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Elliptic Curves

An elliptic curve E is a non-singular projective curve E given by

E:y?+aixy+asy = x>+ apx® + asx + as.
» It has a natural algebraic group structure with neutral

element O = (0: 1:0) at infinity.
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Elliptic Divisibility Sequences (1)

Let E be an elliptic curve, given by an equation with coefficients
in Z.
» Every point Q € E(Q) can be written uniquely in the form

A C
Q= (BZ’ B3>
with integers A, B, C such that A and C are both coprime to
B.
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Elliptic Divisibility Sequences (1)

Let E be an elliptic curve, given by an equation with coefficients
in Z.

» Every point Q € E(Q) can be written uniquely in the form

A C
Q= (BZ’ B3>
with integers A, B, C such that A and C are both coprime to
B.

» Bis the largest integer such that Q reduces to (0:1:0)
modulo B.
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Elliptic Divisibility Sequences (1)

Let E be an elliptic curve, given by an equation with coefficients
inZ. Let P € E(Q) be a point of infinite order.

» Every point Q € E(Q) can be written uniquely in the form

A C
Q= (BZ’ B3>
with integers A, B, C such that A and C are both coprime to
B.

» Bis the largest integer such that Q reduces to (0:1:0)
modulo B.
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Elliptic Divisibility Sequences (1)
Let E be an elliptic curve, given by an equation with coefficients
inZ. Let P € E(Q) be a point of infinite order.
» Every point nP € E(Q) can be written uniquely in the form

An Cp
P=|—=5 =%
" <Bn2' Bn3>
with integers A;, By, Cn, such that A, and C,, are both
coprime to Bj,.

» B, is the largest integer such that nP reduces to (0:1:0)
modulo B,.

» We get a sequence By, B», Bs, . .., which we call an elliptic
divisibility sequence.
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Applications

» Source of large primes ...
(Chudnovsky and Chudnovsky, 1986)
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Applications

» Source of large primes ...
(Chudnovsky and Chudnovsky, 1986)

> ... ornot.
(Everest, King, Miller, Reynolds, Stephens & Stevens)
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Applications

» Source of large primes ...
(Chudnovsky and Chudnovsky, 1986)

> ... ornot.
(Everest, King, Miller, Reynolds, Stephens & Stevens)
» Connection to Hilbert’s Tenth Problem:
Is there an algorithm that decides whether a polynomial

equation P(Xy, ..., X,) = 0 has a solution
(X1,...,Xn) EZn?
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Applications

» Source of large primes ...
(Chudnovsky and Chudnovsky, 1986)

> ... ornot.
(Everest, King, Miller, Reynolds, Stephens & Stevens)

» Connection to Hilbert’s Tenth Problem:
Is there an algorithm that decides whether a polynomial
equation P(Xy, ..., X,) = 0 has a solution
(X1,...,Xn) e Z"?

» No. (Davis, Putnam, Robinson, Matiyasevich 1970)
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Applications

» Source of large primes ...
(Chudnovsky and Chudnovsky, 1986)

> ... ornot.
(Everest, King, Miller, Reynolds, Stephens & Stevens)

» Connection to Hilbert’s Tenth Problem:
Is there an algorithm that decides whether a polynomial
equation P(Xi, ..., Xn) = 0 has a solution
(X1,...,Xn) e Z"?
» No. (Davis, Putnam, Robinson, Matiyasevich 1970)
» But what about other rings?
With Z replaced by Q, still an open problem.
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Applications

» Source of large primes ...
(Chudnovsky and Chudnovsky, 1986)

> ... ornot.
(Everest, King, Miller, Reynolds, Stephens & Stevens)
» Connection to Hilbert’s Tenth Problem:
Is there an algorithm that decides whether a polynomial
equation P(Xy, ..., X,) = 0 has a solution
(X1,...,Xn) e Z"?
» No. (Davis, Putnam, Robinson, Matiyasevich 1970)
» But what about other rings?
With Z replaced by Q, still an open problem.

» Learn about elliptic curves.
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Example: E : y?

=x3—2x,P= (2,2

B = 1
B - 2

B - 1

B = 84

B = 1343

8 = 6214

B = 2372159

B = 151245528

B, = 9788425919

B = 1126565210550

By = 5705771236038721

B, = 2316186053639990532

Biy = 17999572487701067948161

Bi = 035089730244828330296744846

Bis = 173658539553825212149513251457

Biy = 4838927849733289074690192087973888

By = 75727152767742719949099952561136336896

Big = 2112210601043831815041470427608507 178024960
By =

B ~ 2648517803153

B = sl

Bz - 74764204251
By =

B =

B -

By -

By = 173712221 1712
By = 204681

By = 1

146112
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Example: E : y2 = x3 —2x,P = (2,2
growth:

. > log Bm ~ h(P) m?2.

