A RECURRENCE TYPE CHARACTERISATION OF μ-EXPONENTIAL ERGODICITY FOR MARKOV PROCESSES

F.M. Spieksma*

Department of Mathematics and Computer Science University of Leiden Niels Bohrweg 1, 2333CA Leiden The Netherlands

ABSTRACT The paper studies a characterisation of μ-exponential ergodicity through the total expected μ-rewards until absorption into a finite set, for regular, standard, conservative Markov processes on a countable state space. This total expected reward condition is closely related to Tweedie’s [26] necessary and sufficient condition for exponential ergodicity, which uses the intensity matrix. Our condition can also be interpreted as a condition on the μ-norm of the taboo transition probability matrix.

If the Markov process is uniformisable, the properties of our interest can be studied through an approximating discrete time Markov chain. The applicability of the total μ-reward condition is illustrated by it’s verification for the Jackson network with an arbitrary, but finite number of servers in each node.

KEYWORDS Markov process, exponential ergodicity, exponential recurrence, taboo probabilities, Jackson network.

* The research of the author has been supported by the Netherlands Organisation for Scientific Research N.W.O.

1. INTRODUCTION

Consider a Markov Process (MP) {X(t)}_{t≥0} on a countable state space E. We denote the transition matrix by P (t), with ij^{th} entry P_{ij} (t) = IP{X(t) = j | X(0) = i}. The intensity matrix Q = (q_{ij} )_{i,j∈E} is defined as

q_{ij} := lim_{t↓0} ( P (t) − I ) ij t , where I is the identity matrix. Throughout this article we make the following standard assumption.

ASSUMPTION: The MP is standard, conservative with no instantaneous states, i.e. ∀ i ∈ E

q_{ij} ≥ 0, j ≠ i

q_i:= ∑ j≠i

q_{ij} = −q_{ii} < ∞

q_i < ∞.

(1.1)

It is well-known (cf. e.g. Chung [3]) that the process remains an exponentially (q_i) distributed amount of time in state i, after which it jumps to state j with probability^J P_{ij} =^{1−δ ij}_{qi} q_{ij} . The matrix^J P with ij^{th} entry^J P_{ij} defines the so-called jumpchain {^JX(n)}_n of the process.

In [26] Tweedie derives a necessary and sufficient condition on the Q-matrix for an irreducible MP to be exponentially or strongly ergodic. This condition essentially requires a contraction type of property for all states except for some finite set. For our derivations it is convenient to have one condition for all initial states, which uses the taboo intensity matrix_MQ with taboo set M, and ij^{th} entry

Mq_{ij} = { q_{ij} , j ∉ M ∨ i = j ∈ M 0, otherwise.

MQ is easily seen to be the intensity matrix of the taboo process with taboo set M and transition matrix_MP (t), t ≥ 0, defined by

MP_{ij} (t) = δ_{ij} e^{−q it} + IP{S_i < t, X(s) ∉ M ∀s ∈ (S_i, t), X(t) = j | X(0) = i}, j ∉ M e^{−q it}, j = i ∈ M 0, otherwise,

where S_i denotes the sojourn time in state i. This definition follows Chung [3] (cf. Theorem II.11.6). Note that {_MP (t)}_{t≥0} is a transition semi-group, if {P (t)}_{t≥0} is.

The representation of Tweedie’s criterion that will be used throughout the paper, is formulated below (cf. section 2 for a more detailed discussion).

Tweedie’s criterion for exponential ergodicity: There are a vector μ, with μ_i ≥ 1 ∀ i ∈ E, a positive constant λ_R and a finite set M ⊂ E, such that the following holds ∑ j Mq_{ij} μ_j ≤ −λ_Rμ_i, i ∈ E. (1.2)

Through this formulation, the criterion has the same format as the necessary and sufficient condition for geometric ergodicity of discrete time MCs, which has been introduced in [16]. As we will sometimes refer to the latter, we will include the discrete time condition here. Write P for the transition matrix of a countable MC and_MP for the corresponding taboo probability matrix, that is_MP_{ij} = P_{ij} , if j ∉ M, and 0 otherwise. Note, that the taboo for the MP is imposed after the first exit from a state in M, whereas for a MC it is imposed at the next observation instant.

Popov’s criterion for geometric ergodicity: There are a vector μ, with μ_i ≥ 1 ∀ i ∈ E, a positive constant β_R < 1, and a finite set M, such that the following holds ∑ j MP_{ij} μ_j ≤ β_Rμ_i, i ∈ E. (1.3)

In a recent paper [13] Meyn & Tweedie extend the result in [26] considerably, whilst allowing MPs with a general state space. For countable state MPs their result reads as follows.

PROPOSITION A: Suppose there is a vector μ solving Tweedie’s criterion for an irreducible MP, such that μ_i → ∞ as i → ∞. Then there are positive constants λ_E and c, such that

|||P (t) − Π|||_M = sup_{i∈E} μ^{−1}_i ∑ j |P_{ij} (t) − Π_{ij} |μ_j ≤ ce^{−λ E t}, t ≥ 0, (1.4)

where Π_{ij} = lim_{t→∞} P_{ij} (t) is the stationary probability on being in state j, when the initial state is i. ||| · |||_M denotes the weighted supremum norm with weighting vector μ. To make this more explicit, let x = (x_i)_{i∈E} be a vector on E and A a matrix on E × E. Then |||x|||_M := sup_{i∈E} μ^{−1}_i |x_i| is said to be the μ-norm of x and |||A|||_M := sup_{i∈E} μ^{−1}_i ∑ j∈E |A_{ij} |μ_j is the associated μ-norm of A.

We will refer to condition (1.4) as μ-exponential ergodicity (μ−EE). Clearly, for μ_i ≥ 1, μ−EE is a special case of exponential ergodicity, which requires the existence of a parameter λ > 0, such that ∑ j |P_{ij} (t) − π_j | = O(e^{−λt} ) as t → ∞ (cf. [26]). By virtue of the equivalence result in [26] and Proposition A, exponential ergodicity implies μ− EE for some vector μ, with μ_i ≥ 1 ∀ i ∈ E. If we take μ ≡ 1, μ−EE reduces to strong ergodicity.

If we assume the MP to be irreducible, the stationary matrix Π has equal rows. This motivates formulating (1.4) as a condition on weighted variation norms, which in fact has been done in [13]. However, we would rather adopt a matrix norm formulation. In conjunction with our formulation of Tweedie’s criterion, this allows us to interpret all convergence results in terms of convergence of bounded linear operators. In this way we may also apply theory for bounded linear operators, so as to derive spectral theorems (cf. e.g. [8], [20]). Using matrix norms has been introduced in [5] for the analysis of Markov decision chains, and lateron used for MCs in e.g. [7]. Proposition A is in fact a partial continuous time extension of the Key Theorem in the latter reference. A similar result has been derived in [20] for uniformisable MP’s with a countable state space.

In this paper we will study to some extent the μ− EE property with respect to the recurrence time distributions to a finite set. This involves the following concept.

A MP is said to be μ-weak exponentially recurrent (μ−W ER), if there are a finite set M ⊂ E, and positive constants c, λ_R, such that

|||_MP (t)|||_M ≤ ce^{−λ Rt}, t ≥ 0. (1.5)

REMARK 1 Note, that μ−W ER for the finite set M, constant c = 1 and parameter λ_R, is equivalent to μ being a λ_R-invariant vector for the taboo process with transition matrix_MP (t), t ≥ 0. Similarly, condition (1.4) is the same as requiring μ to be a λ_R-invariant vector for_MQ (cf. [1], p. 192).

If μ ≥ 1, clearly the μ−W ER property implies the distribution of the recurrence time to a finite set to have expontially fast decaying tails. In fact λ_R lower bounds the decay parameter of the taboo process. When viewing the MP as a reward process, μ−W ER requires the expected μ-reward at time t, given that the process never jumped to M before t, to decrease exponentially fast. As a consequence the total expected μ-reward until absorption into set M is finite. Section 2 contains a discussion of related recurrence properties as well as the proof of the relation between the properties discussed in the foregoing, which is formulated in the following theorem.

THEOREM 1.1 Let {X(t)}_{t≥0} be a regular MP and let μ be a vector with μ_i ≥ 1, i ∈ E. Then

μ−W ER (1.5) ⇐⇒ μ−EE (1.4).

In the special case of sup_{i∈E} μ_i < ∞, Theorem 1.1 states the well-known result (cf. [7]) of strong ergodicity being equivalent to the first hitting times of a finite set having exponential tails that are uniformly bounded in the initial states.

Simultaneously to the present research Meyn & Tweedie have proved in [13], that μ−W ER implies μ−EE for MPs with a general state space, if μ is a moment, that is, μ_i → ∞, as i → ∞; this is not formulated explicitly, but is implicit in the proof of Theorem 6.1. The reverse implication does not seem to be known yet for MPs. The discrete time version of the equivalence has been shown first in [7] for general μ vectors that are bounded below by a positive constant. In this paper we do not use the extra condition in Proposition A on μ being a moment, which is mainly imposed to ensure regularity of the process. We have chosen to require regularity as a separate condition, since most applications are regular by nature, and we would like to keep μ as general as possible, so that the analogous results for strongly ergodic MPs are contained in the analysis.

The close relation of μ−W ER and μ−EE can be of interest for analysing reward processes. A more general setting for such conditions are Markov decision processes, where the discrete time versions of the above conditions have been shown to yield existence of optimal strategies for a wide range of criteria (cf. [5]). Another application of the μ−W ER property is it’s offering an alternative means for checking μ− EE. Much to our surprise, μ− W ER turned out to be simpler to check for the Jackson network than Tweedie’s criterion, which is essentially a Lyapunov function criterion.

