A) also induces P. 0

- The condition in Lemma 2.6.1 provides a second characterization of bal-
anced words. A similar characterization can be given for stiff words.

Proposition 2.7. A word w is stiff if and only if there exists no word
x with axa, axb, bxa,brb C w.

Proof. If w is not stiff, then there exists an integer & > 0 and two different
factors A, B C w of length k such that Aa, Ab, Ba, Bb C w. Denoting the
greatest common suffix of A and B by x we find that axa, axb, bxa,bzb C w,
as required. Now suppose that w is stiff and that axa, axb, bxa,bxb C w.
Applying Lemma 2.4 if necessary we find w C W where w is a stiff Z-

word. Then also aza,azxb,bra,brb C W and with |z| + 1 =: n we find
P(w,n+ 1) > P(w,n) + 1, hence P(w,n + 1) > n+ 2. This is a contradic-
tion since w is stiff. O

2.4. Counting theorems.
In this section we first show, as promised, that the three classes of balanced
Z-words have the same collection of finite factors. Combining this with the
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k =1 case of Theorem 2.3 we find that for finite words = we have that x
is balanced iff it appears as factor of some sturmian word. This explains
why numerous authors use the word ”sturmian” instead of ”balanced” when
referring to finite words. We will not do so. We use this fact to prove a for-
mula for bal(n), the number of balanced words of length n. In [D/GB, Conj.
6.4] it was conjectured that bal(n) =1+ > 1" (n +1 — i)¢(i). This formula
was afterwards proved in a number of ways, see [Be/Po], [dL/Mi, Th. 7],
[Mi]. As far as we know the proof we give is new. In Theorem 2.10 we prove
a similar formula for st(n), the number of stiff words of length n. If § is a
collection of words, we write F(S) for its factor set. This is the collection
of all finite factors of elements of S, hence F/(S) = UpenB(S,n).

Theorem 2.8. Let a,b,c be the classes of Z-words from Theorem 2.5.
Then F(a) = F(b) = F(c).

Proof. First note that a, b, c are closed under inversion, hence the same
holds for their factor sets. It is trivial that F(a) C F(b), we now show the
reverse inclusion. Finite factors of 6>*°ab™ are easily seen to be contained
in F'(a), hence the same holds for finite factors of a®ba®. By inversion, we
need only consider factors of the word given by W = {| -1 |}ty (| 2]}
where k,n € NT are coprime and % € (0,1). Pick M € NT and take

€:= m We have

Hence every finite factor of w is contained in F'(a) and F(b) = F(a). Had

we taken e irrational with 0 < € < m , we would have found the same

conclusion. It follows that every factor of W is contained in F'(c). Since the
same holds for factors of a®ba®, b>*ab>, we find that F'(b) C F(c). In the
next lemma we show that the factor set of a sturmian word depends only
on its density.

Lemma 2.8.1. Let w,w' be two sturmian words of the same irrational
density a. Then F(w) = F(w').

Proof. Let ¢ := L. First we assume that W = {[¢i+¢|}, W' = {[¢i+¢]}

where 0 < ¢, < 1. Let M € N and € := max(_p7 5 fr(¢i + ) . Because
( is irrational we can choose A\, u € Z such that vy <A+ o+u<v+1—e.
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For |i| < M we then have [(i+v] < i+t < C(i+N)+pu+oé < (it+1—e <
[Ci+1]. Hence [(i+¢| = [((i+ A\) + ¢] + p for these i. It follows that
F(w') € F(w) and by symmetry we have F(w) = F(w'). If we apply the
same reasoning for ¢ = 1, we find that there exist A\, € Z with A\, u # 0
such that [(i+ ¢| = |C(i + A\) + ¢] + p for |i| < M. This proves that w
is recurrent, i.e. that every factor of w appears in at least two different
locations in w. We have already mentioned this fact after Theorem 2.5. It
easily follows from this that W = {|[(i+¢|}, W' = {[(i+ ¢]} have the same
factor set. This proves our lemma. |

By the previous lemma, to show that F(c) C F'(a) it suffices to consider
sturmian Z-words of the form W = {|(i|}. Pick M € N* and choose
an irreducible fraction # > ¢ with k > M such that [( — %| < 5. Then
[¢i] = ] for |i| < M. Hence F(c) C F(a) and the proof is complete. O

Let w be the standard sturmian word corresponding to W = {|{i] }icz and
w',w"” the restrictions of w to the domains [1,00) and (—o0,—2], respec-
tively. Let Bal be the collection of all balanced words, finite and infinite.
Then € MLE(Bal) for every prefix z of w' since ax is balanced as it is a
factor of w and bx is balanced as it is a factor of the word corresponding to
{[¢i — 1]}iez. Similarly, z € MRE(Bal) for every suffix z of w”. We now
show that this yields all z in MLE(Bal) and MRE(Bal), respectively.

Lemma 2.9.1. Let x be a finite word, |x| =: n. If ax,bx are balanced
then ax,bx C w where w is a standard sturmian word given by W = {|(i]}
where { > 1 is irrational. With this notation x can be found at the interval
[1,n]. If ya,yb are balanced then ya,yb C w with w the same as above but
the interval is now [—n — 1, —2].

Proof. We write ¢(x) = A. Since az is balanced, it is a factor of a sturmian
Z-word, as can be seen by combining Theorem 2.3,2.5 and 2.7. We write
{|¢i + ¢|} for the set associated to this Z-word. Normalising indices, we
may assume that ax is given by {|(i + ¢}, seen as a subset of [0,n]. We
will abuse notation a little and write ax = {|¢i + ¢|}3 C [0,n]. Similarly
we have

b = {[¢"i +¥] 11 C [0,n].

We have [¢] <0=1[¢],[(i+¢] =[i+¢]for 1 <i<Xand [(A+¢] <
n< [CA+1D)+¢], [¢'(A+1)+2]. Let ¢ := C+TC’ (not necessarily irrational),
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=Y and w" := {[¢"i +n]}. We have [n] < 1,|¢i+¢| = [('i + 9] =
[¢"i+mn] for 1 <i < Xand [¢"(A+1) +n] > n. Hence w”|;, = 2. In
particular w"|p ) = oz for some symbol 0. We now choose from (,(" the
one belonging to gz and we find a new pair ({,¢’). Note that | — ('], [¢— |
have halved. Proceeding this way it is easy to see that (,(’ — (o and that
¢, — ¢p where (5 > 1 and ¢g € R. Since ¥ < 0 < ¢ for all ¢, we have
¢o = 0 and we deduce that

z = {[¢oil}1 C [1,n].

If {p € Q, one can make it irrational by enlarging it by a little bit. Now let
w be the Z-word {|{p¢]}. Then az,bx C w, since they are contained in a
sturmian Z-word of density {y. This proves the lemma when z € MLE(Bal).
The other case follows by reflection, since Bal is reversal invariant. O

Now let w be an infinite Hedlund word and P its associated finite Hedlund
word. Remember that P can be characterised as the smallest word such
that aPa,bPb C w. We have aPa,bPb C w and ¢ Pg C w for some symbol
o. All these words are balanced. Indeed, if some z € {aPa,bPb,cPg} is not
balanced, then Lemma 2.6.1 gives us a word () with aQa,b@Qb C x. Then
|Q| < |P|, hence Q@ = P, a contradiction. Therefore the three words are
balanced and by reversal we find the same for @Po. Summarising we have:

if P is a finite Hedlund word, then aPa, aPb,bPa,bPb € Bal

We say that P is strictly bispecial (SBS) in the language of balanced words.
We now show that the finite Hedlund words can be characterised by this

property.
Lemma 2.9.2. Let x be finite with axa, axb,bxa,bxb € Bal. Then x € H.

Proof. Let |z| =: n,c(z) =: \. By the previous lemma there exist ¢,{’ > 1
irrational such that za = {[¢i] 1 € [1,n+1] and b = {|¢'i]}} C [1,n+1].
Then [¢i] = [¢"i] for 1 <i<Xand [((A+1)]=n+1<[('(A+1)]. In
particular ¢ < ¢’. Now let " := HTC’ and w” := {|¢"i]} as before. Then
T = wl[y ], hence w[ ,11] = 2o for some symbol g. We now choose from
¢, ¢’ the one corresponding to . Then we find a new pair ¢, where [ —('|
has halved and it clear that ,(" — (o > 1. Since ((A+1) < n+2 < {'(A+1)

for all ¢,¢’" we find { = 25 and z = {[{oi|}} C [1,n]. Notice that this
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means that there exists at most one x when n, A are fixed. We now construct
a finite Hedlund word with the same n, A as x and then our proof will be
finished.

If (n+2,A4+1) =:d > 1, there would exist an integer 1 < ¢ < X with
to € Z. Since our initial ¢ was irrational we find [(t] < (ot = [{ot], a
contradiction. Therefore d = 1 and there exist integers p,q with 0 < p <
AMO0<g<n+1landp(n+2)—qgA+1) =1. We set [ := p,s := g and
k:=A+1-I,r:=n+2—s. Then0 <[l <sandir—ks=I1(r+s)—s(k+I) =
p(n+2) —qg(A+1) = 1. But then per(s,r,1) has length n, content A and
we are done. O

Remark. It follows from the proof that

i(r+s)
k+1

We will use this representation of finite Hedlund words in Section 2.5.3.

per(s,r, 1) = {[ | 'f+l_1 cl,r+s-2].

The remainder of the proof of the formula for bal(n) is standard and can
be found, for instance, in [dL/Mi]. Since it will take us little extra effort we
include it here. In the theorem ¢ denotes the Euler phi function.

Theorem 2.9. bal(n) =1+ > 7 (n+1—1)¢(7).

Proof. We write Sp(n) := MRE,(Bal) and sp(n) := |Sp(n)|. Here
Sp stands for "special”. Since every x € Bal(n) has a right-extension in
Bal(n + 1), it follows that bal(n + 1) — bal(n) = sp(n) for all n. For fixed
n we can define the mapping f : Sp(n + 1) — Sp(n), given by f(z) = [z]|".
It follows from Lemma 2.9.1 that this mapping is surjective and the set of
y € Sp(n) with more than one original equals SBS, (Bal). By Lemma 2.9.2
(and its converse) this set equals B(#,n). We will now count the number
of finite Hedlund words of length n.

By the second remark after Theorem 2.6 every finite Hedlund word P of
length n can be uniquely written as per(s,r,1) where s,r > 1 are coprime
with 7+ s = n+2. The number of pairs (s, r) satisfying this equals ¢(n+2)

Hence sp(n+1)—sp(n) = ¢(n+2) for all n and bal(n) = 1+37_5 sp(k) =

D DD Briksy ()—1+Ezl<n+1—z>¢<) O

Corollary 2.9.1. bal(n) = 2—2 +O(n?Inn).
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Proof. To prove these asymptotics it is easier to write bal(n) = 1+ 37 ®(k)
where ®(k) := Y8 | ¢(i). Tt is proved in [HW, Theorem 330] that ®(k) =
382 4 O(kInk). Summing yields Y7 ®(k) = 5 + O(n?Inn), which is the
claimed result. O

We now turn to the number of stiff words of length n. We need only consider
those which are not balanced and all of them are contained in an infinite
Hedlund word. Let w be an infinite Hedlund word with corresponding fi-
nite Hedlund word P. We have seen that P could be characterised as the
smallest solution z of axa,bxb C w. We will show that it is in fact the only
solution. If z is a solution, then z € MRE(w), hence z is a suffix of wy,
the maximal periodic left-infinite subword of w. In particular z C w; and,
similarly, x C w,. We have seen in the proof of Theorem 2.6, however, that
B(wy, i) N B(wy,i) =0 if i > |P|. Hence |z| < |P| and this implies z = P, as
stated. Combining this with Lemma 2.6.1 we find the following lemma.

Lemma 2.10.1. Let w be an infinite Hedlund word and P its corresponding
finite Hedlund word. For a factor x C w we have that = is not balanced iff
aPa,bPb C .

Lemma 2.10.2. Let w = PER(s,r, A) be normalised such that the mazimal
overlap P of its periodic parts is situated at [1,n]. Let S = [—s,n+ 1+ 1].
Then a finite subword x C w s not balanced iff it has a domain containing
S. Also, every non-balanced subword determines w completely.

Proof of Lemma 2.10.2. We know that w1} = 0 P7 for some symbol
o. Since |[cP| > |P|, it follows from what we have just seen that oP ¢ w,.
Therefore [0, n] is the right-most domain inducing o P and the other domains
are [0,n] — sN, because w; is periodic with minimal period s < |cP|. Hence
the right-most domain inducing cPo equals [—s,n + 1 — s]. Similarly, the
left-most domain inducing 7P7 equals [r,n+ 1+7]. Now let  C w be finite
and I a domain for z. Then z not balanced <= (aPa,bPb C ) <
[-s,m+ 1+ 7] C I and this is the first part of the lemma. If x C w is not
balanced, then P is the unique solution of aPa,bPb C w. Also 0 Pg C x for
a unique symbol o and an easy calculation shows that for infinite Hedlund
words w with corresponding P we have aPb C w <= A = 1. Hence P,A
are determined by x and the second remark after Theorem 2.6 shows that
the same holds for w. O
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Theorem 2.10. st(n) —bal(n) =23 5;<, /0 (n + 1 = 2i)6(3).

Proof. Note that in the previous lemma |S| = 2(r + s). We want to
count the stiff words x of length n, which are not balanced. To construct
such an z, one chooses coprime positive integers s,r with 2(r + s) < n,
one chooses A € {£1} and then x can be any subword of w := per(s,r, A)
containing S. It follows from Lemma 2.10.2 that no different choices for
(s,7,A) yield the same x and writing i = r + s we get our formula. O

Corollary 2.10.1. st(n) = g—Z; + O(n%Inn).

Proof. We will write m := |5]| and § € {0,1} with parity opposite
to n. Then partial sommation can be used to show that st(n) — bal(n) =
437 ®(i) —2(n — 1) — 26®y,. The estimates from Corollary 2.8.1 then im-
ply that st(n) — bal(n) = 4—;”; + O(m?Inm). In particular st(n) — bal(n) =
% + O(n?Inn). Now combine with Corollary 2.8.1. O

2.5. Other classical facts.

First we give some alternative descriptions of Beatty words. The first one
uses cutting sequences, the second one is based on the dynamical system
(X,T), where X = R/Z is the unit circle and T a rotation. The third one
connects Beatty words with Christoffel words.

2.5.1. Cutting sequences. Let A € R*, € R and consider the line
[ with equation y = Az + pu. Let A=ZxR,B=R xZand C = AUB,
the integer grid. The intersection [ N C is a discrete subset of [ and we
write [ N C' = {(z4,v;) }icz, where z; increases strictly with i. We define
X :1NC — {a,b}* by
a, ifPeA\B
x(P)=4 b ifPeB\A
ba, if PeANB

Hence x(P) = a if | cuts the grid vertically, b if [ cuts the grid horizontally
and ba if P is an integer lattice point. We put wy , = [[peinc X(P), i-e. the
concatenation of all the y(P) in ascending order.

Proposition 2.11. w, , is the Z-word corresponding to the subset {[(\ +
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1)i + pltiez of Z. In particular it is a Beatty word.

Proof. Two consecutive a’s in w) , correspond to some points (i, Ai + )
and (i +1, (i + 1) 4+ p). Keeping in mind the convention for lattice points,
we find that the number of b’s in between equals [{{\i + | +1,---, [A(F +
1)+ pl} = [Ai+1) +p)] — [N+ p] = 9. Hence we have wy , =
[Licz(ab¥?). Now consider @ = {[(\ + 1)i + u}icz. For all i € Z we
have |(A+1)(i+1)+p] — [(A+1)i+u] = ¥;+1 hence also @ = [[;cz(ab¥).0

We might have taken x(P) = ab on AN B. In that case the floor symbols
should be replaced by ceiling symbols. We have considered only positive
A because (A, ) and (—A\, —u) give rise to the same word w) , as is easily
verified.

Theorem 2.11 explains the name cutting sequence for a Beatty sequence.
If one considers only the halfline [ N {x > 0}, the previous theorem gives
a nice geometric interpretation. Consider a billiard table [0,1] x [0,1] and
shoot a ball from the initial position (0,fr(x)) with slope A\. Then wy
encodes the collisions of the ball with the sides of the table when opposite
sides of the table are identified. For this reason Beatty sequences are also
called billiard sequences and usually one restricts oneself to irrational A. For
generalisations to more dimensions see [AMST)].

2.5.2. Rotations. Let o € (0,1] and § € R. We define the Z-word w, g
by w; = a <= B +ia € (0,q] modl Then we have w; = a < 3k €

Z:k<fB+ia<k+a < Tk: <kﬂ<z<:>z€{|_k+aﬂj} €z
This shows that w, g is a Beatty word of the form {|¢i + ¢]|}. It is easy
to see that every such Beatty word is a w, g: just take o := ,ﬂ = =2

Similarly we define @, g, but the interval is now [0, ). This ylelds prec1sely
the Beatty words of ceiling type.

Let a be irrational. The above reasoning shows that w = w, g is sturmian
and apparently P(w,n) = n+1 for all n € N. It is instructive to see how this
follows from the description above. Let n € N. We define V,, = (0,a],V, =
(a, 1] as subsets of the unit circle T = R/Z and for x = z¢ - - - z,—1 € {a,b}"
we define V,, = N2y (Vy, — ta). Here V,, — ta is the image of V,, under a
translation over —ta. We have

Wi Wign—1 = <= B+ (i+t)a eV, ,V(0<t<n) < B+ia€V,.

Note that V; # 0 <= z € B(w,n) and that V; NV, = 0 when z # y.
If V,, # 0, then V, is a finite union of intervals, all of whose endpoints are
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contained in UP=', (—ta). These points divide the unit circle into n+ 1 parts
and since every non-empty V, contains at least one of them, we find that
P(w,n) < n+1. Now let € {a, b} be such that g € V. If w were periodic
with period p, we would have 8 + paZ C V,. This is impossible because
the first set lies dense in T. Hence w is not periodic and we conclude that
P(w,n) = n+1 for all n.

