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Chapter 1

Stochastic Processes

1.1 Introduction

Loosely speaking, a stochastic process is a phenomenon that can be thought of as evolving
in time in a random manner. Common examples are the location of a particle in a physical
system, the price of stock in a financial market, interest rates, mobile phone networks, internet
traffic, etcetc.

A basic example is the erratic movement of pollen grains suspended in water, so-called
Brownian motion. This motion was named after the English botanist R. Brown, who first
observed it in 1827. The movement of pollen grain is thought to be due to the impacts of
water molecules that surround it. Einstein was the first to develop a model for studying the
erratic movement of pollen grains in in an article in 1926. We will give a sketch of how tis
model was derived. It is more heuristically than mathematically sound.

The basic assumptions for this model (in dimension 1) are the following:

1) the motion is continuous.
Moreover, in a time-interval [¢,¢ + 7], 7 small,

2) particle movements in two non-overlapping time intervals of length 7 are mutually inde-
pendent;

3) the relative proportion of particles experiencing a displacement of size between § and d+dd
is approximately ¢.(0) with

e the probability of some displacement is 1: [*_¢(6)dd = 1;
e the average displacement is 0: [*_d¢,(0)ds = 0;

e the variation in displacement is linear in the length of the time interval: ffooo 52¢,(0)do

D7, where D > 0 is called the diffusion coefficient.

Denote by f(z,t) the density of particles at position z, at time ¢. Under differentiability
assumptions, we get by a first order Taylor expansion that

of

flz,t+7)~ f(z,t) + Ta(m,t).
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On the other hand, by a second order expansion

fle,t+7) = /

" fa = 6.)6(5)d0

- of 1207 f
~ [ U0 =5t + 4P w0l )
1y O
Equating gives rise to the heat equation in one dimension:
of 1 0°f
ot Vo

which has the solution )
Fat) = #particles ow?/ADt
vAar Dt
So f(xz,t) is the density of a N'(0,4Dt)-distributed random variable multiplied by the number
of particles.

Side remark. In section 1.5 we will see that under these assumptions paths of pollen
grain through liquid are non-differentiable. However, from physics we know that the velocity
of a particle is the derivative (to time) of its location. Hence pollen grain paths must be
differentiable. We have a conflict between the properties of the physical model and the
mathematical model. What is wrong with the assumptions? Already in 1926 editor R. Fiirth
doubted the validity of the independence assumption (2). Recent investigation seems to have
confirmed this doubt.

Brownian motion will be one of our objects of study during this course. We will now turn
to a mathematical definition.

Definition 1.1.1 Let T be a set and (F, £) a measurable space. A stochastic process indexed
by T, with values in (E,E), is a collection X = (X;)ier of measurable maps from a (joint)
probability space (2, F,P) to (E,£). The space (E, ) is called the state space of the process.

Review BN §1

The index t is a time parameter, and we view the index set T as the set of all observation
instants of the process. In these notes we will usually have T'=2Z; ={0,1,...} or T =R =
[0,00). In the former case, we say that time is discrete, in the latter that time is continuous.
Clearly a discrete-time process can always be viewed as a continuous-time process that is
constant on time-intervals [n,n + 1).

The state space (F,E) will generally be a Euclidian space R?, endowed with its Borel
o-algebra B(Rd). If F is the state space of the process, we call the process E-valued.

For every fixed observation instant ¢t € T', the stochastic process X gives us an F-valued
random element X; on (2, F,P). We can also fix w € Q and consider the map ¢t — X;(w) on
T. These maps are called the trajectories or sample paths of the process. The sample paths
are functions from T to F and so they are elements of the function space ET. Hence, we can
view the process X as an E7-valued random element. Quite often, the sample paths belong
to a nice subset of this space, e.g. the continuous or right-continuous functions. For instance,
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a discrete-time process viewed as the continuous-time process described earlier, is a process
with right-continuous sample paths.

The mathematical model of the physical Brownian motion is a stochastic process that is
defined as follows.

Definition 1.1.2 The stochastic process W = (W;)>¢ is called a (standard) Brownian mo-
tion or Wiener process, if

i) Wy =0, as,;

ii) Wi —Ws is independent of (W,,u < s) for all s < ¢, that is, o(W; — W) and a(W,,,u < s)
are independent;

i) W, — W, £ N(0,t — s);

iv) almost all sample paths are continuous.

In these notes we will abbreviate ‘Brownian motion’ as BM. Property (i) tells that
standard BM starts at 0. A process with property (ii) is said to have independent
increments. Property (iii) implies that the distribution of the increment W; — Wy only
depends on t — s. This is called stationarity of the increments. A stochastic process
with property (iv) is called a continuous process. Similarly, a stochastic process is said
to be right-continuous if almost all of its sample paths are right-continuous functions.
Finally, the acronym cadlag (continu a droite, limites & gauche) is used for processes
with right-continuous sample paths having finite left-hand limits at every time instant.

Simultaneously with Brownian motion we will discuss another fundamental process: the Pois-
son process.

Definition 1.1.3 A real-valued stochastic process N = (N¢)¢>0 is called a Poisson process if
i) N is a counting process, i.0.w.

a) N takes only values in Z;
b) ¢+ N, is increasing, i.o.w. Ny < Ny, t > s.

c) (no two occurrences can occur simultaneously) lim sup, |, N(s) < lim infgy Ns + 1,
for all t > 0.

ii) No =0, a.s.;
iii) (independence of increments) o(N; — Ns) and o(N,,u < s) are independent;
iv) (stationarity of increments) N; — Ny 4 N;_, for all s <t

Note: so far we do not know yet whether a BM process and a Poisson process exist at all!
The Poisson process can be constructed quite easily and we will do so first before delving into
more complex issues.
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Construction of the Poisson process The construction of a Poisson process is simpler
than the construction of Brownian motion. It is illustrative to do this first.
Let a probability space (2, F, P) be given. We construct a sequence of i.i.d. (R4, B(R4))-

measurable random variables X,,, n = 1,..., on this space, such that X, 4 exp(A). This
means that
P{X, >t}=e t>0.

Put Sp =0, and S, = > | X;. Clearly S,, n =0,... are in increasing sequence of random
variables. Since X, are all F/B(R,)-measurable, so are S,,. Next define

N(t) = max{n|S, < t}.

We will show that this is a Poisson process. First note that N(¢) can be described alternatively
as

N(t) = Z 1(s,<)-
n=1

N (t) maybe infinite, but we will show that it is finite with probability 1 for all ¢. Moreover,
no two points S,, and S,+1 are equal. Denote by £ the o-algebra generated by the one-point
sets of Z .

Lemma 1.1.4 There exists a set Q* with P{Q*} = 1, such that N(t,w) < oo for all t > 0,
w e Q, and Sy (w) < Spt1(w), n=0,.... Moreover, N(t) is F/E-measurable.

Proof. From the law of large numbers we find a set ', P{Q'} = 1,such that N(¢,w) < oo for
all t > 0, w € Q. Tt easily follows that there exists a subset Q* C ', P{Q*} = 1, meeting the
requirements of the lemma. Measurability follows from the fact that 15, <; is measurable.
Hence a finite of these terms is measurable. The infinite sum is then measurable as well, being
the monotone limit of measurable functions. QED

The following lemma allows to restrict to Q*. We will do so, but denote the restricted
probability space again by (€2, F, P).

Let (2, F,P) be a probability space. Define the outer measure

PriAl = Be;‘nJgDA PLB}-

)

Lemma 1.1.5 Suppose that A is a subset of Q with P*{A} = 1. Then for any F € F,
one has P*{F} = P{F'}. Moreover, (A, A,P*) is a probability space, where A = {AN
F|F e F}.

Theorem 1.1.6 For the constructed process N on (2, F,P) the following hold.

i) N has properties (i,...,iv) from Definition 1.1.3. Moreover, N(t) has a Poisson distribu-
tion with parameter At and S, has a Gamma distribution with parameters (n,\). In
particular EN(t) = M, and EN(t)? = M + (\t)2.
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ii) All paths of N are cadlag.

Proof. The second statement is true by construction, as well as are properties (i,ii). The fact
that N () has a Poisson distribution with parameter ¢, and that S, has I'(n, \) distribution
is standard.

We will prove property (iv). It suffices to show for ¢t > s that N(¢) — N(s) has a Poisson
(A(t — s)) distribution. Clearly

P{N(t) = N(s) = j} = Y P{N(s)=14,N(t)— N(s) = j}
i>0
= Z P{S; <s,Si41 > s, Siyj <t,Sipjp1 > t}. (1.1.1)
i>0
First let 4,5 > 0. Recall the density f,  of the I'(n, A) distribution:
)\n:En—le—)\J:

fn,)\(l“) = W;

n#1

where I'(n) = (n—1)!. Then, with a change of variable u = s3 — (s — s1) in the third equation,
P{N(t) — N(s) = 4,N(s) =i} = P{S; < 5,Si41 > 5,51 <1, Siqjr1 >t}
S t—s1 t—so—s1
= / / / e Mmssmsamsi) fo ) (s3)dssAe ™ 2dsy fi A (s51)dsy
0 0

—s1

s t—s t—s—u
= / / / e_)‘(t_s_“_sf*’)fj,l-,L,\(s;;)ds?,)\e_)‘“du . e_)‘(s_sl)fiy)\(sl)dsl
0 0 0
P{Sj <t-— S,Sj_H >t — S} . P{Sz < S,Si_;,_l > S}
= P{N(t—s) = j}P{N(s) = i}.

For i = 0, we get the same conclusion, and (1.1.1) then implies that P{N(t) — N(s) = j} =
P{N(t —s) = j}, for j > 0. By summing over j > 0 and substracting from 1, we get the
relation for j = 0 and so we have proved property (iv).

Finally, we will prove property (iii). Let us first consider o(N(u),u < s). This is the
smallest o-algebra that makes all maps w +— N (u,w) measurable. In Exercise 7?7 you will be
asked to deduce its structure, and to show that the collection Z, with

I:{Aeﬂ In€Zy,tg <ty <ty<-- <ty t;€[0,s],54 €Zs,l=0,...,n,

such that A = {N(t;) =14;,l = 0,...,n}}

a m-system for this o-algebra.
To show independence property (iii), it therefore suffices show for each n, for each sequence
0<ty< -+ <ty,and ig,...,i,,1 that

P{N(t;) =i, 1 =0,...,n, N(t)=N(s) = i} = P{N(t;) = iz, | = 0,...,n}-P{N(t)— N(s) = i}.



6 CHAPTER 1. STOCHASTIC PROCESSES

A final observation. We have constructed a mapping N : Q@ — Q' C Z[f’oo), with Z[E’OO) the
space of all integer-valued functions. The space € consists of all integer valued paths w’, that
are right-continuous and non-decreasing, and have the property that w; < lim infg w} + 1.

It is desirable to consider € as the underlying space. One can then construct a Poisson
process directly on this space, by taking the identity map. The o-algebra to consider, is then
the minimal o-algebra F’ that makes all maps «’ +— wj measurable, ¢ > 0. It is precisely
Fl=¢gl0)ng.

Review BN §2 on measurability issues for a description of £0:°°)

Then w +— N(w) is measurable as a map @ — . On (', F') we now put the induced
probability measure P’ by P'{A} = P{w | N(w) € A}.

We will next discuss a procedure to construct a stochastic process, with given marginal dis-
tributions.

1.2 Finite-dimensional distributions

In this section we will recall Kolmogorov’s theorem on the existence of stochastic processes
with prescribed finite-dimensional distributions. We will use the version that is based on the
fact hat T is ordered. It allows to prove the existence of a process with properties (i,ii,iii) of
Definition 1.1.2.

Definition 1.2.1 Let X = (X;);er be a stochastic process. The distributions of the finite-
dimensional vectors of the form (Xy,, Xt,,...,Xt,), t1 < t2 < --- < t,, are called the finite-
dimensional distributions (fdd’s) of the process.

It is easily verified that the fdd’s of a stochastic process form a consistent system of measures
in the sense of the following definition.

Definition 1.2.2 Let 7' C R and let (£, ) be a measurable space. For all n € Z and all
th < - <tp, t; €T, i=1,...,n, let gy, . 1, be a probability measure on (E™,£™). This
collection of measures is called consistent if it has the property that

Pty tiastsotn (A1 X oo X Ay X oo X Ap) = gy, (A1 X - X Ajg X E X Ay X -+ X Ay),
for all A4, ... 7AIL'71,A7;+1, LA EE.

The Kolmogorov consistency theorem states that, conversely, under mild regularity conditions,
every consistent family of measures is in fact the family of fdd’s of some stochastic process.

Some assumptions are needed on the state space (E,E&). We will assume that E is a
Polish space. This is a topological space, on which we can define a metric that consistent
with the topology, and which makes the space complete and separable. As £ we take the
Borel-o-algebra, i.e. the o-algebra generated by the open sets. Clearly, the Euclidian spaces
(R™, B(R™)) fit in this framework.

Theorem 1.2.3 (Kolmogorov’s consistency theorem) Suppose that E is a Polish space
and & its Borel-o-algebra. Let T C R and for allm € Z,, t1 < ... <ty € T, let py, ..+,
be a probability measure on (E™,E™). If the measures pu, .., form a consistent system, then
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there exists a probability measure P on ET, such that the co-ordinate variable process (Xi)
on (U= ET F=ET P), defined by

X(w)=w, Xi(w)=uw,
has tdd’s g, ... 1., -

The proof can for instance be found in Billingsley (1995). Before discussing this theorem, we
will discuss its implications for the existence of BM.

Review BN §4 on multivariate normal distributions

Corollary 1.2.4 There exists a probability measure P on the space (Q = RI%®) F = B(R)[0:>0),
such, that the co-ordinate process W = (Wy)i0 on (2 = R0 F = B(R)[°°) P) has prop-
erties (i,i1,4ii) of Definition 1.1.2.

Proof. First show that for 0 < tg < t; < --- < t,, there exist multivariate normal distributions
with covariance matrices

to 0 0
0 ti—to 0 0
X=1|0 0 to — 11 0 ,
: : . 0
0 0 0 ety —tn
and
to to ... ... to
tO tl tl e tl
Xipotn= 1% 1 t2 ... 12
to t1 to ... tn

Next, show that a stochastic process W has properties (i,ii,iii) if and only if for all n € Z,

0<ty<...<ty,thevector (Wy,, Wy, =Wy, ..., Wy, =W, ) 4 N(0, X). Finally, show that
a stochastic process W has properties (i,ii,iii) if and only if for alln € Z, 0 <ty < ... < t,

the vector (Wi, Wy, ..., Wy, ) < N(0, X¥4...t,). Then finish the proof. QED

The drawback of Kolmogorov’s Consistency Theorem is, that in principle all functions on the
positive real line are possible sample paths. Our aim is the show that we may restrict to the
subset of continuous paths in the Brownian motion case.

However, the set of continuous paths is not even a measurable subset of B(R)[%>) and so
the probability that the process W has continuous paths is not well defined. The next section
discussed how to get around the problem concerning continuous paths.

1.3 Kolmogorov’s continuity criterion

Why do we really insist on Brownian motion to have continuous paths? First of all, the
connection with the physical process. Secondly, without regularity properies like continuity,
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or weaker right-continuity, events of interest are not ensured to measurable sets. An example
is: {sup;>o Wi < z}, inf{t > 0| W; = z}.

The idea to address this problem, is to try to modify the constructed process W in such a
way that the resulting process, 144 say, has continuous paths and satisfies properties (i,ii,iii),
in other words, it has the same fdd’s as W. To make this idea precise, we need the following
notions.

Definition 1.3.1 Let X and Y be two stochastic processes, indexed by the same set T
and with the same state space (E, ), defined on probability spaces (Q, F,P) and (', F',P)
respectively. The processes are called versions of each other, if they have the same fdd’s. In
other words, if for all n € Z4, t1,...,t, € T and By,...,B, € £

P{X, € B1,Xy, € Ba,..., Xy, € B} =P{Y,, € B1,Y}, € Bo,...,Y;, € B,}.

Definition 1.3.2 Let X and Y be two stochastic processes, indexed by the same set T" and
with the same state space (E,E), defined on the same probability space (€2, F, P).

i) The processes are called modifications of each other, if for every t € T

X;=Y;, as.

ii) The processes are called indistinguishable, if there exists a set Q* € F, with P{Q*} = 1,
such that for every w € Q* the paths t — X;(w) and t — Y}(w) are equal.

The third notion is stronger than the second notion, which in turn is clearly stronger
than the first one: if processes are indistinguishable, then they are modifications of
each other. If they are modifications of each other, then they certainly are versions of
each other. The reverse is not true in general (cf. Exercise 1.2 for the second case).
The following theorem gives a sufficient condition for a process to have a continuous
modification. This condition (1.3.1) is known as Kolmogorov’s continuity condition.

Theorem 1.3.3 (Kolmogorov’s continuity criterion) Let X = (Xi)icjo,r) be an RY-
valued process on a probability space (2, F,P). Suppose that there exist constants o, 3, K > 0
such that

E|X; — X,|* < K|t — s|117, (1.3.1)

for all s,t € [0, T]. Then there exists a (everywhere!) continuous modification of X .

Note: § > 0 is needed for the continuous modification to exist. See Exercise 1.4.

Proof. The proof consists of the following steps:

1 (1.3.1) implies that X; is continuous in probability on [0, 7T;

2 X, is a.s. uniformly continuous on a countable, dense subset D C [0,77;
3 ‘Extend’ X to a continuous process Y on all of [0, T7.

4 Show that Y is a well-defined stochastic process, and a continuous modification of X.
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Without loss of generality we may assume that T = 1.

Step 1 Apply Chebychev’s inequality to the r.v. Z = | X;— X,| and the function ¢ : R — R™
given by

0, <0

x®, x> 0.

o) = {

Since ¢ is non-decreasing, non-negative and E¢(Z) < oo, it follows every e > 0 that

B[ — Xsl® _ Kt - 5|18

€¥ o

P{lX: — Xs| > €} < (1.3.2)

Let t,t1,... € [0,1] with ¢,, — t as n — oo. By the above,

lim P{|X; — Xy, | >€} =0,
n—00

for any € > 0. Hence X;, Eif X, n — oo. In other words, X is continuous in probability.