In the light of practical applications, another topic of the paper is to study conditions on special MCs implying the desired properties for the MP in section 3. In practice, processes will often evolve at discrete time instants, or be observed at discrete time instants. It is of importance to know, to what extent ergodicity properties of the observed discrete time process relate to ergodicity properties of the underlying Markov process.

Various types of MCs are often associated with a specific MP. One is the skeleton chain; this has been extensively studied in e.g. [15] and we will not further pursue this. Another one is the jump chain. Trivially, a vector μ solving the Popov’s criterion for the jump chain solves Tweedie’s criterion for exponential ergodicity, if the expected sojourn times in a state are bounded as a function of the states. The reverse need not hold, examples of which can be found in [25] and references therein.

If the MP is uniformisable, it’s evolution in time can be fully described by considering discrete time approximating MCs. As we can associate uniformisable MPs with a large class of queueing processes, we will explore the relation between MP and approximating MC quite extensively. Due to the fact that the transition probabilities of the MP can be expressed in terms of the transition probabilities of the approximating MC, it is quite straightforward to show a close connection between recurrence and ergodicity properties of both processes. As a corollary we obtain an expression for the relation between the convergence rates in the exponential (and geometric) ergodicity property of MP and approximating MC. This is of special interest to our present research, which focuses on methods for calculating these convergence rates in [8].

Finally section 4 illustrates the applicability of the criteria used by two examples. μ−EE (1.4) of a stochastic population model is shown by checking Popov’s criterion for the jump chain. The second example is the Jackson network with m nodes. μ − EE (1.4) is established by essentially showing μ− W ER (1.5) for the approximating MC. A simple coupling argument for the sample paths of the process suffices.

In [21] we constructed a Lyapunov function in Popov’s criterion for the Jackson network with two nodes; in spite of much effort I have not been able to extend this to networks with more than two nodes unto this very moment. Much to my interest, Fayolle et al. [6] recently succeeded in constructing a Lyapunov function, say f, in Foster’s criterion for the Jackson network. Together with a boundedness result on the f, exponential ergodicity of the process follows by virtue of a result from [10].

The present result extends the result in [6] in two directions. We allow any finite number of servers in each node. Moreover, the μ-vectors we use for all applications, grow exponentially fast in the state variable. As a consequence, we do not only obtain geometric convergence of the marginal distributions, but geometric convergence of all moments. A different proof of the same result will be given in a subsequent paper [23], where the use of coupling arguments for showing geometric ergodicity of queueing networks is explored more fully.

In the paper we use the following general notation: IP_i{·} denotes the probability of event {·}, when the starting state is i. Similarly, IE_i{·} is the expectation operator conditionally on the process being in i initially. δ_{ij} is the Kronecker delta; 1{·} equals 1, if event {·} occurs, and 0 otherwise; “≤” stands for componentwise ordering of vectors and “1” for the vector consisting of 1’s only, the dimension of which will always be clear from the context.

We close this section by remarking that the literature on geometric and exponential ergodicity is too vast to give proper credit to all authors, and we have restricted to mentioning only those papers that are directly related to the analysis here. For further references and overviews of the subject field we refer to [11], [12], [13], [7], [20], [21] and other papers that will be mentioned in this article.

2. RECURRENCE PROPERTIES OF THE TABOO PROBABILITIES

In the sequal only irreducible MPs will be taken into account; this is no restriction, in that all proofs can be extended to the more general case of requiring a finite number of closed classes. Apart from Assumption (1.1) we will assume regularity in this section. As a consequence of regularity, the MP {X(t)}_{t≥0} is the Feller minimal process. Hence, P (t) satisfies the so-called “first jump” and “last jump” identities (cf. [3], [26]). In a similar way, “first entrance” and “last exit” decomposition, which is a well-known concept for discrete time MCs (see [3]), is applicable to P (t). Note that last exit decomposition of P_{ij} (t) for a taboo state j does not have any meaning.

LEMMA 2.1. If the MP is regular, P (t) satisfies “first entrance” decomposition, i.e.

P_{ij} (t) =_MP_{ij} (t) +

∫_t 0 ∑ k MP_{ik}(s) ∑ m∈M m≠k

q_{km}P_{mj} (t − s)ds (2.1)

and “last exit” decomposition for j ∉ M, i.e.

P_{ij} (t) =_MP_{ij} (t)1{i ∉ M} +

∫_t 0 ∑ m∈M P_{im}(s) ∑ k≠m

Mq_{mkM}P_{kj} (t − s)ds. (2.2)

Proof: The main arguments and notation can be found in [3] pp. 249-250. Define N(t) to be the number of jumps of the MP in (0, t) and

P^{⟨n⟩}_{ij} (t) := IP_i { X(t) = j ∩ N(t) = n } . As {X(t)}_{t≥0} is the Feller minimal process,

P_{ij} (t) = ∞∑ n=0 P^{⟨n⟩}_{ij} (t), ∀ t ≥ 0.

A similar expression obviously holds for the taboo process as well (this can be shown be e.g. introducing an extra absorbing state, towards which all disappearing mass is directed). Then

P^{⟨0⟩}_{ij} (t) = δ_{ij} e^{−q it}, ∀ i, j, ∀ t ≥ 0.

and it is sufficient to show for n = 1, 2, . . . and i ∈ E, that

P^{⟨n⟩}_{ij} (t) =_MP^{⟨n⟩}_{ij} (t) +

∫_t 0 n−1∑ ν=0 ∑ k MP^{⟨ν⟩}_{ik} (s) ∑ m∈M m≠k

q_{km}P^{⟨n−ν−1⟩} mj (t − s)ds, j ∈ E (2.3)

as well as

P^{⟨n⟩}_{ij} (t) =_MP^{⟨n⟩}_{ij} (t)1{i ∉ M} +

∫_t 0 n−1∑ ν=0 ∑ m∈M P^{⟨ν⟩}_{im} (s) ∑ k≠m

Mq_{mkM}P^{⟨n−ν−1⟩} kj (t − s)ds, j ∉ M. (2.4)

By taking the summation over all n, and using the monotone convergence theorem (cf. [18], p. 265), we then obtain (2.1) and (2.2). The proof of (2.1) and (2.2) is by induction and using the first jump identities. Since this is quite standard, cf. for example [1], p. 211, we will omit details. QED

Next we derive a relation between the μ−W ER property (1.5) and solutions to (1.2). Write q for the vector with i^{th} component q_i, i ∈ E. In the sequal assume, that μ is a non-negative vector.

THEOREM 2.2

i) μ−W ER (1.5) holds for the finite set M, constant c = 1 and parameter λ_R if and only if μ is a solution to (1.2) for the finite set M and parameter λ_R.

ii) If μ−W ER (1.5) holds for the finite set M, constant c > 0 and parameter λ_R, then μ^∗ (λ), with

μ^∗_i (λ) =

∫_∞ 0 e^{λt} ∑ j∈E MP_{ij} (t)μ_j dt, i ∈ E,

satisfies ∑ k Mq_{ik}μ^∗_k(λ) = −μ_i − λμ^∗_i (λ), (2.5)

and |||μ^∗ (λ)|||_M ≤^c_{λ R−λ} , for any λ < λ_R. μ^∗ (λ)|||q|||^{−1}_M is a solution of (1.2) with components greater or equal to 1, for the finite set M and parameter λ^∗_R = λ +^{λ R−λ}_c , if |||q|||_M is finite.

iii) Assume the existence of a constant c, for which

μ^∗_i (0) =

∫_∞ 0 ∑ j∈E MP_{ij} (t)μ_j dt ≤ cμ_i, i ∈ E. (2.6)

Then ∑ j MP_{ij} (t)μ_j is finite and continuous as a function of t; moreover, for λ < c^{−1}

μ^∗_i (λ) =

∫_∞ 0 e^{λt} ∑ j MP_{ij} (t)μ_j ≤ c ·

1 − (c − 1)λ 1 − cλ μ_i, i ∈ E.

REMARK 2 From Theorem 2.2i) we conclude that the existence of a solution μ to (1.2) for the finite set M is equivalent to {_MP (t)}_t being a contraction semi-group with respect to the μ-norm.

Proof of Theorem 2.2 For the proof of i) note first that either condition implies q_i ≥ λ_R. By remark 1 in section 1 we have to show that μ is a λ_R-invariant vector for the taboo probabilities_MP (t), t ≥ 0, iff μ is a λ_R-invariant vector for_MQ. Necessity is shown similarly to Proposition 5.4.1 in [1], which states the same equivalence under the assumption of E being a communicating class. To show sufficience, we assume that μ−W ER holds for the finite set M, constant c = 1 and parameter λ_R. Then 1 t ( e^{−λ Rt} − 1)μ_i ≥ 1 t (_M

P_{ii}(t) − 1 ) μ_i + 1 t ∑ j≠i

MP_{ij} (t)μ_j

≥ 1 t (_M

P_{ii}(t) − 1 ) μ_i + ∑ j≠i

Mq_{ij} μ_j { 1{q_j ≠q_i} e^{−q j t} − e^{−q it}

t(q_i − q_j )

+ 1{q_j =q_i}e^{−q it} } ,

bounding_MP_{ij} (t) below by_MP^{⟨1⟩}_{ij} (t) for j ≠ i in the second inequality. Taking the liminf on both sides, and using Fatou’s lemma, we obtain from the foregoing inequality

−λ_Rμ_i ≥_Mq_{ii}μ_i + ∑ j≠i

Mq_{ij} μ_j lim inf_{t↓0} { 1{q_j ≠q_i} e^{−q j t} − e^{−q it}

t(q_j − q_i)

+ 1{q_j =q_i}e^{−q it} } = ∑ j Mq_{ij} μ_j ,

so that μ solves (1.2).