The replacement of (0, a] by other sets yields an easy way to construct
Z-words of low complexity. We will not go into this now.

2.5.3. Christoffel words. Let € RT and let [ be the line with
equation y = ax. We define a path v = (P,)§° in Z2 by Py = (0,0)

p._) Pt (0,1) if P, 4+ (0,1) does not lie above !
"7 P, + (1,0) otherwise.

Hence v remains as close as possible under or on the line /. The path v can
be used to define a word z with domain N, namely by setting z; = a <~
P;1 = P;+(1,0). Hence horizontal steps in 7 are encoded by a and vertical
ones by b. The word z will be called the infinite Christoffel word of slope «
and we write z = CH(«).

We now consider the special case that « is rational. Hence let us suppose
that @ = 2 where p, q are coprime positive integers. The first point after
Py where ~ intersects the line [ will be P,,, = (¢,p). The path from P,
to Pp14 induces a prefix of z of length p + ¢. We will call this word 2’ the
primitive Christoffel word of slope g. Note that it is indeed primitive since
c(z') =q, ]| =p+qand (¢,p+q) = 1. We write CP(%) for this primitive
Christoffel word. It is customary to define CP(0) = a and CP(c0) = b. We
will also write CP for the class of primitive Christoffel words.

Proposition 2.12. a) If a € R, then CH(a) = {|i(a+1)]}§° C N.
b) Let s,r be coprime positive integers and let é, % be the left and right den-

sity of PER(s,r,1) respectively. Then a per(s,r,1) b= CP(%_‘; —1).
c) CP = {a,b} UaHb.

Proof. a)Let z = CH(«a). Then z, = a if and only if P,, = (i, [ic]) for some
i € N. The next a then corresponds to (i+1, [(i+1)«]) and the number of b’s
in between equals ; := | (i +1)a] — [ia]. Therefore we have z = TI3°(ab¥+).
The claimed equality now follows from [(i+1)(a+1)| — [i(a+1)] =¢;+1
for all 7 > 0.
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b)Let p:=r+s—(k+1),q:=k+Il. Thenp,q € NT and lp—(s—1)qg =
hence p, g are coprime. Part a) then shows that CH(p) = {[z( )J}8°

N. Restricting domains yields CP(%’) = {[z(”’s)J}kH ! [O,r + s —1].

k+1
Since [(k +1—1)(327)] < r+s—1, it follows that CP(%) = axb where
z = {li (Zﬁ)J}IfH_I C [1,r + s —2]. By the remark after Lemma 2.8.2,

finally, we have x = per(s,r,1).

¢) Let p,q be coprime positive integers and let (A, u) be the unique
pair of integers satisfying A(p + q) —ug = 1,0 < p < p+ q. Define
Il = Nk == q—\s = u,r := p+ q— s. Direct verification shows
0<k<nr0<I<slr— ks 1 and %_‘; — 1 = 2, This shows that
every primitive Christoffel word not equal to a,b can be obtained as in b).0

Part b) already appears in [Be/dL] as Proposition 4.4, but the proof there
is only valid if IE) < 1. Part c) also appears in [Be/dL], as Theorem 4.1. For
more information on Christoffel words, see for instance [Be/dL],[Bo/L]. In
[Be] algorithms are given for the construction of Christoffel words.

2.5.4. Sturmian substitutions. A substitution is a mapping T :
{a,b}* — {a,b}* which satisfies T'(zy) = T(z)T(y) for all z,y € {a,b}*.
Of course T is uniquely determined by T'a,Tb and if Ta = X, Tb =Y, then
we will write 7' = (X,Y). The mapping 7" has a natural extension to the col-
lection of all words, finite and infinite, and we will identify T with this exten-
sion. We now consider the substitutions L = (ba,b), R = (ab,b),C = (b, a).
For notational convenience later on we write R’ := (a,ba) = CRC.

Lemma 2.13.1. Let w be a Z-word. Then Lw is balanced (stiff) if and
only if w is balanced (stiff). The same holds if L is replaced by C or R.

Proof. By Lemma 2.6.1 we know that a Z-word x is balanced if and
only if there exists no word y with aya, byb C w. By Proposition 2.7 we also
know that a word w is stiff if and only if it has no strictly bispecial factor
y, i.e. a word y such that aya,ayb,bya,bydb C w. We will now use these
characterisations.

Suppose w is not balanced. Let y be such that aya,byb C w. Then
baL(y)ba,bL(y)bb C Lw and Lw is not balanced. Now assume that Lw is
not balanced, hence aya,byb C Lw for some y. We have baya = L(aa)
and substitution of y = L(£)b gives aL(£)ba, bL(£)b? C Lw. This implies
afa,béb C w, whence w is not balanced.
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Now assume that w is not stiff, hence aya, ayb, bya, byb C w for some y.
Then baL(y)ba,baL(y)bb,bL(y)ba,bL(y)bb C Lw. This implies that L(y)b
is strictly bispecial in Lw and Lw is not stiff. Now assume that Lw is not
stiff, then aya, ayb, bya, byb C Lw. We have baya = L(afa) and this implies
aL(€)ba, aL(€)b?,bL(€)ba, bL(£)b?> C Lw. Then ¢ is SBS in w and w is not
stiff.

This proves the lemma for L. Since Lw = Rw for any Z-word w the
lemma also holds for R. It is trivial for C. O

Proposition 2.13.  Let w be a Z-word. If w is sturmian (infinite Hed-
lund), then Lw, Rw,Cw is sturmian (infinite Hedlund).

Proof. First assume that w is infinite Hedlund. Then Lw, Rw,Cw are
stiff and not balanced by Lemma 2.13.1. Hence they are infinite Hedlund.
Now assume that w is sturmian. Then Lw, Rw,Cw are balanced, recurrent
and have irrational density as a small calculation shows. Hence they are
sturmian. O

Remark. If w = {[Ci + ¢|} then Lw = Rw = {|(C + 1)i + ¢|} and

Cw= {fcg:f’}} Similar formulas hold for w = {[{i + ¢]}.

Lemma 2.14.1. Let w be a balanced Z-word. Then w = Lx for some bal-
anced Z-word x or w = R'x for some balanced Z-word x. If w = Lz = R'y
for Z-words x,y, then w = (ab)>.

Proof. We have aa ¢ w V bb ¢ w because w is balanced. In the first
case we have w = Lz for some Z-word x and z is balanced by Lemma
2.13.1. The second case is similar. If w = Lz = R'y for Z-words =,y we
have aa,bb ¢ w. Hence w = (ab)®°. O

The collection of all substitutions form a monoid (halfgroup) and we let
M be the submonoid generated by {L,R,C}. Note that {L, R',C} is an-
other generating set. Then every T € M maps sturmian Z-words into
sturmian Z-words and the converse is also true. This is shown in [Mi/S]
but it also follows from Theorem 3.1 in this thesis. Elements from M are
called sturmian substitutions, transformations or morphisms. Some other
basic properties of M are mentioned in the next theorem. We recall that a
sequence x1,Ts,--- is said to converge to an infinite word zx if there exists
a sequence my — oo with |x,| > m, and x,,z agreeing on the first m,
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symbols for all n.

Theorem 2.14. a) If w is a balanced Z-word of rational density, then
w = Tx where T € M,z € {a*,a*ba™}.

b) If w is an infinite Hedlund word we have w = T(a®b>) for some T € M.
c) Let w be an infinite Hedlund word with left period cycle m and right pe-
riod cycle wo. Let T be substitution. If Tm; is primitive for i = 1,2 and Tw
15 also an infinite Hedlund word, then T € M.

d) (Adaptation of Lemma 2.13.1.) Let w be an N-word with wy = a and
T e {L,R,C}. Then w is balanced if and only if Tw is balanced.

e) If w is a balanced word with domain N, there ezists a sequence T,, € M
with Tp,(a) — w.

f) Let C be the collection of finite primitive words m such that ©° is bal-
anced. Then C = Urepm{T'(a)}.

Proof. a) Write a(w) = % where k > 0,n > 1 are coprime. If o € {0,1}
the statement is obvious, hence we assume a € (0,1). By the previous
lemma we have w = Lz or w = R'x for some balanced Z-word z. In the

first case we have a(w) < 1, a(z) = -£ as an elementary calculation shows

and in the second case we have a(w) > 3, a(z) = %T_" We can now apply

the same reasoning to = as to w. If we write a(z) = £ where p > 0,q > 1
are coprime then p + ¢ < k + n in both cases. It follows that this process
ends in some Z-word y and then a(y) € {0,1}. If a(y) = 0 we are done and
if a(y) =1 we write y = C'z where a(z) = 0.
b) First let a quadruple (k,,r, s) of integers be given with0 < k < 7,0 <[ <
s and Ir — ks € {—1,1}. We will show by induction on max(s,r) that there
exists a sturmian substitution 7' = (X,Y) with (¢(X),c(Y),|X],|Y]) =
(I,k,s,7). The induction basis is given by r = s = 1, in which case
{k,l} = {0,1} and then T'" = (a,b) or T' = C will do. In all other cases
s#r. If s <rthen (I,k —1I,s,r — s) is another such quadruple and the
induction hypothesis shows that there exists a sturmian 77 = (X', Y’) with
(e(X"), c(Y"), | X", |Y]) = (U, k= 1,s,r—s). If (X,Y) =T :=T"o (ab,b) we
will have (¢(X),c(Y),|X|,|Y]) = (I,k, s,r) as required. The case r < s is
similar.

Now suppose that w = PER(s, r, A) is infinite Hedlund. By the previous
paragraph there exists a sturmian 7' = (X,Y) with (¢(X),c(Y), | X|,|Y]) =
(I,k,s,r). But then T(a*b*>) is infinite Hedlund by Proposition 2.13 and

has left and right density é, %, respectively. In particular it has the same
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parameters (s,r, A) as w and therefore it equals w.

¢) We will use induction on |T'a|+|Tb|. If |Ta| = |Th| = 1 we have T' = (a, b)
or T = C and then clearly T' € M. Now suppose that |Ta|+|Tb| > 2. Write
T = (X,Y) and assume for the moment that between X and Y there exist
no prefix or suffix relations. If A, B are the greatest common prefix and
suffix of X,Y, respectively, we have |A|,|B| < min(|X]|,|Y]).

Since w,Tw are both infinite Hedlund we can write w = PER(s,r, A)
and Tw = PER(s',r',A’) and we define k,[,k’,l' as usual. Considering
the maximal overlap of the periodic parts in Tw we find per(s’,7',A’) =
BT (per(s,r,A))A, hence r' + s — 2 = |[ABXFF-1yr+s—1-k~l|  Now T'm;
is a minimal left period cycle since it is primitive by assumption. Hence
s' = |Tx| = | X'Y*7Y. Similarly » = |X*Y"*| and substitution yields
|AB| = |XY| — 2. This implies |A| = |X| —1,|B| = |Y| — 1, hence X =
cX'= X"t and Y = X' = X"7 for symbols o, 7 and words X', X”. Then
X'=X" =0 and |Ta| = |Tb| = 1, contradicting our hypothesis.

Therefore there exists some prefix or suffix relation between X and

Y. Suppose first that X = Y Z for some Z. Then T = (Z,Y) o (ba,b).
By assumption we have T'm; = (Z,Y)((ba,b)m;) € PRIM, which implies
(ba,b)m; € PRIM. Hence 7; := (ba,b)m; is a left and right minimal pe-
riod, respectively, for the infinite Hedlund word (ba,b)w. For the pair
w' = (ba,b)w, T" := (Z,Y) we can now apply the induction hypothesis
since |ZY| < |XY| and we conclude that 7" € M. Then also T' € M. The
other cases can be dealt with similarly.
d) Let w be an N-word and T € {L, R,C}. If w is balanced, then w C w*
where w* is a balanced Z-word as can be seen by applying theorems 2.3
and 2.4. Applying Lemma 2.13.1 we find that Tw* is balanced and then
the same is true for Tw. Now suppose that it is given that Tw is balanced.
We can find a left-infinite word @ such that @wTw is balanced. We claim
that w = T'(w*) for some left-infinite word w*. For T = C this is imme-
diate. If T = L and aa ¢ w this is also clear and if T = L,aa C W we
have bb, aa ¢ Tw, whence w = a°°. In this case it is already clear that w is
balanced. If T'= R one uses aa ¢ w and the assumption that wy = a.

All in all we have that T'(w*w) is balanced and applying Lemma 2.13.1
we find that w*w is balanced and the same is then true for w. The example
w = bba® shows that the condition wy = a in the R-case cannot be omitted
in general.

e) We define w® := w. If aa C w(™ we define w1 := Cw™. Ifaa ¢ w™
and w(()n) = a,b, then we define w1 by w(™ = Rw( 1) Lw®+D) respec-
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tively. In all cases w(™*!) is balanced by d. We define ¥,, = C,R,L in
the respective cases and A, := U;---¥, € M. Then w = A,w™ for all
n € N. Note that |[A,(a)] = oo. If w(()n) = a for infinitely many n we can
extract a subsequence nj such that w(()n’“) = ¢ for all k. Grouping some
consecutive U’s together we find w = (@ - - - &} )w(™) where &; € M and
Dy ---Pr(a) — w. Suppose now that w(()n) =bforn > N. If w) #£ p>,
then the number x of initial b’s satisfies 1 < x < oo and a simple induction
shows that w(N*t9) has exactly y — ¢ initial b’s if 0 < ¢ < x. In particular
wVHX=1) starts with be and then wV*X) starts with a, a contradiction.
Therefore w™) = > and writing Ay =: (7, p) we have w = p®. In this
case the sequence T, := Ay L" will do.

YT = (X,Y) € Mwith (¢(X),c(Y),|X],|Y]) = (I,k,s,7) an easy induc-
tion argument shows that Ir — ks € {—1,1}. In particular (k,7) = 1 whence
X is primitive. Also XY is infinite Hedlund by Proposition 2.13 and it
follows that X € C. Now suppose that X € C and write ¢(X) =: [, | X| := s.
From the periodic part of Theorem 2.5 it follows that | X|, the minimal pe-
riod of X°, equals the least possible denominator of a(X>°) = % Hence
(I,s) = 1 and we can choose numbers r € Nt A € {—1,1} such that
w = PER(s,r, A) has left density é If the overlap of the periodic parts is
situated at [1,r +s—2], then every 0 < i < r+ s — 2 gives rise to a bisection
W(_oo,i]s Wi+1,00) Of w into two parts with periods s, r, respectively. Because
r+s—12> s we can choose such an ¢ with wy;_,,1; = X and this means that
a primitive word Y of length r exists with X*°Y*® = w. Then (X,Y) € M

by part c. O

2.5.5. Sturmian words and continued fractions. In part e of the
previous theorem we saw that that the right-infinite closure of the collec-
tion {T'(a)}rem equals the set of right-infinite balanced words. The next
theorem shows, basically, which closure one obtains when M is restricted
to M’ =< L,C >, i.e. the submonoid generated by C and L. The theorem
already appears in [AR, p. 206] but the proof below is based on ideas by
Stolarsky. Lemma 2.14.3 has been taken from [S].

Theorem 2.15. Let { > 1 be irrational with continued fraction expansion
¢ =[14do,di,---]. Let w be the standard sturmian word w = {[{i|}32; C
N and let the sequence (sy,) of finite words be defined by s 9 = a,s 1 =b
and sp1o = sz’fﬁzsn forn > —2. Then s, — w if n — oo.
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Proof. Let p—z be the n-th convergent of ( and define S,, as the restric-
tion of w to the interval [1,p,]. The proof is based on three small lemmas.
The first one states that the convergents of { are alternatingly smaller and
greater than ¢, which is proved in [R, Thms. 10.9,10.11] and the second one
describes a well-known “best approximation property” of the convergents.
A proof is given in [R, Thm. 10.15]. We assume as known the recurrence
relations for py, ¢, which can be found in [R, Thm 10.7].

Lemma 2.15.1. Let Z—: be the convergents of an irrational number (. Then
:Z—:<C <= n =0 mod 2.

Lemma 2.15.2. Let py, qn,( be as above. If k,l are integers with |k — (| <
‘pn - QRC‘a then | > qny1.

Lemma 2.15.3. Let py, qn,( be as above. Then [((i+ qn)] = [(i] + pn for
1< <gptr-

Proof of Lemma 2.15.3. If n = 0 mod 2 we use Lemma 2.15.2 with
(k,1) = ([¢il,17) to obtain 1 > [(i] —i¢ > ¢,{ — pp > 0. Subtraction yields
[[¢i] + pn — (i 4+ ¢u)¢] = 0 or [(¢ + ¢,)¢] = i) + p, which was to be
shown. If n = 1 mod 2 we use Lemma 2.15.2 with (k,1) = (|(i],%) to obtain
1> (i—|¢i] > pn—an¢ > 0. Again subtraction gives the required equality.0

Proof of Theorem 2.15. Applying Lemma 2.15.2 with k = [{],l =1 we
find for each natural n that |(q, — pn| < fr(¢) < 1. In particular [(g,]| < pp-
Also Lemma 2.15.3 with i = 1 gives |((g, + 1)| > pn, hence ¢(S,) = ¢,
for all n € N. We will now show that S,42 = SZT{QS” for all n € N. The
lengths are equal and therefore we only have to check

L€+ Agny1)] = [Ci] + Appg1 for 1 <@ < gpi1,0 < X < dpyo,
[C( + dnt2gnt1)] = [Ci] + dptopnyr for 1 <i < g, and
LC(Qn +1+ dn—I—ZQn-I-l)J > Pn+2-

The first line follows from Lemma 2.15.3 and ¢p11 + (dnt2 — 2)@nt1 < @n+2,
the second line follows from Lemma 2.15.3 and ¢, + (dp+2 — 1)gnt1 < @ni2
and the third line was proved before since ¢, + dp12¢n+1 = Gn+2- It is clear

that Sp = bl¢la = sy. The first line is also valid for n = —1 and combining
this with ¢(S1) = 1 = di = ¢(S&') we find S; = S§b = s3's_;. Induction
now shows that S, = s, for all n € N. In particular s,, = w. O
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Corollary. Let M’ be the monoid generated by {L,C} and let w be an
infinite word with domain NT*. There exists a sequence T,, € M’ with
T,(a) = w if and only if w is a standard Beatty word.