Step 2 As the set D we choose the dyadic rationals. Let D, = {k/2" |k =0,...,2"}. Then
D,, is an increasing sequence of sets. Put D = U,D,, = lim,,_,oc D,,. Clearly D = [0, 1], i.e.
D is dense in [0, 1].

Fix v € (0, 3/a). Apply Chebychev’s inequality (1.3.2) to obtain

- K27 (1+5) o
P{1Xuy2n — Ky > 270 < Ko — gt
It follows that
271
P Xpjon — X o >27m) < P{| Xp/2n — X n>27"
{ max, [ Xijzn = Xge-nyyon > 2777} < ; (X2 — Xgpryyon > 27771}

< ono—n(+B-an) _ gro-n(f-av)

Define the set A, = {maxj<g<on | Xj/on — X(x—1y/22] >277"}. Then
1
—n(f-av) —
Sl € D) <l
n

n

since B—a7y > 0. By virtue of the first Borel-Cantelli Lemma this implies that P{lim sup,,, A,,} =
P{Nee_, US2, Ap} = 0. Hence there exists a set Q* C Q, Q* € F, with P{Q*} = 1, such that
for each w € Q* there exists N, for which w & U, >n_ Ay, in other words

(W) — n <27 > N,. 3.
e Xy (@) = Xgopyn@)] 277 n 2N (1.3.3)

Fix w € Q*. We will show the existence of a constant K’, such that
Xt (w) = Xo(w)| < K'|t —s]7, Vs,teD,0<t—s<2 N, (1.3.4)

Indeed, this implies uniform continuity of X;(w) for t € D, for w € Q*. Step 2 will then be
proved.
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Let s,t satisfy 0 < t —s < 2=No. Then ¢t — s < 2-(Ne+1) Hence, there exists n > N,
such that 2=+ <¢ — s < 977,

Fix n > N,. For the moment, we restrict to the set of s, € Up>p+1Dm, with 0 <t —5 <
27". By induction to m > n + 1 we will first show that

m
[Xe(w) = Xe(w)| <2 > 27, (1.3.5)
k=n+1
if s,t € Dp,.

Suppose that s,t € D,11. Then t — s = 2~ Thus s,t¢ are neighbouring points in
D1, ie. there exists k € {0,...,2""1 — 1}, such that s = k/2"*! and s = (k + 1)/2""L.
(1.3.5) with m = n + 1 follows directly from (1.3.3). Assume that the claim holds true upto
m > n + 1. We will show its validity for m + 1.

Put ¢ = min{u € D,, |u > s} and t' = max{u € D,,|u < t}. By construction s < s’ <
<t ands —s,t—t' <27(MTD) Then 0 <t/ — s < t—s < 27" Since s,t' € D,y,, they
satisfy the induction hypothesis. We may now apply the triangle inequality, (1.3.3) and the
induction hypothesis to obtain

[Xi(w) = Xs ()] < |1 Xe(w) = Xe(@)] + [ X (w) = Xo ()] + [Xs (W) = Xs(w)]

m—+1
S 2= y(m+1) 4 ) Z 2= vk + 2= ~y(m+1) -9 Z 2= ’yk
k=n+1 k=n+1

This shows the validity of (1.3.5). We prove (1.3.4). To this end, let s,t € D with 0 <t—s <
2~No . As noted before, there exists n > N,,, such that 2=(*Y < ¢ — s < 27" Then there
exists m > n + 1 such that ¢,s € D,,. Apply (1.3.5) to obtain

2
i) - Xl <2 3 g 2 gl 2
k=n+1

It — s|".

Consequently (1.3.4) holds with constant K’ =2/(1 —277).
Step 3 Define a new stochastic process Y = (Y3),c(0,1] on (€2, F, P) as follows: for w ¢ Q*, we
put Y; =0 for all ¢ € [0,1]; for w € Q* we define

Xi(w), ift e D,
Yi(w) = thglt X, (w), iftgD.
tn€D

For each w € Q*, t — X;(w) is uniformly continuous on the dense subset D of [0,1]. It is a
theorem from Analysis, that ¢ — X;(w) can be uniquely extended as a continuous function
on [0,1]. This is the function ¢t — Y;(w), t € [0,1].

Step 4 Uniform continuity of X implies that Y is a well-defined stochastic process. Since X
is continuous in probability, it follows that Y is a modification of X (Exercise 1.3). See BN
65 for a useful characterisation of convergence in probability. QED

The fact that Kolmogorov’s continuity criterion requires K|t — s|'*# for some § >
0, guarantees uniform continuity of a.a. paths X (w) when restricted to the dyadic
rationals, whilst it does not so for § = 0 (see Exercise 1.4). This uniform continuity
property is precisely the basis of the proof of the Criterion.
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Corollary 1.3.4 Brownian motion exists.

Proof. By Corollary 1.2.4 there exists a process W = (W;):>o that has properties (i,ii,iii)
of Definition 1.1.2. By property (iii) the increment W; — Wy has a N(0,¢ — s)-distribution
for all s < t. This implies that E(W; — W,)* = (t — s)2EZ*, with Z a standard normally
distributed random variable. This means the Kolmogorov’s continuity condition (1.3.1) is
satisfied with o = 4 and 8 = 1. So for every T > 0, there exists a continuous modification
WT = (W{)epo.1) of the process (Wy)seo,r)- Now define the process X = (X;)i>0 by

Xp=> Wil 1)
n=1

In Exercise 1.6 you are asked to show that X is a BrowniFan motion process. QED

Lemma 1.1.5 allows us to restrict to continuous paths.

Kolmogorov’s continuity criterion applied to BM implies that the outer measure of the
set C[0,00) of continuous paths equals 1. The BM process after modification is the
canonical process on the restricted space (R[O’OO) N[0, o0), B> N C[0, 00), P*), with
P* the outer measure associated with P.

Note that one can always construct the canonical process to have a desired distribution. Given
any (F,&)-valued stochastic process X on an underlying probability space (€2, F,P). Then
X : (Q,F) — (ET,ET) is a measurable map inducing a probability measure PX on the path
space (ET,ET). The canonical map on (E7, T, P¥X) now has the same distribution as X by
construction.

Suppose that there exists a subset I' ¢ ET, such that X : Q — ' ET. That is, the paths
of X have a certain structure. Then X is F/I' N £T-measurable, and induces a probability
measure PX on (I,T'NET). Again, we may consider the canonical process on this restricted
probability space (I',T' N &Y, PX).

1.4 Gaussian processes

Brownian motion is an example of a so-called Gaussian process. The general definition is as
follows.

Definition 1.4.1 A real-valued stochastic process is called Gaussian of all its fdd’s are Gaus-
sian, in other words, if they are multivariate normal distributions.

Let X be a Gaussian process indexed by the set T. Then m(t) = EXy, t € T, is the
mean function of the process. The function r(s,t) = cov(Xs, Xy), (s,t) € T x T, is the
covariance function. By virtue of the following uniqueness lemma, fdd’s of Gaussian
processes are determined by their mean and covariance functions.

Lemma 1.4.2 Two Gaussian processes with the same mean and covariance functions are
versions of each other.
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Proof. See Exercise 1.7. QED

Brownian motion is a special case of a Gaussian process. In particula it has m(t) = 0 for
all t > 0 and r(s,t) = s At, for all s <¢. Any other Gaussian process with the same mean
and covariance function has the same fdd’s as BM itself. Hence, it has properties (i,ii,iii) of
Definition 1.1.2. We have the following result.

Lemma 1.4.3 A continuous Gaussian process X = (X¢)i>0 is a BM process if and only if it
has the same mean function m(t) = EX; = 0 and covariance function r(s,t) = EX Xy = sAt.

The lemma looks almost trivial, but provides us with a number extremely useful scaling and
symmetry properties of BM!

Theorem 1.4.4 Let W be a BM process. Then the following are BM processes as well:
i) time-homogeneity for every s > 0 the shifted process (Wiys — Ws)i>0;

ii) symmetry the process —W = (=Wi)i>0;

iii) scaling for every a > 0, the process W® defined by W = a2 Wy

iv) time inversion the process X = (Xi)i>0 with Xo =0 and Xy =tWy, t > 0.

Proof. We would like to apply Lemma 1.4.3. To this end we have to check that (i) the defined
processes are Gaussian; (ii) that almost all sample paths are continuous and (iii) that they
have the same mean and covariance functions as BM. In Exercise 1.8 you are asked to show
this for the processes in (i,ii,iii). We will only prove (iv).

Clearly the processes X in (iv) is a stochastic process. We will show that almost all sample
paths of X are continuous. A simple application of Lemma 1.4.2 finishes the proof.

So let us show that almost all sample paths of X are continuous. By time inversion, it is
immediate that (X;);>0 a.s. has continuous sample paths. We only need show a.s. continuity
at t = 0, that is, we need to show that lim; o X; = 0, a.s.

Assume that W is a stochastic process defined on the underlying probability space (€2, F, P).
Let @ = {w € Q| (Wi(w))e>0 continuous}. By assumption P{Q*} = 1. Further, (X;);>0 has
continuous paths on Q*.

Let w € *. Then lim; o Xy (w) = 0iff for all € > 0 there exists ., > 0 such that | X;(w)| < €
for all ¢ < §,,. This is true if and only if for all integers m > 1, there exists an integer n,,,
such that | X (w)| < 1/m for all ¢ € Q with ¢ < 1/n,,, because of continuity of X;(w), t > 0.
Check that this implies

{w:limX,w) =0}nQ = J (| {o:1XWw)|<1/m}na~
1o m=1n=1¢e(0,1/n]NQ

The fdd’s of X and W are equal. It follows that (cf. Exercise 1.9) the probability of the latter
equals

PIAO U () Aw: W) <1/m}nQ}=P{Q} =1,
m=1n=1¢€(0,1/n]NQ

since (W;)e>0 has continuous paths on Q*. Hence P{{w : lim;|o X¢(w) =0} NQ*} =1, and so
P{w : limy o X¢(w) =0} = 1.
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QED

These scaling and symmetry properties can be used to show a number of properties of Brow-
nian motion. The first is that Brownian motion sample paths oscillate between +o0o and —oc.

Corollary 1.4.5 Let W be a BM, with the property that all paths are continuous. Then

P{sup W; = oo, inf W; = —o0} = 1.
t>0 t2>0

Proof. 1t is sufficient to show that

P{supW; = 0o} = 1. (1.4.1)
>0

Indeed, the symmetry property implies

sup Wi 4 sup(—W;) = — inf W.
t>0 t>0 t>0

Hence (1.4.1) implies that P{inf;>o W; = —oo} = 1. As a consequence, the probability of the
intersection equals 1 (why?).

First of all, notice that sup, W; is well-defined. We need to show that sup, W; is a measur-
able function. This is true (cf. BN Lemma 1.2) if {sup, W; < z} is measurable for all x € R
(Q is sufficient of course). This follows from

{sgp Wy <z} = ﬂ {W, <z}
q€Q

Here we use that all paths are continuous. We cannot make any assertions on measurability
of {W, < x} restricted to the set of discontinuous paths, unless F is P-complete.
By the scaling property we have for all a > 0

1 1
sup W, 4 sup —=Wyt = —= sup W4.
t t t

Va T Va

It follows for n € Z, that
P{supW; < n} = P{n?sup W; < n} = P{supW; < 1/n}.
t t t

By letting n tend to infinity, we see that
P{sup W; < oo} = P{sup W; < 0}.
t t
Thus, for (1.4.1) it is sufficient to show that P{sup, W; < 0}. We have
P{supW; <0} < P{W; <0,supW; <0}
t t>1

< P{W1 <0,supW; — Wp < oo}
t>1

P{W1 < 0}P{sup W; — W7 < oo},
t>1
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by the independence of Brownian motion increments. By the time-homogeneity of BM, the
latter probability equals the probability that the supremum of BM is finite. We have just
showed that this equals P{sup W; < 0}. And so we find

P{sup W; < 0} < 1P{sup W, < 0}.
¢ t

This shows that P{sup, W; < 0} = 0 and so we have shown (1.4.1). QED

Since BM has a.s. continuous sample paths, this implies that almost every path visits every
point of R with probability 1. This property is called recurrence. With probability 1 it even
visits every point infinitely often. However, we will not further pursue this at the moment
and merely mention the following statement.

Corollary 1.4.6 BM is recurrent.

An interesting consequence of the time inversion property is the following strong law of large
numbers for BM.

Corollary 1.4.7 Let W be a BM. Then
Wt a.s.

T—>0, t — oo.

Proof. Let X be as in part (iv) of Theorem 1.4.4. Then
W
P{T—>O, t—oo} =P{X; —0, t—oo}=1

QED

1.5 Non-differentiability of the Brownian sample paths

We have already seen that the sample paths of W are continuous functions that oscillate
between +o0o and —oo. Figure 1.1 suggests that the sample paths are very rough. The
following theorem shows that this is indeed the case.

Theorem 1.5.1 Let W be a BM defined on the space (2, F,P). There is a set Qx with
P{Q*} = 1, such that the sample path t — Ww) is nowhere differentiable, for any w € Q*.

Proof. Let W be a BM. Consider the upper and lower right-hand derivatives

Wipn(w) — Wi(w)

DV (t,w) = lim sup
K10 h
e Wign(w) = Wi(w)
Dy (t,w) = llr}rlllénf . :

Let
A = {w] there exists t > 0 such that D" (t,w) and Dy (t,w) are finite }.



1.5. NON-DIFFERENTIABILITY OF THE BROWNIAN SAMPLE PATHS 15

Note tha A is not neacessarily a measurable set. We will therefore show that A is contained
in a measurable set B with P{B} = 0. In other words, A has outer measure 0.
To define the set B, first consider for k,n € Z, the random variable

Define for n € Z

Y, = min X, .
kE<n2n ’

A the set B we choose
o0 (o)
B=|J ({ve<k2"}
n=1k=n

We claim that A C B and P{B} = 0.
To prove the inclusion, let w € A. Then there exists t = ¢, such that Dy (t,w), DV (t,w)
are finite. Hence, there exists K = K, such that

—K < Dy(t,w) < DY (t,w) < K.
As a consequence, there exists 0 = d,, such that
[Ws(w) = We(w)| < K - |s—t|, seltt+d]. (1.5.1)

Now take n = n,, € Z, so large that

4
on < 0, 8K <mn, t<n. (1.5.2)
Next choose k € Z, such that

k—1 k

o ST< g (1.5.3)

By the first relation in (1.5.2) we have that

k+3 E+3 k-1 4
_tl < _ < =

’ omn t‘—‘ omn omn ‘—2n<67

so that k/2", (k+1)/2", (k+2)/2", (k+3)/2™ € [t,t+6]. By (1.5.1) and the second relation

in (1.5.2) we have our choice of n and k that

Xop(w) < max {|Wiy1yon — Wil + W — Wijanls Wkg2y2n — Wil + [We — Wiy jan
(Wikt3)/2n — Wil + [We — Wi /2n |}
n

4
< 2K2—n < o

The third relation in (1.5.2) and (1.5.3) it holds that k —1 < ¢2™ < n2". This implies k < n2"
and so Yy (w) < X, 1 (w) < n/2", for our choice of n.

Summarising, w € A implies that Y, (w) < n/2" for all sufficiently large n. This implies
w € B. We have proved that A C B.
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In order to complete the proof, we have to show that P{B} = 0. Note that [W1)/on —
Wijanls IW(ks2)/2n — Wiig1yj2n| and [Wigy3)jan — Wiy2)/on| are ii.d. random variables. We
have for any € > 0 and k£ =0,...,n2" that

(P{ W1y j2n = Winsayjn] < €})* = (P{Wyan| < €})’
(P{|W1| < 27/2€})® < (2 2/2¢)3 = 23n/241 3,

IN

We have used time-homogeneity in the third step, the time-scaling property in the fourth and
the fact that the density of a standard normal random variable is bounded by 1 in the last
equality. Next,

P{Y, <e} = P{Ungl{Xn,l >el=0,....k—1,X,1 <e}}
n2m
< Z P{Xp 1 <€} <n2™- 93n/2+1 3 _ ) 95n/2+1 3
k=1

Choose € = n/2", we see that P{Y,, < n/2"} — 0, as n — oo. This implies that P{B} =
P{lim inf, oo{Yn < n/2"}} <lim inf, o P{Y,, < n/2"} = 0. We have used Fatou’s lemma
in the last inequality. QED

1.6 Filtrations and stopping times

If W is a BM, the increment Wy, — W; is independent of ‘what happened up to time ¢’. In
this section we introduce the concept of a filtration to formalise the notion of ‘information
that we have up to time ¢’. The probability space (€2, F, P) is fixed again and we suppose that
T is a subinterval of Z; or R.

Definition 1.6.1 A collection (F)¢cr of sub-o-algebras is called a filtration if Fs C Fy for all
s <t. A stochastic process X defined on (2, F, P) and indexed by T is called adapted to the
filtration if for every ¢ € T', the random variable X is Fi-measurable. Then (2, F, (F)ter, P)
is a filtered probability space.

We can think of a filtration as a flow of information. The o-algebra F; contains the events
that can happen ‘upto time t’. An adapted process is a process that ‘does not look into the
future’. If X is a stochastic process, then we can consider the filtration (F;X);cr generated
by X:

F =0(Xs,s <t).

We call this the filtration generated by X, or the natural filtration of X. It is the ‘smallest’
filtration, to which X is adapted. Intuitively, the natural filtration of a process keeps track of
the ‘history’ of the process. A stochastic process is always adapted to its natural filtration. If
X is a canonical process on the subspace (I',T' N ET) of the path space, then ftX =N gl

Review BN §2, the paragraph on o-algebra generated by a random variable or a stochas-
tic process.
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If (Fi)ier is a filtration, then for t € T' we may define the o-algebra

Fir = [ Fesrym:

n=1

This is the o-algebra F;, augmented with the events that ‘happen immediately after time ¢’.
The collection (Fit)ier is again a filtration (see Exercise 1.15). Cases in which it coincides
with the original filtration are of special interest.

Definition 1.6.2 We call a filtration (F;)ier right-continuous if Fr = F for all t € T

Intuitively, right-continuity of a filtration means that ‘nothing can happen in an infinitesimal
small time-interval’ after the observed time instant. Note that for every filtration (F), the
corresponding filtration (F4) is always right-continuous.
In addition to right-continuity it is often assumed that Fy contains all events in Fo, that
have probability 0, where
foo = O'(ft,t > 0)

As a consequence, every JF; then also contains these events.