For the proof of ii) first notice, that

μ^∗_i (λ) ≤

∫_∞ 0 e^{(λ−λ R)t}dt · cμ_i =^c_{λ R−λ} μ_i. (2.7)

Then ∑ k Mq_{ik}μ^∗_k(λ)= ∑ k Mq_{ik}

∫_∞ 0 e^{λt} ∑ j MP_{kj} μ_j (t)dt = ∑ j {∫^∞ 0 ∑ k Mq_{ikM}P_{kj} (t)dt } μ_j

= ∑ j {∫^∞ 0 e^{λt d}_{dt M}P_{ij} (t)dt } μ_j

= −μ_i − λμ^∗_i (λ),

so that μ^∗ (λ) satisfies (2.5). If |||q|||_M < ∞,

μ^∗_i (λ) ≥

∫_∞ 0 e^{λt}_MP_{ii}(t)dtμ_i ≥

∫_∞ 0 e^{−(q i−λ)t} dtμ_i ≥ q^{−1}_i μ_i ≥ |||q|||^{−1}_M . 6

The proof of ii) is then completed by combining (2.5) and (2.7) and by observing, that μ^∗ (λ) solves (1.2) iff c^′μ^∗ (λ) solves (1.2) for a positive constant c^′.

For iii) note, that_MP_{ij} (t) is continuous in t. Write f_i(t) for ∑ j MP_{ij} (t)μ_j and suppose, that f_i(t̂) diverges for some t̂. Then f_i(t̂ + x) ≥ e^{−q ix}f_i(t̂), for x ≥ 0, so that f_i(t) diverges for t ≥ t̂. Consequently the integral cannot converge. Hence, f_i(t) must be finite for any t ≥ 0.

Next we show continuity. Let t_n → t, n → ∞. By Fatou’s lemma lim inf_{n→∞} f_i(t_n) ≥ f_i(t). On the other hand, if t_n ↑ t, then f_i(t) ≥_MP_{ii}(t − t_n)f_i(t_n), and thus f_i(t) ≥ lim sup_{n→∞} f_i(t_n), so that f_i(t) is continuous to the left. It is then straightforward to prove that f_i(t) → 0, for t → ∞.

Let t_n ↓ t, and suppose that lim inf_{n→∞} f_i(t_n) ≥ f_i(t) + ϵ, for some ϵ > 0. Then for x > 0, lim inf_{n→∞} f_i(t_n + x) ≥_MP_{ii}(x)ϵ + f_i(t + x). Hence, f_i(t̂_n) strictly increases in n for some sequence t̂_n → ∞, n → ∞. This contradicts convergence of f_i(t) to 0, for t → ∞.

Clearly, (2.5) implies, that for i ∈ E, ∑ k Mq_{ik}μ^∗_k(0) = −μ_i ≤ −^1_c μ^∗_i (0), (2.8)

so that μ^∗ (0) satisfies (1.2) for the finite set M and parameter c^{−1} . Thus, for λ < c^{−1} , ∫_∞ 0 ∑ j e^{λt}_MP_{ij} (t)μ^∗_j (0)dt ≤^1_{c−1 −λ} μ^∗_i (0). (2.9)

Observing, that ∫_∞ 0 ∑ j e^{λt}_MP_{ij} (t)μ^∗_j (0)dt=

∫_∞ 0 ∑ j e^{λt}_MP_{ij} (t) {∫^∞ 0 ∑ k MP_{jk}(u)μ_kdu } dt

= ∫_∞ 0 e^{λt}

∫_∞ t ∑ k MP_{ik}(u)μ_kdu dt

=^1_λ

∫_∞ 0 e^{λu} ∑ k MP_{ik}(u)μ_kdu −^1_λ μ^∗_i (0),

we find that μ^∗_i (λ) ≤ c + cλ/(1 − cλ)μ_i, by which the theorem is proved. QED

A simple example shows, that in general μ−W ER (1.5) does not imply μ^∗ (λ) to be bounded away from 0. Let E = IN_0, q_i = 2^i = q_{i0}, for i ≥ 1, q_0 = 1 and q_{0i} = 2^{−i} , i ≥ 1. Take M = {0}, then

μ^{−1}_i ∑ j MP_{ij} (t)μ_j = e^{−2 it}, i ≥ 1

e^{−t} + μ^{−1}_0 ∑ j≥1 2^{−j} e^{−t} − e^{−2 j t} 2^j − 1 μ_j . (2.10)

The summation in (2.10) converges if μ_j /(4 − ϵ)^j → 0, for j → ∞, for some ϵ ∈ (0, 4). If we choose μ ≡ 1, then clearly the MP satisfies μ−W ER (1.5) for this μ and set M = {0}; furthermore q_j /μ_j → ∞, as j → ∞, but μ^∗_j (λ) = (2^j − λ)^{−1} → 0 for j → ∞.

This is a poignant constrast with similar results for MCs, where μ^∗ (λ) ≥ μ holds (cf. [7]). This type of inequality is also quite crucial in showing for MCs, that (2.6) implies μ−W ER (1.5). For MPs this is still an open problem. We can conclude from Theorem 2.2iii), that indeed the decay parameter of μ^{−1}_i ∑ j MP_{ij} (t)μ_j (hence of the taboo probabilities) is at least c^{−1} , but so far we didn’t succeed in showing the existence of one uniform (exponential) bound for all initial states.

It is illustrative to spend a few words on our representation of Tweedie’s criterion and the original formulations in [26] and [13]. In [26] the criterion has been formulated as follows:

There are a vector y on E, a finite set M ⊂ E, and a positive constant λ < q_i, ∀ i ∈ E, such that

y_i = 0, i ∈ M ∑ k q_{ik}y_k ≤ −λy_i − 1, i ∉ M ∑ k q_{ik}y_k < ∞, i ∈ M

(2.11)

Let μ ≥ 1 be a solution to (1.2) for the finite set M and parameter λ_R. For positive ϵ < λ_R, y, defined by y_i = (λ_R − ϵ)^{−1} μ_i, i ∉ M, and y_i = 0, for i ∈ M, is a solution to (2.11) for the finite set M and parameter λ = ϵ.

Conversely, let y be a solution of (2.11) for the finite set M and parameter λ. It is straightforward to check, that μ, with μ_i = λy_i + 1, if i ∉ M, and μ_i ≥ max{(q_i − λ)^{−1} ∑ k≠i Mqikμ k, 1}, if i ∈ M, is

a solution to (1.2) with μ ≥ 1, for the finite set M and parameter λ_R = λ.

Let τ^+_A (cf. [1], p.206) denote the first hitting time of set A, after the first jump of the MP. It is known from [26] (cf. also [1], p. 210), that the minimal non-negative solution of (2.11) for set M and parameter λ is given by y_i = λ^{−1} (IE_ie^{λτ +}M − 1), i ∉ M. As a consequence μ_i = IE_ie^{λτ +}M , i ∈ E, is the minimal solution to (1.2) on E \ M with μ ≥ 1. In general a solution μ to (1.2) need not be the minimal non-negative solution. In the foregoing example IE_ie^{λτ +0} = 2^i/(2^i − λ) → 1 as i → ∞, but μ^∗_i (0) = 2^{−i} is a solution to (1.2) as well.

[13] shows, that the existence of a vector V on E and constants c > 0, C with

V_i → ∞, i → ∞ ∑ j q_{ij} V_j ≤ −cV_i + C, i ∈ E

(2.12)

implies μ−EE (1.4) for μ = V + 1. Obviously, under this moment condition (V + c̃) − EE holds for any constant c̃.

Suppose, that V solves (2.12) for the constants c, C. Select a finite set S with E \ S ⊂ {i | −cV_i + C ≤ −^c_2 (V_i + 1)}. Next, let M be a finite set, such that ∑ j Mq_{ij} (V_j + 1) ≤ −^c_2 (V_i + 1) for i ∈ S. Then μ = V + 1 ≥ 1 solves (1.2) for the finite set M and parameter λ_R = c/2.

The converse is even more immediate. If μ is a solution to (1.2) for the finite set M and parameter λ_R, then V with V_i = μ_i + 1, i ∉ M, and V_i = 1, i ∈ M, c = λ_R and C ≥ max{λ_R, λ_R + max_{m∈M} ∑ j q_{mj} V_j } solves (2.12). Note, that no moment condition on μ is required for the latter implication, whereas the reverse cannot be obtained without the moment condition on V . This illustrates the importance of this moment condition in the very weak formulation (2.12) of Tweedie’s criterion in [13].

The following theorem relates the μ−W ER (1.5) property to the expected μ-rewards until absorption into a state. It will be useful for proving Theorem 1.1.

THEOREM 2.3 Let μ ≥ 1.

i) μ−W ER (1.5) implies, that the MP is positive recurrent and exponentially ergodic. ii) μ−W ER (1.5) for the finite set M is equivalent to the existence of a state 0 ∈ M, a constant c^∗ and a parameter λ^∗ , such that μ−W ER holds for the finite set {0} ⊂ M, i.e.

|||_0P (t)|||_M ≤ c^∗ e^{−λ ∗ t}, t ≥ 0. (2.13)

Proof Suppose, that μ−W ER holds for the finite set M. As μ ≥ 1, (2.5) implies the vector y, defined as y_i = μ^∗_i (λ), i ∉ M, and y_i = 0, i ∈ M, to satisfy Tweedie’s criterion. Invoking Theorem 3 in [26], positive recurrence directly follows by putting λ = 0, and exponential ergodicity by λ > 0. This proves i).