Proof. Let w be a standard Beatty word, hence w = b or w = {[(i]}$° C
N for some ¢ > 1 or w = {|2=1|}%°, where 0 < k < n and (k,n) = 1. We
let W be the collection of N*-words w¢ := {[{i]}§° with ¢ ¢ Q. It is not
hard to check that every standard Beatty word is contained in the closure
W, where the topology is the usual (metric) one on Nt-words. Therefore
we can assume that w = w¢ for some irrational . We define s;,, as in The-
orem 2.14 and T,, = (Sp,8ns1). Then Ty 41 = T,,L%+2C, hence T,, € M’
for all n > —2. Also Tp(a) = s, — w. Now assume that T, (a) — w
where T, € M'. If T is any substitution with aT'(a),bT(a) € Bal, then
T' = CT and T' = LT are substitutions with the same property. It follows
that Ta € MLE(Bal) for all T € M'. Then T),(a) € MLE(Bal) for all n and
w € MLE(Bal). Hence w is a standard Beatty word by the final remark of
Section 2.2. |

Remark. We call M’ the monoid of standard sturmian morphisms.

2.5.6. Generalized Robinson triples. We first quote Problem E
3156 of the American Mathematical Monthly, see also [Ro].

E 3156. Suppose that r,s,t are integers withr > 0,s > 0,t =r+s>2. Is
there a word W of length t in the alphabet {a,b} such that W = AB = Cab,
where A, B,C are palindromes, and the lengths of A and B are r and s?
Show that such a word W exists if and only if r + 2 is prime to s — 2, and
that in this case it is unique.

Clearly this problem was solved in the Monthly, see [Pd]. It is known that
the set of possible C equals H. This can be seen, for instance, by combin-
ing propositions 1 and 2 in [dL]. In this section we want to show how the
solution triples (A4, B, C) can, in a way, be parametrized by a submonoid of
M. The above result that {C'} = H will then follow as a corollary. We will
investigate the slightly more general equation AB = C % where 7 € {a,b}*
is fixed.

Let © € {a,b}* and define Q := {(A, B,C) € PAL3|AB = C z}. We
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let 2, Q be the sets of triples (4, B,C) € Q with |B| < |#| and |B| > ||,
respectively. Note that Q) and Q are disjoint if and only if x is not a palin-
drome. In Lemmas 2.16.1 and 2.16.2 we construct a lot of solutions and
then we show that they are all.

Lemma 2.16.1. Let z= XY be a trisection of T into palindromes. Then
(XPx; ¥, x) € @ and (x, ¥xdx¥, x¥x) € Q2.

Proof. Trivial. O

Let (A4,B,C) € Q. From AB = C 7 and |B| < |z| we deduce T= AB
for some word A. This is the A in the next lemma. Now let (4, B,C) € Q.
From AB = C 7 it follows that BA = zC. Since |B| > |z| we have B = zf3
for some word S.

Lemma 2.16.2. We have mappings £L: Q - QR : Q0 5 Q0.8 : Q = O
giwen by L(A,B,C) = (A,xzAB,AzC),R(A,z5,C) = (BA,zB,8C) and
S(A,B,C) = (A\ B,C\).

Proof. First we deal with £. From zAB = zC }?, AzxC = ABA it follows
that tAB, AzC are palindromes and we have ArAB = AzC %. There-
fore (A, zAB,zC) € Q. In the R-case we have SA = C, :1:5 B,xz(pC) T=
BAB hence ,BA zf3,8C € PAL and Az = BAB = C Z. In theS Case we
have A\ = )\ CM\,C\ = A hence AN\,C\ € PAL and AAB=A T=C\Z .0

We have only finitely many possibilities (¢, x, 1) for the trisection appearing
in Lemma 2.16.1 and, in principle, one can find all of them when z is given.
We let £ € Q and ¥/ C  be the set of solutions obtained in this way. Then
%, % are also finite. We define & := QNQ, hence " = {(4, z, A)|A € PAL}
if z € PAL and & = () otherwise. Also we define ¥ := {(0), A, A)|A € PAL}
if z =0 and " = () otherwise.

Theorem 2.16. We have Q= LIQ)UR(Q) U and Q= S(Q) U U D",
Every solution (A, B,C) € Q is the image of a solution in L UX UX" U X"
under an element of < L,R,S >.

Proof. Assume (4,283,C) € Q. We have Azf = C T = BA % hence

a prefix-relation exists between A and £3.
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If | 8] < |A| then A = Sa for some word a and (A, z3,C) = (Ba, x5, 8A) =
R(a,zf,A), provided we show that (a,z8,4) € Q. This follows from
zB(a)zf = zAzB = aC r€ PAL and BlazB) = Azf = C = B(A ).
Hence (a, 2, A) € Q and (A4,z8,C) € R(Q).

If |A| < |B] then B = A~y for some v and (4,z83,C) = (A,zAvy, AvA).
Since AyA = C' we have v € PAL. The equality Az = A % above implies
zf =~vA % and therefore a prefix-relation between x and vA exists.

If |z| < |A~| we have yA = xd for some ¢ and (A,z5,C) = (A, zAvy, Azd) =
L(A,7,0). The last step follows from v € PAL, Ax(Ay) = Az(é f’?) and
26 T= xAy = 2 € PAL. Suppose now that |Avy| < |z|, hence x = vAe.
Then (A,z5,C) = (A, zAvy, AvyA) = (A, 7AeAvy, AyA). We immediately see
that also e € PAL, hence eAy =7 and (A,z8,C) € %.

We now deal with the case that (A4, B,C) € Q) and as usual we write

%= AB. We have AB = C (:E, hence A = C\ :1{ C. We assume )\ # (),

otherwise (4, B,C) € ¥". Induction gives CA" = (X)"C for all n € N and
this implies that C is a suffix of the left-infinite word A\°°. Hence C' = Q\"

where @ is a strict suffix of A and n € N. Writing A = PQ we find X: QP,

%._e. A and X are conjugate. By PQ = \ = <]?C_) we have P, Q) € PAL. Then
= AB = PQB and (A4,B,C) = (C\,B,C) = (Q\"t1,B,Q\"). If n > 1
we have (A, B,C) = S(Q\", B,QA\"!) and if n = 0 we have (4, B,C) € &',

This proves the two equalities enunciated in the theorem. Now suppose
that (A, B, C) € 2 is not contained in SUS/US/US™. If (A, B, C) € €1, then
(A,B,C) = 8(P,Q, R) where (P,Q,R) € (. Then (4, B,C) = (PX,Q, R\)
hence |PQR| < |ABC| with equality if and only if A\ = (. If indeed A = 0
we have B = x € PAL and (A,B,C) = (A4,z,A) € ¥", a contradiction.
Therefore (A, B,C) is the image under § of a “smaller” triple. The case
(A, B,C) € Q is analogous. O

Example 1. Consider AB = Caababb. The possible trisections of aababb
into palindromes are (¢, x, ) = (a, aba, bb), (aa, bab,b). Therefore the basic
solutions are given by ¥ = {(aba, bbabaaababb, ababbaba),

(bab, bbabaababb, babbbab)} and ¥/ = {(abaaaba, bb, aba), ((babaabab, b, bab)}.

Example 2. Consider AB = Caababbaa. No triples (¢,x,) exist,
hence this equation has no solution. It is not hard to verify that |z| = 8
is minimal, i.e. that every word of length at most 7 is contained in PAL3.
By the fact that the number of palindromes of length p equals 2[P+1)/2] we
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have |{a,b}" N PAL?| < Ek+l+m:n2k_y+HTl+mTH = (”42'2)2"7+3 Hence for

all large enough n there exist words x of length n such that our equation
has no solution.

Example 3. Consider AB = Cab. The trisections of ab are (0, a, b), (a, 0, b),
(a,b,0), hence ¥ = {(a, baab, aba), (0, bab, b), (b, bab, bb)} and

¥ = {(aa,b,a), (a,b,0), (bab,d,b)}. Note that ¥, are not minimal since
Theorem 2.16 remains true when we delete (b,bab,bb) = R((,bab,b) and
(aa,b,a) = S(a,b,d) from them, respectively. See also Stelling 6.

From now on we only consider AB = Cab as in Example 3. As in Sec-
tion 2.5.4 we define L := (ba,b) and also L' := CLC = (a,ab). We let
M" :=< L, L' >, note that M" U CM" = M’ where M’ is the monoid
of standard sturmian morphisms from Section 2.5.5. Also we set M* =
{(X,Y) € M"||X| > 2}. Note that every (X,Y) € M* is of the form
(€ba,Y).

Lemma 2.17.1. a) If (A4,baB,C) € Q, then (Aba, 3) € M*.

b) If (€ba,Y) € M*, then a Z exists with (£,baY, Z) € Q.

c) Suppose that (X,Y) € M" | X| =: s,|Y| =: r and that Z = per(s,r,1).
Then XY = Zab and Y X = Zba.

Proof. a) Theorem 2.16 and Example 3 together allow us to use induction.
The induction basis consists of the elements of Q which are minimal with
respect to application of £, R. All these are contained in UFPLS™ (X' )UX. If
7 = (aa,b,a) € &' we have LS™(7) = (a"*2,ba"3b,a"2ba"2) and clearly
(a™*2ba,a™t2b) € M*. The other two cases are similar. For 7 € ¥ the re-
sult follows by inspection. For the induction step we assume (A, baf3,C) € Q
and (Aba, 8) € M*. For L(A,baB,C) = (A,baAbaS, AbaC') the statement
follows since (Aba, Abaff) € M* and for R(A,bafB,C) = (BA,bafB,C) it
follows since (BAba, ) € M*.

b) Here we use induction on M*, now with respect to L and L’. The min-
imal elements are (L')"L = (a"ba,a™) and we have (a",ba™t1b, a"ba™) €
Q. Now suppose (£ba,Y) € M* and (€,baY,Z) € Q for some Z. Then
L(E,baY,Z) = (€,batbaY, EbaZ) € Q implies the statement for (€ba,Y )L/
and using R one finds the statement for (ba,Y)L.

c) We know that w := XY is an infinite Hedlund word. With in-
duction it is easy to show that a(X) > «(Y) when (X,Y) € M”, hence
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w = PER(s,r,1). Since [X]! = a,[Y]! = b it follows that Y*° is the max-
imal right-periodic subword of w. Hence Z = [X*®],;5_9 = [Y®];45-2 =
X[Y*®);_2 = Y[X®,—2 = X[Y],2 = Y[X]|;_2. An easy induction also
shows [XY]2 = ab,[Y X]? = ba and the result follows. O

The following theorem follows at once from a and b in the previous lemma.

Theorem 2.17. Consider the equation AB = Cab in palindromes A, B,C.
Let Q, M* be as defined above. An element of Q will be written in the
form (A,baB,C) and an element of M* in the form (£ba,Y), as before.
Then there ezist mutual inverses F : Q — M* G : M* — Q given by
F(A,baB,C) = (Aba, B),G(Eba,Y) = (£,baY, Z). Here Z is defined by b in

the previous lemma.

Corollary. If (A,B,C) € Q then C € H. Conversely, if C € H, then
there exist A, B such that (A, B,C) € (.

Proof. Let us assume that (4, B,C) € Q. If |B| <1 we have (4,B,C) €
Q = UPs™(Z) = {(a"*',b,a"), ((ba)"'b,0, (ba)"b)}, hence C € H. If
|B| > 2 we have (A,B,C) = (A,baf,C) € Q and by a we have (X,Y) :=
(Aba, ) € M*. Defining s,r, Z as in ¢ we have Zab = XY = Abaf3 = AB =
Caband C =7 € H.

Finally let us assume that C € H. We can write C' = per(s,r,1) for
uniquely determined s, by the remark at the end of Section 2.3. Define
(X,Y) € M" by |X| = s,]Y| = r, then XY = Cab by ¢. If |X| <1
we have (X,Y) = (a,a™),C = a" and for these C' we have the triple
(a™t1,b,a™) € Q. If | X| > 2 we have (€ba,Y) := (X,Y) € M*and by ba Z
exists with (€,baY, Z) € Q. Then Cab = XY = £baY = Zab, hence C = Z
and (&,baY,C) € Q. O
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Chapter 3.
Z-words of minimal block growth.

3.1. Classification. Let k£ € N and suppose that w is a k-stiff Z-
word. Then either w is periodic or P(w,n) > n + 1 for all n by Theorem
2.1. If we assume that w is not periodic, then Theorem 2.1 also implies that
P(n+1) — P(n) > 1 for all n and it is clear that P(n+ 1) — P(n) =1 for
all but finitely many n. It follows that there exist integers k', N with k¥’ < k
such that P(w,n) =n+ k' for n > N.

Definition 3.1. Let w be a Z-word. Then w has minimal block growth
if there exist integers k, N such that P(w,n) = n+ k for alln > N. The
integer k > 1 is called the stiffness of w. We write k(w).

We give some more definitions. A Z-word w is called recurrent if every
finite factor x appears at least twice in w. It then appears infinitely often,
but not a priori infinitely often in both directions. Two finite words x,y
are called conjugate if they are cyclic permutations of each other and we
write £ ~ y. Another characterization is that there exist words A, B with
x = AB,y = BA and yet another one is that x,y have the same length and
generate the same Z-word > = y*°. This last characterization shows that
conjugacy is an equivalence relation. A Z-word w is called left periodic if
there exist integers p > 1 and N such that w; = w;_;, for i < N. The least
possible p is then called the left period for w and any p-factor x of w with
domain contained in (—oo, N] is called a left period cycle. Note that x is
determined up to conjugacy only. Of course analogous definitions can be
given with right instead of left.

First we describe the structure of non-recurrent Z-words of minimal block
growth. Proofs can be found in [C, Section 3]. We note, however, that
Theorem 3.10 in [C] is not entirely correct. To avoid confusion we will give
our own proofs and afterwards we indicate what (minor) changes have to be
made in Theorem 3.10 in order for it to be true.

Theorem A. Let w be k-stiff (k > 1) and not recurrent. Then w is left
pertodic and right periodic.

Now let w be an arbitrary Z-word which is periodic in both directions but
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not periodic as a whole, for instance w = --- (ab)(ab)(aba)(aba)--- We de-
note the left- and right period by s,r respectively and the corresponding
maximal periodic domains by (—oo, A], [, 00). We define the overlap of w
to be ¢ = A — p + 1 (this overlap can be 0 or negative). Also we define
x = r = s if the period cycles are conjugate and x = s 4+ r otherwise.

Theorem B. Let w be a Z-word which is left periodic and right periodic
but not periodic. Then w s not recurrent, it has minimal block growth and

E(w)=x—-1-g.

Important for the recurrent case are substitutions which were already in-
troduced in Section 2.5.4. If T = (AB,AC) and T = (BA,CA), then
To = T'o for all Z-words o. It follows that we can identify T and T" if we
are only interested in their action on Z-words. Now suppose that T' = (X,Y)
where X,Y are non-empty of length m,n > 1, respectively. We define the
right infinite words z = X,y = Y*°. As before, 7" may be identified with
Tp = (Tk -+ Thom—1,Yk * * * Yktn—1) if ; = y; for 1 < i < k. It follows that
either x = y, in which case X,Y are powers of the same word 7, or else that
T is equivalent to 7" where [T"a); # [T'b];. In the first case we call T trivial
and To = 7 for all . We see, therefore, that every non-trivial T' can be
identified with a T where T'a, T'b have different initial symbols.

From now on we assume that 7" = (X,Y’) is a substitution with [X]; =
a,[Y]1 = b. It might happen that T is of the form (X, ZX) or of the form
(ZY,Y). Of course these cases are incompatible since X # Y. In the first
case we define the reduction 774 of T as (X, Z) and in the second case as
(Z,Y). If neither of these cases apply we call T irreducible and we just
define 7% = T. Now let T' be any substitution. After a finite number
of reductions one obtains an irreducible substitution and we denote the re-
sult by TREP. For example, if T = (abba,bba) then TRED = (q,bb). Note
that an irreducible substitution 7 is of the form (AocC, BaC) with uniquely
determined A, B, o, and, conversely, that every substitution of this form
with [Ao]i = a,[B7]1 = b is irreducible. We define the stiffness k(7" of an
irreducible substitution 7' = (AcC, BaC) by k(T) = |ABC|+ 1. If T is
reducible then we define k(T) = k(T®FP). The term “stiffness” will become
clear from the next theorem and Lemma 3.4.

Theorem 3.1. Let w be a recurrent k-stiff Z-word. Then there exist a re-

current stiff Z-word o and a substitution T such that To = w. Conwversely,
if o is sturmian and T a non-trivial substitution, then To is recurrent, has
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minimal block growth and k(To) = k(T).

The first assertion can be found in [A, Chapitre 3] for words with domain
N over any finite alphabet 3. The formula for the stiffness in the second
assertion is new. Related results on recurrent k-stiff words can be found in
Didier [D], Paul [P] and Coven [C].

Proof of Theorem A. Assume that the subword x with domain [1,n]
does not occur elsewhere in w. Then every subword containing this one
does not occur elsewhere in w either. Let w’ = wows--+. For N > n there
exist N —n + 1 intervals of length N containing [1,n]. Hence P(w’,N) <
(N+k)—(N—-n+1)=k+n—1. Since P(w',N) is bounded we have
that w' and also w are right periodic. By a symmetry argument w is left
periodic. O

Proof of Theorem B. First we deal with ¢ < 0. Hence we can write
w = A®BC® where |A| = s,|B| = —g,|C| =7, A and C are primitive (not
powers of a smaller word), B # ), A and B have different initial symbols
and B, C have different terminal symbols. If B starts with ¢ and ends in 7,
then Ao does not appear in A and 7C' does not appear in C°. It follows
that ABC = Ao ---7C appears only once in w, say in position [1,n]. In
particular w is not recurrent.