Definition 1.6.3 A filtration (F;)cr on a probability space (2, F,P) is said to satisfy the
usual conditions if it is right-continuous and Fy contains all P-negligible events of F.

We now introduce a very important class of ‘random times’ that can be associated with a
filtration.

Definition 1.6.4 A [0, oco]-valued random variable 7 is called a stopping time with respect
to the filtration (F) if for every t € T' it holds that the event {7 < t} is Fi-measurable. If
T < 00 a.s., we call 7 a finite stopping time.

Loosely speaking, 7 is a stopping time if for every t € T" we can determine whether 7 has
occurred before time ¢ on basis of the information that we have upto time ¢. Note that 7 is
F/B([0, oo])-measurable.

With a stopping time 7 we can associate the the o-algebra ¢” generated by 7. However,
this g-algebra only contains the information about when 7 occurred. If 7 is associated with
an adapted process X, then o7 contains no further information on the history of the process
upto the stopping time. For this reason we associate with 7 the (generally) larger o-algebra
F. defined by

Fr={AcF:An{r <tye FforallteT}.

(see Exercise 1.16). This should be viewed as the collection of all events that happen prior to
the stopping time 7. Note that the notation causes no confusion, since a deterministic time
t € T is clearly a stopping time and its associated o-algebra is simply the o-algebra F;.

If the filtration (F) is right-continuous, then 7 is a stopping time if and only if {7 < t} € F;
for all t € T (see Exercise 1.22). For general filtrations we introduce the following class of
random times.

Definition 1.6.5 A [0, co]-valued random variable 7 is called an optional time with respect
to the filtration (F3) if for every ¢ € T it holds that {7 < t} € F;. If 7 < oo almost surely, we
call the optional time finite.
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Lemma 1.6.6 7 is an optional time with respect to (F;) if and only if it is a stopping time
with respect to (Fiy). Every stopping time is an optional time.

Proof. See Exercise 1.23. QED

The so-called hitting and first entrance times form an important class of stopping times and
optional times. They are related to the first time that the process visits a set B.

Lemma 1.6.7 Let (E,d) be a metric space and let B(E) be the Borel-o-algebra of open sets
compatible with the metric d. Suppose that X = (Xi)i>0 is a continuous, (E,B(E))-valued
stochastic process and that B is closed in E. Then the first entrance time of B, defined by

oB :mf{tZO]Xt S B}
is an (F7X)-stopping time.*

Proof. Denote the distance of a point x € E' to the set B by d(x, B). In other words
d(z, B) = inf{d(z,y) |y € B}.

First note that x — d(z, B) is a continuous function. Hence it is B(E)-measurable. It follows
that Y; = d(Xy, B) is (F;¥)-measurable as a composition of measurable maps. Since X; is
continuous, the real-valued process (Y;); is continuous as well. Moreover, since B is closed,
it holds that X; € B if and only if ¥; = 0. By continuity of Y;, it follows that op > t if and
only if Yy > 0 for all s <t. This means that

{op>ty={Y,>00<s<t}=|J () (a>Lit=J () {dX4B)>1iter~
n=1¢cQn[0,t] n=1q¢eQN[0,t]

QED

Lemma 1.6.8 Let (E,d) be a metric space and let B(E) be the Borel-o-algebra of open sets
compatible with the metric d. Suppose that X = (Xi)i>0 is a right-continuous, (E,B(E))-
valued stochastic process and that B is an open set in E. Then the hitting time of B, defined
by

TB :inf{t > O‘Xt S B},

is an (F;X)-optional time.

Proof. It holds that 7p(w) < t if and only if there exist a sequence t,(w) | ¢ such that
Xy, (w)(w) € B. By right-continuity of X and the fact that B is open, 7p(w) < t if and only
if there exists a rational number 0 < ¢, < t such that X, (w) € B. Hence

{TB < t} = qu(O,t)ﬁQ{Xq S B}.

The latter set is F;/X-measurable, and so is the first. QED

L As is usual, we define inf ) = co.
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Example 1.6.9 Let W be a BM with continuous paths and, for x > 0, consider the random
variable
7y = inf{t > 0| Wy = z}.

Since x > 0 and W is continuous, 7, can be written as
Ty = inf{t > 0| Wy = z}.

By Lemma 1.6.7 this is an (F}")-stopping time. Next we will show that P{7, < oo} = 1.
Note that {7, < co} = U2 ;{7 < n} is a measurable set. Consider A = {w : sup;>q Wi =
00, infy>9 Wi = —oo}. By Corollary 1.4.5 this set has probability 1. -
Let T' > |z|. For each w € A, there exist T, T, such that W, > T, Wy, < =T. By
continuity of paths, there exists t, € (T, AT, T, V T,), such that W;, = z. It follows that
A C {7, < oo}. Hence P{7, < o0} = 1. QED

We often would like to consider the stochastic process X evaluated at a finite stopping time
7. However, it is not a priori clear that the map w — X, (w) is measurable. In other words,
that X, is a random variable. We need measurability of X in both parameters ¢t and w. This
motivates the following definition.

Definition 1.6.10 An (FE, £)-valued stochastic process is called progressively measurable with
respect to the filtration (F3) if for every ¢ € T the map (s,w) — Xs(w) is measurable as a
map from ([0,¢] x Q,B([0,t]) x F) to (E,E).

Lemma 1.6.11 Let (E,d) be a metric space and B(E) the Borel-o-algebra of open sets com-
patible with d. Every adapted right-continuous, (E, B(E))-valued stochastic process X is pro-
gressively measurable.

Proof. Fix t > 0. We have to check that
{(s,w)| Xs(w) € A, s <t} € B([0,t]) x Ft, VAeB(E).

For n € Z define the process

n—1

X¢ = Z Xt/ L[kt /n,(k+1)t/m)} () + XeL gy ().
k=0

This is a right-continuous process on [0, ¢]. It is also measurable, since

{(s,w)| X} (w) € A,s <t} =

n—1

U (s € kt/n, (k + 1)t/n)} x {w| Xaym(w) € AN {8} x {0 ] Xi(w) € A}).

k=0

Clearly, X'(w) — Xs(w), n — oo, for all (s,w) € [0,t] x Q, pointwise. By BN Lemma 6.1,
the limit is measurable. QED

Review BN §6 containing an example of a non-progressively measurable stochastic pro-
cess.
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Lemma 1.6.12 Suppose that X is a progressively measurable process. Let T be a finite stop-
ping time. Then X, is an Fr-measurable random variable.

Proof. We have to show that {X; € B} N{r < t} € F, for every B € € and every t > 0.
Now note that
{X;n € By ={X, € B,7<t}U{X, € B,7 > t}.

Clearly {X; € B,7 > t} € F;. If we can show that {X,;n; € B} € F, it easily follows
that {X; € B,7 <t} € F;. Hence, it suffices to show that the map w — X () (w) is Fi-
measurable. This map is the composition of the maps w — (7(w) A t,w) from Q to [0,t] x €,
and (s,w) — Xg(w) from [0,¢] x Q to E. The first map is measurable as a map from (2, F;)
to ([0,¢] x ©, B([0,t]) x F¢) (this is almost trivial, see Exercise 1.24). Since X is progressively
measurable, the second map is measurable as a map from ([0, ¢] x , B([0,t]) x F) to (E,E).
This completes the proof, since the composition of measurable maps is measurable. QED

Very often problems of interest consider a stochastic process upto a given stopping 7. To this
end we define the stopped process X by

X, t<T
XtT_XT/\t_{ Xt’ t>7-7
T - M

By Lemma 1.6.12 and Exercises 1.17 and 1.19, we have the following result.

Lemma 1.6.13 If X is progressively measurable with respect to (Fy) and T an (Fy)-stopping
time, then the stopped pocess X7 is adapted to the filtrations (Frat) and (Fy).

In the subsequent chapters we repeatedly need the following technical lemma. It states that
every stopping time is the decreasing limit of a sequence of stopping times that take only
finitely many values.

Lemma 1.6.14 Let 7 be a stopping time. Then there exist stopping times T, that only take
finitely many values and such m, | T.

Proof. Define
n2™—1

k
Tn = Z 271{76[%—1)/2"716/2")} +001{r>ny-
k=1
Then 7, is a stopping time and 7, | 7 (see Exercise 1.25). QED

Using the notion of filtrations, we can extend the definition of BMas follows.

Definition 1.6.15 Suppose that on a probabillity space (2, F, P) we have a filtration (F;)¢>0
and an adapted stochastic process W = (W;);>0. Then W is called a (standard) Brownian
motion (or a Wiener process) with respect to the filtration (Fy); if

i) Wy =0;
ii) W; — Wy is independent of F; for all s < ¢;

iii) W, — W, £ A(0,t — s) distribution;



1.6. FILTRATIONS AND STOPPING TIMES 21

iv) all sample paths of W are continuous.

Clearly, process W that is a BM in the sense of the ‘old” Definition 1.1.2 is a BM with respect
to its natural filtration. If in the sequel we do not mention the filtration of a BM explicitly, we
mean the natural filtration. However, we will see that it is sometimes necessary to consider
Brownian motions with larger filtrations as well.
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1.7 Exercises

Exercise 1.1 Complete the proof of Corollary 1.2.4. Give full details.

Exercise 1.2 Give an example of two processes that are versions of each other, but not
modifications.

Exercise 1.3 Prove that the process Y defined in the proof of Theorem 1.3.3 is indeed a
modification of the process X. See remark in Step 4 of the proof of this theorem.

Exercise 1.4 An example of a right-continuous but not continuous stochastic process X is
the following. Let Q = [0, 1], F = B([0,1]) and P = X is the Lebesgue measure on [0,1]. Let
Y be the identity map on €, i.e. Y (w) = w. Define a stochastic process X = (X¢);ejo,1] by

Xt = 1{Y§t}~ Hence, Xt(w) = 1{Y(w)§t} = 1{w§t}-
The process X does not satisfy the conditions of Kolmogorov’s Continuity Criterion, but
it does satisfy the condition

E|X; — X,|* < K|t — s],

for any a > 0 and K = 1. Show this.

Prove that X has no continuous modification. Hint: suppose that X has a continuous
modification, X’ say. Enumerate the elements of Q N [0,1] by q1,¢2,.... Define Q,, = {w :
Xg(w) = Xg (w)}. Let QF = Mp>1Q,. Show that P{Q*} = 1. Then conclude that a

continuous modification cannot exist.

Exercise 1.5 Suppose that X and Y are modifications of each other, and for both X and Y
all sample paths are either left or right continuous. Show that

P{X; =Y, forallt e T} = 1.

Exercise 1.6 Prove that the process X in the proof of Corollary 1.3.4 is a BM process. To
this end, you have to show that X has the correct fdd’s, and that X has a.s. continuous
sample paths.

Exercise 1.7 Prove Lemma 1.4.2.

Exercise 1.8 Prove parts (i,ii,iii) of Theorem 1.4.4.

Exercise 1.9 Consider the proof of the time-inversion property of Theorem 1.4.4. Prove
that

P{ﬂ U N {w: \<1/m}ﬂQ}—P{ﬂ U () {w: W(w)| < 1/mInQ*}.

m=1n=1¢e(0,1/n]NQ m=1n=1¢€(0,1/n]NQ

Exercise 1.10 Let W be a BM and define X; = Wy, — W for ¢ € [0, 1]. Show that (Xy);e(o1]
is a BM as well.
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Exercise 1.11 Let W be a BM and fix ¢ > 0. Define the process B by

Wy, s<t

Draw a picture of the processes W and B and show that B is again a BM. We will see another
version of this so-called reflection principle in Chapter 3.

Exercise 1.12 i) Let W be a BM and define the process X; = W;—tWi, t € [0, 1]. Determine
the mean and covariance functions of X.

ii) The process X of part (i) is called the (standard) Brownian bridge on [0,1], and so is
every other continuous Gaussian process indexed by the interval [0,1] that has the
same mean and covariance function. Show that the processes Y and Z defined by
Y; = (1 - t)Wt/(l—t)> tc [O, 1), and Y1 =0and Zyg =0, Z; = tW(l/t)—la tc (O, 1] are
standard Brownian bridges.

Exercise 1.13 Let H € (0,1) be given. A continuous, zero-mean Gaussian process X with
covariance function 2EX X, = (t2H + s2H — |t — 5|2H) is called a fractional Brownian motion
(fBM ) with Hurst index H. Show that the fBM with Hurst index 1/2 is simply the BM. Show
that if X is a fBM with Hurst index H, then for all a > 0 the process a= X is a fBM with
Hurst index H as well.

Exercise 1.14 Let W be a Brownian motion and fix ¢ > 0. For n € Z, let m, be a partition
of [0,t] given by 0 =t <t} < --- <t} =t and suppose that the mesh |m,| = max [t} —t}_,
tends to zero as n — 0o. Show that

S (Wi Wy )P Bt
k

as n — oo. Hint: show that the expectation of the sum tends to ¢ and the variance to 0.
Exercise 1.15 Show that if (F;) is a filtration, then (F:y) is a filtration as well.

Exercise 1.16 Prove that the collection F associated with a stopping time 7 is a o-algebra.
Exercise 1.17 Show that if o, 7 are stopping times with ¢ < 7, then F, C F,.

Exercise 1.18 Let o and 7 be two (F;)-stopping times. Show that {c < 7} C F, N F;.

Exercise 1.19 If o and 7 are stopping times w.r.t. the filtration (F;), show that o A 7 and
o V 7 are stopping times as well. Determine the associated c-algebras. Hint: show that
A € Foyr implies AN{o <7} € F..

Exercise 1.20 If o and 7 are stopping times w.r.t. the filtration (F;), show that o + 7 is a
stopping time as well. Hint: for ¢ > 0 write

{o+7>t}={r=00>t}U{0<7<t,o+7>t}U{r >t,o=0}U{r >t,0>0}.

Only for the second event on the right-hand side it is non-trivial to prove that it belongs to
Fi. Now observe that if 7 > 0, then o + 7 > t if and only if there exists a positive ¢ € Q, such
that ¢ <7 and o+ ¢ > t.
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Exercise 1.21 Show that if 0 and 7 are stopping times w.r.t. the filtration (F;) and X is

a

an integrable random variable, then 1(,_,E(X | F;) =4 1{;—»}E(X | ). Hint: show that
1{T:U}E(X | .7:7-) = l{T:U}E(X ‘ F-N .7:0).

Exercise 1.22 Show that if the filtration (F;) is right-continuous, then 7 is an (F;)-stopping
time if and only if {7 <t} € F forall t € T.

Exercise 1.23 Prove Lemma 1.6.6.

Exercise 1.24 Show that the map w — (7(w) A ¢,w) in the proof of Lemma 1.6.12 is mea-
surable as a map from (€2, F;) to ([0,¢] x ©, B([0,t]) x F)).

Exercise 1.25 Show that 7, in the proof of Lemma 1.6.14 are indeed stopping times and
that they converge to 7.

Exercise 1.26 Translate the definitions of §1.6 to the special case that time is discrete, i.e.
T — Z+.

Exercise 1.27 Let W be a BM and let Z = {t > 0| W; = 0} be its zero set. Show that with
probability 1 the set Z has Lebesgue measure 0, is closed and unbounded.

Exercise 1.28 We define the last exit time of x:

L, =sup{t >0 : W; =z},
where sup{0} = 0.
i) Show that 7y is measurable.

ii) Show that L, is measurable for all z. Derive first that {L; < t} = Np>e{|Ws—2| > 0,t <
s <n}.

iii) Show that L, = oc a.s. for all x, by considering the set {sup;>, W; = oo, inf;>o Wy = —oo}
as in the proof of Example 1.6.9.

iv) Show that for almost all w € Q there exists a decreasing sequence {t,(w)}n, lim, t,(w) =
0, such that W (¢,)(w) = 0 for all n. Hint: time-inversion + (iii). Hence ¢t = 0 is a.s. an
accumulation point of zeroes of W and so 19 = 0 a.s.

Exercise 1.29 Consider Brownian motion W, defined on a probability space (€2, F,P). Let
Z(w) = {t > 0,W;(w) = 0} be its zero set. In Problem 1.28 you have been asked to show
that ¢ = 0 is an accumulation point of Z(w) for almost all w € Q.

Let A denote the Lebesgue measure on [0,00). Show (by interchanging the order of inte-
gration) that

/ AMZ(w))dP(w) =0,

Q

and argue from this that Z a.s. has Lebesgue measure 0, i.e. A(Z(w)) =0 for a.a. w € Q.
Exercise 1.30 Let W be a BM with respect to its natural filtration (F}/V);. Define for a > 0

Se =inf{t >0: W, > a}.
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i) Is S, an optional time? Justify your answer.

Let now o, = inf{t > 0: W; = a} be the first entrance time of a and let
M, =sup{t > 0: W; = at},
be the last time that W; equals at.

ii) Is M, a stopping time? Justify your answer. Show that M, < co with probability 1 (you
could use time-inversion for BM).

iii) Show that M, has the same distribution as 1/0,.

Exercise 1.31 Let X = (X;):>0 be a Gaussian, zero-mean stochastic process starting from
0, i.e. Xo = 0. Moreover, assume that the process has stationary increments, meaning that
for all t1 > s1,ta > sa,...,tn > Sy, the distribution of the vector (Xy, — Xs,,..., Xs, — Xs,,)
only depends on the time points through the differences t; — s1,...,t, — sp.

n

a) Show that for all s, >0
EX.X; = 3(v(s) +v(t) —v(|t — s])),
where the function v is given by v(t) = EX?.

In addition to stationarity of the increments we now assume that X is H-self similar for some
parameter H > 0. Recall that this means that for every a > 0, the process (X ); has the
same finite dimensional distributions as (a X;);.

b) Show that the variance function v(t) = EX? must be of the form v(t) = Ct*H for some
constant C' > 0.

In view of the (a,b) we now assume that X is a zero-mean Gaussian process with covariance

function
EX, Xy = 3(s* + 42—t — 5?1,

or some H > 0.

c) Show that we must have H < 1. (Hint: you may use that by Cauchy-Schwartz, the
(semi-)metric d(s,t) = /E(Xs — X;)? on [0, 00) satisfies the triangle inequality).

d) Show that for H = 1, we have X; = tZ a.s., for a standard normal random variable Z not
depending on t.

e) Show that for every value of the parameter H € (0, 1], the process X has a continuous
modification.