μ−W ER for the set {0} trivially implies μ−W ER for any set M ⊃ {0}. So, let us assume that μ−W ER holds for the finite set M, constant c and parameter λ_R. Write_MF_{im}(t) = IP_i{τ^+_M ≤ t, X(τ^+_M ) = m}, m ∈ M, for the probability that the process enters set M through state m after the first jump; then clearly_MF_{im} has density function ∑ k MP_{ik}(t)q_{km}1{k ≠m}. Note, that we allow i = m, contrary to [3], Theorem II.11.8. Let 0 ∈ M; we will apply Nummelin’s technique of “first entrance-last exit” decomposition (cf. [14], Theorem 4.1) of set M \ {0} to the taboo process with taboo state 0. That is,

0P_{ij} (t) =_MP_{ij} (t) + ∑ m∈M m≠0

∫_t 0 0P_{mj} (t − s)d_MF_{im}(s)

=_MP_{ij} (t) + ∑ m∈M m≠0

∫_t 0 ∑ m̂∈M [ 1{j =m̂}_0P_{mm̂}(t − s)+

∫_{t−s} 0 1{j ≠m̂}_0P_{mm̂}(u) ∑ k≠m̂

Mq_{m̂kM}P_{kj} (t − s − u)du ] d_MF_{im}(s), (2.14)

by using first entrance decomposition in the first equality and last exit decomposition for_0P_{mj} (t − s) in the second. Multiplying by μ_j and taking the summation over j, we obtain ∑ j 0P_{ij} (t)μ_j = ∑ j MP_{ij} (t)μ_j + ∑ m,m̂∈M

m≠0

∫_t 0 0P_{mm̂}(t − s)μ_{m̂}d_MF_{im}(s)

+ ∑ m,m̂∈M m≠0

∫_t 0 ∫_{t−s} 0 0P_{mm̂}(u) ∑ k≠m̂

Mq_{m̂k} ∑ j MP_{kj} (t − s − u)μ_j du d_MF_{im}(s). (2.15)

These are all convolution integrals, so that integration over t finally yields

∫_∞ 0 ∑ j 0P_{ij} (t)μ_j dt =

∫_∞ 0 ∑ j MP_{ij} (t)μ_j dt + ∑ m,m̂∈M m≠0

∫_∞ 0 0P_{mm̂}(t)μ_{m̂}dt ·

∫_∞ 0 d_MF_{im}(s)

+ ∑ m,m̂∈M

m≠0

∫_∞ 0 0P_{mm̂}(u)du · ∑ k≠m̂

Mq_{m̂k}

∫_∞ 0 ∑ j MP_{kj} (t)μ_j dt ·

∫_∞ 0 d_MF_{im}(s). (2.16)

∫_∞ 0 0P_{mm̂}(t)dt converges, since all states are transient in the taboo process (with taboo state 0). As M is a finite set and

∫_∞ 0 d_MF_{im}(s) ≤ 1, there is a constant ĉ ≥ λ^{−1}_R such that the righthandside of (2.16) is bounded above by ĉμ_i. Applying Theorem 2.2iii) yields the existence of a constant c(λ), such that ∫_∞ 0 e^{λt} ∑ j 0P_{ij} (t)μ_j dt ≤ c(λ)μ_i, (2.17) 9 for λ < ĉ^{−1} , so that e^{λt}_0P_{mm̂}(t)μ_{m̂} ≤ ĉ(λ), m, m̂ ∈ M, t ≥ 0, for some constant ĉ(λ). Moreover, ∫_∞ 0 e^{λs} d_MF_{im}(s) =

∫_∞ 0 d_MF_{im}(s) + λ

∫_∞ 0 IP_i{τ^+_M > t, X(τ^+_M ) = m}dt

≤ 1 + λ

∫_∞ 0 ∑ j MP_{ij} (t)dt ≤ (1 +^λ_{λ R} )μ_i, (2.18)

as μ ≥ 1 by assumption. Combination of (2.15), (2.17), (2.18) and (2.5) yields ∑ j 0P_{ij} (t)μ_j ≤ ce^{−λ Rt}μ_i + ĉ(λ)(1 +^λ_{λ R} ) · ∑ m,m̂∈M m,m̂≠0 { 1 + q_{m̂}μ^{−1}_{m̂} μ^∗_{m̂}(λ) } e^{−λt} μ_i.

The righthandside is then bounded by c^∗ e^{−λt} μ_i for some constant c^∗ by virtue of inequality (2.7), since λ < λ_R. Choosing λ^∗ = λ finally establishes the result. QED

REMARK 3 The only place, where μ ≥ 1 is essentially used, is for the bound in (2.18), that is, to show that the first hitting time distributions of a finite set, rescaled with respect to μ, have exponential tails. This is needed for the proof of Theorem 1.1, even if we assume that M consists of one state only.

The proof of Theorem 1.1 in an earlier version of the paper used skeleton chains combined with the corresponding equivalence theorem for MCs from [7]. During a visit of the author to Fort Collins, Prof. Tweedie kindly pointed out a far more elegant and direct proof to me, which I am happy to report here.

Proof of Theorem 1.1 First assume property μ−EE for the constant c and a parameter λ_E as in (1.4). Then the stationary matrix has equal rows, say π_j = Π_{ij} , ∀i ∈ E, ∑ j π_j μ_j < ∞ and |||P (t)|||_M ≤ c^∗ := ∑ j π_j μ_j + c, for t ≥ 0.

Let ϵ ∈ (0, 1). There is a finite set M, such that ∑ j∉M πj μ j < ϵ/3. Choose t

∗ with ce^{−λ E t∗} < ϵ/3 and e^{−q it∗} < ϵ/3, i ∈ M. Then ∑ j MP_{ij} (t^∗ )μ_j ≤ 1 {i ∈ M}e^{−q it∗} + ∑ j∉M

P_{ij} (t^∗ )μ_j ≤^ϵ_3 + ∑ j∉M

|P_{ij} (t) − π_j |μ_j + ∑ j∉M

π_j μ_j ≤ ϵ,

so that for t ∈ [nt^∗ , (n + 1)t^∗ )

|||_MP (t)|||_M ≤ |||_MP (t^∗ )|||^n_M · |||_MP (t − nt^∗ )|||_M ≤ ϵ^n|||P (t − nt^∗ )|||_M ≤ ϵ^nc^∗ , (2.19)

and thus |||_MP (t)|||_M ≤ ĉe^{−λ Rt} for the constant ĉ = c^∗ ϵ^{−1} and parameter λ_R = −^1_{t∗} log ϵ.

Next assume, that μ−W ER (1.5) holds for the finite set M. By virtue of Theorem 2.3 μ−W ER holds for state 0 ∈ M, say, for parameter λ_R and constant c. Combined “first entrance-last exit” decomposition for state 0, gives, similarly to (2.14)

P_{ij} (t) =_0P_{ij} (t) + 1{j =0}

∫_t 0 0P_{00}(t − s)d_0F_{i0}(s)

+1{j ≠0}

∫_t 0 ∫_{t−s} 0 P_{00}(t − s − u) ∑ k≠0

0q_{0k0}P_{kj} (u)du d_0F_{i0}(s).

Furthermore, from the renewal reward theorem (cf. [17], p.78)

π_j = π_0 ∑ k≠0

q_{0k}

∫_∞ 0 0P_{kj} (u)du.

∫_∞ 0 d_0F_{i0}(s) = 1, since the MP is positive recurrent, so that the foregoing equations taken together yield

P_{ij} (t) − π_j =_0P_{ij} (t) + 1{j =0} {∫ t 0 [ P_{00}(t − s) − π_0 ] d_0F_{i0}(s) − π_0

∫_∞ t d_0F_{i0}(s) }

+1{j ≠0} {∫ t 0 [∫ t−u 0 [P_{00}(t−u−s)−π_0]d_0F_{i0}(s)−π_0

∫_∞ t−u d_0F_{i0}(s) ] · ∑ k≠0

q_{0k0}P_{kj} (u)du

−π_0 ∑ k≠0

0q_{0k}

∫_∞ t 0P_{kj} (u)du } . Multiplying by μ_j and summing over j we get ∑ j |P_{ij} (t) − π_j |μ_j ≤ ∑ j 0P_{ij} (t)μ_j +

∫_t 0 |P_{00}(t − s) − π_0|d_0F_{i0}(s)μ_0 + π_0

∫_∞ t d_0F_{i0}(s)μ_0

+ {∫ t 0 ∫_{t−u} 0 |P_{00}(t − s − u) − π_0|d_0F_{i0}(s) + ∫_∞ t−u d_0F_{i0}(s)π_0 } · ∑ k≠0

q_{0k} ∑ j 0P_{kj} (u)μ_j du

+ π_0 ∑ k≠0

q_{0k}

∫_∞ t ∑ j 0P_{kj} μ_j (u)du. (2.20)

The first term in the righthandside of (2.20) is bounded by ce^{−λ Rt}μ_i. As in the proof of Theorem 2.3 there is a λ < λ_R, such that (2.17) and (2.18) for M = {0} are satisfied. Together with (2.5) this means the existence of a constant c(λ) such that the third, fifth and sixth terms in (2.20) together are bounded by c(λ)e^{−λt} μ_i, since μ ≥ 1.