- (Weil, Siegel)
Bis = 17999572487701067948161

By = 35989730244828830296744846

By =

B =
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Example: E : y?

=x3-2x,P= (2,2
growth:

s log By ~ h(P) m?

» log By ~ h(P) m=.

B = 1 . .

- (Weil, Siegel)

8 - oo n 2

o s » log Bm < h(P) m= + C.
Bis = 17999572487701067948161

By = 35989730244828830296744846

By =

By =

146112
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Example: E : y? = x® —2x,P = (2,2)
growth:

& - 1 ~ 2

» log By ~ h(P) me.

- (Weil, Siegel)

o g )

o s » log Bm < h(P) m= + C.

IS » log By =

By - s70sT7izs0038721 “ 2 3
P h(P) m? + O ((log m)(loglog m)3).
B - osmormsusesTis (Linear forms in elliptic logarithms,
By = 4838927849738289074690192087973888 D av|d 1995)

By; = 75727152767742719949099952561136336896 ’

By =

Bu =

By =
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Example: E : y? = x® —2x,P = (2,2)

By = 1

B, = 2

B; = 1

B, = 22.3.7

Bs = 17-79

Bs = 2-13.239

B; = 1009 -2351

B = 2%.3.7-.31-113.257
By = 9788425919

By = 2-52-17-61-79-337-8161
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Example: E : y? = x® —2x,P = (2,2)

» divisibility:
By = 1 if m|n, then By|Bh.
By = 1
B, = 22.3.7
Bs = 17-79
Bs = 2-13-239
B; = 10092351
Bg = 2%.3.7-31-113.257
By = 9788425919

By = 2-52-17-61-79-337-8161
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Example: E : y? = x® —2x,P = (2,2)

» divisibility:
By = 1 if m|n, then By|Bh.
B, = 2 » strong divisibility:
By = 1 ged(Bm, Bn) = Byea(m,n)-
By = 22.3.7
Bs = 17-79
Bs = 2-13.239
B; = 10092351
Bg = 2%.3.7-31-113.257
By = 9788425919

By = 2-52-17-61-79-337-8161
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Example: E : y? = x® —2x,P = (2,2)

» divisibility:
Bi =1 if m|n, then B,| Bp.
B = 2 » strong divisibility:
B; = 1 ged(Bm, Bn>:Bgcd(m,n)-
B, = 22.3.7 > if ord,(Bm) >> 0, then
Bs = 17-79 ordy (Bmn) =
Bs — 2-13.239 ordy (Bm) + ord,(n). |

(formal groups / reduction)

B; = 1009 -2351
B = 2%.3.7.31-113.257
By = 9788425919

By = 2-52-17-61-79-337-8161
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Example: E : y? = x® —2x,P = (2,2)

» divisibility:
By = 1 it m|n, then By|B.
B, = 2 » strong divisibility:
B3 - 1 ng(Bm, Bn) == Bng(m,n)'
B, = 22.3.7 > if ord,(Bm) >> 0, then
Bs = 17-79 ordy (Bmn) =
By — 2-13.239 ordy (Bm) + ordy(n). |
(formal groups / reduction)
B; = 1009 -2351 .
3 » all but finitely many terms
Bg = 2°-3-7-31-113-257 have a new prime factor
By = 9788425919 (Silverman, 1988)

By = 2-52-17-61-79-337-8161
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Proof of Silverman (1)

» A primitive divisor of the term B, is a prime q|B, such that
for every m, if q| By, then n|m.

Marco Streng

Divisibility Sequences for Elliptic Curves with Complex Multiplication



Proof of Silverman (1)

» A primitive divisor of the term B, is a prime q|B, such that
for every m, if q| By, then n|m.

» The primitive part D, of B, is the largest divisor of B, such
that all primes dividing D,, are primitive divisors of Bj,.
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Proof of Silverman (1)

» A primitive divisor of the term B, is a prime q|B, such that
for every m, if q| By, then n|m.

» The primitive part D, of B, is the largest divisor of B, such
that all primes dividing D,, are primitive divisors of Bj,.

Lemma
There is a constant C # 0 in Z such that
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Proof of Silverman (2)

SO

logD, > logB,—) (log B+ logp) —logC
pln

> h(P)yi® =Y _h(P)(n/p)? — o(1)n?

pln

= h(P) P (1 ~Y pe- o(1)>
pln

> h(P) n?(0.547 — 0(1)) — co. [
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Proof of Silverman (2)
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logD, > logB,—) (log B+ logp) —logC
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Proof of Silverman (2)

SO

logD, > logB,—) (log B+ logp) —logC
pln

> h(P)yi® =Y _h(P)(n/p)? — o(1)n?

pln

= h(P) n? (1 -y pe- 0(1))
pln

> h(P) n?(0.547 — 0(1)) — co. [
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Proof of Silverman (2)

SO

logD, > logB,—) (log B+ logp) —logC
pln

> h(P)yi® =Y _h(P)(n/p)? — o(1)n?

pln

= h(P) P (1 ~Y pe- o(1)>
pln

> h(P) n?(0.547 — o(1)) — co. [
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Complex Multiplication

» An endomorphism of E is an algebraic group
homomorphism E — E.