Chapter 2

Martingales

2.1 Definition and examples

In this chapter we introduce and study a very important class of stochastic processes: the so-
called martingales. Martingales arise naturally in many branches of the theory of stochastic
processes. In particular, they are very helpful tools in the study of BM. In this section, the
index set T is an arbitrary interval of Z, and R.

Definition 2.1.1 An (F;)-adapted, real-valued process M is called a martingale (with respect
to the filtration (F;)) if

i) E|M;| < oo for all t € T}
i) E(M;|Fs) = M, for all s <t.

If property (ii) holds with ‘>’ (resp. ‘<’) instead of '=’, then M is called a submartingale
(resp. supermartingale).

Intuitively, a martingale is a process that is ‘constant on average’. Given all information up to
time s, the best guess for the value of the process at time ¢ > s is smply the current value M.
In particular, property (ii) implies that EM; = EM, for all ¢t € T'. Likewise, a submartingale
is a process that increases on average, and a supermartingale decreases on average. Clearly,
M is a submartingale if and only if —M is a supermartingale and M is a martingale if it is
both a submartingale and a supermartingale. The basic properties of conditional expectations
give us the following result and examples.

Review BN §7 Conditional expectations.
N.B. Let T' = Z.. The tower property implies that (sub-, super-)martingale property
(ii) is implied by (ii") E{My11 | Fn} = Mp(>,<) a.s. forn € Z,.

Example 2.1.2 Let X,,, n = 1,..., be a sequence of i.i.d. real-valued integrable random
variables. Take e.g. the filtration F,, = o(X1,...,Xy). Then M, = >}, X} is a martingale
if EX; = 0, a submartingale if EX; > 0 and a supermartingale if EX; < 0. The process
M = (My),, can be viewed as a random walk on the real line.

If EX; = 0, but X is square integrable, M/ = M? — nEX? is a martingale.

26
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Example 2.1.3 (Doob martingale) Suppose that X is an integrable random variable and
(F)ier a filtration. For ¢ € T, define M; = E(X | F;), or, more precisely, let M; be a version
of E(X |F:). Then M = (M;)ier is an (F;)-martingale and M is uniformly integrable (see
Exercise 2.1).

Review BN §8 Uniform integrability.

Example 2.1.4 Suppose that M is a martingale and that ¢ is a convex function such that
E|p(M;)| < oo for t € T. Then the process ¢p(M) is a submartingale. The same is true if M
is a submartingale and ¢ is an increasing, convex function (see Exercise 2.2).

BM generates many examples of martingales. The most important ones are given in the
following example.

Example 2.1.5 Let W be a BM. Then the following processes are martingales with respect
to the same filtration:

i) W itself;
ii) W2 —t;
iii) for every a € R the process exp{aW; — a*t/2};

You are asked to prove this in Exercise 2.3.
Example 2.1.6 Let N be a Poisson process with rate A\. Then {N(t) — \t}; is a martingale.

In the next section we first develop the theory for discrete-time martingales. The generalisa-
tion to continuous time is discussed in section 2.3. In section 2.4 we continue our study of
BM.

2.2 Discrete-time martingales

In this section we restrict ourselves to martingales (and filtrations) that are indexed by (a
subinterval of) Z,. Note that as a consequence, it only makes sense to consider Z-valued
stopping time. In discrete time, 7 is a stopping time with respect to the filtration (7, )nez. ,
if {r<n}eF,foralnecZi.

2.2.1 Martingale transforms

If the value of a process at time n is already known at time n—1, we call a process predictable.
The precise definition is as follows.

Definition 2.2.1 We call a discrete-time process X predictable with respect to the filtration
(Fn)n if X, is F,,—1-measurable for every n.

In the following definition we introduce discrete-time ‘integrals’. This is a useful tool in
martingale theory.
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Definition 2.2.2 Let M and X be two discrete-time processes. We define the process X - M
by X - M)o =0 and for n > 1

(X - M)y => Xp(My, — My_y).
k=1

We call X - M the discrete integral of X with respect to M. If M is a (sub-, super-)martingale,
it is often called the martingale transform of M by X.

One can view martingale transforms as a discrete version of the Ito integral. The
predictability plays a crucial role in the construction of the Ito integral.

The following lemma explains why these ‘integrals’ are so useful: the integral of a predictable
process with respect to a martingale is again a martingale.

Lemma 2.2.3 Let X be a predictable process, such that for all n there exists a constant K,
such that | X1|,...,|Xn| < Ky. If M is a martingale, then X - M is a martingale. If M be a
submartingale (resp. a supermartingale) and X is non-negative then X - M is a submartingale
(resp. supermartingale) as well.

Proof. Put Y = X - M. Clearly Y is adapted. Since X is bounded, say | X,,| < K a.s., for all
n, we have E|Y,| < 2K, > ., E[My| < co. Now suppose first that M is a submartingale and
X is non-negative. Then a.s.

E(Yn | _7:”_1) - E(Yn—l + Xn(Mn - Mn—l) |~7:n—1)
= Y1+ XnE(Mn - Mp ’fnfl) > Yy, as.

Consequently, Y is a submartingale. If M is a martingale, the last inequality is an equality,
irrespective of the sign of X,,. This implies that then Y is a martingale as well. QED

Using this lemma, it is easy to see that a stopped (sub-, super-)martingale is again a (sub-,
super-)martingale.

Theorem 2.2.4 Let M be a (sub-, super-)martingale and T a stopping time. Then the stopped
process M7 is a (sub-, super-)martingale as well.

Proof. Define the process X by X, = 1(;5,y. Verify that M7 = My + X - M. Since 7 is
a stopping time, we have that {r > n} = {7 < n —1}° € F,_1. Hence the process X is
predictable. It is also a bounded process, and so the statement follows from the preceding
lemma.

We will also give a direct proof. First note that E[M]| = E|Mr,| < 3L _ E[M,| < oo
for t € T. Write

t—1

M{ = M, = (Z lo—py + 1{th}>Mt/\r
n=0
t—1

= Z Mn]_{,,_:n} + Mt]—{’th}'
n=0
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Taking conditional expectations yields

t—1
E(M] | Fro1) =Y Mul—ny + Loy E(M; | Fioy),
n=0
since {7 >t} € F;_1. The rest follows immediately. QED

The following result can be viewed as a first version of the so-called optional stopping theorem.
The general version will be discussed in section 2.2.5.

Theorem 2.2.5 Let M be a submartingale and let o, 7 be two stopping times such that o <
T < K, for some constant K > 0. Then

E(M; |Fs) > M,, as. (2.2.1)
An adapted process M is a martingale if and only if
EM. =EM,,

for any pairs of bounded stopping times o < T.

Proof. Suppose first that M is a martingale. Define the predictable process X, = 1175,y —
15>n). Note that X, > 0 a.s.! Hence, X - M = M"™ — M?. By Lemma 2.2.3 the process
X - M is a martingale, hence E(M] — M7) = E(X - M),, =0 for all n. Since 0 <7 < K as.,
it follows that

EM, = EMj = EMgZ = EM,.

Now we take A € F, and we define the ‘truncated’ random times
UA:UI{A}+K1{Ac}, TA:TI{A}+K1{Ac}. (2.2.2)
By definition of F7 it holds for every n that

{04 <n} = (ANn{o <n})U(A°N{K < n}) € Fo,

and so o4 is a stopping time. Similarly, 74 is a stopping time and clearly 0 < 74 < K a.s.

By the first part of the proof, it follows that EM_4 = EM_a, in other words

/ M,dP + My dP = / M. dP+ My dP, (2.2.3)
A Ac A Ac

by which [, MydP = [, M.dP. Since A € F, is arbitrary, E(M, | F,) = M, a.s. (recall that
M, is F,-measurable, cf. Lemma 1.6.12).

Let M be an adapted process with EM, = EM,. for each bounded pair o < 7 of stopping
times. Take 0 = n — 1 and 7 = n in the preceding and use truncated stopping times 04 and
74 as in (2.2.2) for A € F,_1. Then (2.2.3) for A € F,,_; and stopping times o and 74
implies for an that E(M,, | F,,—1) = M, —1 a.s. In other words, M is a martingale.

If M is a submartingale, the same reasoning applies, but with inequalities instead of
equalities.

As in the previous lemma, we will also give a direct proof of (2.2.1). First note that

E(MK | .7:”) > M, a.s. s EMKl{F} > EMnl{F}, VE € F,, (2.2.4)
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(this follows from Exercise 2.7 (a)). We will first show that
E(Mk | F5) > M, as. (2.2.5)
Similarly to (2.2.4) it is sufficient to show that E1;m M, < Elypy Mg for all F' € F,;. Now,

K
Elppy) My = ELr (D Loma) + ooi) | Mo
p n=0
= D _Elirno—npMn
n=0

K
< D Elrngo—anMi
n=0

K
ELr) (Y Lomnp + Lionr) ) Mic = E1 gy Myc.
n=0

In the second and fourth equalities we have used that E1y,~ gy My = E1lg, 3 Mg = 0, since
P{c > K} = 0. In the third inequality, we have used (2.2.4) and the fact that FnN{oc = n} € F,
(why?). This shows the validity of (2.2.5).
Apply (2.2.5) to the stopped process M7. This yields
E(Mg | Fy) > M.

Now, note that M}, = Mg a.s. and MJ = M, a.s. (why?). This shows (2.2.1). QED

Note that we may in fact allow that ¢ < 7 < K a.s. Lateron we need o < 7 everywhere.

2.2.2 Inequalities
Markov’s inequality implies that if M is a discrete time process, then
AP{M,, > \} < E|M,|

for all n € Z4 and A > 0. Doob’s classical submartingale inequality states that for submartin-
gales we have a much stronger result.

Theorem 2.2.6 (Doob’s submartingale inequality) Let M be a submartingale. For all
A>0andn eN

)\P{I]?g:ka > )\} < EMn]-{makan Mi>\} < E|Mn|

Proof. Define 7 = n Ainf{k| My > A}. This is a stopping time (see Lemma 1.6.7) with 7 < n.
By Theorem 2.2.5, we have EM,, > EM,. It follows that

EMn EMT]'{manSn Mkz)\} + EMT]'{mangn Mk<)\}

>

This yields the first inequality. The second one is obvious. QED
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Theorem 2.2.7 (Doob’s L? inequality) If M is a martingale or a non-negative submartin-
gale and p > 1, then for alln € N

E(maX]Mn]p> < (L)pE\MnyP,
k<n 1—p
provided M 1is in LP.

Proof. Define M* = maxg<, |Mj|. Assume that M is defined on an underlying probability
space (2, F,P). We have for any m € N

E(M* Am)P = /(M*(w) A m)PdP(w)

M*(w)Am
= // prP~LdzdP(w)
wJO

= /w/o pxp_ll{M*(w)Zx}dl‘dP(w)
— / prPIP{M* > z}dx, (2.2.6)
0

where we have used Fubini’s theorem in the last equality (non-negative integrand!). By condi-
tional Jensen’s inequality, |M| is a submartingale, and so we can apply Doob’s submartingale
inequality to estimate P{M* > z}. Thus

E(|Mn|1{pr>21)

P{M* > < )
(M >} < ;

Insert this in (2.2.6), then

3

E(M* Am)P < /
0

_ / P2 / | My ()| dP(w) dz
0 w:M*(w)>x

M*(w)Am
_ / My () / 2z dP(w)
w 0

p * —1
= ——E(|M,|(M*Am)P~).
LB A

p(L’piQE(’MnH{M*Zm})dl’

By Holder’s inequality, it follows that with p=' + ¢! =1

E|M* AmP < ]%(aMn\p)l/P(aM* A m| =Dy 1/
Since p > 1 we have ¢ = p/(p — 1), so that

E[M* AmfP < %(E\Mn\p)l/p(E,M* A )P D/P.

Now take pth power of both sides and cancel common factors. Then
P
E|M* AmlP < (Ll) E| M, [P.
p —

The proof is completed by letting m tend to infinity. QED
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2.2.3 Doob decomposition

An adapted, integrable process X can always be written as a sum of a martingale and a
predictable process. This is called the Doob decomposition of the process X.

Theorem 2.2.8 Let X be an adapted, integrable process. There exists a martingale M and
a predictable process A, such that Ag = My = 0 and X = Xo+ M + A. The processes M
and A are a.s. unique. The process X is a submartingale if and only if A is increasing (i.e.

P{An < Aps1} =1).

Proof. Suppose first that there exist a martingale M and a predictable process A such that
Ag = My=0and X = Xg+ M + A. The martingale property of M and predictability of A
show that a.s.

E(Xn - Xn—l |fn_1) = An — An—l a.s. (2.2.7)
Since Ay = 0 it follows that
Ap = E(Xi — X1 | Fror), (2.2.8)
k=1

for n > 1 and hence M,, = X,, — A, — X(. This shows that M and A are a.s. unique.
Conversely, given a process X, (2.2.8) defines a predictable process A. It is easily seen
that the process M defined by M = X — A — X is a martingale. This proves the existence
of the decomposition.
Equation (2.2.7) shows that X is a submartingale if and only if A is increasing. ~ QED

An important application of the Doob decomposition is the following.

Corollary Let M be a martingale with EM? < oo for all n. Then there exists an a.s. unique
predictable, increasing process A with Ay = 0 such that M? — A is a martingale. Moreover
the random variable A,4+1 — Ay, is a version of the conditional variance of M, given Fp,_1,
i.e.

Ay — Ay = E((Mn CE(My | For))? |]—“n_1> - E((Mn — M,_1)? |]—“n_1> a.s.

It follows that Pythagoras’ theorem holds for square integrable martingales

n
EM? =EM§ + > E(My — My_1)*.
k=1
The process A is called the predictable quadratic variation process of M and is often denoted
by (M).

Proof. By conditional Jensen, it follows that M? is a submartingale. Hence Theorem 2.2.8
applies. The only thing left to prove is the statement about conditional variance. Since M is
a martingale, we have a.s.

E((My — My_1)*| Fr1) E(M? —2M, M, 1+ M? || Fn_1)
= E(M?2|Fp_1) — 2M, 1E(M,, | Fn1) + M2,
= E(M;|Fn1) - M;_,
= E(M2—M;_||Fp1) = An— Apy

QED
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Using the Doob decomposition in combination with the submartingale inequality yields the
following result.

Theorem 2.2.9 Let X be a sub- or supermartingale. For all A >0 andn € Z,

/\P{r]?<ax | X| > 3A} < 4E|Xo| + 3E|X,,|.
<n

Proof. Suppose that X is a submartingale. By the Doob decomposition theorem there exist
a martingale M and an increasing, predictable process A such that My = Ay = 0 and
X = Xy + M + A. By the triangle inequality and the fact that A is increasing

P{max | Xy| > 30} < P{|Xo| = A} + Plmax [My| > A} + P{4, > A}

Hence, by Markov’s inequality and the submartingale inequality (|M,,| is a submartingale!)

AP{max | Xy| > 3\} < E[Xo| + E[My] + EA,.
<n

Since M,, = X,, — Xo — A,, the right-hand side is bounded by 2E|X,| + E| X,,| + 2EA,,. We
know that A, is given by (2.2). Taking expectations in the latter expression shows that
EA, =EX, — EXy <E|X,|+ E|Xo|. This completes the proof. QED

2.2.4 Convergence theorems

Let M be a supermartingale and consider a compact interval [a,b] C R. The number of
upcrossings of [a, b] that the process makes upto time n is the number of time that the process
passes from a level below a to a level above b. The precise definition is as follows.

Definition 2.2.10 The number Uy,[a,b] is the largest value k € Z., such that there exis
0<s1 <t1 <83 <+ <5 <t <nwith M, <aand My, >b,i=1,...,k.

First we define the “limit o-algebra

Fso :U<U.7:n>.

n

Lemma 2.2.11 (Doob’s upcrossing lemma) Let M be a supermartingale. Then for all
a < b, the number of upcrossings Uyla,b| of the interval [a,b] by M upto time n is an Fy,-
measurable random variable and satisfies

(b —a)EU,[a,b] < E(M, —a)".

The total number of upcrossings Usoa, b] is Foo-measurable.

Proof. Check yourself that Upla,b] is F,-measurable and that Us[a,b] is Foo-measurable.
Consider the bounded, predictable process X given by Xo = 1(37,<4) and

Xn=1x, =031, <y + Lx, =0} 1M, _1<a}s N E L.
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Define Y = X - M. The process X equals 0, until M drops below level a, then stays until M
gets above b etc. So every completed upcrossing of [a, b] increases the value of Y by at least
b — a. If the last upcrossing has not yet been completed at time n, then this may reduce Y
by at most (M,, —a)~. Hence

Y, > (b— a)Un[a,b] — (M, — a)". (2.2.9)

By Lemma 2.2.3, the process Y = X - M is a supermartingale. In particular EY,, < EY; = 0.
The proof is completed by taking expectations in both sides of (2.22). QED

Observe that the upcrossing lemma implies for a supermartingale M that is bounded in L
(i.e. sup, E|M,| < oo) that EUx[a,b] < oo for all a < b. In particular, the total number
Usola, b] of upcrossings of the interval [a.b] is almost surely finite. The proof of the classical
martingale convergence theorem is now straightforward.

Theorem 2.2.12 (Doob’s martingale convergence theorem) If M is a supermartin-
gale that is bounded in L', then M, converges a.s. to a finite Fuo-measurable limit My,
as n — 00, with E|My| < oo.

Proof. Assume that M is defined on the underlying probability space (€2, F, P). Suppose that
M (w) does not converge to a limit in [—00,00]. Then there exist two rationals a < b such
that lim inf M, (w) < a < b < lim sup M,,(w). In particular, we must have Uy[a, b](w) = cc.
By Doob’s upcrossing lemma P{Uxa,b] = oo} = 0. Now note that

A :={w| M (w) does not converge to a limit in [—o0, 00|} C U {w|Uxla, b](w) = oo}.
a,beqQ:
a<b
Hence P{A} < Za beQ-P{UOO [a,b] = 0o} = 0. This implies that M,, a.s. converges to a limit

a<d
M in [—00, 00]. Moreover, in view of Fatou’s lemma

E|M| = E(lim inf |M,|) < lim inf E|M,,| < sup E|M,,| < cc.