We can now proceed in two different ways. First, by last exit decomposition |||_0P (t)|||_M is uniformly bounded in t. Then, since (P (t) − Π) has the semi-group property, it is sufficient to prove that |||P (t) − Π|||_M < 1 for some value of t; this follows from the foregoing, if we use that P_{00}(t) → π_0, as t → ∞.

The second method uses, that μ−W ER implies exponential ergodicity by Theorem 2.3i) for μ ≥ 1. Hence, (P_{00}(t) − π_0) converges exponentially fast, say at rate λ_E , where we choose λ_E ≤ λ. Similarly as before, this yields a bound, say c(λ_E )e^{−λ E t}μ_i, for the second and fourth terms in (2.20). Taking all bounds together, we find that the lefthandside of (2.20) is bounded by c^′e^{−λ E t}μ_i for some constant c^′ (since λ_E ≤ λ). QED

Combination of Theorems 2.2 and 1.1 then gives the result of Proposition A for regular MPs and arbitrary vectors μ ≥ 1. Since the existence of a solution to Tweedie’s criterion has been shown to be equivalent to exponential ergodicity in [26], we also conclude that exponential ergodicity is equivalent to μ−EE (1.4) for some vector μ ≥ 1.

3. RECURRENCE PROPERTIES OF ASSOCIATED MARKOV CHAINS

This section analyses two types of MCs that are usually associated with a MP. Apart from assumption (1.1) we will only assume irreducibility. Regularity will be seen to follow from the premises. Since the analysis consists of studying MCs, it will be suitable to have the discrete time equivalents of μ− EE (1.4) and μ−W ER (1.5) stated explicitly.

A MC is said to be μ-geometrically ergodic (μ−GE), if there are positive constants β_E < 1, c_E , such that |||P^n − Π|||_M ≤ c_E β^n_E , n = 0, 1, 2, . . . (3.1)

Write_MP^n for the n^{th} iterate of_MP , and let_MP^0 = I.

A MC is said to be μ-weak geometrically recurrent (μ − W GR), if there are positive constants β_R < 1, c_R and a finite set M ⊂ E, such that

|||_MP^n|||_M ≤ c_Rβ^n_R, n = 0, 1, 2, . . . (3.2)

3.1. THE JUMP CHAIN In general no equivalence results on ergodicity properties of a MP and the associated jump chain can be obtained. This delicate relation between the two processes is illustrated in [25] and references therein. However, it is straightforward to see that nice properties of the jump chain do carry over to the MP.

LEMMA 3.1: Suppose the jump chain {X^J (n)}_n satisfies Popov’s criterion for the vector μ, the finite set M and parameter β_R < 1. Fix a positive λ < inf_i q_i. Then the MP is regular and satisfies Tweedie’s criterion for μ, the finite set M and parameter λ_R = λ(1 − β_R).

Proof: The jump chain’s solving Popov’s criterion implies it’s solving Foster’s criterion, hence it is ergodic. By virtue of Proposition 5 in [24], the MP is regular. The rest of the proof is immediate from the criteria. QED

Note, that if μ solves Popov’s criterion for the finite set M and parameter β_R, then μ− W GR (3.2) holds for the finite set M, constant c_R = 1 and parameter β_R. Combination of Lemma 3.1 with the results in the foregoing section and the Key theorem in [7] then yield the following result.

COROLLARY: Under the conditions of Lemma 3.1, the jump chain has the μ−W GR (3.2) property and the original MP has the μ−W ER property (1.5) for the same finite set M. Moreover, the jump chain and the MP have the μ−GE (3.1) and μ−EE (1.4) properties respectively.

3.2. THE APPROXIMATING MARKOV CHAIN Next we will assume the MP to be uniformisable, i.e. q̄ := sup_i q_i < ∞. Regularity immediately follows, cf. [4], p. 251. The results presented in this section are mainly from [20].

Let h < q̄^{−1} be the length of the time discretisation interval. Then the transition probabilities P_{ij} (h) have first order approximations^{α(h)}P_{ij} = ( I + hQ ) ij , i, j ∈ E. This first order approximation defines the h-approximation (cf. [23]) {X^{α(h)} (n)}_n of the MP.

For our analysis it is quite crucial, that an explicit expression for the transition probabilities of a MP as a function of the transition probabilities of the h-approximation exist. Indeed, in e.g. [1],

Proposition 2.2.10, one can find the following relation to hold

P_{ij} (t) = ( e^{tQ} ) ij = ( e^{th−1 (α(h)P −I)} ) ij = ∞∑ n=0 α(h)

P^n_{ij}^{(th−1 )}_{n!} e^{−th −1} , i, j ∈ E. (3.3)

It is well-known that Π is the stationary matrix of the MP iff it is the stationary matrix of an happroximation. Using (3.3) we can write the taboo probabilities of the MP as a function of the taboo probabilities of h-approximations.

MP_{ij} (t) =

∑ n≥m≥0

(_{α(h)} P_{ii}

)_m

·^{α(h)}_MP^{n−m}_{ij} · e^{−th −1 (th−1 )n}_{n!} , i ∈ M ∑ n≥0 α(h)

MP^n_{ij} · e^{−th −1 (th−1 )}_{n!} , i, j ∉ M

0, otherwise.

(3.4)

Next we will explore the relations between recurrence and ergodicity properties of a MP and its happroximations. As a first step we show that solutions to (1.2) for a MP coincide with solutions to (1.3) for an h-approximation.

LEMMA 3.2: μ is a solution to (1.2) for the finite set M and parameter λ_R iff μ is a solution to (1.3) for the h-approximation {X^{α(h)} (n)}_n, with h < λ^{−1}_R , for set M and parameter β_R = 1 − λ_Rh.

Proof : Let us assume μ to be a solution to (1.2) and fix h < 1/q̄. Then q_ih < 1 ∀ i ∈ E, and since λ_R ≤ q_i, we thus have λ_Rh < 1. Multiplying both sides of (1.2) by h and adding μ_i gives the solution to (1.3) as desired. The proof of the converse goes along the same lines. QED

Combining the Key theorem and Lemma 3.1 from [7] with Theorem 2.2 and the foregoing lemma, we obtain equivalence of μ− EE (1.4) and μ− W ER (1.5) of the MP to μ− GE (3.1) and μ− W GR (3.2) of h-approximations. Here we can take the same finite set M in both the μ − W ER and μ − W GR properties. The next theorem shows these relations in a direct way, by using the representations (3.3) (and (3.4)) of the (taboo) transition probabilities. We use this as a first step towards gaining insight in how feasible convergence parameters in the μ− EE property of MPs and the μ− GE property of h-approximations relate to each other. This relation will be refined in a subsequent paper [8].

THEOREM 3.3:

i) μ−W ER (1.5) of a MP is equivalent to μ−W GR (3.2) of an h-approximation, for some h > 0. We can take the same finite set in both properties.

ii) μ− EE (1.4) of a MP is equivalent to μ− GE (3.1) of an h-approximation, for some h > 0. If μ − GE of an h-approximation holds for convergence parameter β_E (h), then μ − EE of the MP holds for convergence parameter λ_E :=^{1−β E (h)}_h ; vice versa, if λ_E is a convergence parameter for the μ− EE property of the MP, then for all δ > 0, there is an h_δ -approximation, such that β(h_δ ) = 1−(λ_E −δ)h_δ is a convergence parameter in the μ−GE property of this h_δ -approximation. Suppose, that in addition β(h) = 1−h

[_{1−β(h 0)}

h_0 ] is a convergence parameter in the μ−GE property of the h-approximation, ∀h ≤ h_0, that is, the convergence parameters have a linear structure. Then β(h) ∈ (1 − λ_E h, 1) is a feasible convergence parameter for μ−GE of the h-approximation, h < h_0.

In a subsequent paper this linearity property of the convergence parameters in the μ−GE property of happroximations will be shown for various queueing models. Actually, for these models the contraction factor in Popov’s criterion gives this convergence parameter explicitly. Combination with the results here gives the “sharpest” convergence parameter for the underlying MP.

Proof of Theorem 3.3: i) Suppose the MP satisfies μ−W ER (1.5) for the finite set M, constant c and parameter λ_R. Let h < 1/q̄. Using (3.4) we have for t ≥ 0

ce^{−λ Rt}μ_i ≥ ∑ j MP_{ij} (t)μ_j = ∑ j ∑ n≥0 α(h)

MP^n_{ij} · e^{−th −1 (th−1 )n}_{n!} μ_j , i ∉ M ∑ j ∑ n≥m≥0

(_{α(h)} P_{ii}

)_m

·^{α(h)}_MP^n_{ij} · e^{−th −1 (th−1 )n}_{n!} μ_j , i ∈ M.

Integrating over t ≥ 0, and reversing the order of summation and integration yields we obtain

c λ_R μ i ≥

∑ j ∑ n≥0 α(h)

MP^n_{ij} μ_j · h, i ∉ M ∑ j ∑ n≥m≥0

(_{α(h)} P_{ii}

)_m

·^{α(h)}_MP^n_{ij} μ_j · h, i ∈ M,

(3.5)

where we use ∫ t≥0 e^{th−1 (th−1 )n}_{n!} dt = h, n = 0, 1, . . . ,

which can be easily shown by induction. As

(_{α(h)}

P_{ii}

)_0

= 1, we can lowerbound the righthandside of (3.5) by considering only the terms where m = 0, so that c hλ_R μ i ≥ ∑ n≥0 α(h)

MP^n_{ij} μ_j . (3.6)

Finally combining (3.6) with Lemma 3.1 in [7] yields that the h-approximation satisfies the μ−W GR (3.2) property for the finite set M, for any h < 1/q̄.