Marco Streng

Divisibility Sequences for Elliptic Curves with Complex Multiplication



Complex Multiplication

» An endomorphism of E is an algebraic group
homomorphism E — E.

» Example: multiplication by n € Z
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Complex Multiplication

» An endomorphism of E is an algebraic group
homomorphism E — E.

» Example: multiplication by n € Z
» Example: If E : y?2 = x3 + ax, then (x,y) — (—x, iy).
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Complex Multiplication

v

An endomorphism of E is an algebraic group
homomorphism E — E.

Example: multiplication by n € Z
Example: If E : y? = x3 + ax, then (x,y) — (—x, iy).
The endomorphisms form a ring End(E).

v

v

v
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Complex Multiplication

v

An endomorphism of E is an algebraic group
homomorphism E — E.

Example: multiplication by n € Z
Example: If E : y? = x3 + ax, then (x,y) — (—x, iy).
The endomorphisms form a ring End(E).

End(E) is either Z or Z|w]|, where w € C \ R is a zero of a
polynomial X2 + aX + b with a,b € Z.

v

v

v

v
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Complex Multiplication

» An endomorphism of E is an algebraic group
homomorphism E — E.

» Example: multiplication by n € Z
» Example: If E : y?2 = x3 + ax, then (x,y) — (—x, iy).
» The endomorphisms form a ring End(E).

» End(E) is either Z or Z|w]|, where w € C \ R is a zero of a
polynomial X2 + aX + b with a,b € Z.

» If End(E) # Z, then we say that E has Complex
Multiplication.
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Elliptic divisibility sequences with CM

Look at aP for all « € End(E) to get B,.
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Elliptic divisibility sequences with CM

Look at aP for all « € End(E) to get B,.

» aP is not always a rational point, so look at points and
curves over number fields.
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Elliptic divisibility sequences with CM

Look at aP for all « € End(E) to get B,.

» aP is not always a rational point, so look at points and
curves over number fields.

» Unique factorization in number fields only for ideals, so B,
is an ideal.
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Elliptic divisibility sequences with CM

Look at aP for all « € End(E) to get B,.

» aP is not always a rational point, so look at points and
curves over number fields.

» Unique factorization in number fields only for ideals, so B,
is an ideal.

» Do all properties generalize?

» Growth.
Divisibility: if |8, then B,X|B/3.

v

v

Strong divisibility: ged(By, Bs) = Byea(a,p)-
If v(By) >> 0, then v(B,g) = v(By) + v(B).

Primitive divisors.

v

v
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Elliptic divisibility sequences with CM

Look at aP for all « € End(E) to get B,.

» aP is not always a rational point, so look at points and
curves over number fields.

» Unique factorization in number fields only for ideals, so B,
is an ideal.

» Do all properties generalize?

» Growth. yes, with norms N(«) instead of squares n?
Divisibility: if «[8, then By |Bg.

v

v

Strong divisibility: ged(By, Bs) = Byea(a,p)-
If v(By) >> 0, then v(B,g) = v(By) + v(B).

Primitive divisors.

v

v
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Elliptic divisibility sequences with CM

Look at aP for all « € End(E) to get B,.

» aP is not always a rational point, so look at points and
curves over number fields.

» Unique factorization in number fields only for ideals, so B,

is an ideal.

» Do all properties generalize?
» Growth. yes, with norms N(«) instead of squares n?

Divisibility: if a[8, then By |Bg.
yes, but some work or use Néron models
Strong divisibility: ged(By, Bg) = Byey(a,p)-
If v(By) >> 0, then v(B,g) = v(By) + v(B).
Primitive divisors.

v

v

v

v
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Elliptic divisibility sequences with CM

Look at aP for all « € End(E) to get B,.

» aP is not always a rational point, so look at points and
curves over number fields.

» Unique factorization in number fields only for ideals, so B,
is an ideal.
» Do all properties generalize?
» Growth. yes, with norms N(«) instead of squares n?
Divisibility: if a[8, then By |Bg.
yes, but some work or use Néron models
Strong divisibility: ged(By, Bg) = Byeg(a,p)- YES
If v(By) >> 0, then v(B,g) = v(By) + v(B).
Primitive divisors.

v

v

v

v
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Elliptic divisibility sequences with CM

Look at aP for all « € End(E) to get B,.

» aP is not always a rational point, so look at points and
curves over number fields.