Now let D be any subinterval of Z of length N and x the subword of
w with domain D. We say that x has property * if z C A after deleting
at most |[BC| — 1 symbols from the right and we say that x has property
¥ if x € O after deleting at most |AB| — 1 symbols from the left. If
D C (—oo,n — 1] then x has property * and if D C [2,00) then z has
property **. The remaining intervals D are exactly those containing [1, n].

Now suppose that x satisfies * and ** simultaneously where

N > |A|-|C| +|ABBC| - 2.

Performing both deletions we find a word 2’ with |z/| > |A| - |C| such that
«’ is contained in A® and C'*. Let z” be a subword of z’ of length |A]| - |C].
Then 7" = A¢l = ClAl where A ~ A,C ~ C. So the Z-words A®, C™®
are equal, hence A® = (' and by primitivity we have A ~ C. Now
x is obtained by extending z” with period |A| = |C| in both directions.
Therefore, if N > |A|-|C|+ |ABBC|—2 then every word z satisfying * and
** is contained in both periodic parts of w.
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We note that for N large exactly x words of length IV are contained in
some periodic part of w and that exactly N —n + 1 subwords of w contain
ABC. We will now count the N-factors x of w which do not contain ABC
and are not contained in any of the two periodic parts. By the previous
paragraph these subwords satisfy exactly one of the conditions * and **.
First suppose that x satisfies only *. Then any domain D of x satisfies
D C (—oo,n —1],D ¢ (—o0,|A|], and there exist |[BC| — 1 such intervals
of length N. If D is such an interval, then the corresponding word z is
not contained in the left periodic part (z contains Ac), not contained in
the right periodic part (then z would satisfy *,** simultaneously, hence be
contained in the left periodic part), and does not contain ABC. Moreover,
all such D yield different z, since the x’s can be distinguished by the first
appearance of Ao. Hence the number of words not contained in a periodic
part, not containing ABC' and satisfying only * equals |[BC| — 1. Similarly
the number of such z satisfying only ** equals |AB| — 1. Hence

P(w,N) =y + (N — |[ABC|+1)+|BC| -1+ |AB|-1=N+x-1-¢

Now we consider the case ¢ > 0. Then we can write w = A BC® where
|A| = s,|B| = ¢,|C| = r where A,C are primitive and where the max-
imal periodic parts are given by A®°B and BC. In analogy with the
previous argument we find that ABC appears only once in w and that
P(w,N)=x+(N—-|ABC|+1)+|C|-1+|A|-1=N+x—-1—gfor N
large. O

Remark. A formula for k(w) in Theorem B already appears in [C, The-
orem 3.10]. Coven defines, in our terminology, that x = r = s if w is
asymptotically symmetric and y = r + s otherwise. Here a Z-word w is
called asymptotically symmetric if there exist ¢,j such that w;_ = wjy
for all £ > 0. The reader should be aware that the condition of asymptotic
symmetry appearing in [C] is not equivalent to our condition of equal period
cycles on either side as the example w = (aababb)®(baabab)® shows. If
Coven’s condition is replaced by ours, then the proof in [C] is correct.

Proof of Theorem 3.1. Let T = (X,Y) be a substitution with [X]; =
a,[Y]1 = b. We associate with T" a directed graph G(T'), each edge of which
is labelled with a or b. The graph consists of two directed cycles «, 8 of
lengths | X|,|Y| whose only intersection is a vertex O, the origin. Also, if
one follows a from O to itself the labels read X and if one follows S from
O to itself the labels read Y. We call G(T) the representing graph for T
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An acceptable path in G(T') is a directed path whose labels form the initial
segment of a right-infinite word on {X,Y}. In other words, an acceptable
path is a path whose labels can be obtained starting from O. If an accept-
able path has label z, then there is a unique ¢ of minimal length such that
x is a left-factor of T¢. We call £ the coding for z. It indicates the order in
which X,Y appear following the path. The choice is unique because X,Y
start with different symbols.

Lemma 3.1.1 Let T be an irreducible substitution and G its represent-
ing graph. From every vertex P # O there is at most one acceptable path of
given length. Moreover, there exist positive integers M, N such that every
acceptable path with starting vertexr # O has a coding with period M after
deleting the first N symbols.

Proof. Let P # O and first assume that there is an infinite accept-
able path from P. The first symbol of the coding is fixed and following X,Y
accordingly in G(T) we find a path P — . The direction to take at O is
completely determined by the next symbol. Suppose Q = O and without
loss of generality that the final edge of the path P — @ lies in a. Apparently
the word you followed was Y, since otherwise P = O. If |Y| < |X]| then
X = ZY for some Z and if |X| < |Y| then Y = ZX. Both are impossible
because T was irreducible. Hence () # O and repeating the procedure we
find a path P - @ — R — --- where each arrow has label X or Y. Since G
has only | XY'| -2 vertices different from O, the first | XY | —1 elements of the
sequence P, Q, R, - - - cannot be distinct. Hence some vertex appears twice in
the sequence and since every point in the sequence determines its successor
uniquely it follows that the sequence is eventually periodic. The same is
then true for the acceptable path and its coding. Let N be the maximal
preperiodic part of the codings (taken over all P) and M the least common
multiple of all the periods. These M, N will do. If there exist only finite ac-
ceptable paths from P then the uniqueness is shown as above and enlarging
N sufficiently the second part of the Lemma becomes trivial for all such P.O

We recall that a finite word = is called primitive if = is not a power of a
strictly smaller word. Every finite word can be written uniquely as power

of a primitive word. See [B/P, Proposition 3.1] for a proof.

Lemma 3.1.2. Let T be an irreducible substitution. Then there exist only
finitely many finite primitive words x such that Tz is not primitive.
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Proof. Suppose z is primitive and Tz = n™ with n primitive and n > 2.
Trace out 7 in G(T), starting in O and find a path O — P. If P = O then
n =T(), hence Tx = T(¢") and = = £, a contradiction. Here the injec-
tivity of T is a direct consequence of the fact that X starts with a and Y
with b. Thus P # O and there is an acceptable path from P with label n*.
But we know from the proof of Lemma 3.1.1 that 7 is determined by P and
hence the set of possible 7 is finite. Now suppose that x,y,n are primitive
such that Tz, Ty are powers of . Then we have Tx = n™, Ty = n™ for some
m,n € NT, hence 2" = y™. From the Defect Theorem, (see [B/P, Theorem
2.8]), it follows that x,y are powers of the same word and by primitivity we
have z = y. We conclude that there are only finitely many n and each 7
yields at most one x. g

Lemma 3.1.3. Let T be an irreducible substitution. There are only finitely
many primitive x for which there exists a word y with x % y but Tx ~ Ty.

Proof. Suppose z,y are as in the lemma and write Tx = n™ with n prim-
itive and m > 1. Choose an admissible path v from O with label (Ty)%°.
Since (Ty)° has primitive period cycle n there is a P € 7 such that the in-
duced path from P onwards has label n*°. If P = O then T'(y*°) = T'(22*°)
for some z hence y>*° = zx*®. It follows that £ = y*° (where now these
words are understood to be Z-words), hence = ~ v*, y ~ v! for some prim-
itive v and k,I > 1. Then T'(v)¥ ~ T2z ~ Ty ~ T(v)! and by comparing
lengths we find £k = and = ~ y, a contradiction. Hence P # O, and since
the infinite path from P onwards is admissible we find that 7 is determined
by P. Hence only finitely many 7 are possible and since every n yields at
most one x we are done. |

Let w = PER(s,r,A) and L,R,C as in Section 2.5.4. We know that
Lw, Rw,Cw are infinite Hedlund words as could also be seen by calculating
X,g and applying Theorem B. A density calculation shows Lw = Rw =
PER(s + I,r + k,A),Cw = PER(s,r,—A). From these formulas it follows
that L, R, C induce injections H — H and then the same is also true for any
T € M. We now concern ourselves with the effect of arbitrary substitutions
on infinite Hedlund words.

Lemma 3.1.4. Let T be an irreducible substitution. Then there exists a
finite set V.C Q such that P(Tw,n) = n+ k(T') for n large whenever w is
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an nfinite Hedlund word whose left- and right-density avoid V.

Proof. Choose w = PER(s,7, A) such that the left and right period cy-
cle are not in the exceptional sets of Lemmas 3.1.2 and 3.1.3. We write
|Ta| = ¢,|Tb] = ¢ and A,B,C as in the definition of k(T"). Then Tw
has minimal left-period ¢ + (s — 1)), minimal right-period k¢ + (r — k)
and overlap (k+1—1)¢+ (r+s—k —1— 1)y + |C|. The exclusion made
guarantees that the period cycles mentioned are not conjugate and applying
Theorem B we have k(Tw)=x—-1—-g=(k+0)¢+(r+s—-k—-0y—-1—
(k+1-1)¢p—(r+s—k—1—1)0—|C| = p+9—1—|C| = |ABC|+1 = k(T).0

Remark. Let T = (abba,bb) and w = PER(2,5,1) = (ab)*(babab)°.
The reader may verify that k(7T) = 5 and that k(T'w) = 2. This shows that
the restriction on w cannot be dropped.

Let w be a Z-word of minimal block growth, then P(w,n) = n+k forn > N
and this means that for n > N we have MLE, (w) =: {Cy,}, MRE,,(w) =:
{Bp}. It is obvious that B, is a right-factor of B, if n > N, hence
there exists a unique left-infinite word B such that B, equals the last n
symbols of B for every n > N. Of course every right-factor from B has
MRE and this allows us to define B, for every n > 0. Similar defini-
tions can be given for C' and C,. We note that for stiff words w we have
MRE(w) = {Bp},MLE(w) = {Cy} for all n and that for infinite Hedlund
words B, C are equal to the maximal periodic tails. We say that w has a
jump at n > 0 if [MRE, (w)| > 1 or, equivalently, if P(w,n+1)—P(w,n) > 1.
Of course n < N for such n. The following lemma has been set apart since
it will be used several times in the sequel.

Lemma 3.1.5. Let w be a Z-word with P(w,n) = n+ 1 for all n, T
an irreducible substitution, v a bi-infinite path in G(T) with label Tw and
let x € MRE(Tw) be finite. If all paths along v with label x have the same
endpoint, then x is a right-factor of the left-infinite word T'(B(w)).

Proof. If all paths along v with label x have the same endpoint, then
this endpoint must be O. It follows that we can write x = yT'(z) where y
is a strict right-factor of X or Y and where z C w. Here y, z are unique
because T is irreducible. We have z € MRE(w), hence z = B;(w) for some i
and we have B;11(w) = Az for some symbol \. If v contains different paths
with label x then y is a common right-factor of X and Y. In particular y is
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a right-factor of T'A and x is a right-factor of T'(B(w)), as stated. If there
is a unique path along v with label x, then y must be a right-factor of T'A
and we are done as well. O

Lemma 3.1.6. Let w be a Z-word with P(w,n) = n+1 for all n, T an
irreducible substitution, p = max(|Tal,|Tb|) and M,N as in Lemma 3.1.1
If x € MRE(Tw) has length 7 and x is no right-factor of T(B(w)), then w
contains an M -periodic word of length [i —1-N].

Proof. It follows from Lemma 3.1.5 that = has two representing paths
Py--- Py, Qo---Q; along v with P; # @, and, consequently, Py # Qg. We
may assume 7 > pu (otherwise the theorem is trivial), hence both paths
pass through O. If neither of these paths starts at O then we delete the
initial edge of both of them and we repeat until one of them does. The new
length v of both paths satisfies 7 — 4 < v < 7 and both paths have label
Z := [x]”. We denote the new paths, without loss of generality, by OP] - - - P,,
and Q) --- Q.. Note that P, # Q) and O # Q. Let & be the coding of
these acceptable paths. From OP]--- P, C v we deduce ¢ C w and from
Lemma 3.1.1 applied to the acceptable path Qf - - Q!, we deduce that ¢ has
period M after deleting the first NV symbols. The result now follows from
lu > T >v>7—p O

Proof of Theorem 3.1. (first part) The first part of the theorem is trivial
if w is periodic, hence we assume that this is not the case. Let k = k(w).
For every n > 1 we define a directed graph G, with vertex-set B(w,n) and
edge-set B(w,n + 1) in such a way that every x € B(w,n + 1) induces an
arrow from its first n symbols to its last n symbols. This graph is usually
known as the n—th Rauzy graph of w. Every subword x of w of length
> n induces in a natural way a path in G,,, namely the path which has the
successive n-factors of x as its succesive vertices. More precisely, a word
T = X1---Tpyp induces the path which has x;--- x;1n_1 as its i-th vertex.
This path has |z| — n edges and is called the path induced by x. Conversely
we call z the label of this path.

The undirected graph underlying G,, is of course connected. Since w has
minimal block growth, it follows that for n large there is one point B, of
outdegree 2, one point C), of indegree 2 and that every point has positive
indegree. It follows that we have only three possibilities for the type of G,
for n large.
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a) A loop from B, to itself, a path of positive length from B, to C, and
a loop from C,, to itself. (Apart from B,, C),, the different loops and
paths have to be disjoint).

b) If B, = C, then two distinct loops from B, to itself.

c) If B, # C), then two paths from B, to C), and a single path from C), to
B,

If one is in case a) for some n then one is in case a) for all larger n and it is
easy to see that the pathlength B,,C, in G, increases by 1 if n increases by
1. After at most one such step we find a point P # B,, C, on this path and
then there is no path in G, from P to itself, contradicting the fact that w is
recurrent. Hence only b) and c¢) occur. If one is in case c) then it is not hard
either to show that the pathlength C, B, in G,, decreases by 1 if n increases
by 1. See also [A/R, section 1]. It follows that case b) appears for infinitely
many n and without loss of generality we take some n such that b) applies
and such that there are no jumps at positions > n. The loops «, § in G,
have labels B, X = ¢(B,, and B,Y = nB,, respectively, where [X]; # [Y]1
and [£]! # [n]'. We assume [X]; = a and [Y]; = b. It is immediate that
w = T(o) for some Z-word o. We define y(a) = «a, x(b) =  and extend
x by concatenation to a mapping sending words to paths in Gy,. Then the
infinite path - induced by w (read off its successive n-factors) equals x(o).
In particular it follows that o is determined up to shift. We recall that for
each p > 0 there exists a natural bijection B(w,n + p) +> { paths of length
p along 7}, again by reading off the successive n-factors. The cardinality of
both sets equals p + n + k. It follows that for every p > 0 there is a unique
path v, of length p with two right-extensions in v. In particular, every two
such paths are comparable, i.e., 7, is a left-extension of v, if p > .

Now suppose that z,7# € MRE(¢’). Then x(z),x(Z) have m.r.e. in
~. Therefore these paths are comparable and the same follows for x,Z.
Since ¢’ is not periodic it follows that [MRE;(¢")| = 1 for each ¢ and hence
that P(o’,i) = ¢+ 1 for all 4. If ¢/ is not recurrent, then ¢’ is left- and
right-periodic with a finite overlap. The same is then true for w, but then
Theorem B shows that w is not recurrent. Hence ¢’ is recurrent and by the
classification of stiff Z-words it is sturmian.

(second part) Let o be a sturmian Z-word and T a non-trivial substi-
tution. We can assume without loss of generality that T is irreducible. If
x C T(o) then we can write yxz = T¢ where £ C o. Since £ appears infinitely
often in o, the same holds for z in T'o. Hence T'(o) is recurrent. We write
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p = max(|Tal|,|Th|) as before. Choose n > 1 and let &, C o be a finite sub-
word such that &, contains all (n+ 2u)—factors from o and let w = w(n) be
an infinite Hedlund word containing &,. (Since &, is balanced it is contained
in a rational Beatty word by Theorem 2.8, hence also in an infinite Hedlund
word). Then B(o,n + 2u) = B(w,n + 2u), hence B(To,n) = B(Tw,n) and
P(To,n) = P(Tw,n). For every p > 1 there exists a constant Cj, such that
o contains no Cp,—factors of period p. Otherwise, let {, be a p-periodic

subword of length n for every n. Then d(@, %) — 0 and @ — afs)
as n — oo, a contradiction. It follows that the left and right density of
w = w(n) lie outside the set V' from Lemma 3.1.4 for n > n;. Taking
n > n; and applying Lemma 3.1.4 we have k(Tw) = k(T) .
Suppose now that 7 > n is such that |[MRE,(Tw)| > 1. Then w con-
tains an M-periodic word of length [% —1— N] by Lemma 3.1.6 and since
% —1—NJ] < n the same word appears in ¢. Hence [ —1— N] < Cy
whence n < u(N + Cp; + 1). Taking n larger than this value it follows
that Tw has no jumps at places 7 > n, hence P(To,n) = P(Tw,n) =
n+ k(Tw) =n+ k(T). 0

Remark. Let w be a recurrent Z-word of minimal block growth. It follows
from the previous proof that G;(w) is strongly connected for large i. From
this we conclude that G;(w) is strongly connected for all i.

3.2. Differences and similarities between £t =1 and k£ > 1. Let
x be a finite balanced word. Then a balanced Z-word w exists with z C w.
The same is true when balanced is replaced by k-balanced (Theorem 2.3) or
by stiff (Theorem 2.4). It is however not true for k-stiff when & > 1. The
first proof we gave used de Bruijn cycles and can be found in [HT]. The
following proposition is a little stronger.

Proposition 3.2. For every k > 1 there exists a finite 2-stiff word which
s not contained in any k-stiff Z-word.

Proof. Suppose that the proposition is not true for some k£ > 1. Let
o be a sturmian N-word with og = a,aa ¢ o and let & = ao. By hypothesis
we have for every n > 1 a k-stiff Z-word w™ with w(™) li1,n] = [G]n- Choosing
a subsequence w("™) that converges on (—oo, 0] we find a Z-word w that is k-
stiff and such that wl[; ) = &. Since w has irrational right density it follows
from Theorem A that w is recurrent and then w = Tz for some sturmian
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Z-word x by Theorem 3.1. In particular it follows that every finite factor
of w appears arbitrarily far to the right and more in particular this holds
for aa C w. We infer aa C o, a contradiction. This proves the proposition.O

For k > 1 we define Sy to be the collection of Z-words w such that P(w,n) <
n + k for all n and such that P(w,n) = n + k for at least one n. We define

8" = {w € Si|w is periodic }
8,"P = {w € Sg|w is recurrent but not periodic }
Sp" = {w € Sk|w is non-recurrent }

It is obvious that S is the disjoint union of these three sets. In the notation
from Theorems 2.5 and 2.6 we have a = ST, ¢ = §'® and bud = SI.
The following propositions are direct generalizations of the k = 1 case. The
factor set F'(S) was defined in Section 2.4.