It follows that M, is a.s. finite and it is integrable. Note that M, is F,-measurable, hence
it is Foo-measurable. Since My, = lim, .o, M, is the limit of F,-measurable maps, it is
Foo-measurable as well (see MTP-lecture notes). QED

If the supermartingale M is not only bounded in L! but also uniformly integrable, the in
addition to a.s. convergence we have convergence in L'. Moreover, in the case, the whole
sequence My, ..., My is a supermartingale.

Theorem 2.2.13 Let M be a supermartingale that is bounded in L*. Then M, L—1> Mo,
n — oo, if and only if {M,|n € Zi} is uniformly integrable, where My, is integrable and
Foo-measurable. In that case

E(Mw | Frn) < M, a.s. (2.2.10)

If in addition M is a martingale, then there is equality in (2.2.10), in other words, M is a
Doob martingale.
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Proof. By virtue of Theorem 2.2.12 M,, — My, a.s., for a finite random variable M.
BN Theorem 8.5 implies the first statement. To prove the second statement, suppose that

1
M, L M. Since M is a supermartingale, we have
El{A}Mm < EI{A}Mn, AeFy,,m>n. (2.2.11)

Since [LigyMm — 1iayMoo| < 1gay[My — Moo| < [Mpy — M|, it follows directly that
1y My, L 14y Mo Taking the limit m — oo in (2.2.11) yields

El{A}Moo < EI{A}Mn, A€ Fy.
This implies (see Exercise 2.7(a)) that E(M | Fr) < M, a.s. QED

Hence uniformly integrable martingales that are bounded in L!, are Doob martingales. On
the other hand, let X be an F-measurable, integrable random variable and let (F,), be a
filtration. Then (Example 2.1.3) E(X | F,) is a uniformly integrable Doob martingale. By
uniform integrability, it is bounded in L'. For Doob martingales, we can identify the limit
explicitly in terms of the limit o-algebra F...

Theorem 2.2.14 (Lévy’s upward theorem) Let X be an integrable random variable, de-
fined on a probability space (0, F,P), and let (Fy), be a filtration, F,, C F, for all n. Then
asn — oo

E(X|Fn) = E(X | Foo),

a.s. and in LL.

Proof. The process M, = E(X|F,) is uniformly integrable (see Example 2.1.3), hence
bounded in L' (explain!). By Theorem 2.2.13 M,, — M, a.s. and in L', as n — oo with M,
integrable and F..-measurable. It remains to show that M, = E(X | Fx) a.s. Note that

E]-{A}Moo = E]-{A}Mn = El{A}X, A e F,, (2212)

where we have used Theorem 2.2.13 for the first equality and the definition of M, for the
second. First assume that X > 0, then M,, = E(X |F,) > 0 a.s. (see BN Lemma 7.2 (iv)),
hence My, > 0 a.s.

As in the construction of the conditional expectation we will associate measures with X
and My and show that they agree on a m-system for F,,. Define measures @)1 and Q2 on
(2, Foo) by

Q1(A) =Bl X, Q2(A) = Elgyy Moo,

(Check that these are indeed measures). By virtue of (2.2.12) @1 and Q2 agree on the m-system
(algebra) U,F,. Moreover, Q1(Q2) = Q2(Q)(= EX) since Q € F,,. By virtue of BN Lemma
1.1, @1 and Q2 agree on o(U,F,). This implies by definition of conditional expectation that
My =E(X | Fx) ass.

Finally we consider the case of general F-measurable X. Then X = X — X~ is the
difference of two non-negative F-measurable functions X+ and X~. Use the linearity of
conditional expectation. QED
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The message here is that one cannot know more than what one can observe. We will also
need the corresponding result for decreasing families of o-algebras. If we have a filtration of
the form (F,)ne-z,, i-e. a collection of o-algebras such that F_(, 1) € F_p, then we define

Foso =[)F-n-

Theorem 2.2.15 (Lévy-Doob downward theorem) Let (F_,,|n € Z;) be a collection
of o-algebras, such that F_(, 1y © F_pn for every n, and let M = (---,M_2,M_1) be a
supermartingale, i.e.

E(M_p, | Fop) < M_,, a.s., forall —n<-m<—1.
If supEM_,, < oo, then the process M is uniformly integrable and the limit

M_o = lim M_,

n—oo

exists a.s. and in L*. Moreover,
E(M_p | Foo) < M_oo  a.s. (2.2.13)

If M is a martingale, we have equality in (2.2.13) and in particular M_oo = E(M_1 | F_o).

Proof. For every n € Z the upcrossing inequality applied to the supermartingale
(anv M—(n—1)7 s 7M71)

yields (b — a)EU,[a,b] < E(M_; —a)~ for every a < b. By a similar reasoning as in the proof
of Theorem 2.2.12, we see that the limit M_., = lim,,_,_,, M_,, exists and is finite almost
surely.

Next, we would like to show uniform integrability. For all K > 0 and n € —Z, we have

/ \M_,|dP = EM_,, — / M_pdP — / M_dP.
|IM_p|>K <K M_p<—K

The sequence EM_,, is non-decreasing in n — —oo, and bounded. Hence the limit lim,, .. EM_,,
exists (as a finite number). For for arbitrary e > 0, there exists m € Z,, such that
EM_, <EM_,, +¢, n > m. Together with the supermartingale property this implies for all
n>m

< / M_,,dP + €.
IM_n|>K

Hence to prove uniform integrability, in view of BN Lemma 8.1 it is sufficient to show that we
can make P{|M_,,| > K} arbitrarily small for all n simultaneously. By Chebychev’s inequality,
it suffices to show that sup, E|M_,| < co.

/ |M_,|dP < EM_,, +e— / M_,dP — / M_,,dP
|M_n|>K n<K M_p,<—K
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To this end, consider the process M~ = max{—M,0}. It is an non-decreasing, convex
function of the submartingale —M, whence it is a submartingale (see Example 2.1.4). In
particular, EM~, < EM~, for all n € Z_. It follows that

E|M_p| = EM_, + 2EM~, < supEM_, + 2E|M_4].

Consequently
1
P{IM_,| > K} < E(sup EM_, +2E|M_4].
n

Indeed, M is uniformly integrable. The limit M_, therefore exists in L! as well.
Suppose that M is a martingale. Then M_,, = E(M_;|F_,) a.s. The rest follows in a
similar manner as the proof of the Lévy upward theorem. QED

Note that the downward theorem includes the “downward version” of Theorem 2.2.14 as a
special case. Indeed, if X is an integrable random variable and F; D F5 D -+ - C N, Fpn = Foo
is a decreasing sequence of o-algebras, then

E(X|F.) - E(X|Fx), mn— o0

a.s. and in L!. This is generalised in the following corollary to Theorems 2.2.14 and 2.2.15.
It will be useful in the sequel.

Corollary 2.2.16 Suppose that X,, — X a.s., and that |X,| <Y a.s. for all n, where Y is
an integrable random variable. Moreover, suppose that F1 C Fo C --- (resp. F1 2 Fo D --+)
is an increasing (resp. decreasing) sequence of o-algebras. Then E(X,|F,) — E(X|Fx)
a.s., where Foo = 0(UpJFy) (Tesp. Foo = M)

In case of an increasing sequence of g-algebras, the corollary is known as Hunt’s lemma.

Proof. For m € Z, put Uy, inf,,>,,, X, and V;;, = sup,,~,,, X». Since X,,, — X a.s., necessarily
Vin = U — 0 a.s., as m — oo. Furthermore |V, — Un| < 2Y. Dominated convergence
then implies that E(V,, — U,) — 0, as m — oo. Fix € > 0 and choose m so large that
E(Vin — Up) < €. For n > m we have

Up < Xp < Vi as. (2.2.14)

Consequently E(Up, | F) < E(X, | Fn) < E(Vi, | Fn) a.s. The processes on the left and right
are martingales that satisfy the conditions of the upward (resp. downward) theorem. Letting
n tend to co we obtain

E(Un | Fso) < lim inf E(X,, | F,) <lim supE(X, | F,) < E(Vp | Fso) as. (2.2.15)
It follows that

0< E(hm sup E(X,, | F,) — lim inf E(X,, !fn))

IN

E<E(Vm|foo) - E(Um|}—oo)>
< E(Vim—Un) <e.

Letting € | 0 yields that lim sup E(X,, | F,) = lim inf E(X,, | F,,) a.s. and so E(X, |F,)
converges a.s. We wish to identify the limit. Let n — oo in (2.2.14). Then U,, < X <V,

a.s. Hence
E(Un|Fxo) CEX | Foo) SE(Vin | Foo)  ass. (2.2.16)
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Equations (2.2.15) and (2.2.16) impy that both lim E(X,, | F,,) and E(X | F) are a.s.between
Vi and Up,. Consequently

E|UmE(X,, | F) — E(X | Fao)| < E(Vi — Up) < .

By letting € | 0 we obtain that lim, E(X,, | F,) = E(X | F) a.s. QED

2.2.5 Optional stopping theorems

Theorem 2.2.5 implies for a martingale M and two bounded stopping times ¢ < 7 that
E(M; | Fs) = M,. The following theorem extends this result.

Theorem 2.2.17 (Optional sampling theorem) Let M be a uniformly integrable (su-
per)martingale. Then the family of random wvariables {M; | T is a finite stopping time} is
uniformly integrable and for all stopping times o < T we have

E(M; | Fs) = ()M, as.

Proof. We will only prove the martingale statement. For the proof in case of a supermartingale
see Exercise 2.14.

By Theorem 2.2.13, My, = lim,, .o, M, exists a.s. and in L' and E(My | F,) = M, a.s.
Now let 7 be an arbitrary stopping time and n € Z. Since 71 An < n, Fran C Fp. By the
tower property, it follows for every n that

E(Moo | Fran) = E(E(Moo | Fp) | Fran) = E(My | Fran)  a.s.
By Theorem 2.2.5 we a.s. have
E(Moo |-7:T/\n) = M:pn.

Now let n tend to infinity. Then the right-hand side converges a.s. to M,. By the upward
convergence theorem, the left-hand side converges a.s. and in L' to E(M, |G), where

g = U(LT_LJ]-}M).

Therefore
E(Mx |G) =M, as. (2.2.17)

We have to show that G can be replaced by F,. Take A € F,. Then
Eliay Moo = Elfan{r<oc}} Moo + EL{an{r—co}t Moo-
By virtue of Exercise 2.6, relation (2.2.17) implies that
El{an{r<co}t Moo = EL{an{r<oc}} M7

Trivially
El{an{r=co}} Moo = ELan{r=00}} M-
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Combination yields
E]-{A}Moo = E]-{A}MT7 Ae F;,.

We conclude hat E(My | F;) = M, a.s. The first statement of the theorem follows from BN
Lemma 8.4. The second statement follows from the tower property and the fact that F, C F.
QED

For the equality E(M, |F,) = M, a.s. in the preceding theorem to hold, it is necessary
that M is uniformly integrable. There exist (positive) martingales that are bounded in L!
but not uniformly integrable, for which the equality fails in general (see Exercise 2.26)! For
nonnegative supermartingales without additional integrability properties we only have an
inequality.

Theorem 2.2.18 Let M be a nonnegative supermartingale and let o < T be stopping times.
Then
E(M:|F,) < M, as.

Proof. First note that M is bounded in L' and so it converges a.s. Fix n € Z. The stopped
supermartingale M™"" is a supermartingale again (cf. Theorem 2.2.4). Check that it is
uniformly integrable. Precisely as in the proof of the preceding theorem we find that

E(Monn | Fo) = E(MI" | Fp) < MM = Mop,  aus.
Since the limit exists, we have M:1(,_o} = Mc1{;—). By conditional Fatou

E(M.|F,) < E(liminf M, |Fy)
lim inf E(Map | Fo)

<
< lim inf Msp, = M,, a.s.

This proves the result. QED

2.3 Continuous-time martingales

In this section we consider general martingales indexed by a subset T" of R. If the martingale
M = (My)¢>0 has ‘nice’ sample paths, for instance they are right-continuous, then M can be
‘approximated’ accurately by a discrete-time martingale. Simply choose a countable dense
subset {t,} of the index set T' and compare the continuous-times martingale M with the
discrete-time martingale (M, ),. This simple idea allows to transfer many of the discrete-
time results to the continuous-time setting.

2.3.1 Upcrossings in continuous time

For a continuous-time process X we define the number of upcrossings of the interval [a, b] in
the set of time points T C R4 as follows. For a finite set F' = {t1,...,t,} C T we define
Urla,b] as the number of upcrossings of [a, b] of the discrete-time process (Xt,)i=1,..n (see
Definition 2.2.10). We put

-----

Urla,b] = sup{Urla,b] | F C T, F finite }.

Doob’s upcrossing lemma has the following extension.
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Lemma 2.3.1 Let M be a supermartingale and let T' C Ry be countable. Then for all a < b,
the number of upcrossings Ur[a,b] of the interval [a,b] by M satisfies

(b —a)EUr[a,b] <supE(M; —a)".
teT

Proof. Let T,, be a nested sequence of finite sets, such that Ur|a,b] = lim,, . Ur, [a,b]. For
every n, the discrete-time upcrossing inequality states that

(b—a)EUL, Ja,b] < E(M, —a)”,

where t, is the largest element of 7;,,. By the conditional version of Jensen’s inequality
the process (M — a)~ is a submartingale (see Example 2.1.4). In particular, the function
t — E(M; — a)~ is increasing, so

E(M;, —a)~ = sup E(M; —a)~.
teTy,

So, for every n we have the inequality

(b— a)EUs, [a,b] < sup E(M; — a)"
teT,

The proof is completed by letting n tend to infinity. QED

Hence Urla,b] is a.s. finite! By Doob’s upcrossing Lemma 2.2.11 Urla, b] is F;-measurable if
t =sup{s|se T}

2.3.2 Regularisation

We always consider the processes under consideration to be defined on an underlying filtered
probability space (2, F, (F)t)ter, P). Remind that Foo = o(F,t € T'). We will assume that
T' = Ry. For shorthand notation, if we write limg | (1);, we mean the limit along non-increasing
(non-decreasing) rational sequences converging to t. The same holds for lim sup /lim inf.

Theorem 2.3.2 Let M be a supermartingale. Then there exists a set Q* € Foo of probability
1, such that for all w € Q* the limits

lim My(w) and lim My(w)
qit qlt

exist and are finite for every t > 0.

The set of discontinuities of each path M(w) = (My(w))ier,, w € QF, is at most
countable. This is a result from analysis. This has to be checked still!

Proof. Fixn € Z,. Let a < b, a,b € Q. By virtue of Lemma 2.3.1 there exists a set
Qb € Fn, of probability 1, such that

U[o,n}mQ[aa bl(w) < oo, forallwe Qnap-
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Put
Qn = m Qn,a,b~
a<b,a,beQ
Then €2, € F,,. Let now ¢ < n and suppose that
lim M, (w
im M, ()

does not exist for some w € €2,,. Then there exists a < b, a,b € Q, such that

lim inf My(w) < a < b < lim sup My(w).
qlt qlt
Hence U njnqla, b](w) = o0, a contradiction. It follows that lim,|; M, (w) exists for all w € €2,
and all ¢ € [0,n).

A similar argument holds for the left limits: limgy M, (w) exists for all w € Q,, for all
t € (0,n]. It follows that on ' = N, these limits exist in [—o0, oco] for all ¢ > 0 in case of
left limits and for all ¢ > 0 in case of right limits. Note that ' € F, and P{Q)'} = 1.

We still have to show that the limits are in fact finite. Fix t € T, n > t. Let Q, =
[0,7] N Q and let Q, be a nested sequence of finitely many rational numbers increasing to
Qn, all containing 0 and n. Then (Mjy)scq,, ., is a discrete-time supermartingale. By virtue
of Theorem 2.2.9

)\P{sé%ax | M| > 3\} < 4E|My| + 3E|M,,|.

Letting m — oo and then A — oo, by virtue of the monotone convergence theorem for sets

sup |Ms| < oo, a.s.
SEQn

This implies that the limits are finite.

Put Q) = {w] sup,eq, |M;|(w) < oo}. By the above, Q) € F, and P{€Q;} = 1. Hence,
Q" =N, 0" is a set of probability 1, belonging to Foo. Finally, set Q* = Q" N Q. This is a
set of probability 1, belonging to Fo. QED

Corollary 2.3.3 There exists an Foo-measurable set 0, P{Q*} = 1, such that every sample
path of a right-continuous supermartingale is cadlag on 2.

Proof. See Exercise 2.21. QED

Our aim is now to construct a modification of a supermartingale that is a supermartin-
gale with a.s. cadlag sample paths itself, under suitable conditions. To this end read
LN §1.6, definitions 1.6.2 (right-continuity of a filtration) and 1.6.3 (usual conditions)

Given a supermartingale M, define for every t > 0

[ limgjgeq Mg(w),  if this limit exists
My (w) = { 0, otherwise.

The random variables M;+ are well-defined by Theorem 2.3.2. By inspection of the proof of
this theorem, one can check that M+ is F;+-measurable.
We have the following result concerning the process (M+)¢>0-
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Lemma 2.3.4 Let M be a supermartingale.
i) Then E|M;+| < oo for every t and
E(My+ | Fi) < My, as.
If in addition t — EM; is right-continuous, then this inequality is an equality.

ii) The process (My+)i>0 is a supermartingale with respect to the filtration (Fi+)i>o0 and it is
a martingale if M is a martingale.

Proof. Fixt > 0. Let g, | t be a sequence of rational numbers decreasing to t. Then the pro-
cess (Mg, )r, is a backward discrete-time supermartingale like we considered in Theorem 2.2.15,

1
with sup,, EM,, < EM; < oo. By that theorem, M;+ is integrable, and M, 5 M;+. As in
the proof of Theorem 2.2.13, L'-convergence allows to take the limit n — oo in the inequality

E(qu ‘ft) S Mt a.S.

yielding
E(My+ | Ft) < My as.

L! convergence also implies that EM,, — EM;+. So, if s — EM; is right-continuous, then
EMy+ = limy, oo EM,, = EM;. But this implies (cf. Exercise 2.7 b) that EM+ | Fy) = M,
a.s.