» Unique factorization in number fields only for ideals, so B,
is an ideal.
» Do all properties generalize?
» Growth. yes, with norms N(«) instead of squares n?
Divisibility: if a[8, then By |Bg.
yes, but some work or use Néron models
Strong divisibility: ged(By, Bg) = Byeg(a,p)- YES
If v(By) >> 0, then v(B,g) = v(By) + v(B). yes
Primitive divisors.

v

v

v

v
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Elliptic divisibility sequences with CM

Look at aP for all « € End(E) to get B,.

» aP is not always a rational point, so look at points and
curves over number fields.

» Unique factorization in number fields only for ideals, so B,
is an ideal.
» Do all properties generalize?
» Growth. yes, with norms N(«) instead of squares n?
Divisibility: if a[8, then By |Bg.
yes, but some work or use Néron models
Strong divisibility: ged(By, Bg) = Byeg(a,p)- YES
If v(By) >> 0, then v(B,g) = v(By) + v(B). yes
Primitive divisors. ?

v

v

v

v
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Silverman’s proof?

Assume that O is a principal ring.
» The original proof gives at best

log D, > h(P) N ( —Y N(n) )) :

7Tl

There are now too many small primes, because half of the
primes split.
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Silverman’s proof?

Assume that O is a principal ring.
» The original proof gives at best

log D, > h(P) N ( —Y N(n) )) :
7Tl

There are now too many small primes, because half of the
primes split.
» Solution: Inclusion-exclusion.
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The proof (1)

» Inclusion-exclusion works best with unique factorization.
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The proof (1)

» Inclusion-exclusion works best with unique factorization.

» The ring O = End(E) does not always have unique
factorization, but the set of ideals of O coprime to the
conductor of O does.
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The proof (1)

» Inclusion-exclusion works best with unique factorization.

» The ring O = End(E) does not always have unique
factorization, but the set of ideals of O coprime to the
conductor of O does.

» Define B, for every ideal a by
B, = ged,c Bs.

In other words, B, is the largest ideal such that « P reduces
to (0:1:0) modulo B, for all « € a.
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The proof (1)

» Inclusion-exclusion works best with unique factorization.

» The ring O = End(E) does not always have unique
factorization, but the set of ideals of O coprime to the
conductor of O does.

» Define B, for every ideal a by
B, = ged,c Bs.

In other words, B, is the largest ideal such that « P reduces
to (0:1:0) modulo B, for all « € a.

» Then generalize the properties.
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The proof (2)

» For the growth, we need points.
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The proof (2)

» For the growth, we need points.

» There is a natural way to associate to every a a
homomorphism of elliptic curves a: E — E’.
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The proof (2)

» For the growth, we need points.

» There is a natural way to associate to every a a
homomorphism of elliptic curves a: E — E’.

» Its image E’ depends only on the ideal class of a, so we
get points aP on a finite set of elliptic curves.
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The proof (2)

» For the growth, we need points.

» There is a natural way to associate to every a a
homomorphism of elliptic curves a: E — E’.

» Its image E’ depends only on the ideal class of a, so we
get points aP on a finite set of elliptic curves.

» Their denominators are almost equal to the B2’s and we
can apply David’s theorem to each of the (finitely many)
curves.
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The proof (2)

» For the growth, we need points.

» There is a natural way to associate to every a a
homomorphism of elliptic curves a: E — E’.

» Its image E’ depends only on the ideal class of a, so we
get points aP on a finite set of elliptic curves.

» Their denominators are almost equal to the B2’s and we
can apply David’s theorem to each of the (finitely many)
curves.

Inclusion-exclusion and Mertens’ theorem then prove the
existence of primitive divisors.
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Results (1)

Theorem
For all ideals a C O coprime to the conductor of O, except
finitely many, the term B, has a primitive divisor.
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Results (2)

For Z-indexed sequences, the methods give the following:
Theorem
log D, = h(P) * (1 —p~2) + O(nf),
pln
where [, (1 — p~2) is between {(2)~" > 0.6079 and 1.
(compare to log D, > h(P)n?(0.547 — 0(1)).)
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Results (3)

Suppose that E and P are defined over a number field L and
that not all endomorphisms of E are defined over L. Then they
are defined over a quadratic extension M/ L. Consider the
Z-indexed sequence of L-ideals By, B>, Bs, .. ..

Corollary

Define for all n € Z, the numbers

rn = #{p|n prime : p ramifies in End(E)},
sn = #{p|n prime: p splits in End(E)}.

Then for all but finitely many n, the term B, has at least
n+ sn+ 1 primitive divisors, of which at least s, splitin M/ L.
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Open problems

» Prove the conjectures of Gunther Cornelissen and Karim
Zahidi.
» Give a good definition of divisibility sequence for an
abelian variety ...
» indexed by (a subring of) the endomorphism ring.
preprint:
http://www.math.leidenuniv.nl/~streng
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