Proposition 3.3. F(S}") = F(S,"?) C F(S™).

Proposition 3.4. If w € S has the same period cycle in both direc-
tions, then F(w) C F(S;™").

Proposition 3.5. Let w be a recurrent and k-stiff Z-word. Then w is
k-balanced. The latter k cannot be replaced by k — 1.

Remarks. Let k > 1 and consider the Z-word w = a®(b¥a)®. This
word is in Sp* (apply Theorem B) and the factor a**t2bFab is contained in
no element of 8" as follows from combining Propositions 3.3 and 3.5. This
shows that the inclusion in Proposition 3.3 is strict. At the same time it
shows that the recurrency condition in Theorem 3.5 is necessary: in fact w
is not k’-balanced for any &'.

Proof of Proposition 3.3. First let w € S,E’er with primitive period cycle
7 and choose n maximal such that P(w,n) = n + k. Then P(w,n — 1) <
P(w,n) = P(w,n + 1). The graph G, is a cycle and because P(w,n —1) <
P(w,n) it follows that MRE,_;(w) contains an element A. Choose a sub-
word 7A of w. Then only one of the words Aa, Ab succeeds it in G,,, say A7’.
We let G!, be the graph which is obtained by adding the edge TAT" to Gp,.
We write By, := 7A, Cy, := A7’ for its endpoints. The two paths from B, to
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itself in G7, have labels which we designate by X,Y. Note that 7 € {X,Y}
and without loss of generality we take X = 7. Let ¢ be a Z-word of stiffness
1 and T(c) = w' where T = (X,Y). Then w' has minimal block growth by
Theorem B or Theorem 3.1 and we note that G, (v') = G,.

We will now show that w’ has no jumps at places > n, hence has stiffness
k. Suppose that x € MRE(w’) satisfies || > n and let T : Z — G!, and
v : Z — G(TRFP) be bi-infinite paths induced by w’. We normalize these
bi-infinite paths by demanding that I'(0) = B,,v(0) = O, and that the
edge I'(¢)['(t + 1) has the same label as the edge v(¢)y(t + 1) for all t € Z.
For all P € G, there is a corresponding point Q € G(TRFP) such that
I'(t) = P implies 7y(t) = Q. It is enough to show this for P = B, and
P = C,. For P = B,, the statement is clearly true with @ = O, because
X,Y can be written as words in TREP(q), TREP(b). In G!, we have two
simple paths from B,, to C,, exactly one of which has length 1. Denote this
path by d1, the other path by &2, and let ¢ := 7/ be the label of §;. By
induction we have a @ for every P € 3 \ {Cr}. Let Py be the vertex of
09 preceding C,. If the subpath of Jo from B, to Py has label X; and if
the unique simple path from C), to B,, (possibly empty) has label X5, then
X = X16X5,Y = ¢X, and T = (X1, ¢X,). Therefore X; can also be
seen as a word in TRED (g), TRED () and the word corresponding to Py is O.
From this the statement follows for P = C,,, hence for all P € GI,.

Now suppose that two finite subpaths of 7 have label = of length 7 >
n. The corresponding paths along I' have the same endpoint P, which
corresponds to the last n symbols of . Then the subpaths along ~ all end
in Q. Let ® € M be such that T = TREP 0 ® and set & := ®(0). We can
now apply Lemma 3.1.5 with TR*P and & to find that © = By(w'). Hence
w’ has no jumps at any ¢ > n and w’ has stiffness k, as claimed.

If z is a finite factor of w = 7 = T'(a™), then z is also a factor of
w' = T(o) whenever ¢ is a sturmian word with a density sufficiently close
to 1. Also, z is a factor of w’ if ¢ is an infinite Hedlund word with one of
its densities close enough to 1. Then T'o € §," or To € S, respectively,
and this shows that F(S;®) is contained in F(S;"") and in F(SP").

Now for the other part. Let w € 8™ and  C w a finite factor. We
take n above all jumps such that B,, = C,, and we may assume x C B,.
If the loops in Gy, have labels X,Y, we set w' := (XY )*® as a Z-word and
this w’ contains x. We define the path ~ : Z — G, by the requirements
Y0 = Bu,V|(=o0,0] has label (XY)* and 7|[g,«) has label (X'Y)*°. For every
k € N there exists a natural bijection B(w',k + n) — { paths of length k
along v}, namely by taking a word in B(w',k 4+ n) and then reading off its
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successive n-factors. Also it is clear that each path along ~ of positive length
has a unique right extension along y. We conclude MRE, (w') = {B,,} and
MRE,;1(w') = 0. Since P(w',n) = P(w,n) = n+Fk this implies v’ € S¢*.0

Proof of Proposition 3.4. Let w € §;" with equal period cycles in both
directions and x C w a finite factor. Again we take n above all jumps of w.
The common period cycle in w induces a cycle in G, which contains B,,, C),
since B, is contained in the left periodic part and C), is contained in the
right one. It follows that we are in case b) or c), as described in the proof of
Theorem 3.1. Without loss of generality we assume that we are in case b)
and that x C B,,. If the loops in G, have label X,Y we set w' := (XY)*®
as before and this w' € §)°" contains . O

Proof of Proposition 3.5. Suppose that w is not k-balanced. We can
find in w two subwords A, B with |A] = |B| =n and ¢(4) > ¢(B) + k + 1.
We take A, B such that n is minimal. Then ¢(A) = ¢(B) +k+ 1. The graph
Gp(w) is strongly connected, as remarked after the proof of Theorem 3.1.
Let a be a directed path from A to B of minimal length in G,, and 8 a
directed path from B to A of minimal length. The path « has length > n
since otherwise a non-empty right-factor of A would equal a left-factor of
B, contradicting the minimality of n. Likewise § has length > n. We define
the effect of an arrow z — y in G, as c¢(y) — c¢(z), which is contained in
{=1,0,1}. The effect of a set of edges is simply the sum of the individual
effects. We denote the number of edges in a \ § by s and their total effect
by 0. We denote the number of edges in §\ « by ¢ and their effect by 7. We
denote the number of common edges by f and their total effect by ¢. Then

s+t+f<n+k+1.
Alsoo+¢=—(k+1),7+ ¢ =Fk+1, hence
s+t>o|+|r|=p+k+1+|k+1—¢| =2max(k+1,|¢|) > 2(k +1).

Combining these inequalities with s + f > n and t + f > n we find that
equality holds everywhere. This implies that

- the path af is induced by the word ABA;

- the number of (n + 1)—words appearing in af equals n+ k + 1 and hence
that these words form B(w,n + 1);
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- all edges in «\ 3 are of the form a * b with * a word of length n — 1;

- all edges in '\ « are of the form b * a.

Now suppose that an edge from « also appears in 3. Let P — () be the first
such edge (following «). Then P # A because (3 finishes when arriving in
A. The arrow to P in « is of the form a * b. The arrow to P in [ is of the
form b * a. This is a contradiction, because the last symbol of P cannot be
a and b at the same time. Hence f =0 = ¢,s =t = n. But then all edges
in « are of the form a x b, hence A = a™, B = b". From ¢(A) =c¢(B)+k+1
we read off n = k+ 1, but then P(s,n) = |{vertices in ABA}| =2n > n+k,
contradicting that w is k-stiff.

Now let ¢ be an arbitrary sturmian word containing b* and T' the sub-
stitution with T'(a) = a¥, T'(b) = b. Then T is k-stiff by Theorem 3.1, it is
recurrent and obviously not (k — 1)—balanced since a*,b* C T'o. Therefore
the second k is indeed sharp. O

Corollary. If o is a balanced Z-word, then To is k(T)-balanced.

Indeed, every finite factor x C o is contained in a sturmian Z-word ¢’ by
Proposition 3.3. Now T'¢’ is recurrent and by Theorem 3.1 it is k(T)-stiff.
Applying Proposition 3.5 we find that T¢’ is k(T)-balanced and the same
then holds for T'z. Since xz was any factor, the result follows. O

3.3. More counting theorems. In this section we use Theorems A,B
and 3.1 to give, for fixed k and variable n, an upper bound for the number
of words x of length n which are contained in some k-stiff Z-word w, hence
for |F,,(Sk)|- First we deal with recurrent w and by Proposition 3.3 we may
restrict ourselves to w which are not periodic.

Theorem 3.6. For every k € N there exists a constant Cy such that
B (S™)] < G,

The next theorem estimates the number of words of length n which ap-
pear in a non-recurrent w of stiffness k, but not in a k-stiff recurrent Z-word.

Theorem 3.7. |F,(S¥) \ UF_ F,(Si™)| < 2%(n + k)3.
Combining these theorems we see that |F},(Sy)| = O(n?) when k is fixed. Of

course this does not help very much to estimate the total number of k-stiff
words of length n.
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The properties stiff and k-stiff do not seem to lie far apart. The situation
is very different for balanced and k-balanced since balg(n), the number of
k-balanced words of length n, is exponentially large in n when k > 2. We
prove the following theorem.

Theorem 3.8. For every k > 2 there exist positive constants c,d,Cy, Dy,
with 313 < Cx < Dy < 2 such that c - Cp < balg(n) < d- D} for all n and
such that limy_, o, Cp = 2.

Lemma 3.6.1. For k > 1 there exist exactly v := (k> + k + 2)2F=3 ir-
reducible substitutions with k(T) = k.

Proof. Write Ta = AoC,Tb = BaC as before. Then |[ABC| = k — 1.
It immediately follows that there exist only finitely many 7" and for the
explicit calculation we distinguish between four cases. If A,B = () then
Ta = aC,Thb = bC where |C| = k — 1 and we have 2¥~1 choices. If
A =0 # B then Ta = aC,Tb = bBbC where |BC| = k — 2 and we
have 2¥=2(k — 1) choices. The case B = () # A is similar and gives
the same number. If A,B # 0 then Ta = aAcC,Tb = bB7C where
|ABC| = k — 3 and we have 2872(*J") choices. The total number then

becomes 281 4+ 2671 (k — 1) + 2872 (K1) = (k2 4+ & + 2)283. ]

Proof of Theorem 3.6. Let w € S, and z € By, (w). We know by Theo-
rem 3.1 that w = T'(0) where o is sturmian, T is irreducible and k(T") = k.
We denote the set of these T by {71, ---,T,}, where v is defined in the previ-
ous lemma. There exist y, z, £ such that zy = 2T(£) where z is a strict right-
factor of X or Y and £ C o (possibly empty). Then = = [2T'(£)],. We will
write Z for the set of possible z and define ¢ : Z x {T;} x Bal(n) — {a,b}"
by ¢(z,T,&) = [2T(€)]n- The image of ® contains all words in F,(S,"").
Therefore |F,(S,")| < v|Z|bal(n) and the result now follows from Corol-
lary 2.8.1. |

Example. If k = 2 then T € {(aa,b), (a,bb), (ab,bb), (aa,ba)}, Z = {0, a,b}
and |F,(85"")| < 12bal(n).

Lemma 3.7.1. Letr,s € NT.d = (s,r),¢ =1+ s—2. The total number of

Z-words w with left-period s, right-period r (not per se minimal) and exact
overlap g equals max(2?,2979) if g < ¢+ 1 — d and 0 otherwise.
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Proof. We first deal with ¢ < 0. Then w = A¥BC® with |[A| = s,|B| =
—g,|C| =, A, B have different initial symbols and B, C have different ter-
minal symbols. Choose the symbols in B arbitrarily. This yields only 2
letter restrictions on A,C, hence we find 2/BI+(r=D+06=1) — 2¢-9 for the
number of possible w. Note that ¢ — g > d.

Now for g > 0, we first consider the case d = 1. The proof is basically a
generalisation of Tijdeman’s proof in [T, Section 4] when d = 1 and g = ¢.
We will use Tijdeman’s result that if xyp = 0 and =z, is inductively defined
by

) xp+sifx, <r
Tl = Tp—1Tifxg>1r

then {xg, -, z¢41} = {0,---,¢ + 1} and also x4y = 7.

Now first suppose that ¢ > ¢ and without loss of generality that [1,¢ + 1]
lies in the intersection of the periodic parts. If we define (x,)§° as above
and write o, = wy,, then o, = opy1 for n < ¢, hence w is constant on
[1,+1]. Since p+1 =r+s—1>r, s we see that the Z-word w is constant,
a contradiction.

Now let ¢ < ¢ and assume, without loss of generality, that the intersection of
the periodic parts of w is situated at [1,g]. At first we have to fill in (Un)gH'1
subject to the condition that o, = op41 when 41 < xp, Or 41 < g. Then
On # Op+1 is only possible when x, 1 > x,, g, hence if

Zp € [max(g —s+1,0),r — 1].

Note that this interval is not empty because g < ¢. This yields 1+ |[max(g—
s+1,0),r —1]| =r+1—max(0,g — s + 1) choices. Next we have to fill in
the max(0,s — (g + 1)) symbols to the left of the 0-position to complete the
left period cycle. The total number of choices is then r +1 — max(0,g — s+
1) +max(0,s —g—1)=r+1+s—g—1=¢+2— g, which is apparently
the number of Z-words with left-period s, right-period r (we will abbreviate
this as s-r Z-words) with [1, g] in the overlap. The number of s-r Z-words
with [1, g] in the overlap but not [1,¢ + 1] then equals

20+2=9 _ 90+1—9 — 29+1=9  if g < ¢;
201279 _ 9 =2, if g = o.

The second formula follows from the fact just proved that w is constant if
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g > ¢. Hence the number of s-r Z-words with exact overlap [1, g] equals

20+1=9 _90-9 = 2979 if g < ¢;
2, if g = ¢.

This proves our theorem when (r,s) = 1.

Now for the case (r,s) = d > 1. We writer = dp,s = do and t = p+0—2.
If an s-r Z-word has finite overlap then the overlap contains at most ¢ ele-
ments from a certain residue-class A mod d, for otherwise the Z-word would
be constant on every residue class modulo d, and this would imply period-
icity. Hence g <t+ (t+1)(d—1)=td+d—-1=r+s—-d-1=¢+1—d.
Now suppose that an s-r Z-word has finite overlap containing [1,g] where
g < ¢+ 1—d and write ¢(A) = |(A mod d)N[1,g]| for A € Z. The number of
choices is then Y¢_; (t +2 — ¢(\)) = d(t +2) — g = ¢ + 2 — g and the rest
is similar to the discussion when d = 1. O

Proof of Theorem 3.7. Let z € F,(Si") \ UF_| F,,(S;") and w a non-
recurrent Z-word of stiffness k& containing z. Write s,r as usual for the
minimal periods of w. Without loss of generality we write (—o0,g],[1,00)
for its maximal periodic domains. By Proposition 3.4 the period cycles are
not conjugate. If [\, \+n —1] is a domain for = in w, then g+2—-n < XA <0,
for z is contained in no periodic part of w. Hence for given w it follows that
the number of possible x is at most n—1—g=n+k—xy < n+k. From the
above we also conclude g <n—2, hencer,s <r4+s=yxy=k+14+9 <n+k.
For fixed s,r the number g is determined by ¢ = r+s—1—k and we have at
most max (2%, 2979) possibilities for w by Lemma 3.7.1. Now ¢ < ¢ + 1 —d,
again by Lemma 3.7.1, and substituting ¢ = ¢ + 1 — k this gives d < k.
Also ¢ — g = k — 1 and therefore each choice s, yields at most 2¥ possible
w. Combining all previous inequalities we have |F,(S2) \ UF_ F,(S;™)| <
28(n + k)3. O

Lemma 3.8.1. Let N,k,¢ be positive integers with 2¢ < k,N — ¢ < k
and A= {w| |w| = N,c(w) = ¢}. Then every element of A* is k-balanced.

Proof. For any w € A* there is a partition of Z into intervals I; =
p+|[Ni, Ni+ N —1] such that the word with domain I; is contained in A for
all ¢. Now let us assume that w € A™ is not k-balanced. Choose subwords
A, B C w of equal length n such that |c(A) — ¢(B)| > k and choose domains
D(A),D(B) for A and B. We can write D(A) = PQR, D(B) = STU where

59



Q,T are unions of I;’s and where P, R, S,U are strict subintervals of some
I;. We will identify P,Q, R,S,T,U with the subwords they induce and we
write |Q| = AN, |T| = uN where A\, u > 0. Comparing lengths and contents
we find

[(c(PR) + Ap) = (c(SU) + uo)| > k

We have |A—u|N = ||PR|—|SU|| < max(|PR|,|SU|) < 2N hence [A—p| < 1.
If A = p then the second inequality would imply k < |c¢(PR) — ¢(SU)| <
max(c(PR),c(SU)) < 2¢ < k, a contradiction. It follows that it is safe to

assume that A\ = y + 1, interchanging A and B if necessary. Counting the
number of b’s in SU we find |SU| — ¢(SU) < 2(N — ¢) hence

{ |PR| + AN = |SU| 4+ uN

|PR| > ¢(PR) > k—¢+¢(SU) > |SU|+k+¢—2N = |PR|+k+¢—N > |PR|

This contradiction completes the proof. O

Proof of Theorem 3.8. Let k¥ > 2 and choose ¢, N € N such that
2¢,N — ¢ < k. For instance ¢ = [X].N = ¢ + k will do. Now balg(i) is
increasing in 7 (this follows from Theorem 2.3) and applying the previous
lemma we find

[n/N| -1 n/N
ba1k<n>zba1k<NL%J>z(Z) z@) ({D e

In particular we can take Cy = 3% and because Baly(n) C Balg(n) for k > 2

k
we can take all Cj, > 33. The choice ¢ = |5],N =k gives Cy = ([k,;2])1/
The inequalities 22% < (2k + 1)(*) and 2%%*! < (2k + 2)(***") then show
that Cf > {"/%ﬁ’ hence limg_,oo C% = 2. Now for the upper bound, let
N = 2k + 2. Then bal,(N) =: A < 2V, hence

baly(n) < baly(N[-1) < AT < A= (AN = 4 D}
with Dy = AVN < 2. O

3.4. The interval coding property. Let T = R/Z be the unit cir-
cle and consider 6, ¢,V where 6,¢ € R and where V C T is a finite union
of intervals. It is possible to define a Z-word w by w; =a <= 0+i¢p €V
and if a Z-word w can be obtained in this way, we say that w has the inter-
val coding property (ICP). The interval coding property is closely related,
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but not identical, to the notion of interval exchange as introduced in [K].
In [D] interval codings with values with values in a g-letter alphabet are
considered.