To prove the final statement, let s < ¢t and let ¢/, be a sequence of rational numbers
decreasing to s. Then

E(My+ | Fg) = E(E(My+ | )| Fy ) S E(My | Fy ) < My as.

with equality if M is a martingale. The right-hand side of inequality converges to M + as
n — oo. The process E(M;+ | Fq ) is a backward martingale satisfying the conditions of
Theorem 2.2.15. Hence, E(M,+ | Fy ) converges to E(M;+ | Fy+) a.s. QED

We can now prove the main regularisation theorem for supermartingales with respect to
filtrations satisfying the usual conditions.

The idea is the following. In essence we want ensure that all sample paths are cadlag a
priori (that the cadlag paths are a measurable set w.r.t to each o-algebra ;). In view of
Corollary 2.3.3 this requires to complete Fy with all P-null sets in F,. On the other hand, we
want to make out of (M,+); a cadlag modification of M. This is guaranteed if the filtration
involved is right-continuous.

Can one enlarge a given filtration to obtain a filtration satisfying the usual conditions? If
yes, can this procedure destroy properties of interest - like the supermartingale property,
independence properties? For some details on this issue see BN §10.

Theorem 2.3.5 (Doob’s regularity theorem) Let M be a supermartingale with respect
to the filtration (Fi)i>0 satisfying the usual conditions. Then M has a cadlag modification M
(such that {M; — M, # 0} € Fo) if and only if t — EM; is right-continuous. In that case
M is a supermartingale with respect to (Fi)i>o as well. If M is a martingale then M is a

martingale.
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Proof. ‘=" By Theorem 2.3.2 and the fact that (F;) satisfies the usual conditions, there exists
an event * € Fy (!) of probability 1, on which the limits

M- = 1;%1 My, My = lglthIMq
exist for every t. Define the process M by ]\Z(w) = M+ (w)1ljg+y(w) for t > 0. Then
]\/Zt = M;+ a.s. and they differ at most on a null-set contained in Fy. Since M+ is Fy+-
measurable, we have that ]\Z is F;+-measurable. It follows that ]\Z = E(M+ | Fi+) as. By
right-continuity of the filtration, right-continuity of the map ¢ — EM,; and the preceding
lemma, we get that a.s. M; = E(My | Fi+) = E(My+ | F) = M a.s. In other words, M is
a modification of M. Right-continuity of the filtration implies further that M is adapted to

(Ft). The process M is cadlag as well as a supermartingale (see Exercise 2.22).
‘<=’ see Exercise 2.23. QED

Corollary 2.3.6 A martingale with respect to a filtration that satisfies the usual conditions
has a cadlag modification, which is a martingale w.r.t the same filtration.

The next example shows what can go wrong without right-continuity of the filtration.

Example
Let Q = {—1,1}, F; = {Q,0} for t <1 and F; = {Q,0,{1},{—1}} for t > 1. Let P({1}) =
P{-1}) =1/2.

Note that F; is not right-continuous, since F; # Fi+! Define

0, t<1
w, t>1

0, t<1
’ Xt(w):{w t>1

Now, Y; is a martingale, but it is not right-continuous, whereas X; is a right-continuous
process. One does have that EY; = 0 is a right-continuous function of ¢.

Moreover, Y;+ = X; and P{X; = Y;} = 0. Hence X; is not a cadlag modification of Y},
and in particular Y; cannot have a cadlag modification.

By Lemma 2.3.4 it follows that E(X;|F;) = Y;, so that X; cannot be a martingale w.r.t
the filtration F;. By the same lemma, X; is a right-continuous martingale, w.r.t to F+.

i) = {

2.3.3 Convergence theorems

In view of the results of the previous section, we will only consider everywhere right-continuous
martingales from this point on. Under this assumption, many of the discrete-time theorems
can be generalised to continuous time.

Theorem 2.3.7 Let M be a right-continuous supermartingale that is bounded in L*. Then

M, converges a.s. to a finite Foo-measurable limit Mo, as t — oo, with E|Ms| < co.

Proof. The first step to show is that we can restrict to take a limit along rational time-
sequences. In other words, that M; — My, a.s. as t — oo if and only if

lim M, = My as. (2.3.1)

q—00
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To prove the non-trivial implication in this assertion, assume that (2.3.1) holds. Fix ¢ > 0
and w € Q for which My(w) — Moo (w). Then there exists a number a = a,, > 0 such that
|My(w) — Moo (w)| < € for all ¢ > a. Now let ¢ > a be arbitrary. Since M is right-continuous,
there exists ¢’ > ¢ such that |My(w) — My(w)| < e. By the triangle inequality, it follows
that |My(w) — Mo (w)| < [Mygt(w) — Mo(w)| + |Mi(w) — My (w)| < 2e. This proves that
Mi(w) — My (w), t — 0.

To prove convergence to a finite F-measurable, integrable limit, we may assume that M
is indexed by the countable set Q. The proof can now be finished by arguing as in the proof of
Theorem 2.2.12, replacing Doob’s discrete-time upcrossing inequality by Lemma 2.3.1. QED

Corollary 2.3.8 A non-negative, right-continuous supermartingale M converges a.s. ast —
o0, to a finite, integrable, Foo-measurable random variable.

Proof. Simple consequence of Theorem 2.3.7. QED

The following continuous-time extension of Theorem 2.2.13 can be derived by reasoning
as in discrete-time. The only slight difference is that for a continuous-time process X
L!-convergence of X; as t — 0o need not imply that X is UL

Theorem 2.3.9 Let M be a right-continuous supermartingale that is bounded in L.
i) If M is uniformly integrable, then My — My, a.s. and in L', and
E(Mx | Ft) < M; as.
with equality if M is a martingale.

ii) If M is a martingale and M; — Mo, in L' as t — oo, then M is uniformly integrable.

Proof. See Exercise 2.24. QED

2.3.4 Inequalities

Dobb’s submartingale inequality and LP-inequality are very easily extended to the setting of
general right-continuous martingales.

Theorem 2.3.10 (Doob’s submartingale inequality) Let M be a right-continuous sub-
martingale. Then for all A >0 andt >0

P{sup M, > A} < LE|M|.
s<t

Proof. Let T be a countable, dense subset of [0, ¢] and choose an increasing sequence of finite
subsets T, C T, such that ¢t € T}, for every n and T,, T T as n — oo. By right-continuity of
M we have that

supmax My = sup M; = sup M.
n $€Tn seT s€[0,¢]
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This implies that {maxser, Ms > ¢} T {sup,cr Ms > ¢} and so by monotone convergence of
sets P{maxgc7, Ms > ¢} T P{sup,cr My > c¢}. By the discrete-time version of the submartin-
gale inequality for each m > 0 sufficiently large

P{sup My >A—21} = PlsupM;> -1}
se[0,1] seT
lim P{max M, > X — 1}

n—00 seTy,

< i >\ L
< nh_)rglo P{gé%f Mg>X— -}
1
< mE|Mt|-
Let m tend to infinity. QED

By exactly the same reasoning, we can generalise the LP-inequality to continuous time.

Theorem 2.3.11 (Doob’s LP-inequality) Let M be a right-continuous martingale or a
right-continuous, nonnegative submartingale. Then for allp > 1 and t > 0

E(sup M) < (—2) .
p_

s<t 1

2.3.5 Optional stopping

We will now discuss the continuous-time version of the optional stopping theorem.

Theorem 2.3.12 (Optional sampling theorem) Let M be a right-continuous, uniformly
integrable supermartingale. Then for all stopping times o < 7 we have that M, and M, are
integrable and

E(M;|Fs) < M, as..

with equality if M is martingale.

Proof. By Lemma 1.6.14 there exist stopping times o, and 7, taking only finitely many
values, such that o, < 7,, and o, | o, 7, | T.

By the discrete-time optional sampling theorem applied to the supermartingale (M, jon )rez,,
(it is uniformly integrable!)

E(M,, | Fs,) < M, as.

Since o < g, it holds that F, C F,,. It follows that

E(My, | o) = E(E(M, | F5,) | Fy ) SE(M,, | F5) as. (2:3.2)
Similarly
E(MTn ’f7n+1) S M7n+1 a.s.
Hence, (M;,), is a ‘backward’ supermartingale in the sense of the Lévy-Doob downward

theorem 2.2.15. Since sup,, EM,, < EMj, this theorem implies that (M), is uniformly

integrable and it converges a.s. and in L'. By right-continuity M, — M, a.s. Hence
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M,, — M, in L'. Similarly M, — M, in L'. Now take A € F,. By equation (2.3.2) it holds

that
/MTndPS/MUndP.
A A

/MTdP</MgdP,
A A

if we let n tend to infinity. This completes the proof. QED

By L!-convergence, this yields

Corollary 2.3.13 A right-continuous, adapted process M is a supermartingale (resp. a mar-
tingale) if and only if for all bounded stopping times 7, o with o < T, the random variables
M, and M, are integrable and EM,; < EM, (resp. EM, = EM, ).

Proof. Suppose that M is a supermartingale. Since 7 is bounded, there exists a constant
K > 0 such that 7 < K a.s.

As in the construction in the proof of Lemma 1.6.14 there exist stopping times 7,, | 7 and
on | o that are bounded by K and take finitely many values. In particular 7,,0, € D,, =
{K-k-27"k=0,1,...,2"}. Note that (D), is an increasing sequence of sets.

By bounded optional stopping for discrete-time martingales, we have that E(M;, | 7, ;) <
M;, .., a.s. (consider M restricted to the discrete time points {k - 2=+ k€ Z,}. We can
apply the Lévy-Doob downward theorem 2.2.15, to obtain that (M), is a uniformly inte-
grable supermartingale, converging a.s. and in L' to an integrable limit as in the proof of the
previous theorem. By right-continuity the limit is M. Analogously, we obtain that M, is
integrable.

Bounded optional stopping for discrete-time supermartingales similarly yields that
E(M,, | M,,) < M,, a.s. Taking expectations and using L'-convergence proves that
EM, <EM,.

The reverse statement is proved by arguing as in the proof of Theorem 2.2.5. Let s <t
and let A € F5. Choose stopping times o = s and 7 = 1 g3t + 14¢}5. QED

Corollary 2.3.14 If M is a right-continuous supermartingale and T is a stopping time, then
the stopped process is a supermartingale as well.

Proof. Note that M7 is right-continuous. By Lemmas 1.6.11 and 1.6.13 it is adapted.
Let 0 < £ be bounded stopping times. By applying the previous corollary to the super-
martingale M, and using that o A 7, £ A 7 are bounded stopping times, we find that

EM;— - EMT/\O- S EMT/\.E = EMg

Since o and £ were arbitrary bounded stopping times, another application of the previous
corollary yields the desired result. QED

Just as in discrete time the assumption of uniform integrability is crucial for the optional
sampling theorem. If this condition is dropped, we only have an inequality in general. The-
orem 2.2.18 carries over to continuous time by using the same arguments as in the proof of
Theorem 2.3.12.
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Theorem 2.3.15 Let M be a right-continuous non-negative supermartingale and let o < T
be stopping times. Then
E(M;|Fs) < M,, as.

A consequence of this result is that non-negative right-continuous supermartingales stay at
zero once they have hit it.

Corollary 2.3.16 Let M be a non-negative, right-continuous supermartingale and define 7 =
inf{t| My =0 orM,- = 0}. Then a.s. M wvanishes on [T,0].

Proof. Positive supermartingales are bounded in L'. By Theorem 2.3.7, M converges a.s. to
an integable limit M, say. Note that by right-continuity 7(w) < t if and only if inf{| M, (w)| | ¢ €
QN[0,t]} =0 or M;(w) =0. Hence 7 is a stopping time. Define

T = inf{t | My < n'}.

Then 7, is a stopping time with 7,, < 7. Furthermore, for all ¢ € Q, we have that 7+ ¢ is a
stopping time. Then by the foregoing theorem

EM,q <EM,, < iP{r, <oo}+EMxl{y, oo}
On the other hand, since 7, = oo implies 7 + ¢ = co we have
EMoolir,—c) < EMooliryg—oc}-
Combination yields for all n € Z1 and all ¢ € Q4

EMriqlirigeost = EMryg—EMoclirig—o)
%P{Tn < 00}

IA

Taking the limit n — oo yields EMr 141, 4,c00) = 0 for all ¢ € Q4. By non-negative of M
we get that M;,, = 0 a.s. for all ¢ € Q4. But then also P{N,{M;,, = 0}} = 1. By right
continuity

ﬁq{MT_H] = 0} = {M7+t =0,7 <oo,t> 0}

Note that the set where M, = 0 belongs to Fu! QED

2.4 Applications to Brownian motion

In this section we apply the developed theory to the study of Brownian motion.

2.4.1 Quadratic variation
The following result extends the result of Exercise 1.14 of Chapter 1.

Theorem 2.4.1 Let W be a Brownian motion and fitt > 0. Forn € Z, let m, be a partition
of [0,t] given by 0 =t <t} < ... <t} =1t and suppose that the mesh |my| = maxy [t) —t}_,|
tends to zero as n — oco. Then

2
DW=y P50 b= oo
k
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If the partitions are nested we have

Proof. For the first statement see Exercise 1.14 in Chapter 1. To prove the second one, denote
the sum by X,, and put F,, = o(X,, Xpnt1,...). Then F,11 C F, for every n € Z,. Now
suppose that we can show that E(X,, | F,+1) = Xn+1 a.s. Then, since supEX,, < oo, the
Lévy-Doob downward theorem 2.2.15 implies that X,, converges a.s. to a finite limit X,,. By
the first statement of the theorem the X,, converge in probability to t. Hence, we must have
Xoo =t a.s.

So it remains to prove that E(X, | Fnt1) = Xny1 a.s. Without loss of generality, we
assume that the number of elements of the partition 7, equals n. In that case, there exists a
sequence t, such that the partition m, has the numbers tq,...,%, as its division points: the

point ¢, is added to m,_1 to form the next partition m,. Now fix n and consider the process
W' defined by
W; = WS/\tn+1 - (WS - WS/\tn+1)'

By Exercise 1.11 of Chapter 1, W’ is again a BM. For W', denote the analogous sums X},
by X;. Then it is easily seen for £ > n + 1 that X; = Xj,. Moreover, it holds that X, —

a1 = Xng1— Xy (check!). Since both W and W' are BM’s, the sequences (X1, Xo,...) and
(X1, X5, ...) have the same distribution. It follows that a.s.

!/

E(Xn_Xn+1|~7:n+1) = E(X’I/l_ n+1’X7/L+1v ’I/'L+27"')
= E(X,:L — X7/1+1 |Xn+17Xn+27 . )

= E(Xn+1 - Xn | Xnt1, Xnt2, .- )
= —E(Xn+1— Xn| Frnt1)-

This implies that E(X,, — Xy 41| Fnt+1) =0 ass. QED

A real-valued function f is said to be of finite variation on an interval [a,b], if there exists
a finite number K > 0, such that for every finite partition a =ty < --- < t,, = b of [a,b] it
holds that

S f(te) = fltror)| < K.
k

Roughly speaking, this means that the graph of the function f on [a,b] has finite length.
Theorem 2.4.1 shows that the sample paths of BM have positive, finite quadratic variation.
This has the following consequence.

Corollary 2.4.2 Almost every sample path of BM has unbounded variation on every interval.

Proof. Fix t > 0. Let m, be nested partitions of [0,¢] given by 0 = ¢ <t} < ... < ty =t
Suppose that the mesh |, | = maxy, [t} —¢}_,;| — 0 as n — oco. Then

> (Wi = Wiy )* < max (Wi = Wiy, |- > We = Wy, |
k k

By uniform continuity of Brownian sample paths, the first factor on the right-hand side
converges to zero a.s., as n — oo. Hence, if the Brownian motion would have finite variation
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on [0, t] with positive probability, then Zk(Wt}i — WtZ,l)Q would converge to 0 with positive
probability. This contradicts Theorem 2.4.1. QED

2.4.2 Exponential equality

Let W be a Brownian motion. We have the following exponential inequality for the tail
properties of the running maximum of the Brownian motion.

Theorem 2.4.3 For everyt >0 and A >0

P{ sup Wy > )\} < e~ N /2

s<t
and

P{ sup |Ws| > )\} < 9e /2t

s<t

Proof. For a > 0 consider the exponential martingale M defined by M; = exp{aW; — a?t/2}
(see Example 2.1.5). Observe that

P{sup W, > A} < P{ sup M, > ea)‘_azt/z}.
s<t s<t

By the submartingale inequality, the probability on the right-hand side is bounded by

2 _ 2 _ 2¢ /2
% t/2 a/\EMt — ol t/2 a/\EMO — ol t/2 a)\.

The proof of the first inequality is completed by minimising the latter expression in a > 0.
To prove the second one, note that

P{sup| Wil = A} < Pfsup W, = A} + Pinf W, < —A}

s<t s<t
= P{supWs > A} + P{sup —W, > A}.
s<t s<t
The proof is completed by applying the first inequality to the BM’s W and —W. QED

The exponential inequality also follows from the fact that sup,<, W 4 |Wy| for every fixed t.
We will prove this equality in distribution in the next chapter.

2.4.3 The law of the iterated logarithm

The law of the iterated logarithm describes how BM oscillates near zero and infinity. In the
proof we will need the following simple lemma.

Lemma 2.4.4 For every a > 0

0
/ 6712/2d$ > a 67a2/2
“ ~1+4a? )
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Proof. The proof starts from the inequality

*© 1 s 1 ©
e 2y < = e 24y,
a I2 _a2 a

Integration by parts shows that the left-hand side equals

_/ e_x2/2d(£) = 16—02/2+/ ld(e—ﬁ/z)
a Y a

a x

1 2 e 2
— e @/2 —/ e = 2dy.
a a

Hence we find that

Thid finishes the proof. QED

Theorem 2.4.5 (Law of the iterated logarithm) It almost surely holds that

: Wi _ o t _
lim sup —— =1, lim inf ———— = —1,
tlo ~ \/2tloglog1/t tlo /2tloglog 1/t
li Wy 1 lim inf — V" 1
im sup ———= =1, im inf ———— = —1.
t—>oop v 2tloglogt t—oo 4/2tloglogt

Proof. 1t suffices to prove the first statement. The second follows by applying the first to the
BM —W. The third and fourth statements follow by applying the first two to the BM W
(cf. Theorem 1.4.4).