To show to converse, assume that for some h < 1/q̄ the h-approximation has the μ−W GR (3.2) property for the finite set M, constant c and parameter β_R. Inserting the upperbounds from the μ−W ER property into (3.4), yields

∑ j MP_{ij} (t)μ_j ≤ c ∑ n≥0 β^n_R · e^{−th −1 (th−1 )n}_{n!} μ_i = ce^{−(1−β R)th−1} μ_i, i ∉ M

c ∑ n≥m≥0

(_{α(h)} P_{ii}

)_m

β^{n−m}_R · e^{−th −1}

(_{th−1} )_n n! μ_i

= c ∑ n≥0 e^{−th −1}

(_{β Rth−1 )n} n! n∑ m=0 (_{α(h)P} ii β_R

)_m μ_i, i ∈ M.

(3.7)

By virtue of the irreducibility assumption^{α(h)}P_{ii} < 1, for all i. Select β_1 ∈ [β_R, 1), such that^{α(h)}P_{ii} < β_1 for i ∈ M. Set c_1 = max_{i∈M}^{α(h)}P_{ii}β^{−1}_1 . Obviously, all upper bounds in (3.7) only increase, if we replace β_R by the larger value β_1. As c_1 < 1, we thus obtain from (3.7) for all i ∈ E,

MP_{ij} (t)μ_j ≤ c 1 − c_1 e^{−(1−β 1)th−1} μ_i, so that μ−W ER (1.5) is satisfied for set M, constant c(1 − c_1)^{−1} and parameter (1 − β_1)h^{−1} .

Next we prove ii), and we assume μ−EE (1.4) first for parameter λ_E and constant c. We need |||Q|||_M to be finite, which is easily shown as follows. Note, that by virtue of the irreducibility assumption q_i > 0, i ∈ E.

P_{ij} (t)≥ P^{⟨1⟩}_{ij} (t) =

∫_t 0 e^{−q is}q_{ij} e^{−q j (t−s)} ds ≥ ∫_t 0 q_{ij} e^{−q̄t} ds = q_{ij} te^{−q̄t} , t ≥ 0.

It is immediate, that μ− EE implies the existence of a positive constant c^′, such that |||P (t)|||_M ≤ c^′. Fix t > 0, then ∑

j≠i

q_{ij} μ_j ≤ ∑ j≠i

P_{ij} (t)μ_j · e^{q̄t} t^{−1} ≤ c^′e^{q̄t} t^{−1} μ_i,

so that |||Q|||_M ≤ c̃, for c̃ = c^′e^{q̄t} t^{−1} +q̄.

For proving μ− GE for some h-approximation, it suffices to show the existence of n_o ∈ IN, and h_o < 1/q̄, such that |||^{α(h o)}P^{no} − Π|||_M ≤ ϵ, (3.8)

for some ϵ ∈ (0, 1), since we can then proceed similarly to (2.19). Fix ϵ ∈ (0, 1) and t_o, such that ce^{−λt o} ≤ ϵ/2, then |||P (t_o) − Π|||_M ≤ ce^{−λ E to} ≤^ϵ_2 . (3.9)

The proof (3.8) is complete, if we establish the existence of N_o ∈ IN, such that

|||P (t_o) −^{α(t o/n)}P^n|||_M = |||e^{toQ} − ( I +^{to}_n Q

)_n

|||_M ≤^ϵ_2 , n ≥ N_o. (3.10)

Indeed, choosing n_o ≥ N_o with h_o := t_o/n_o < 1/q̄, and then combining (3.9) and (3.10) yields (3.8). We study |e^{tQ} − ( I +^t_n Q

)_n

|_{ij} . Denote (Q^m)_{ij} as q^m_{ij} , then

|e^{tQ} − ( I +^t_n Q)^n|_{ij} ≤ ∑ m≥n+1

t^m|q^m_{ij} | m! + t^2|q^2_{ij} | 2! ( 1 − (1 −^1_n ) ) · · ·

+ t^n|q^n_{ij} | n! ( 1 − (1 −^1_n )(1 −^2_n ) · · · (1 −^{n−1}_n ) ) . Hence, ∑ j |e^{tQ} − ( I +^t_n Q

)_n

|_{ij} μ_j ≤ ∑ m≥n+1

t^m m! ∑ j |q^m_{ij} |μ_j + t^2 2! ∑ j |q^2_{ij} |μ_j ( 1 − (1 −^1_n ) ) + · · · + t^n n! ∑ j |q^n_{ij} |μ_j ( 1 − (1 −^1_n )(1 −^2_n ) · · · (1 −^{n−1}_n ) )

≤ { ∑ m≥n+1

t^m m! c̃^m + t^2 2! c̃^2 ( 1 − (1 −^1_n ) ) + · · · + t^n n! c̃^n ( 1 − (1 −^1_n )(1 −^2_n ) · · · (1 −^{n−1}_n ) )} μ_i = { e^{tc̃} − ( 1 +^t_n c̃

)_n}

μ_i. (3.11)

As the righthandside of (3.11) converges to 0, as n → ∞, for t ≥ 0, there is an N_o ∈ IN, such that (3.10) is satisfied. This establishes (3.8).

The next step is to obtain estimates for the convergence parameters in the μ− GE property for h-approximations. Choose δ > 0, and let t_o be such, that log 2c/t_o ≤ δ/2. Furthermore, select ϵ^′ > 0, for which ϵ^′e^{λ E to} ≤ c. Then, there exists N^′_o, such that t_o/n_o < 1/q̄ for n_o ≥ N^′_o and

|||P (t_o) −^{α(t o/no)}P^{no} |||_M ≤ ϵ^′. (3.12)

For n ≤ n_o clearly |||^{α(t o/n0)}P^n|||_M = ||| ( I +^{to}_{no} Q

)_n |||_M ≤ ( 1 +^{to}_{no} c̃

)_n ≤ e^{toc̃}. (3.13)

Similarly to the derivation in (2.19) it is immediate from (3.12), (3.13) and the first bound in (3.9), that for n_o ≥ N^′_o

|||^{α(t o/no)}P^n − Π|||_M ≤ ( e^{t0c̃} + |||Π|||_M ) e^{λ E to} ( ce^{−λ E to} + ϵ^′

)_{n/no} , n = 0, 1, 2, . . . ,

if we assume that c ≥ 1. Hence, β(t_o/n_o) := e^{−λ E to/no} (c + ϵ^′e^{λ E to} )^{1/no} is a convergence parameter for the (t_o/n_o)-approximation. We have lim n_o→∞

1 − β(t_o/n_o)

t_o/n_o

= λ_E − log(c + ϵ^′e^{λ E to} ) t_o ≥ λ_E − δ/2,

because of our choice of t_o and ϵ^′. Clearly for n_o ≥ N^′_o large enough, (1−β(t_o/n_o)/(t_o/n_o) ≥ λ_E −δ, so that β(t_o/n_o) ≤ 1−(t_o/n_o)(λ_E −δ). If we choose h_δ := t_o/n_o, then certainly β(h_δ ) = 1−h_δ (λ_E −δ) is a feasible convergence parameter in the μ−GE property for the h_δ -approximation. If the convergence parameters for h-approximations have the linear structure from the statement of the theorem, for all h < h_o, then we find that 1 − h(λ_E − δ) is a feasible convergence parameter for any δ > 0 by similar arguments as in the foregoing.

Suppose finally that μ−GE holds for constant c and parameter β_E (h) for some h-approximation. Then ∑ j |P_{ij} (t) − Π_{ij} | = ∑ j | ∞∑ n=0 α(h)

P^n_{ij} e^{−th −1 (th−1 )n}_{n!} − Π_{ij} |μ_j

= ∑ j | ∞∑ n=0 (_{α(h)}

P^n_{ij} − Π_{ij} ) e^{−th −1 (th−1 )n}_{n!} |μ_j

≤ ∞∑ n=0 cβ^n_E e^{−th −1 (th−1 )n}_{n!} μ_i ≤ c · e^{−(1−β E )th−1} μ_i,

so that |||P (t) − Π|||_M ≤ ce^{−λ E t}, for λ_E = ( 1 − β_E (h) ) h^{−1} and this λ_E is a convergence parameter for the MP. QED

4. APPLICATIONS

This section studies two examples, where the discrete time associated MCs described in the previous section, are used to study the long run behaviour of the underlying MP. The properties for the MCs are of interest in themselves, since often the observation or control of stochastic networks is in discrete time. For both examples we construct a μ-vector that increases exponentially with the state variable. This implies that both the marginal distributions converge at an exponential rate, as well as the expected marginal rewards, for immediate reward vectors that are polynomial in the state variable.

4.1. A STOCHASTIC POPULATION MODEL The model is from [17], p. 160. A Poisson process with parameter λ models mutant individuals entering a population. Such a mutant becomes the ancestor of a new family. Individuals give birth at an exponential rate ν and they die at an exponential rate μ, independently of the other individuals.

The stochastic process associated with the number of families of size k at time t, k ∈ IN, is a MP on a countable state space E = {i | i ∈ IN^∞_0 , |i| < ∞}, where | · | denotes the ℓ_1-norm. The k^{th} component i_k of i denotes the number of families of size k. This MP is irreducible and for ergodicity it is sufficient to assume ν < μ.