All periodic Z-words have ICP and it follows from Section 2.5.2 that
sturmian Z-words have ICP. We will consider the question which recurrent
Z-words w of minimal block growth have ICP. We know that w = To with
T an irreducible substitution and ¢ a sturmian Z-word and we will give
a characterization in terms of 7. We recall from Section 3.1 that a substi-
tution T is called trivial if and only if T'a, T'b are both powers of some word 7.

Definition 3.2. Let T be a substitution. Then T has ICP if and only
if To has ICP for some sturmian Z-word o.

Theorem 3.9. If T = (X,Y) is a non-trivial substitution, then the fol-
lowing statements are equivalent: a) (|X|,|Y]) = 1; b) T has ICP; c¢) To €
ICP for all sturmian Z-words o.

First we will prove this theorem and then we will give an example to clarify
its proof. For the next lemma we define an equivalence relation on the set
of substitutions by calling two substitutions 7' = (X,Y) and T = (X,Y)
equivalent if | X| = |X|,|Y| = |Y|. We write T ~ T.

Lemma 3.9.1. Suppose that T = (X,Y) is irreducible and has ICP. If
T ~T, then T has ICP.

Proof. Let o be a sturmian Z-word such that To =: w has ICP. Choose
#,¢,V as in the definition. We define the representing graph of T as in the
proof of Theorem 3.1. There exists a path 7 : Z — G(T') such that the edge
vi—17; has label w; for all i € Z. Take n € N,z € B(w,n) and assume
that two paths along  exist with label x and different endpoints. We define
w, M, N as in Lemmata 3.1.1,3.1.6 and assume that n > u. Then we can
still apply the proof of Lemma 3.1.6 and we conclude that ¢ contains an
M -periodic factor of length [% —1— N]. For large n this is a contradiction.
Hence, for n large, all paths with a given label = € B(w,n) have the same
endpoint in G(T). Because n > u and T is irreducible, this implies the
following;:

for n large, all paths with a given label x € B(w,n) have the same final
edge in E(G(T))
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Therefore Lemma 3.9.1 will follow from the following weaker lemma which
we have isolated for future reference. Having noted this we conclude the
proof of Lemma 3.9.1. O

Lemma 3.9.2. Let T = (X,Y) be a substitution and o a sturmian Z-
word such that w := To € ICP. Suppose that, for n large and x € B(w,n),
all paths in G(T) with label x have the same final edge. Also assume that
T ~T. Then To € ICP.

Proof. Since w € ICP we can choose 6,¢,V as in the definition. The
final edge condition induces a surjective mapping xy, : B(w,n) — E(G(T)).
(It is surjective because a,b € o). Since |X| = |X|,|Y| = |Y|, we can define
[ as the graph with the same vertex set as G(T') but where the labels of
a, 8 are now X,Y. Because v :Z — T, we can define w; as the I'-label of
~vi—17; for all 4 and it is clear that @ = T'(0).

Let ¥ be the collection of edges of T that have label a and A := y,,*(Z) C
B(w,n). Then

W; =0 < Yi-1Y € X = Wi—(p—1) """ W; € A.
We write V, :=V,V}, := V. For A\:=A1--- A\, € {a,b}" we then have
Wi—(n—1) " Wi = A= 0+ i € m?:l((n - t>¢ + V)\t)'

It follows that @; = a <= 0+ i¢p € Uyep Nz (((n —t)¢ + V),) and this
representation shows that @ has ICP, proving our lemma. O

Lemma 3.9.3. Let T = (X,Y) be irreducible with d := (| X|,|Y|) > 1.
Then T ¢ ICP.

Proof.  Write |X| =: d¢,|Y| =: dn and suppose that 7" has ICP. By
Lemma 3.9.1 we also have T = (a/X!, (a%~1b)") € ICP. Choose a sturmian
Z-word ¢ such that To =: w € ICP. Then w is not periodic, hence ¢ ¢ Q.
Also wj, 14z = a for some iy and because 6 + (ig + dZ)¢ lies dense in T this
means that V¢ is finite. But then w; = a for all but finitely many n and
a(w) = 0, a contradiction. O

Lemma 3.9.4. Let T = (X,Y) € ICP be non-trivial. Then d = 1.
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Proof. We can assume [X]; = a,[Y]1 = b. We know that T = T" o ® with
T" irreducible and ® € M. Let ¢ be a sturmian Z-word such that To € ICP.
With 7 := ®(o) we have T'(7) € ICP. By the previous lemma we have
(|X',]Y']) = 1 and an easy induction shows that (|X|,|Y|) = (|X’|,|Y”])-
Hence d = 1. O

Proof of Theorem 3.9. Of course ¢)= b) and from Lemma 3.9.4 it follows
that b)= a). Now suppose that S is a substitution with d = 1. By parts
b and f of Theorem 2.14 there exists a T' € M with T ~ S and by the
procedure formulated just after Theorem B we can ensure that T'a,Thb have
distinct initial symbols. Also we can assume [T'a]y; = a,[Th]; = b. Clearly
To € ICP for all sturmian Z-words o since T'o is sturmian. We will now
show that T and o satisfy the hypotheses of Lemma 3.9.2. Then c) follows
for S and we are done. O

Lemma 3.9.5. Let T = (X,Y) € M with [X]1 # [Y]1, let G(T) be its
representing graph and s := |X|,r := |Y|, g :=r+s—2. Then any two paths
in G(T') with the same label of length g+ 1 have the same final edge.

Proof. Let w = XY, where X is left-infinite and Y *° is right-infinite.
Then w is an infinite Hedlund word by Proposition 2.12 and its finite Hed-
lund word P is a common suffix of the right-infinite words X°°, Y * of length
g. We consider G := G4(w), the g-th word graph of w. Every path of length
s with initial vertex A is of the form Ar where || = s. Then A~ is the label
of the path and we call 7 the reduced label of the path. It indicates which
symbols one adds to the right when walking through the path. Now let w;, w,
be the maximal left- and right-periodic subwords of w, respectively, and de-
fine G; := Gy(w;), G, := Gy(w,). Note that they are cycles in G of length
s, r, respectively. Every z € B(w, g + 1) is contained in some periodic part
of w, hence s+r =¢g+2=P(w,g+1) < P(w;,g+1)+P(w,,g+1) <r+s.
It follows that B(w;,g + 1) N B(wy,g + 1) = 0 or, in other words, that
G, Gy C G are edge-disjoint. Since P € w;, w, we deduce that G consists
of two cycles from P to itself of length s,r and considering w;, w, we find
that these cycles have label PX, PY. Therefore their reduced labels are
X,Y. Now define ® : G(T) — G as the unique isomorphism of graphs.
If we give each edge in G its reduced label, then ® respects the labelling
of the edges by the previous part. It follows that the lemma for G(T) is
equivalent to the lemma for G, where it is trivial. Indeed, by definition of
reduced label, each path with label z of length > g+1 has final edge [z]9 .0
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We devote the remainder of this section to the promised example.

Example. Let a := %, o:={n € Zlfr(na) € [0,a)} = {[2]}nez, S =

(aabba,bab) and let w := So. By Theorem 3.9 we have w € ICP and we
want to give explicit 6, ¢,V for w. First we construct a sturmian 7" with
T ~ S, hence with (|Tal,|Tb|) = (5, 3).

Consider the sequence (5,3) — (2,3) — (2,1) — (1,1). For (1,1) we
obviously have the solution 7" = (a,b) and working back we find (a,b) —
(ab,b) — (ab,bab) — (abbab,bab). Hence we put T = (abbab,bab). The
proof of Lemma 3.9.4 shows that P is the common suffix of length 6 of the
left-infinite words X°°,Y >, hence P = babbab. We put 3;:2?3?0. Then z is

sturmian and an explicit calculation shows that z = {[*=;77=1}. For this

one might use the formulas right after Proposition 2.12. Let I" := G(T)).

For every p € B(xz,7) there exists an edge so that all paths in ' with label
x end in that edge. The mapping x7 : B(z,7) — E(T') from the proof of
Lemma 3.9.1 sends p to this edge and we denote by ®(p) the reduced label
in G(S) of this final edge. Then ® : B(z,7) — {a,b} and, very specifically,
® is given by

babbaba — a , babbabb — b

abbabab — a abbabba — a

bbababb — b bbabbab — b

bababba — b

ababbab — a

The mapping ¢ has a natural extension to x, namely by reading off the
successive 7-factors of z and then writing down, successively, their images
under ®. It is then clear that ®x = w.

We have seen that z has ICP and, with 8 := 2%L . that = can be

20+3°
described with @ = 0,¢ = 5,V = [0, 3). As before we deofine Vo=V, V, =V¢
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and for A € {a,b}" we define V), =N, ((n —t)¢p + V),). We have also seen
in the proof Lemma 3.9.1 that

xi_(n_l)"'iﬂi:/\ <~ 9+Z¢€V)\

The numbers 0,383,603, 8,48,75,25,58,1 lie in this order on the unit circle
T and as an example we calculate that for A = babbaba C x we have V) =
VaN(Vo+B8)N(Va+28)N (Vo +3B8)N(Ve+48)N(Va+58)N(Ve+68) = [0, )N
(28, B+1)N[26,368)N[45,36+1)N[58,48+1)N[55,68)N[75,65+1) = [0,35).
The multiples (n3)§ divide T into 8 intervals, therefore it is a priori clear
that every z € B(w,7) gives us exactly one of these intervals. We find

babbaba — [0,33) , babbabb — [5(,1)
abbabab — [3,4/) abbabba — [64, )
bbababb — [23,503) bbabbab — [78,20)
bababba — [3/3,6/3)

ababbab — [453,7/3)

We are now ready to give the explicit description for w. Write A :=
®~1(a). From w = &z it follows that, modulo shift, we have w; = a <=
@(.ﬁb‘i,(n,l) .CL'Z) =a < Ti—(n—1) """ T EAN = 6+ Z(f) € UreaVy =
[0,35) U [8,45) U [48,75) U [65,5) = [0,38) U [65,75). Tt follows from
the equipartition of 6 + i¢ modulo 1 and this representation that a(w) =
10,38) U[68,78)| = (38 — 1) + (78 = 2) — (68 — 2) = 48 — 1 = 3245, This
value also follows directly from the fact that S(a*d') contains 3k +1 a’s and
2(k +1) b’s, but we leave these details to the reader.
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Chapter 4.
The P(n)/n-function for bi-infinite words.

In the previous chapter we studied Z-words w of minimal block growth
and for such w we obviously have lim,_,o, P(n)/n = 1. The following the-
orem gives, for every integer r > 1, an easy construction of a recurrent w
with P(n)/n — r. Its proof will be given at the end of the chapter.

Theorem 4.0. Let o be a sturmian Z-word and r > 1 an integer. De-
fine w by w; = 0; <= i #Z0 modr. Then P(w,n) =r(n+1) for n large
enough.

Remark. J.-P. Allouche and J. Berstel have posed the problem for which
integers «, 5 there exist infinite words with complexity function P(w,n) =
an + (. If one requires this to hold for all n > 0 then obviously = 1. In
[Ca, Cor. 5.2] this problem is solved, in the sense that Cassaigne shows for
which (a, 3) € Z? there exists a binary sequence (one-sided infinite word on
2 symbols) w with ultimate complexity an + 3. For a = 0,1 the only con-
dition is 8 > 0 as we already know and for o > 2 there is no restriction on
B. Theorem 4.0 supplies a construction for « = # = r and to our knowledge
this construction is new. Finally we mention the paper [Lo/Na] in which ge-
ometric methods are used to construct words of ultimate complexity an+f.

Remark. The results quoted above usually deal with N-words. We
emphasize that the theorems and proofs that follow hold equally well for
N-words, provided one assumes that they are recurrent.

In this chapter we will study the sequence (a,)° with a, := P(n)/n a little
more closely. Put A, := P(n+ 1) — P(n), then clearly A, = [MRE, (w)| =
IMLE,,(w)|- The following theorem implies that P(n)/n cannot converge to
a value a € (1,2).

Theorem 4.1. Let w be a Z-word, P(n) its complezity function and A, :=

P(n+1)—P(n). Assume that A, = 1 for infinitely many n and that A, > 1
for infinitely many n. Let V be the infinite set {n € NT|A, =1, A1 > 1},
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a = liminf, oo ney P(n)/n and d := d(o, Z). Then

P P
limsup | (m) _ (n)| > da .
mmp—oo M n 6+ 7a+2d

Corollary. If A, =1 for infinitely many n and P(n)/n is convergent with
limit o, then « is an integer.

In the next theorem we give bounds which are a little sharper when 1 <
a < 2.

Theorem 4.2. Maintain the assumptions of the previous theorem and fur-
thermore suppose that 1 < a < 2. Then

i sup F07) _ P 2= a)(a 1),

m,n—00 m n «

The next theorem shows in fact that the bound for a = 3/2 as given by
Theorem 4.2 is sharp. See also Stelling 5 at the inserted page.

Theorem 4.3. There exists a recurrent Z-word w with lim inf(Pgln)) =3/2
and limsup(m) =5/3.

n

The final result shows that limit 2 can occur if A, = 1 infinitely often.

Theorem 4.4. There exists a recurrent Z-word with A, = 1 for infinitely
many n such that P(n)/n — 2 as n — oo.

Proof of Theorem 4.1. We may assume without loss of generality that
a ¢ Z, hence that o € (¢,t+1) where ¢ is a positive integer. We assume that
an := P(n)/n € (t,t + 1) for n large since otherwise we are done because of
d> fﬂ—ﬁxﬁ' We have ap11 — an = % —ap = A;;I_f". By the assump-
tion above it follows that for n large we have an11 > ap, <= A, >t. We
will use the sequence of word graphs (Gp)s2,, as introduced in the proof
of Theorem 3.1, for our w. We recall that every factor £ C w of length
> n corresponds uniquely to a path of length |z| — n by reading off the con-
sective n-factors. In other words, x = x1 - x4k corresponds to the path
Ty Ty —> o0 = T+ Tpyr and xz was called the label of this path. We
note that MRE,,(w), the n-factors with m.r.e., correspond to the vertices of
G, with outdegree 2 and, likewise, that MLE, (w) corresponds to the ver-
tices of G, with indegree 2. Suppose that n € V. The underlying graph of
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G, is connected, each vertex has positive indegree and G, has one vertex
with indegree 2 and one vertex of outdegree 2. We then have three types of
graphs which are possible for G,,.

CO O ~C

In the second and third case we see that MLE, (w) N MRE, (w) = 0, hence
for every © € MRE,, (w) we have a unique symbol ¢ such that cx C w and we
must have cx € MRE,, 11 (w). It follows that A,11 = A,, in contradiction
with the definition of V. (Actually, if the third case occurs one can show
that all following graphs are of this type too. Then P(i) = i 4+ k for some
k and all ¢ > n. This implies @ = 1, contradicting the assumption at the
start of this proof. Hence the third case does not occur.) Therefore we find
ourselves in the first case if n € V. Note that A,y; = 2. Let B be the
unique element of MRE, (w) and let X,Y be the words such that BX, BY
are the labels of the two cycles in G,,. We note that X, Y must have different
initial symbols and that BX = (B, BY = nB for some words £,n. We write
z := |X|,y := |Y| and assume without loss of generality that = > y. Then
x+y=Pn+1)=(n+1)ay41 and

an2+1 < nj_ - < aps (1)
Lemma 4.1.1. Let n € V and B, X,Y, £, as above.

a) Elements of MRE(w) with n < k < n + = which have no or two left-
extensions in MREg1(w) are of the form BY™* and are suffizes of the left-
infinite word Y°°.

b) Agi1 € {Ar — 1, A, A+ 1} forn<k<n+z

c) if Apy1 = Ap — 1 then Mgy =+ = Ay

d) There exists a partition of [n,n+ x| in at most three intervals on each of
which P(k)/k is monotonic.

Proof. Suppose that n < k < n + x and that p € MREg(w). There is
a unique path v of length k¥ — n in G,, with label p. This v can be uniquely
extended to the left until we arrive in the vertex B. This new path 7 is a
path from B to itself with label p, say. Note that p has u.l.e. until p. If Y is a
collection of finite words, then we recall that ¥* is the collection of all words

68



which can be formed by concatenating a finite number of elements of X.
Now from the special form of 4 we conclude that p € B{X,Y }* = {{,n}*B.
(The label of one cycle is BX or BY and then we just add X, Y to the right.)
If B~'5 ¢ Y*, then p apparently has u.l.e. to a word of length > n + z.
Otherwise we have p € BY™* which is the first part of a). From BY = nB
we deduce BY* = n'B for all i > 0 and taking i large enough we find that
B is a suffix of the left-infinite word Y *°. Therefore p € BY* implies that p
is a suffix of the left-infinite word Y*° and the same is true for p, which is
the second part of a). For every k there exists at most one 7 € MREy (w)
as in a). If we denote the number of left-extensions in MRE 1 (w) by d
we have Agi1 — Ap = d — 1. This implies b). If we have d = 0 then no
strict left-extension of 7 is contained in MRE(w) and in particular this is
true for longer suffixes of Y°°. This implies c). Finally ¢) implies d) since
Ag > 1, Agy1 <t can occur for at most one k. O

Lemma 4.1.2. Suppose that t € Z and ax € (t,t + 1) for all k > n. If

ag, is monotonic on the interval [n,n+1], then we have |an4;—an| > M(l'ii”r’bz).