Put h(t) = y/2tloglog 1/t and choose two numbers 6,6 € (0,1). We put

an = (1+08)07"h(6"™), Bn = h(6™)/2.

Use the submartingale inequality applied to the exponential martingale My = exp{a, Wy —
2
ags/2}:

P{sup (W — ans/2) > 8, < P{sup M, > e}
s<1 s<1

< emPEN = e ¥nbn
< Kn~ 0%,
for some constant K > 0 that does not depend on n. Applying the Borel-Cantelli lemma
yields that
sup(Ws — ans/2) < B,
s<1

for all sufficiently large n. In particular, for all sufficiently large n and s € [0, 0" 7!

B = (12—2‘5 + %)h(@").

anen—l

AnS
ng%wng
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Since h is increasing in a neighbourhood of 0, it follows that for all n large enough

s ()

sup
gr<s<pn—1 h(S)

Let # T1and § | O to find that
. Wi
lim sup — < 1.
to - h(t)
QED
To prove the reverse inequality, choose 6 € (0, 1) and consider the events

Ay = {Won — Wynir > (1 = VO)h(0™)}.

By the independence of the incements of BM, the events A,, are independent. Note that

Wen — Wn 1 d
et 92;1 < N(0,1).
Hence,
P{A } _ P{ W@n — W9n+1 > (1 — \/@)h(@”)}
" Vo —gntl T\ /gn — gntl
™ Ja
with
_(1=VO)nom) (1-V0) 2loglog 0"
T Vo — gt 1-6

By Lemma 2.4.4 it follows that

a _a2 2
V2rP{A,} > a2t /2,

It is easily seen that the right-hand side is of order

_(=v6)? L
n 1= =n -

with o < 1. It follows that >, P{A,} = co and so by the Borel-Cantelli Lemma
W, > (1= VOhO™) + Wynia
for infinitely many n. Since —W is also a BM, the first part of the proof implies that
—~Wns1 < 20(0"1),
for all n large enough. Note that
loglog 6~V = (n 4 1) loglog 6~ < 2nloglog 6~ = 2loglog 67",

we find that
h(6"1) < V20 HD/2210g log 67" = 2V/0R(6™).
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Combining this with the preceding inequality yields that
Wo, > (1= VB)A(6") — 2h(9"*1) = h(6")(1 — 5V),

for inifinitely many n. Hence

W,
lim sup —~ > 1 — 5v/5.
¢10 ph(t) a

The proof is completed by letting # tend to zero. QED

As a corollary we have the following result regarding the zero set of the BM that was considered
in Exercise 1.26 of Chapter 1.

Corollary 2.4.6 The point 0 is an accumulation point of the zero set of the BM, i.e. for
every € > 0, the BM wisits 0 infinitely often in the time interval [0, €).

Proof. By the law of the iterated logarithm, there exist sequences t,, and s, converging
monotonically to 0, such that

th Wsn
— 1, — =1, n— o0
2ty loglog 1/t \/2sp loglog 1/sy,
The corollary follows from the continuity of Brownian motion paths. QED

2.4.4 Distribution of hitting times

Let W be a standard Brownian motion and, for a > 0, let 7, be the (a.s. finite) hitting time
of level a (cf. Example 1.6.9).

Theorem 2.4.7 For a > 0 the Laplace transform of the hitting time 1, is given by

Ee Mo — ¢maV2A )\ >

Proof. For b > 0, consider the exponential martingales M; = exp(bW; — b%*t/2) (see Ex-
ample 2.1.5. The stopped process M is again a martingale (see Corollary 2.3.14) and is
bounded by exp(ab). A bounded martingale is uniformly integrable. Hence, by the optional

stopping theorem
EM,, =EMJ: =EM;* =EM, =1.

Since W, = a, it follows that
Eeba—b27'a/2 -1

The expression for the Laplace transform now follows by substituting % = 2. QED

We will later see that 7, has the density

aefa2/2z

— 1,50
Vorad =Y

This can be shown by inverting the Laplace transform of 7.

r —
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A formula for the inversion of Laplace transforms are given in BN§4.

We will however use an alternative method in the next chapter. At this point we only prove
that although the hitting times 7, are a.s. finite, we have E7, = oo for every a > 0. A process
with this property is called null recurrent.

Corollary 2.4.8 For every a > 0 it holds that Et, = c0.

Proof. Denote the distribution function of 7, by F'. By integration by parts we have for every
A>0

Ee A :/ e_’\xdF(x) = e_)‘xF(iv)’:O _/ F(x)d(e_)‘x) = _/ F(g:)d(e_)‘x).
0 0 0
it follows that

Combination with the fact that ~
1= [ e
0
1—Ee e 1

IR o z))d(e ™) = T z))e Mdz.
=3 ] G- F@e) = [ Fa)e

Now suppose that E7, < co. Then by dominated convergence the right-hand side converges
to E1, as A — 0. In particular

. 1 — Eg= e

im——

Al0 A

is finite. However, the preceding theorem shows that this is not the case. QED

2.5 Poisson process and the PASTA property

Let N be a right continuous Poisson process with parameter A on (2, F, P). Here the space
Q are right-continuous, non-decreasing integer valued paths, such that for each path w one
has wg = 0 as well as w; < lim infg1; wg + 1, for all ¢ > 0 (cf. construction in Chapter 1.1).
The path properties imply all paths in €2 to have at most finitely many discontinuities in
each bounded time interval. The o-alagebra F is the associated o-algebra that makes the
projections on the t-coordinate measurable.

As we have seen in Example 2.1.6 , {N(t) — At}; is a martingale. This implies that N(¢)
has a decomposition as the sum of a martingale and an increasing process, called Doob-Meyer
decomposition.

Lemma 2.5.1
N(t) as.

A\ as

t

Proof. see Exercise 2.33. QED

The structure of Poisson paths implies that each path can be viewed as to represent the
‘distribution function’ of a counting measure, that gives measure 1 to each point where N(w)
has a discontinuity.
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Let f : [0,t] — R be any bounded or non-negative measurable function. Then for each
w € Q, t >0, we define

N(t,w) o0

/O FEAN(50) = 3 F(Su@) = 3 F(Su(@)) s, @w)n)

where S,, are the successive discontinuities.

The PASTA property Let us now consider some (F,E)-valued stochastic process X on
(Q,F,P), where (E, ) is some measure space. Let B € £.

The aim is to compare the fraction of time that X-process spends in set B, with the
fraction of time points generated by the Poisson process that the X-process is in B. We need
to introduce some notation: U(t) = 1ix)ep)-

Assumption A U has ladcag paths, i.o.w. all paths of U are left continuous and have right
limits.

We further define
1 t
t

0

U(s)ds

All) = /0 U(s)dN (s)

Alt)y = j\l[((i))l{N(t)>0}

Fio = oU(s),s <t,N(s),s <t).

Here U(t) stands for the fraction of time during (0,¢] that X spends in set B; A(t) is the
amount of Poisson time points before ¢ at which X is in set B, and A(t) is the fraction of
Poisson time points upto time ¢ at which X is in B.

Assumption B Lack of anticipation property o(N(t +u) — N(t),u > 0) and F; are
independent for all ¢ > 0.

Theorem 2.5.2 Under assumptions A and B, there ezists a finite random variable U(oco)
a.s.

such that U(t) %3 U(oo), iff there exists a finite random variable A(oco) such that A(t) %3
A(o0) and then A(oo) = U(oco).

The proof requires a number of steps.
Lemma 2.5.3 Suppose that assumptions A and B hold.
Then EA(t) = MEU(t) = AE [] U(s)ds.

Proof. As in the proof of BN Lemma 3.3 the ladcag assumption implies that U(s,w), s <t
has finitely many discontinuities. Together with the sample properties of N, this implies that
we can approximate A(t) by
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In other words, A,(t) %3 A(t). Now, evidently 0 < A,(t) < N(t). Since E|N(t)| = EN(t) <
00, we can apply the dominated convergence theorem and assumption B to obtain that

t
EA(t) = lim EA,( —nh_{I;OZZEU _EnlLrgogZU _AE/O U(s)ds.

n—oo

The interchange argument in the third step is also validated by dominated convergence. QED

Corollary 2.5.4 Suppose that assumptions A and B hold. E(A(t)—A(s) | Fs) = /\E(fst U(v)dv | Fs)
a.s.

Proof. The lemma implies that E(A(¢) — A(s)) = AE f; U(v)dv. Define

k
An(st) = 3 UGHINCEE - N
ns/t<k<n—1
Then, analogously to the above proof, A,(s,t) %3 A(t) f U(v

We use conditional dominated convergence (BN T heorem 7.2 (v11)). T hlS implies that
E(An(s,t)| Fs) — E(A(t) — A(s) | Fs) a.s. On the other hand

E(An(s,t) | Fo) =ECL S U(K)|Fy).

ns/t<k<n—1

By another application of conditional dominated convergence, using boundedness of the func-
tion involved, the right-hand side converges a.s. to E(A fst U(v)dv | F). QED

Next define R(t) = A(t) — A\tUt). By virtue of Corollary 2.5.4 {R(t)}; is an (F;)s-adapted
martingale.

a.s.

Lemma 2.5.5 Suppose that assumptions A and B hold. Then R(t)/t = 0.

Proof. Note that {R(nh)}, is an (Fpp)n-adapted discrete time martingale for any h > 0. By
virtue of BN Theorem 9.3

R(nh)_}o’
on the set - "
A= (3 BBk + DB) — R(ER)? | Fan) < o0}

k=1
Note that

IR(t) — R(s)| < N(t) — N(s) + A(t — s). (2.5.1)
It follows that

E(R(t) — R(s))* S E(N(t) — N(5))* +2)%(t — 5)2 = 3\2(t — )% + A(t — 5). (2.5.2)

Consider the random variables Y,, = >, k%E((R((k: +1)h) — R(kh))?| Fin), n=1,.... By
(2.5.2),

- 1
E|Ya| = EY, <) (3X%h% + M) 5 < 00,
k=1
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hence {Y'(n)}, is bounded in L;. Y, is an increasing sequence that converges to a limit
Y., that is possibly not finite everywhere. By monotone convergence and Li-boundednes
EY,, — EY, < 0o. As a consequence Y., must be a.s. finite. In other words, P{A} = 1. That
is R(nh)/n 3 0.

Let 2* be the intersection of A and the set whereN (¢)/t — A. By Lemma 2.5.1 P{Q*} = 1.
The lemma is proved if we show that R(t)/t — 0 on the set Q*. Let w € A. Fix t > n,h and
let n; be such that t € [nih, (ny + 1)h). By virtue of(2.5.1)

|R(t,w) — R(nth,w)| < N(t,w) — N(nth,w) + Ah.

By another application of Lemma 2.5.1

R(tt’ w) nTh _R(nsh,w) + N(t, w)h— N{uhw)+ A0
T

QED
Now we can finish the proof of the theorem. It follows from the relation

RO _SONO,

whilst noting that (N(t)/t)1{n )0y — A on Q.
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2.6 Exercises

Discrete-time martingales

Exercise 2.1 Prove the assertion in Example 2.1.3.
Exercise 2.2 Prove the assertion in Example 2.1.4.
Exercise 2.3 Show that the processes defined in Example 2.1.5 are indeed martingales.

Exercise 2.4 (Kolmogorov 0-1 Law) Let X;, X5, ... be i.i.d. random variables and con-
sider the tail o-algebra defined by

T = ﬁ O’(Xn,Xn_l, .. )
n=1

a) Show that for every n, 7 is independent of the o-algebra o (X1, ..., X,,) and conclude that
for every A € T
P{A} =E(1pay | Xi1..., Xn),  as,

b) Give a “martingale proof” of Kolmogorov’s 0 — 1 law: for every A € 7, P{A} = 0 or
P{A} = 1.
c) Give an example of an event A € 7.

Exercise 2.5 (Law of large Numbers) In this exercise we present a “martingale proof”
of the law of large numbers. Let X1, Xs,... be random variables with E|X;| < co. Define
Sn = Z?:l Xl and fn = O‘(Sn, Sn+1, .. )

a) Note that for i = 1,...,n, the distribution of the pair (X;,.S,) is independent of i. From
this fact, deduce that E(X,, | F,,) = Sn/n, and that consequently

E(2S,|Fn) = %HSnH, a.s.

ii) Show that S, /n converges almost surely to a finite limit.

iv) Derive from Kolmogorov’s 0 — 1 law that the limit must be a constant and determine its
value.

Exercise 2.6 Consider the proof of Theorem 2.2.17. Prove that for the stopping time 7 and
the event A € F; it holds that AN {7 < o0} € G.

Exercise 2.7 Let X,Y be two integrable random variables defined on the same space 2. Let
F be a g-algebra on (2.

a) Suppose that X,Y are both F-measurable. Show that X > Y a.s. if and only if Eliq X >
El{A}Y for all A € F.

b) Suppose that YV is F-measurable. Show that E(X | F) <Y a.s. together with EX = EY
implies E(X | F) =Y a.s.



o8 CHAPTER 2. MARTINGALES

Exercise 2.8 Let M be a martingale such that {M,+1 — M, }»>1 is a bounded process. Let
Y be a bounded predictable process. Let X =Y - M. Show that EX,; = 0 for 7 a finite
stopping time.

Exercise 2.9 Let X1, Xo,... be an i.i.d. sequence of Bernouilli random variables with prob-
ability of success equal to p. Put F,, = o(X1,...,Xy), n > 1. Let M be a martingale adapted
to the generated filtration. Show that the Martingale Representation Property holds: there
exists a constant m and a predictable process Y such that M,, = m+ (Y - S),,, n > 1, where

Sn = ZZ:l(Xk - p)'

Exercise 2.10 Let X7,... be a sequence of independent random variables with 02 = EX2 <
oo and EX,, = 0 for all n > 1. Consider the filtration generated by X and define the
martingale M by M, =Y | X;. Determine (M).

Exercise 2.11 Let M be a martingale with EM?2 < oo for every n. Let C be a bounded
predictable process and define X = C - M. Show that EX2? < oo for every n and that
(X) =C?-(M).

Exercise 2.12 Let M be a martingale with EM?2 < oo for every n and let 7 be a stopping
time. We know that the stopped process is a martingale as well. Show that E(M])? < oo for
all n and that (M7),, = (M)par-

Exercise 2.13 Let (Cy,), be a predictable sequence of random variables with EC? < oo for
all n. Let (€,), be a sequence with Ee, = 0, Ee% = 1 and ¢, independent of F,,_1 for all
n. Let M, = > .., Cie;, n > 0. Compute the conditional variance process A of M. Take
p > 1/2 and consider N,, = >_,_, Cie;/(1 + A;)P. Show that there exists a random variable
Noo such that N,, — N a.s. Show (use Kronecker’s lemma) that M, /(1 + A,)? has an a.s.
finite limit.

Exercise 2.14 i) Show that the following generalisation of the optional stopping Theo-
rem 2.2.17 holds. Let M be a uniformly integrable supermartingale. Then the family
of random variables {M; |7 is a finite stopping time} is UI and E(M, | F,) < M,, a.s.
for stopping times o < 7. Hint: use Doob decomposition.

ii) Give an example of a non-negative martingale for which { M | T stopping time} is not UL

Exercise 2.14* Show for a non-negative supermartingale M that for all A > 0

AP{sup M,, > \} < E(Mp).

Exercise 2.15 Consider the unit interval I = [0, 1] equipped with the Borel-o-algebra 5([0, 1])
and the Lebesgue measure. Let f be an integrable function on I. Let for n =1,2,...

k2—"n
@ =2 [y (k-2 sz <k
(k—1)2-n

and define f,,(1) = 1 (the value f,,(1) is not important). Finally, we define F,, as the o-algebra
generated by intervals of the form [(k —1)27" k27"), 1 < k < 2™,
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i) Argue that F, is an increasing sequence of o-algebras.
ii) Show that (f,), is a martingale.
iii) Use Lévy’s Upward Theorem to prove that f,, — f, a.s. and in L, as n — oo.

Exercise 2.16 (Martingale formulation of Bellman’s optimality principle) Suppose
your winning per unit stake on game n are ¢,, where the €, are i.i.d. r.v.s with

Ple, =1} =p=1—Ple, = —1},

with p > 1/2. Your bet a, on game n must lie between 0 and Z,,_1, your capital at time n— 1.
Your object is to maximise your ‘interest rate’ Elog(Zn/Zy), where N =length of the game
is finite and Zj is a given constant. Let F,, = o(ey,...,€,) be your ‘history’ upto time n. Let
{an}n be an admissible strategy, i.0.w. a predictable sequence. Show that log(Z,) — na is a
supermartingale with a the entropy given by

a=plogp+ (1 —p)log(l —p)+ log2.

Hence Elog(Z,/Zy) < Na. Show also that for some strategy log(Z,) — na is a martingale.
What is the best strategy?

Exercise 2.17 Consider a monkey typing one of the numbers 0,1,...,9 at random at each
of times 1, 2, ... U; denotes the i-th number that the monkey types. The sequence of numbers
Ui, Us,..., form an i.i.d. sequence uniformly drawn from the 10 possible numbers.

We would like to know how long it takes till the first time T that the monkey types the
sequence 1231231231. More formally,

T = min{n|n > 10,U,—9gUy,_g--- U, = 1231231231}.
First we need to check that T is an a.s. finite, integrable r.v. There are many ways to do this.

a) Show that 7" is an a.s. finite, integrable r.v. A possibility for showing this, is to first
show that the number of consecutive 10-number words typed till the first occurrence of
1231231231 is a.s. finite, with finite expectation.

In order to actually compute ET, we will associate a gambling problem with it.

Just before each time t = 1,2,3, ..., a new gambler arrives into the scene, carrying €I in
his pocket. He bets €1 that the next number (i.e. the ¢-th number) will be 1. If he loses, he
leaves; if he wins his receives 10 times his bet, and so he will have a total capital of €10. He
next bets all of his capital on the event that the (¢ + 1)-th number will be 2. If he loses, he
leaves; if he wins, he will have a capital of €102. This is repeated throughout the sequence
1231231231. So, if the gambler wins the second time, his third bet is on the number 3, and
so on, till the moment that either he loses, or the monkey has typed the desired sequence.
Note that any gambler entering the game after the monkey typed the desired sequence, cannot
play anymore, he merely keeps his initial capital intact.

b) Define a martingale {X;} — 1},,_o__, such that X is the total capital of the first gambler
after his n-th game and hence X}L — 1 his total gain. Similarly associate with the k-th
gambler (who enters the game at time k) a martingale X* — 1, where X is his capital
after the n-th number that the monkey typed. Write M,, = >}, X,]’f. Then argue that
(M,, — n), is a bounded martingale associated with the total gain of all gamblers that
entered the game at time n latest.
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c) Argue now that ET = 10'% + 107 4 10* + 10.