As the transition rates are unbounded in the states, the MP is not uniformisable and therefore we will study the jump chain of the process. Write e_k for the k^{th} unit vector. Then the jump chain has the following transition probabilities J P_{i,i+e1} = λ λ + ∑ k ki_k(ν + μ) J P_{i,i−e k+1{k>1}ek−1} = ki_kμ λ + ∑ k ki_k(ν + μ) J P_{i,i−e k+ek+1} = ki_kν λ + ∑ k ki_k(ν + μ) . As the process satisfies a left skipfree type of property and the taboo set is finite, the transition probabilities are not affected by the taboo set for initial states i with |i| large, so that in (1.3) the summation is taken over all states for such i. For μ_i := e^ϵ ∑ k ki_k , ϵ > 0, ∑ j J P_{ij} μ_j ≤ βμ_i ⇐⇒ λe^ϵ + ∑ k ki_k ( e^{−ϵ} μ + e^ϵν ) ≤ β [ λ + ∑ k ki_k(μ + ν) ] . (4.1)

First consider the expression μe^{−ϵ} + νe^ϵ. As ν < μ, there is a β < 1, such that this expression is smaller than β(μ + ν), for all sufficiently small ϵ > 0. Consequently the difference ∑ k≥1 ki_k { β(μ + ν) − (e^{−ϵ} μ + e^ϵν) } is strictly positive for i ≠ 0 and increases with increasing ∑ k≥1 ki_k. Hence, there is a constant c^∗ ∈ IN, say, such that (4.1) is satisfied for states i with ∑ k≥1 ki_k ≥ c^∗ . Let M := {i ∈ E | ∑ k≥1 ki_k ≤ c^∗ }. This is clearly a finite set. Then for all states i, with ∑ k≥1 ki_k ≥ c^∗ , ∑ j J MP_{ij} μ_j ≤ ∑ j J P_{ij} μ_j ≤ βμ_j .

From a state i with ∑ k ki_k < c^∗ the process can never jump to a state j = (j_1, j_2, . . .) with ∑ k kj_k > c^∗ , so that ∑ j J MP_{ij} μ_j = 0, 17 for such initial states i. Combination with the corollary to Lemma 3.1 thus proves the following result.

LEMMA 4.1 Consider the MP associated with the number of families of size k, k ∈ IN, in the stochastic population model described in the foregoing, with ν < μ. The jump chain satisfies (1.3) for the vector μ with i^{th} component e^ϵ ∑ k ki_k for some ϵ > 0 and the finite set M as defined above. Hence, the jump

chain has the μ−W GR (3.2) and μ−GE (3.1) properties and the MP has the μ−W ER (1.5) and μ−EE (1.4) properties.

4.2. THE JACKSON NETWORK

In this subsection we will show the μ−EE (1.4) and μ−W ER (1.5) properties for the Jackson network, for a μ-vector that grows exponentially fast in the state variable, similar to the previous analysis.

The method used does not consist of constructing Lyapunov functions, but reduces to a coupling argument for the sample paths of the MP associated with the number of customers at each node. A drawback of our method is it’s quite heavily using the stationary distribution to have exponentially fast decaying tails. [23] develops a method to show the μ−EE property for exponential μ-vectors with similar coupling arguments, but without using the stationary distribution.

Let us describe the model. The network consists of m service centres. There are s_k servers in the k^{th} centre, and the service disciplines are assumed to be FCFS. The external arrival stream in the k^{th} centre is Poisson (λ_k) distributed. A customer at centre k requires an exponentially (ν_k) distributed amount of service; upon finishing service he routs to center l with probability r_{kl}, k, l = 1, . . . , m. To ensure, that a customer eventually leaves the network, we assume the routing matrix R = (r_{kl} ) k,l=1,...,m to be the transition matrix of a transient MC.

The throughput γ_k in centre k is a solution to the following linear system:

γ = λ + R^T γ,

where γ and λ are column vectors with k^{th} component γ_k and λ_k respectively, and R^T is the transposed matrix R. As the state description we take i = (i_1, . . . , i_m), where i_k ∈ IN_0 represents the number of customers at the k^{th} centre. The stochastic process associated with the number of customers present in each centre is a MP, and it is known to be ergodic, if and only if the following condition is satisfied (cf. [9], §2.4).

Stability condition: γ_k < s_kν_k, k = 1, . . . , m.

Under the stability condition the stationary probability on state i is of product form, i.e.

π_i = π_0 m∏ k=1 ( γ_k

s_kν_k

)_{ik} {sik_k

i_k!

· 1{i_k ≤ s_k} + s^{skk}s_k! · 1{i_k > s_k} } .

The MP clearly is uniformisable, so that μ−EE (1.4) and μ−W ER (1.5) of the MP follow from μ−GE (3.1) or μ−W GR (3.2) of h-approximations. For the coupling argument it is simpler to use h-approximations. Choose the time-grid h < (∑ k λ_k + ∑ k s_kν_k

)_{−1}

. The h-approximation has the following transition probabilities:

α(h)

P_{i,i+ek} = λ_kh

α(h)

P_{i,i+ek−e l} = [ i_l · 1{0 < i_l < s_l} + s_l · 1{i_l ≥ s_l} ] ν_lr_{lk}h

α(h)

P_{i,i−e l} = [ i_l · 1{0 < i_l < s_l} + s_l · 1{i_l ≥ s_l} ] ν_l ( 1 − ∑ k r_{lk} ) h α(h)

P_{i,i}= 1 − ∑ λ_kh − ∑ l [ i_l1{0 < i_l < s_l} + s_l1{i_l ≥ s_l} ] · ( 1 − r_{ll} ) h.

Next choose μ_i = (1 + ϵ)^{|i|}, such that (1 + ϵ)γ_k/s_kν_k < 1, k = 1, . . . , m. Then we will prove the following: ∃c > 0, such that ∑ n ∑ j α(h)

0P^n_{ij} μ_j ≤ cμ_i, ∀ i. (4.2)

By lemma 3.1 in [7], (4.2) implies μ−W GR of this h-approximation.

In words (4.2) means the following. Suppose that the system controller earns a reward μ_j , whenever the process is in state j. Then (4.2) requires the vector of total expected μ-rewards until absorption into state 0 to be bounded by a constant times μ. For convenience we will write R_μ for the total μ-reward until the process is absorbed into state 0. So,

IE_iR_μ = ∑ n ∑ j α(h)

0P^n_{ij} μ_j .

The proof of (4.2) is in two steps. First we will show, that

IE_iR_μ < ∞, ∀ i. (4.3)

After that we will prove the following inequality

IE_iR_μ ≤ (1 + ϵ)IE_{i−e k} R_μ + max_{l=1,...,m} IE_{el} R_μ , (4.4)

for i_k ≥ 1, by coupling sample paths.

Using (4.3) and (4.4), (4.2) then immediately follows. Indeed, let i(1) = i, i(2), . . ., i(|i|) = e_l∗ be a sequence of states, such that i(n) = i(n − 1) − e_k, for some k ∈ {1, . . . , m}. In each successive state one customer is removed from the system. By iterating (4.4) we obtain

IE_iR_μ ≤ (1 + ϵ)IE_{i(2)}R_μ + max_l IE_{el} R_μ

≤ (1 + ϵ)^2IE_{i(3)}R_μ + [ 1 + (1 + ϵ) ] max_l IE_{el} R_μ = (1 + ϵ)^2IE_{i(3)}R_μ + ϵ^{−1} [ (1 + ϵ)^2 − 1 ] max_l IE_{el} R_μ . . ≤ (1 + ϵ)^{|i|−1} IE_{i(|i|)}R_μ + ϵ^{−1} (1 + ϵ)^{|i|−1} max_l IE_{el} R_μ

≤ (1 + ϵ)^{|i|} · ϵ^{−1} max_l IE_{el} R_μ = μ_i · ϵ^{−1} max_l IE_{el} R_μ .

Consequently, (4.3) and (4.4) remain to be proved. For (4.3) we observe, that ∑ j π_j μ_j = π_0 ∑ j ∞∑ n=0 α(h)

0P^n_{0j} μ_j = π_0IE_0R_μ , (4.5) 19 by virtue of the renewal reward theorem (cf. [17], p.78). By our choice of μ, the lefthandside of (4.5) is finite, hence IE_0R_μ < ∞. As the state space is irreducible, IE_iR_μ < ∞ can be proved iteratively. This completes the proof of (4.3).

To prove (4.4) we need some notation. Let {X^s(n)}^∞_{n=0}, s = 1, 2, be the MC with transition matrix^{α(h)}P and initial states i − e_k∗ and i respectively (so, i_k∗ ≥ 1 by assumption). We construct two E-valued stochastic processes {X̂^s(n)}_n, s = 1, 2, on a common probability space (Ω, F, IP^′) with the following properties:

i) ∀ ω ∈ Ω, ∀ n ∈ IN there is an m(ω, n) ∈ {1, . . . , m}, such that X̂^1(n)(ω) ≤ X̂^2(n)(ω) ≤ X̂^1(n)ω + e_{m(n,ω)}.

ii) the probability laws of {X^s(n)}_n and {X̂^s(n)}_n agree, s = 1, 2.

The construction of the processes {X̂^s(n)}_n is fairly standard (see for example [19]), but we give the proof here for completeness of the exposition.