Proof. If (a) is increasing, which is equivalent to Ay > ¢ for all k, then

|ansr — an| > |%j_(lt+l) —ay| = l'“;:igla“' If aj is decreasing we find

lan—t|

pearm Now take the minimum of these two. O

|ant1 — an| >

We now proceed with the proof of Theorem 4.1. Suppose that lim sup,,, ,,_,
|am — an| < €:= Mﬁ. For large n we then have a, € (« — e, +¢€) C
(t,t + 1), whether n € V or not. Now take n € V so large that this is satis-
fied. The interval [n,n + z] contains a subinterval [ng, ng +1] of length I > £

on which aj is monotonic by Lemma 4.1.1. Note that [ > % > % by
formula (1) and that ng +1 < n + x. Applying Lemma 4.1.2 we find

ld(an,, Z) S l(d(a,Z) —€) S
l+ny — T+n
(n+Dapsi1(d—e€) _ (a—¢€)(d—¢) S da—ela+d) _ da—ela+d)
6(x+n) 6(1 4+ ant1) 6(1+a+e —6(1+a+d/T)

which is a contradiction since we can let n € V tend to infinity. This finishes
the proof of Theorem 4.1. O

|an0+l - ano' >

>

> €,
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Proof of Theorem 4.2. We may assume that a, € (1,2) for n large
because d > % We then have (a, < an-1,ap+1) <= (Ap_1 =

LA, >1) <= n—-1€V <= n € V+1 In other words, the

local minima for a, are attained exactly in V 4+ 1. Note that A, =1
for n € V, hence the general formula a,+1 — a, = A;Z—;fﬂ implies that
ant+1 — ap — 0 when n — oo in V. Therefore « := liminf, ;o nev(an) =
liminf, oo nevii(an) = liminf, ;o (a,). With 8 := limsup,_,(an) we

have to show that § — a > W Choose a sequence X of n € V with
an — « and note that also a,4+1 — «a. For every n we have the parameters
x,y as in the beginning of the proof of Theorem 4.1. We distinguish between
two cases.

a) Ay >2on [n+1,n+ z).

Then ay, is monotonically increasing on [n+1,n+x] and the proof of Lemma
4.1.2 combined with (1) shows that

ante — Gnpa| > EUE o) > G DE-gpus)  Crtizainlont)

The right-hand side has limit a(22+—aa) > (27‘%6‘_1) as n — oo in . We can
therefore assume without loss of generality that case a) happens only finitely

many times in Y. We now consider the other case.

b) In this case Ay =1 for some k € [n+1,n+z) and we define s € [0,z) to
be minimal such that A,4+145 = 1. Since n € V we have A,41 = 2, hence
s € [1,z). Firstly s must be a multiple of y by Lemma 4.1.1 a). Hence
s > y. Secondly, Ay € {1,2} for all n < k < n + x and we obtain that

A~—{ 2ifn<i<n+s
T llifnt+s<i<n+zx

i +1)a+2
Writing an+1 = @, 7% =& 747 =0, 5y = 0 we have ap 4145 = %:

920 and apy1qs = azi'”. Choose 0 < € < a—1 arbitrary. For n € ¥ large

o+1
enough we have a+§i§+a > a;&ig = apti1+g > @ — € and leaving out the

middle-terms this simplifies to 2e + 0 > (a — 1 —€){ = (a — 1 — €)(a — n).
By s > y we have ¢ > 7. Thus 2e + ¢ > (o — 1 — €)(a — o) whence

—2et+a(a—1—¢)
o> Q=

Since € € (0, — 1) was arbitrary and a — o we

find that liminfy,(0) > a — 1. Then |apt+1 — ant14s| = % implies
lim supy, 00 [Gm — an| > W, which is the bound stated in the
theorem. 0
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Proof of Theorem 4.3. We will write {a,b}" for the directed graph with
all n-words on a,b as vertices and all (n + 1)-words on a,b as edges. Let
(Gr)&° be a sequence of graphs such that for each n we have:

e G, is a strongly connected subgraph of {a,b}"
e E(Gn) =V (Gn41)

We wonder if this implies that there exists a recurrent Z-word w with
B(w,n) = V(Gy) for all n. In general this is not the case. There exists
a sequence (Gp,)3° as above such that the only Z-words inducing it are non-
recurrent. An example is given by the word graph sequence (G,,) of a skew
balanced Z-word. A proof that such (G),) indeed has the stated property will
be given at the end of this chapter. We prove that the answer is positive for
a restricted class of wordgraph sequences. Define 6, := |E(Gy)| — |V (Gy)|.

Lemma 4.3.1. Let G, be a sequence of graphs as above and suppose that
0n = 1 for infinitely many n and that 6, > 1 for infinitely many n. Then
there exists a recurrent Z-word w with B(w,n) = Gy, for all n.

Proof. Define the language L := Uj°(G,,) and let P be the set of positive
integers n with 6, = 1. For n € P we have a unique word x € MRE(L,n)
and we call this word B,. If m,n € P and m < n, then B,, is a suffix of
B,,. Hence there is a unique left-infinite word B which has each B,,n € P
as a suffix. Now we define B,, for every n as the suffix of B of length n,
whence B, € MRE(L,n) for all n. Choose a symbol o such that Bo is not
periodic. Since Bo # B there exists a suffix B,o of Bo with u.r.e. in L, say
that only B,o01 appears in L. Each finite factor of Boo; is then contained
in L. With the same reasoning there exists a unique symbol o9 such that
every factor of Booy0s is contained in L and inductively one finds a Z-word
w = Booiosg - - - such that every finite factor is contained in L as well, hence
B(w,n) C L for all n and B(w,n) C G, for all n. Take k € P such that
k+1¢P. Then Gy, consists of two loops joined together in one point, By,
as we have seen already in the proof of Theorem 4.1. Since B(w, k) C Gy
we see that w induces a path v : Z — Gy by reading off the consecutive
k-factors. Since w is not periodic (Bo already is not), we find that v passes
through both loops. This implies that B(w,k) = Gy for all k € V with
E+1¢V. Ifx e L then z Cy € G for such a k > x and because y C w
we have x C w and we conclude that B(w,n) = G, for all n.
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Now suppose that w is not recurrent. Then there is an x € L which ap-
pears only once in w. Extending z if necessary we can assume that z € Gy,
for some k with k € P,k +1 ¢ P. Then x # By and if we indicate the
labels of the loops of G by By X, BrY we have without loss of generality
that w = X*Y X*. But by Theorem B from Chapter 3 such a word either
is periodic, which is false, or has minimal block growth, i.e. P(w,n) =n+k
for some constant k and n large enough. This contradicts the assumptions
of the Lemma, which shows that w is recurrent. O

Let G be a strongly connected directed graph. We define the blow-up of
G as the directed graph G with V(G) = E(G) and E(G) = {(z,y) € E(G)?|
terminal vertex () = initial vertex (y)}. It is clear that G is also strongly
connected and that we can identify paths Z — G with paths Z — G. As
sume now that G C {a,b}". Then G C {a,b}"*!, & is strongly connected
and E(G) = V(G). This helps us to construct sequences G, as in Lemma
4.3.1. We now introduce some notation for (isomorphy types of) directed

graphs.
A(xy) B(x,y.2)

C(xy,z,p.0) D(x.y,z.t,p.0) c

Here the label of an arrow indicates the actual length of the path. All path-
lenghts in A, B,C, D are assumed to be positive and for these graphs the
blow-up graph can be easily determined. We have A= D(1,1,1,1,z—1,y—
1),B=Bz+1ly+1,2-1),D=Dx+1,y+1,z+1t+1,p—1,¢—1)
and C has been included in the picture above. Sometimes a graph degen-
erates in the sense that a label might become 0. To deal with this we have
the following rules: D(z,y,z,t,p,q) = D(t,z,y,2,q,p), D(x,y,2,t,p,0) =
C(t,z,p,y,z) and B(z,y,0) = A(z,y). If we delete from C the two hori-
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zontal arrows of length 1, then the graph changes into C* = B(z +y +p +
1,g+1,z—1) and we have E(C) = V(C*). We are now ready to inductively
define our sequence G,. We set Gy = A(1,1), the only vertex is ) and the
only edges are a,b. Also we set G; = A(2,1) with vertices a,b and edges
ba, ab,bb. From here on we define

~

a _{ G, if Gy, is of type A, B, D
mH Gy if Gy, is of type C

Applying the rules above we find

Gy =A(2,1) G,=C(1,1,1,1,1)
Gs = A(4,2) G5 =C(2,2,2,2,2),
Gr = A(8,4) Gi1 = C(4,4,4,4,4)

and it is not hard to prove inductively that Gan_1 = A(27,2"71) and
G3on-1_; = C(2"1,---,2"" 1), Note that this implies P(2") = 3 - 2"!
and P(3-2""! =5-2""1, By virtue of Lemma 4.3.1 there exists a recurrent
Z-word w with B(w,n) = G, for all n. Since d,, € {1,2} for all n we see
that also A, = 4, € {1,2} for all n. Therefore ay := P(k)/k € (1,2) for all
k > 2 and we see axy1 > ap <= A = 2 as in the beginning of the proof
of Theorem 4.1. It follows that aj, takes on local minima in £ = 2" and local
maxima in k = 3- 27!, where n € NT. Therefore a = lim,_, pen) 3/2

2”
and B = lim,, 0o 28220 — 53, O

It is possible here to give a more explicit description of w and to do so
we consider the labels in the graphs more closely. First some notational
matters. In the previous pictures we used the notation P = Q to de-
note that the path in the graph has length x and then its label is of the
form PX = £Q where |X| = |{] = z. We call X the reduced label of
the path. If in A(x,y) we want to indicate what the reduced labels of
the loops are, we write A(X,Y) where X,Y are now words. Now suppose
that n € V. Then G, is of type A and Gp4+1 is of type D. Denote the
reduced labels of the loops by X,Y and assume that x > y. From G, =
A(X,Y) we deduce Gpy1 = D([X]1, [Y]1, [X]1, [Y]1, (X2 L[V ), Gy =
C(y, [X]y’ [X]I_y’ Y, [X]y)v Gn+y+1 = B(YQ[X]y-H’ [X]y+17 [X]I_y_l) and fi-
nally G,y = A(Y2X,X). Hence to go from one A-graph to the next we
may simply replace (X,Y) by (Y2X,X). We now prove some little facts
about X, Y, where X,,,Y,, are the reduced labels of Gan_; with |X,,| = 2".
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Lemma 4.3.2. a)X,, = Y,.Y;, where™ means changing the first symbol only.
b) Xon — b, Yo, — a¢ where ¢ is a right-infinite word.
c) Xy, = onTn, Yy, = Gnpn where o, is a letter and m,, p, are palindromes.

«— «—
d) The words w =¢ a¢ and w =¢ bd are recurrent and for both we have
B(w,n) = Gy, for all n. Here < stands for reversing the order of the sym-

g
bols, hence ¢ is a left-infinite word.

Proof. a) It is true for n = 1 since X; = ab,Y; = b. If it is true for n
then we have Y, 1Y, 11 = X, X, = Y2X,, = X,,11.

b) One has X, 11 = YnQXn, Y,+1 = X, and applying this rule again we find
Xpio = X2Y2X,, and Y,42 = Y,2X,,. Hence Xy, — &,Ya, — n for some
right-infinite words €, and taking the limit n — oo in X, = Y3, Ya, one
finds £ = 7.

c) It is true for n = 1. Now suppose it is true for some n € NT. Then
Xnt1 = ?nJrlYnJrl = X, X, = o,7,007, and m,0,m, is a palindrome. Also
we have Y11 = X, = o 7,.

d) We will follow the construction in the proof of Lemma 4.3.1 for our se-

— —
quence (Gp)§°. The word B has all X, as a suffix, hence B has all X, as

a prefix. Now )((T = 70, by ¢), hence E: ¢ and B :E. Now assume that
Gy is of type A where the loops have label By X, ByY and we note that
every N-factor of w is contained in By X or in ByY. In the next A-graph
the triple (By, X,Y) is replaced by (ByX,Y?2X, X) and in the next one by
(BNXY2X,X%Y2X,Y2X). The words By X, ByY are both contained in
ByXY?X = ¢ByY?X and we conclude that every N-factor of w is con-
tained in some Bj; where M > N. This means that L = UFB(B,n), and
since P(L,n) — oo it follows that B is not periodic. This implies that the
o from the proof of Lemma 4.3.1 can be chosen arbitrarily in the present
case. Fix o € {a,b}. Let k € NT, choose n > k such that | X,|,|Y,| > k
and let N be the integer with Gy = A(X,,,Y,,). Without loss of generality
we assume that X, starts with o, for otherwise we may replace n by n + 1.

— —

Since ¢ ooi--- o appears in w and the path in Gy induced by ¢ ends in

By, we have that o equals the (k + 1)5' symbol of X,,. This obviously is

the k*" symbol of 7, which in turn equals the k™ symbol of ¢. Therefore
— —

the constructed w equals ¢ o¢, showing that ¢ o¢ is recurrent and has the

right word graphs. O
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Remark. We would like to thank Julien Cassaigne for pointing out
to us that ¢ is also the fixed point of 7" := (bb,ba) and that ¢ is known
as the “period-doubling sequence”. Since it is known how to compute the
complexity function of such fixed points, see [Cal, this yields another proof
of Theorem 4.3. We now outline a proof that T'¢ = ¢.

We can write X,, = C™(b)m, where C := (b,a) as usual and 7 is as in
Lemma 4.3.2 ¢). In the proof of part ¢) it was shown that X, = X,Xp,
hence 7,41 = 7, C™(b)7,. Now let ¢* be the unique right-infinite fixed point
of T and vy, := [¢p*]an_1 for all n > 0. We claim that v, satisfies the same
recurrence as does m,. Since my = () = ¢y this implies 7, = ¢, for all n > 0
and from m, — ¢,¥, — ¢* we deduce ¢ = ¢*. Now for the claim. It is
easily seen that ¥,1 = T(¢,,)b for all n. We have 9,1 = ¥,C"(b)¢,, for
n = 0 and if it is true for some n then we have

Uns2 = T(Wpt1)b = T(Wp)bC™ T (B)T (¥0)b = ¥ 1C" (B) Y11

Proof of Theorem 4.4. We extend the notation of Theorem 4.3 with
E(z,y,z,t) where E is as below and where we have already depicted FE.

z-1

OO0 S

A
t-1 E

E(x,y,zt)
The unlabelled edges are just single edges and we define E by deleting the
edges with a star from E. Hence E = D(1,y + 1,t + 1,1,z — 1,z — 1).
Notice that the edgeset of E equals V(E). We add the rule C(z,y,0,p, q) =
E(x,y,q,p). If we delete from C only the lower horizontal edge of length 1,
the result is D(1,y+ 1,p+1,g+ 1,z — 1,2 — 1) . We will write C** for this
graph. It is now clear that we can create a sequence G,, of graphs with the
same beginning as the sequence in the proof of Lemma 4.3.1 and with

~

G, if G,, is of type A, B, D
Guir = { Gu if Gy is of type E 2)
G} or G} if Gy, is of type C

Hence all appearing G,, are of the form A,---, E. One only has a choice for
Gn41 if Gy, is of type C. In the next lemma, if f : S7 — 11,9 : So — T3 are
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functions with disjoint domains, then we define f U g as the function whose
domain is S1 U Sy such that f, g are restrictions.

Lemma 4.4.1. a) If G, is of type C and Gp+1 = G* then the parameters
of the next C-graph are given by ¢(x,y, 2,p,q). Here ¢ : (RT)> — (R1)5 is
given by ¢ = §1UpU s where ¢1 = (q+2,p+ 2,2~ 2,y+2,2), ds = (z,2+
y,z—x,x+p,x+q) and ¢3 = (r,2x+vy,q,2x+p,z) and where the domains
of ¢1, o, b3 are by definition the subsets of (RT)® where x > 2,0 < z,0 = 2
respectively.

b) If Gn4+1 = G}, then the first graph after Gy, of type A is given by Gp4, =
Alr+y+p+2z,q9+2).

Proof. Asanexample we do the case z > z of part a). Then C(z,vy, z,p,q) —
D(17y+ 1ap+ 17q+ ].,.iL' - ].,Z - 1) — D(Zay+2,p+ZaQ+Za$—Za0) =
C(q+ z,p+ z,x — z,y + z,z) which corresponds to the given formula. O

Important is that the ”jump” 6, := |E(G,)| — |V(G,)| can be derived di-
rectly from the type of Gy, because we have §,, € {1,2} for all n and 6, =1
if and only if G, is of type A or B. It is also important that the number of
jumps 1 (§, = 1) after a C-graph in case b) is equal to z. To get further we
calculate some domains explicitly.

Lemma 4.4.2. Let ¢ := ¢? hence ¥ = (2,0 +y,22 +q—z,7 + p,x — 2)
with domain D(v) = {z <z <2z +q} C (RT)>. Also let n € N.

a) D(¥") = NE_1{kz + (k —1)¢ < kxz < (k+ 1)z + kq} and D(p19") =
DW")N{(n+1)z+ng < (n+ 1)z}

b) D(p19"¢;) = D" i) if i = 2,3.

Proof. a) The first formula holds for n = 1. Now we assume it holds
for some n > 1. Then D(y"t!) = =1(Dy™) = D(¥) N {(z,z + y,22 + ¢ —
z,x+p,x—2) € D"} =DW)NNHER2z+q—z)+ (k—1)(z—2) < kz <
(k+1)2z4+qg—a)+k(z—2)}=DW)NNH{(k+1)z+kg< (k+ 1)z <
(k+2)z+ (k+1)g} = kz+ (k—1)g < kx < (k+ 1)z + kq} as can
be seen by shifting the indices whereas D (7)) yields the condition for k = 1.
Also we have D(¢19™) = DW") NNi{k(z —2) + (k— 1)z < k(g + 2) <
(k+1)(z —2) + kz} = D™")NnNi{kr < kqg+ (k+ 1)z < (k+ 1)z} =
D"y N{ng+ (n+ 1)z < (n + 1)z}, as the other conditions are already
fulfilled in D(%™). This gives the required answer.

b) Suppose first < z and ¢2 = (z,x+y,2z —x,x+p,x+q) € D(p19"). To
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show that ¢o € D(3)"!) we only have to check that (n + 1)z < (n+2)(z —
x)+ (n+1)(¢+x) or, equivalently, that (n+2)z < (n+2)z+ (n+1)g. But
this is immediate from z < z. Now suppose that z = z and ¢3 = (z,2x +
Y,q,2x+p,z) € D($1¢™). We have to show that (n+1)x < (n+2)g+(n+1)z,
and this is obvious. O

Lemma 4.4.3. Suppose that v = (x,vy,2,p,q) € (R")> and define
(Tns Yns Zns Prs @) = @™ (v). Then for each € > 0 there exists an n € N with
< €.

Zn
Tn+Yn+2n+Dnt+qn

Proof. We consider the sequence v, := ¢™(v) and define v : N — {1, 2,3}
by v(k) =1 <= v € D(¢;). I will write 1 for an arbitrary symbol unequal
to 1, hence 2 or 3. Then Lemma 4.4.2 b) implies
if T 1* T is a factor of 7 then )\ is even.

Since ¢? = v, ¢2 and ¢3 all leave the first coordinate x fixed we see that
v, has a subsequence v,, with x,, constant. If z > x then one has to ap-
ply ¢2, changing (z,z) into (x,z — x). Repeating this often enough one
finds a point with z < z. This means that there exists a (possibly differ-
ent) subsequence vy, of v, with z, bounded. Also we easily check that
Tpt1 + Ynt1 + Zntl + Pt + @nt1 2 T+ Yn + 2n + Pn + @ + 2min(zy, 2,).
This implies that x, + ¥ + zn + Pn + ¢n tends to infinity with n, in which
case we are done, or else that Y ,° ;min(zy, z,,) converges. In that case we
have a subsequence z,, — 0 and we are done as well. O

We are now able to give a construction which proves Theorem 4.4. We
take Gy = A(1,1),G1 = A(2,1) as before and henceforth we abide by the
stated rules for G,,. Then Go = C(1,1,1,1,1). We set n; = 2. Suppose that
Gn, = C(xk, Yk, 25y P> @) =: C. Then G, 11 € {C*,C**} and each choice
leads to a new C-graph when we follow the rules outlined in (2). Choosing
C** a suitable number of times, hence by applying ¢, we end up in a graph
G, = C(Xg, Yx, Zy, Py, Qy) where

Xp + Y5+ Zi + By + Qy

1 Z
N, >9_ =
AL Np +1 TR N+ 1

<

el e

Now we choose G'n, 41 = G}*Vk and then we have §,, = 1 up to Gn, 4z, which
is a graph of type A. After this we have §,, = 2 until we arrive in the next
graph of type C' which we call G, ,, and proceeding in this fashion we find
a sequence G, of graphs. According to Lemma 4.3.1 there exists a recurrent
Z-word w with B(w,n) = G, for all n. As in the proof of Theorem 4.2 we
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have P(n)/n € (1,2) for all n > 2 and P(n)/n assumes its local minima
exactly in those n with n € V + 1, hence if G,_1 is a graph of type A. In
the notation above we then have G\, 1 = G, 4z, and

P(n) _Xk+Yk+2Zk+Pk+Qk > (2—%)(]\7]9-}-1) _2k‘—1
n Np+ Zp+1 T (Ne+1)(14+3)  k+1

Hence o = 3 = 2 for this w. O

Proof of Theorem 4.0. Without loss of generality we assume that o
is given by 0; = a <= i € {|(k + ¢|}kez, where > 1 is irrational and
¢ € R. Let x € B(o,n). By an appearance of z in ¢ we shall mean an
integer i such that * = 0;---0j4n—1. Since an appearance of x in o can
have at most r values modulo r, we have P(w,n) < rP(o,n) =r(n+1) for
all n.

We now show that an appearance of a fixed n-factor of ¢ can be in any
residue class modulo . For n large enough this factor x contains a’s and we
denote their number by k. We will assume that the restriction of o to [1,7]
induces x and that the a’s appear at {| i+ ¢]}¥, which may be obtained by
changing ¢ modulo ( if necessary. With abuse of notation we abbreviate this
as z = {[¢i + ¢]}¥ C [1,n]. Now let ¢ := mins ™ (1 — fr(¢i + ¢)) and let ¢ be
any integer. Choose A € N such that fr(t"'g’\) >1— ¢ and put p = [%]
Such a A can be chosen because ( is irrational. Then p — £ < B < p,
hence t + 7\ < p{ < t+rA+e. This implies fr(p¢) < € and [p{] =¢ mod r.
Write ¢ := [(p]. For 0 <i <k + 1 we have

[CGE+p) + ¢l = [Cpl + [Ci + ¢+ fr(Cp)] = g + [¢1 + ¢,

showing that 1 + ¢ is also an appearance for x. This proves our claim.

For each 0 < k < r we define a mapping ¢ on finite words of length
n > r by demanding that ¢ (z) equals x, except on the k*® elements modulo
r. Then for each n we have a mapping v, : B(o,n) x {1,---,r} - B(w,n)
given by ¥y, (x, k) = ¢r(x). The mapping is surjective because of the previous
claim.

Suppose that ), is not injective for infinitely n. For such n we have
9x() = du(y) where (a,k) # (y,0) and 2,y € B(o,n). Then = # y, k # L.
Writing © = x1--- &, we define T as the word obtained by writing down
only the x; with ¢ = k, [ mod r and similarly we define §. Then & and % are
eachother’s complement by hypothesis. We claim that the density of the a’s
in Z,y will converge to a := % as n — oo, uniformly in x and y. Since T

78



and g are complementary words our claim implies & = 1 — «, hence a = %,
which is impossible. Hence the mapping is a bijection for n large and we
are done. Now for our claim. Section 2.5.2 shows that ¢ may also be given
by 0, =a < «ai+ € (1 —a,1] mod 1 where «a := % and 3 := %‘é If
we restrict ourselves to an arithmetic subsequence i = A + kr then we may
describe the result by 6y =a <= akr+ar+ 3 € (1 —a,1] mod 1. By
the uniform distribution of akr + aA+ 3 mod 1, cf. [KN, Example 2.1], the
relative density of the a’s within an n-factor of ¢ will tend to v as n — oc.

Since there are at most r different &’s the result follows. O

Finally we prove the claim concerning the word graphs of a skew balanced
Z-word that we made just before proving Lemma 4.3.1. Suppose that w is
a balanced skew Z-word. It is non-recurrent and in the proof of Proposition
3.4 it is shown that all its word graphs are strongly connected. Now suppose
that a Z-word w’ has the same finite factors. We will show that w and w’
are shifts of each other, which implies what we want to show. The word w’
is also balanced and since its density a(w’) is defined in terms of its finite
factors we have a(w') = a(w) € Q. Since P(w',n) = P(w,n) = n+1 for
all n we see that w' cannot be periodic and by the classification in Theorem
2.5 it must be skew of some type. This type can also be recovered from the
finite factors and, since w,w' are of the same type, the classification shows
that they are shift-related. O
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Appendix: balanced words and differential equations.

Let ¢ € C(R), hence ¢ is continuous on R. We consider the linear space
V = {f € C?(R)|f" = f¢}. Tt is well-known, see Lemma 5.1.3, that for
every pair (o, ) € R? there exists a unique f € V with £(0) = a, f'(0) = f.
It follows that V is 2-dimensional and that for every f € V' \ {0} its zero-
set Z(f) is a discrete subset of R. Indeed, for an accumulation point a of
Z(f) we would have f(a) = f'(a) = 0 and then f = 0. Now assume that
f €V \ {0} and define 9, :== |Z(f) N[n,n+ 1)| for all n € Z. We can then
associate to f the biinfinite word w(f) = -+ - ab¥-1ab¥0ab¥" - - .

Lemma 5.1.1. Let f,g € V. The Wronskian W(f,q) := f'g — f¢' is
a constant function. Furthermore W (f,g) =0 if and only if f,g are linearly
dependent.

Proof. If f,g €V we have W' = f"g— fg" = ¢(fg— fg) =0, hence W is
indeed constant. If f = 0 or ¢ = 0 the equivalence clearly holds. Hence we
assume that f, g are not the zero-function. If f, g are linearly dependent we
have f = Ag for some A € R and then W(f,g) = AW (g, g) = 0. Conversely,
let us assume that W(f,g) = 0. The function p = 5 is defined on any open

interval disjoint with Z(g) and there we have p' = %44 — 0. Hence p = A

and f—Ag = 0 on that interval, for some constant A\. Also f—Ag € V and by
the previous we have f —Ag = 0 € V. Therefore f, g are linearly dependent.O

Lemma 5.1.2. [Sturmian separation theorem]|. Let f,g € V be lin-
early independent and let a, 8 be two consecutive zeroes of f. Then g(x) =0
for some x € (a, B).

Proof. The space V' := {h € V|h(a) = 0} is 1-dimensional and f € V.
From the linear independence of f,g we deduce g ¢ V', hence g(a) # 0.
Similarly, g(8) # 0. If Z(g) N (o, ) = 0, then p := 5 is defined on [a, ]
and p(a) = p(B) = 0. By Rolle’s theorem there exists an = € («, ) with
0=/p(z)= %. This implies that f, g are linearly dependent, which is a

g T
contradiction. O

We now make the assumption that ¢ has period 1. Then f(z) € V —

flz+p) € Viorallp € Z. Assume that f € V'\ {0}. Applying the sturmian
separation theorem to f(z) and f(x+i—j) on [j,j+s) we find || Z(f)N[i, i+
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)= 1Z(f)Nn[j,7+s)|| <1, where i,j € Z and s € N*. Translated to w(f)
this means that for any two subwords ab®! - - - ab¥sa and ab" - - - ab’s a of w(f)
we have | Y7 (k;) — >°7(1;)| < 1. Morse and Hedlund called this the “com-
parison condition” and words of the form .- ab¥-1ab%0ab¥t ... (i.e. hav-
ing infinitely many a’s) satisfying it were called sturmian sequences. From
the comparison condition one easily deduces that no words P exist with
aPa,bPb C w(f). Hence, by Lemma 2.6.1, all words w(f) are balanced.
With only two exceptions the converse is also true, as follows from the next
theorem by Morse and Hedlund.

Theorem 5.1. [MH, Thm. 7.1] If f € V' \ {0}, then w(f) is balanced. If
w is balanced and contains infinitely many a’s, then a choice of ¢, f exists

with f € V and w = w(f).
We conclude this section with the promised lemma.

Lemma 5.1.3. Let ¢ € C(R). For every pair (o, 3) € R? there emists
a unique f € C*(R) satisfying f" = f¢ with f(0) = o, f'(0) = .

Proof. The standard way to prove this, it seems, is to associate to
f € C?(R) the vector valued function F = (f, f') : R — R2. Solutions
f to f” = f¢ then correspond to solutions F' of F'(t) = ®(F(t),t) where
® : R? — R? is given by ®(u,v,w) := (v,u¢(w)). One can then use a ver-
sion of the Cauchy-Lipschitz theorem, see [Le, Thm. 2.1]. For the benefit of
the reader who is not acquainted with this theorem we give a proof adapted
to this special instance.

It is easy to see that f € C2(R), f" = f&, f(0) = a, f'(0) = 3 is equivalent
to f € C(R), f(z) = a+ Bz + [§ (x —t)f(t)p(t)dt. We define a sequence
(fn)§ in C(R) by fo = 0 and frt1(z) = a+ Bz + [ (x — 1) fn(t)p(t)dt.
Fix M € Rt. We write A := ||9||co, 9n = frnt1 — fn and py := ||gn]]oo
where the infinity-norm is on the interval [—M, M]|. We have gp4+1(z) =
Iy (@ —t)gn(t)o(t)dt, hence

|gnt1(x)| <

Tteration yields |gnq(z)| < “"(’3:)”;2(1 for a € NT,|z| < M and in particular

we find p, < %. Since Y 3°||galloc < o0 we conclude that f, is
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a Cauchy sequence in the Banach space (C[—M, M],|| ||oo) and therefore
fn converges to an element f € C[—M,M]. Passing to the limit in the
recursive formula for f, 1 we find that f(z) = a+ Bz + [ (x —t)f(t)p(t)dt
for |x| < M, hence f is a solution on the interval (—M, M). If ¢ is another
solution on (—M, M), then h := f — g satisfies h(z) = [ (z — t)h(t)o(t)ds.
This is also clear by linearity. Write p := ||h||oo, & similar reasoning as before

yields p < “(’éﬁ/‘g?)a for all a € NT. Sending a — oo we find h = 0, hence
the solution f we found is unique. The rest is now easy. For each positive
integer n we let f, be the unique solution on (—n,n). Since fi|(_nn) = fn
if m > n we find that a unique f € C(R) exists with restrictions f, and
clearly f is a solution. If g € C(R) is another solution, then f, g are equal

on each interval (—n,n), hence f = g. O
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Beatty word, 16
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billiard sequence, 30
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coding (of acceptable path), 47
complexity function, 8
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defect theorem, 48
density, 13
exceptional block, 14
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Hedlund
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B(w,n) 8

bal(n) 24
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L 39
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R, R 32
R 39
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X 44
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w 19
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Samenvatting.

Dit proefschrift gaat over combinatoriek op woorden. Een woord is een
opeenvolging van symbolen uit een eindig alfabet, in ons geval A = {a, b}.
Woorden kunnen eindig zijn, oneindig in één richting of oneindig in twee
richtingen. In het laatste geval spreken we van Z-woorden. Een eindig
patroon = dat in een ander woord w voorkomt noemen we een factor of
deelwoord van w en we schrijven x C w. In dit proefschrift gebruiken we
getaltheorie, combinatoriek en een beetje grafentheorie om de factorverza-
meling van woorden, en meer algemeen van talen, te bestuderen. Een woord
x heeft een lengte |z| en een inhoud ¢(x). De lengte van x is het aantal sym-
bolen waaruit x bestaat en de inhoud van z is per definitie het aantal a’s
dat z bevat. De eerste eigenschap van woorden die we zullen bekijken heet
“gebalanceerdheid”. Een woord w heet gebalanceerd als |c(x) — c(y)| < 1
voor elk tweetal factoren x,y C w van gelijke lengte. Het blijkt dat deze
eigenschap vrij beperkend is. Het is mogelijk om alle gebalanceerde Z-
woorden te classificeren en dit doen we o.a. in Hoofdstuk 2. Gebalanceerde
woorden zijn ingevoerd onder de naam “Sturmse woorden” door Morse en
Hedlund.

Een ander belangrijk object is de complexiteitsfunctie van een woord.
Als w een woord is dan geven we het aantal verschillende factoren z C w
met lengte n aan met P(w,n). De afbeelding P(w,.) : N — N heet de
complexiteitsfunctie van w en bevat in het algemeen belangrijke informatie
over w. Voor Z-woorden w, bijvoorbeeld, is P(w,n) uiteindelijk constant
precies als w periodiek is. Voor niet-periodieke woorden w geldt kennelijk
P(w,n) > n+1 voor alle n. We noemen een woord z stijf als P(x,n) < n+1
voor alle n.Het is ook mogelijk om de stijve Z-woorden te classificeren. Elk
gebalanceerd woord is stijf maar er zijn stijve Z-woorden die niet gebal-
anceerd zijn. We noemen ze oneindige Hedlund woorden en ook deze worden
bestudeerd in Hoofdstuk 2. Verder geven we in Hoofdstuk 2 een alternatief
bewijs voor de formule voor bal(n), het aantal gebalanceerde woorden ter
lengte n en we leiden een formule af voor st(n), het aantal stijve woorden ter
lengte n. Daarna geven we wat andere beschrijvingen van gebalanceerde Z-
woorden, voornamelijk met Beatty-woorden of biljartwoorden, en we leggen
het verband met sturmse morfismes en kettingbreuken. We sluiten Hoofd-
stuk 2 af met een kleine generalisatie van de Robinsonvergelijking. Deze
luidt AB = Cab waarbij A, B, C palindromen zijn. (Een palindroom is een
woord dat achterstevoren gelezen niet verandert).
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In Hoofdstuk 3 bekijken we k-stijve woorden. Deze voldoen aan P(w,n) <
n + k voor alle n. Als w een k-stijf Z-woord is en w is niet periodiek, dan
hebben we P(w,n) = n + ¢ voor n groot genoeg. We zeggen dan, in goed
Nederlands, dat w minimal block growth heeft. De kwalitatieve beschrij-
ving van Z-woorden met minimal block growth is bekend en wordt in dit
proefschrift kwantitatief gemaakt. Verder zullen we de overeenkomsten en
verschillen beschouwen tussen het geval kK = 1 en het geval k£ > 1. We ge-
bruiken de resultaten om een schatting te maken voor het aantal factoren
van k-stijve Z-woorden ter lengte n. Hierbij is k vast en n variabel. In
Sectie 3.4 bekijken we welke Z-woorden met minimal block growth door een
codering van intervallen kunnen worden beschreven.

In Hoofdstuk 4 bestuderen we de functie P(w,n)/n voor Z-woorden w.
Het is bekend dat deze functie naar elk positief geheel getal kan convergeren
als n — oco. Hiervan geven we nieuwe voorbeelden. Het is echter niet
mogelijk dat P(n)/n een limiet o € (1,2) heeft. Dit bewijzen we met behulp
van woordgrafen. Het is ons onbekend of er iiberhaupt niet gehele limiet-
waarden kunnen optreden. Tot besluit geven we een voorbeeld van een
Z-woord w met lim, o, P(n)/n = 2, terwijl P(n + 1) — P(n) = 2 voor
oneindig veel n.
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