Let {U(n)}_n be a sequence of i.i.d. uniformly distributed random variables on (Ω, F, IP^′) with support on [0, 1). Partition the interval [0, 1) into a set of half-open intervals (left closed, right open), which are denoted as O_1, . . . , O_m, O_{k,l,r}, k = 1, . . . , m, l = 0, . . . , m, r = 1, . . . , s_k. The length of O_k equals λ_kh, and the length of O_{k,l,r} is ν_kr_{kl}h for l ≠ 0, and ν_k(1 − ∑ n r_{kn})h for l = 0. Note, that the union of these intervals is strictly contained in [0, 1). Set X̂^1(0)(ω) = i − e_k∗ , X̂^2(0)(ω) = i, ∀ ω ∈ Ω. Using the shorthand notation x and u for X̂^s(n)(ω) and U(n)(ω) respectively, X̂^s(n + 1)(ω) are defined recursively as follows.

X̂^s(n + 1)(ω) := x +^m ∑ k=1 e_k · 1{u ∈ O_k} + m∑ k=1 ∑ l≠k ( e_l − e_k ) · 1{x_k > 0} · 1{u ∈ ∪_{min(xk,sk)r=1} O_{k,l,r}} − m∑ k=1 e_k · 1{x_k > 0} · 1 {u ∈ ∪^{min(xk,sk)} r=1 O_{k,0,r}}

(4.6)

The construction is such, that a departure in state x implies a departure in state x + e_k′ for any k^′, with probability 1. This ensures the process {X̂^2(n)}_n to “drift” towards the process {X̂^1(n)}_n; as such our coupling is a monotone coupling of a special kind.

It is clear, that property ii) is satisfied. Property i) is easily shown inductively. Indeed, set x̂ := X̂^1(n)(ω) and x = X̂^2(n)(ω). The one step displacement vectors of both processes are the same, except in cases like the following: x_k ≤ s_k, x_k = x̂_k + 1 and u ∈ O_{k,l,xk} for some k ∈ {1, . . . , m} and l ≠ 0, k. This implies, however, that X̂^1(n + 1)(ω) = x̂ and X̂^2(n + 1)(ω) = x̂ + e_l, so that property ii) is preserved. Similarly, if u ∈ O_{k,0,xk} , then X̂^1(n + 1)(ω) = x̂ = X̂^2(n + 1)(ω) and the sample paths agree from time n + 1 on. Remark, that {X̂^1(n), X̂^2(n)}_n is in fact a bivariate MC.

Next we define random variables R̂^s_μ (ω), T̂^s_μ (ω) on (Ω, F, IP^′) to be the total μ-reward and the first hitting time of 0 in the corresponding sample path {X̂^s(n)(ω)}_n, s = 1, 2. By T̂^c(ω) we denote the first instant n^c, for which X̂^1(n^c)(ω) = X̂^2(n^c)(ω); this is the coupling time of the two processes. Obviously, for T̂^1(ω) ≥ T̂^c(ω)

R̂^2_μ (ω) = (1 + ϵ)

T̂^c(ω)−1 ∑ n=0 (1 + ϵ)^{|X̂1(n)(ω)|} +

T̂^1(ω)−1 ∑ n=T̂^c(ω)

(1 + ϵ)^{|X̂1(n)(ω)|}

≤ (1 + ϵ) R̂^1_μ (ω), (4.7) 20 where the empty summation equals 0. Similarly, for T̂^1(ω) < T̂^c(ω)

R̂^2_μ (ω) = (1 + ϵ)R̂^1_μ (ω) +

T̂^2(ω)−1 ∑ n=T̂^1(ω)

(1 + ϵ)^{|X̂2(n)(ω)|}. (4.8)

Note that X̂^2 (^ T^1(ω) ) (ω) = e^′_k for some k^′.

By the strong Markov property IE (∑_∞ n=T̂^1 (1 + ϵ)

|X̂^2(n)(ω)| | X̂2(T̂ 1) = e′ k ) is equal to the total expected μ-reward until hitting 0, when the process would have started in e^′_k initially. By virtue of property ii) this quantity is equal to IE_e′_k R_μ ; furthermore, IER̂^1_μ = IE_{i−e k∗} R_μ and IER̂^2_μ = IE_iR_μ . Finally, combining (4.7) and (4.8), taking expectations and using property ii) as indicated, we obtain (4.4). QED

By combination with Theorem 3.3 we have finally obtained the following result.

LEMMA 4.2 Consider the MP associated with the number of customers in the various service centers of a Jackson network with s_k server in centre k. Under the stability condition h-approximations have the μ−W GR (3.2) property for μ a vector with μ_i = (1 + ϵ)^{|i|}, for some ϵ > 0, and finite set M = {0}. Hence, the MC has the μ−GE (3.1) property. Moreover the MP has the μ−W ER (1.5) (for the finite set M = {0}) and μ−EE (1.4) properties.

ACKNOWLEDGEMENT The paper has been written during the author’s visit to the Department of Computer Science of Purdue University, to the Department of Business Administration of the University of British Columbia at Vancouver and to the Deptartment of Statistics of the University of Colorado at Fort Collins. She would like to acknowledge the kind and inspiring hospitality of the departments and her hosts Prof. W. Szpankowski, Prof. M.L. Puterman and Prof. R.L. Tweedie. This visit has been partially financed by an award, granted to the author by Shell Oil. The author also wishes to thank Prof. J. Fabius of the Department of Mathematics & Computer Science of the University of Leiden, for pointing out an error in the part of her Ph.D. thesis that is covered by the present paper.

5. REFERENCES

[1] ANDERSON, W.J. (1991) Continuous-Time Markov Chains. An Applications-Oriented Approach.

Springer-Verlag, New York.

[2] ASMUSSEN, S. (1987) Applied Probability and Queues. J. Wiley, New York. [3] CHUNG, K.L. (1967) Markov Chains with Stationary Transition Probabilities. Springer-Verlag, Berlin. [4] ÇINLAR, E. (1975) Introduction to stochastic processes. Prentice-Hall, Englewood Cliffs, New Jersey. [5] DEKKER, R. and HORDIJK, A. (1988) Average, sensitive and Blackwell optimal policies in denumerable Markov decision chains with unbounded rewards. Math. Operat. Res. 13, 395-421.

[6] FAYOLLE, G., MALYSHEV, V.A., MENSHIKOV, M.V. and SIDORENKO, A.F. (1991) Lyapounov functions for Jackson networks. Technical report, INRIA Rocquencourt.

[7] HORDIJK, A. and SPIEKSMA, F. M. (1989) On ergodicity and recurrence properties of a Markov chain with an application to an open Jackson network. Technical report, Univ. of Leiden. To appear Adv. Appl. Prob. 1992.

[8] HORDIJK, A. and SPIEKSMA, F.M. (1991) The rate of convergence and spectral properties of denumerable Markov chains. Technical report, Univ. of Leiden, forthcoming.

[9] KELLY, F.P. (1979) Reversibility and stochastic networks. Wiley, New York. [10] MALYSHEV, V.A. and MENSIKOV, M.V. (1981) Ergodicity, continuity and analyticity of countable Markov chains. Trans. Moscow Math. Soc. 1, 1-48.

[11] MEYN, S.P. and TWEEDIE, R.L. (1990) Stability of Markovian Processes I: Criteria for Discrete Time Chains. Technical report, to appear Adv. Appl. Prob.

[12] MEYN, S.P. and TWEEDIE, R.L. (1990) Stability of Markovian Processes II: Continuous Time Processes and Sampled Chains. Technical report, to appear Adv. Appl. Prob.

[13] MEYN, S.P. and TWEEDIE, R.L. (1991) Stability of Markovian Processes III: Foster-Lyapunov Criteria for Continuous Time Processes, with Examples. Technical report, to appear Adv. Appl. Prob.

[14] NUMMELIN, E. (1984) General irreducible Markov Chains and non-negative Operators. Cambridge University Press.

[15] NUMMELIN, E. and TUOMINEN, P. (1982) Geometric ergodicity of Harris recurrent Markov chains with applications to renewal theory. Stoch. Proc. Appl. 12, 187-202.

[16] POPOV, N.N. (1977) Conditions for geometric ergodicity of countable Markov chains. Soviet Math.

Dokl. 18, 676-679.

[17] ROSS, S.M. (1983) Stochastic Processes. J. Wiley, New York. [18] ROYDEN, H.L. (1988) Real Analysis (3d edition). Macmillan, New York.

[19] SHANTHIKUMAR, J.G. and YAO, D.D. (1988) Second-order properties of the throughput of a closed queueing network. Math. Operat. Res. 13, 524-533.

[20] SPIEKSMA, F.M. (1990) Geometrically ergodic Markov Chains and the optimal Control of Queues.

Unpublished doctoral dissertation, Univ. of Leiden (available on request from the author). [21] SPIEKSMA, F.M. (1991) Geometric ergodicity of the ALOHA-system and a coupled processors model.

Prob. Engin. Inf. Sci. 5, 15-42.

[22] SPIEKSMA, F.M. (1991) The existence of sensitive optimal policies in two multi-dimensional queueing models. Ann. Operat. Res. (guest eds. J.B. Lasserre & O. Hernández-Lerma), 28, 274-296.

[23] SPIEKSMA, F.M. and TWEEDIE, R.L. (1992) Strenghtening ergodicity to geometric ergodicity of Markov chains. Technical report.

[24] TWEEDIE, R.L. (1974) Some ergodic properties of the Feller minimal process Quart. J. Math. (Oxford) 25, 485-495.

[25] TWEEDIE, R.L. (1975) Sufficient conditions for regularity, recurrence and ergodicity of Markov processes. Math. Proc. Camb. Phil. Soc. 78, 125-136.

[26] TWEEDIE R.L. (1981) Criteria for ergodicity, exponential ergodicity and strong ergodicity of Markov processes. J. Appl. Prob. 18, 122-130.