Exercise 2.18 Let X;, 0 = 1,2..., be independent, integer valued random variables, with
X1, ... identically distributed. Assume that E|X], EXl2 < 00. Let a < b, a,b € Z, and
assume that X; # 0. Consider the stochastic process S = (Sy)nen, with S, = >"7" ; X; the
(n + 1)-th partial sum.

We desire to show the intuitively clear assertion that the process leaves (a,b) in finite
expected time, given that it starts in (a,b). Define 7,3, = min{n |S, & (a,b)} and

f(z) =P{S; € (a,b),i=0,1,2,... | Sy = z}.
Note that f(x) = 0 whenever x ¢ (a,b)! Let now Sy = ¢ € (a, b).
a) Show that (f(Snar,,))n is a martingale.

b) Show that this implies that 7,4 is a.s. finite. Hint: consider the maximum of f on (a,b)
and suppose that it is strictly positive. Derive a contradiction.

Fix z¢ € (a,b), let Sy = 9, and assume that X is bounded.

c) Show that 7, is an a.s. finite and integrable r.v. Hint: you may consider the processes
(Sp — nEX1)nen, and, if EX; =0, (52 — nEX?),en.

d) Show that 7, is a.s. finite and integrable also if X; is not bounded.

e) Derive an expression for E7,; (in terms of xg, a and b) in the special case that P{X; =
1} =P{X; =-1} =1/2.

f) Now assume that EX; < 0. Let 7, = min{n > 0[S, < a}. Show that 7, is a.s. finite.
Hint: consider 7, , and let n tend to oo.

Exercise 2.18 Another approach of the first part of Exercise 2.18. Let X;, i =0, ..., all be
defined on the same underlying probability space (€2, F,P). Let

= 1{s,c(ap),i=0,..}-

a’) The stochastic process M,, = E(f|So,...,S,) is a martingale that converges a.s. and in
L! to My = E{f|So,...}. Argue that

E{f|SO :xo,...,Sn:l’n} = E{f‘S() ::L’n},
for all zg,...,z,—1 € (a,b).
Use this to show for all z € (a,b) that

ax =Y P{X1=y}asyy,
Yy

where ay = E{f|So = 2} (note: a; is a real number!).

b’) Show that this implies that a, = 0 for all z € (a,b). Hint: consider the point z* =
{z € (a,b) | az = maxye(yp) ay}. Let now So = z¢ € (a,b) be given. Conclude from the
previous that 7, is a.s. finite.
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Exercise 2.19 (Galton-Watson process) This is a simple model for population growth,
growth of the number of cells, etc.

A population of cells evolves as follows. In every time step, every cell splits into 2 cells
with probability p or it dies with probability 1 — p, independently of the other cells and of
the population history. Let INV; denote the number of cells at time ¢, t = 0,1,2,.... Initially,
there is only 1 cell, i.e. Ny = 1.

We can describe this model formally by defining Z*, n = 1,..., N, t = 0,1,..., to be
i.i.d. random variables with

P{Z! =2} =p=1-P{Z] =0},
and then Nyp1 = Zg;l Z'. Let {F;}i=0,1,... be the natural filtration generated by {N;}1—01,....
i) Argue or prove that
P{I{Nt+1:2y} | Fi} = E{l{Nt+1:2y} | Fi}
N, _
= ElLpcan |V = P =203 = ()1 =y

Hence, conditional on Fy, Ny41/2 has a binomial distribution with parameters N; and

p.
ii) Let u = E{N;}. Show that N;/u’ is a martingale with respect to {F;}, bounded in L.

iii) Assume that g < 1. Show that EN; = pu! and that the population dies out a.s. in the
long run.

iv) Assume again that g < 1. Show that M; = aNfl{ N;>0} I8 a contracting supermartingale
for some o > 1, i.e. there exist @ > 1 and 0 < 8 < 1 such that

E(Myy1|F) < BM;, t=1,2,....

v) Show that this implies that E(T") < co with 7' = min{¢ > 1| N; = 0} the extinction time.

Exercise 2.20 (Continuation of Exercise 2.19) From now on, assume the critical case
p =1, and so IV is itself a martingale. Define 79 y = min{t| Ny = 0 or N; > N}. Further
define

My = N - LNy .. N1, .N-1}}-

-----

i) Argue that M, is a supermartingale and that there exists a constant o < 1 (depending on
N) such that
EMt+N < OéENt.

Show that this implies that P{ry y = oo} = 0.

ii) Show that P{N,, , > N} < 1/N. Show that this implies the population to die out with
probability 1.

iii) Is {N¢}+ Ul in the case of pp < 17 And if p = 17
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Exercise 2.20A Let X;, i =0, ... be independent Z-valued random variables, with E|X;| <
0o. We assume that X1, Xo,... are identically distributed with values in {—1,0,1}. Then
Sn = D1y X; is a discrete time Markov chain taking values in Z. Suppose that Xy has
distribution v = ., with « € (a,b) C Z;. Define 7, = min{n > 0]|X,, = y} and let
T = T4 AN Tp. We want to compute P {7, < 7,} and E {7}. Let first EX; # 0.

i) Show that 7 is a stopping time w.r.t. a suitable filtration. Show that 7 is finite a.s. Hint:
use the law of large numbers.

ii) We want to define a function f : Z; — R, such that {f(S,)}, is a discrete-time martin-
gale. It turns out that we can take f(x) = e®* for suitably chosen .

Show that there exists o # 0, such that e**» is a martingale. Use this martingale to
show that

e0T _ poa

Px{Tb < Ta} = eab _ caa’

IfP{X; =1} =p=1—-P{X; = —1} (that is: X, takes only values +1), then
p
e*=——= ora=log(l—p)—logp.

Show this.

iii) Show that S, — nEX; is martingale. Show that

£ _ (eaz _ eo‘b)(x _ a) 4 (eaz _ eo‘a)(b _ x)
v (exb — e2a)E X, '

iv) Let now EX; = 0. Show that 7 < oo P-a.s. (hint: use the Central Limit Theorem).
Show for = € (a,b) that

b
P{ra <m} = 2 _2
and .
S ) [ Uk
Ex?

by constructing suitable martingales.

Continuous-time martingales

Exercise 2.21 Prove Corollary 2.3.3. Hint: we know from Theorem 2.3.2 that the left limits
exist for all ¢ on an F,-measurable subset 2*of probability 1, along rational sequences. You
now have to consider arbitrary sequences.

Exercise 2.22 Show that the process constructed in the proof of Theorem 2.3.5 is cadlag
and a supermartingale, if M is a supermartingale.

Exercise 2.23 Prove the ‘only if’ part of Theorem 2.3.5.

Exercise 2.24 Prove Theorem 2.3.9 from LN. You may use Theorem 2.3.7.
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Exercise 2.25 Show that for every a # 0, the exponential martingale of Example 2.1.5
converges to 0 a.s, as t — oo. (Hint: use for instance the recurrence of Brownian motion)
Conclude that these martingales are not uniformly integrable.

Exercise 2.26 Give an example of two stopping times ¢ < 7 and a martingale M that is
bounded in L! but not uniformly integrable, for which the equality E(M,|F,) = M, a.s.
fails. (Hint: see Exercise 2.25.

Exercise 2.27 Let M be a positive, continuous martingale that converges a.s. to zero as t
tends to infinity.

a) Prove that for every z > 0

PlsupM; > x| Fol =1n 2 as
>0

(Hint: stop the martingale when it gets to abvoe the level z).

b) Let W be a standard BM. Using the exponential martingales of Example 2.1.5, show that
for every a > 0 the random variable

sup(W; — Sat)
>0

has an exponential distribution with parameter a.

Exercise 2.28 Let W be a BM and for a € R let 7, be the first time that W hits a. Suppose
that a > 0 > b. By considering the stopped martingale W™\" show that

—b
P{Ta < Tb) == m

Exercise 2.29 Consider the setup of the preceding exercise. By stopping the martingale
W2 —t at an appropriate stopping time, show that E(7, A 7,) = —ab. Deduce that E7, = co.

Exercise 2.30 Let W be a BM and for a > 0, let 7, be the first time that |[W| hit the level
a.

a) Show that for every b > 0, the process M; = cosh(b|W;|) exp{b*t/2) is a martingale.
b) Find the Laplace transform of the stopping time 7,.

c) Calculate E7,.

Exercise 2.31 (Emperical distributions) Let Xi,..., X, bei.i.d. random variables, each
with the uniform distribution on [0, 1]. For 0 <¢ < 1 define

1 1
Gu(t) = —#{k <n|Xy <t} = D 1<y
k=1
In words, G,,(t) is the fraction of X}, that have value at most ¢t. Denote
fn(t) = 0(1{X1§S}’ PPN l{XnSS}’ S S t}
and Gy, (t) = 0(Gn(s),s <t).
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i) Explain or prove that for 0 < ¢ <u < 1 we have

u—t
E{Gn(u) ’Fn(t)} = Gn<t) +(1- Gn(t))m

Show that this implies that
u—1
1—t¢

E{Gn(u) [Gn(t)} = Gn(t) + (1 — Gn(1))

ii) Show that the stochastic process M,, = (M;(t))c[o,1) defined by

Gn(t) —t
My (t) = 2\ ¢
is a continuous-time martingale w.r.t G, (¢), t € [0,1).

iii) Is M, UI? Hint: compute lim;; My ().

iv) Set M, (t) =1 and put G,(t) = 0(X1,...,Xy), for t > 1. Show that (M,(t)):c[0,00) is an
L!-bounded submartingale relative to (G (t))ie[o,00)» that converges in L', but is not UL

Exercise 2.32 Let (W;); be a standard Brownian motion, and define
Xt = Wt + Ct,
for some constant c¢. The process X; is called Brownian motion with drift. Fix some A > 0.

i) Show that
Mt = €9Xt7/\t

is a martingale (with respect to the natural filtration) if and only if § = v/¢? + 2\ — ¢

or = —vVc2+2\—c.
Next, let H, = inf{t > 0| X; = z}.
ii) Argue for 2 # 0 that H, is a stopping time.

iii) Show that
E(e My =) €TV, e >0
et (VIR0 <,

iv) Use the result from (iii) to prove that for z > 0

1, c>0
P{HJJ < OO} = { e 2lclx c<0.

v) Explain why this result is reasonable.

Exercise 2.33 Let N = {N(¢)}+>0 be a Poisson process (see Definition in Chl.1). Show
that {N(t) — AMt}+>0 is a martingale. Then prove Lemma 2.5.1. Hint: use the martingale LLN
given in BN §9.
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Markov Processes

3.1 Basic definitions

To motivate the conditions used lateron to define a Markov process, we will recall the definition
of a discrete-time and discrete-space Markov chain.

Let E be a discrete space, and £ the og-algebra generated by the one-point sets: & =
o{{z} |z € E}. Let X = {X,}n=0,,.. be an (F,&)-valued stochastic process defined on
some underlying probability space (€2, F,P). In Markov chain theory, it is preferred not to
fix the distribution of Xj, i.e. the initial distribution, In our notation we will incorporate the
dependence on the initial distribution.

The initial distribution of the process is always denoted by v in these notes. The
associated probability law of X and corresponding expectation operator will be denoted
by P and E,, to make the dependence on initial distribution visible in the notation.

If Xo =z a.s. then we write v = §, and use the shorthand notation P, and E, (instead
of By and Ej,). E is called the state space.

Assume hence that X is a stochastic process on (€2, F,P)). Then X is called a Markov chain
with initial distribution v, if there exists an E x E stochastic matrix P, such that

i) P{Xo € B} =v(B) for all B € &;
ii) The Markov property holds, i.e. for all n =0,1,..., g, ..., Zn, Tpt1 € F

PV{Xn—I-l = Tn+1 ‘ Xo =0y, Xn = xn} = PV{Xn—H = Tn+1 |Xn = xn} = P(xn7xn+1)-

Recall that
PV{XnJrl = Tn+t1 | U(Xn)} = Ey{l{azn+1}(Xn+l) |U(Xn)}

is a function of X,. In the case at hand this is P(Xp,zy41). Then P{X, 11 = 2,41 | X, =
Tn} = P(Zp,Tpt1) is simply the evaluation of that function at the point X, = x,. These
conditional probabilities can be computed by

PV{Xn+1 = Tn+1, X, = xn}
PV{Xn—H = Tn+1 ‘Xn = xn} = P{Xn = xn} ’
anything you like if P{X, =2,}=0

if P{X, = 2,} >0

65
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We can now rephrase the Markov property as follows: for alln € Z, and y €
P{Xny1 =y|Fy} =P(Xn,y), as.
It is a straightforward computation that
PA{Xnsm =y | Fo'} = P™(Xn,y),

is the (X, y)-th element of the m-th power of P. Indeed, for m = 2

P{Xni2=ylF} = E, L (Xnt2) | FY)
= E (Bl (Xns2) | Foi) | FY)
= E(P(Xni1,y) | FX) (3.1.1)
= EV(Zl{x} 1), P(Xni1,9) | F}
z€E

= ZPOC?/ Loy (Xni1) | Y

zeE
= Y Pa,y)P(Xn,2) = PX(X,,y).

zeE

In step (3.1.1) to the next, we use discreteness of the state space as well linearity of conditions
expectations. In fact we have proved a more general version of the Markov property to hold.
To formulate it, we need some more notation. But first we will move on to Markov chains on
a general measurable space.

The one point sets now need not be measurable. The notion of stochastic matrix now
generalises to the notion of a transition kernel.

Definition 3.1.1 Let (E,&) be a measurable space. A transition kernel on E is a map
P: E x & —0,1] such that

i) for every xz € E, the map B +— P(z, B) is a probability measure on (E, &),
ii) for every B € £, the map x — P(x, B) measurable.

Let X be an (F, &) valued stochastic process defined on some underlying probability space
Q,F,P). Then X is a Markov chain wth initial distribution v if (i) {P {Xo € B} = v(B) for
all B € &; (ii) if there exists a transition kernel P such that the Markov property holds:

P{X,11 € B|FX}=P(X,,B), B€&n=0,1,2.... (3.1.2)

Remark If F is a discrete space, and £ is the o-algebra generated by the one-point sets,
then for each set {y}, y € E we write P(z,y) instead of P(x,{y}). Moreover, P(x,B) =
ZyeB P(z,y), and so the transition kernel is completely specified by P(z,y), z,y € E.

As in the above, we would like to infer that
P{Xpim € B|FX} = P™"(X,,B), Bec&n=0,1,2...,

where P™ is defined inductively by

P™(x,B) = /P(y, B)P™ Yz, dy),m=2,3,....
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For m = 2 we get (cf.(3.1.1))
P{Xni2 € B|F} = E(E(L(py(Xns2) | Fayr) | Fo'} = E(P(Xns1, B) | 7).

Can we apply the Markov property to the latter expression? We need to recast the Markov
property (3.1.2) in terms of functions. Let us introduce some notation.

Integrals of the form [ fdv are often written in operator notation as vf. A similar
notation for transition kernels is as follows. If P(z,dy) is a transition kernel on mea-~
surable space (E,£) and f is a non-negative (or bounded), measurable function on E,
we define the function Pf by

Pﬂwz/fwwunw

Then P(x, B) = [1{pP(z,dy) = P1l{p(z). For notational convenience, write b& for
the space of bounded, measurable functions f : £ — R.

Note that Pf is bounded, for f € bf. Since P is a transition kernel, P1ipy € b€. Applying
the standard machinery

Look up in BN section 3 Measurability what we mean by the ‘standard machinery’.

yields that Pf € b€ for all f € bE. In other words P is a linear operator mapping b€ to b€.
The Markov property (3.1.2) can now be reformulated as

E(1ip(Xnt1) | FY) = Plip(Xyn), B€En=0,1,...
Applying the standard machinery once more, yields
E(f(Xn41) | F) = Pf(X,), fe€bEN=0,1,....
This has two consequences. The first is that now
P{Xni2 € Bl )} = E(E(L(py(Xns2) | Fayr) | Fa'} = E(PLipy(Xng1) | F) = P(P1ip))(Xn).
If X,, = x, the latter equals

| PPy = [ P.B)P.dy) = P B).
E E

It follows that P{X,,12 € B|F.X} = P*(X,, B). Secondly, it makes sense to define the Markov
property straightaway for bounded, measurable functions.

Let us now go to the continuous time case. Then we cannot define one stochastic matrix
determining the whole probabilistic evolution of the stochastic process considered. Instead,
we have a collection of transition kernels (P;);er that should be related through the so-called
Chapman-Kolmogorov equation to allow the Markov property to hold.

Definition 3.1.2 Let (E, £) be a measurable space. A collection of transition kernels (P;)¢>0
is called a (homogeneous) transition function if for all s,t >0, z € F and B € £

Pt+5($,B) :/Ps(xvdy)Pt(va)

This relation is known as the Chapman-Kolmogorov relation.
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Translated to operator notation, the Chapman-Kolmogorov equation states that for a transi-
tion function (P;)¢>o it holds that for every non-negative (or bounded) measurable function
f and s,t > 0 we have

Pt+sf = Pt(Psf) = Ps(Ptf)

In other words, the linear operators (P;);>o form a semigroup of operators on the space
of non-negative (or bounded) functions on E. In the sequel we will not distinguish
between this semigroup and the corresponding (homogeneous) transition function on
(E, &), since there is a one-to-one relation between the two concepts.

Some further notation is enlightening. Let f,g,h be bounded (non-negative) measurable
functions on F. As argued before P, f is bounded, measurable. Hence multiplying by g gives
gP,; f, which is bounded, measurable. Here

gPif(z) = g(z) - Pof(2) = g(x) / £ () Pi(x. dy).

Then we can apply Ps to this function, yielding the bounded, measurable function PsgP;f,
with

PugPif(z) = / 9(y) Pf (y) Pulx, dy) = / o(v) / F(2) Py, d=)Py(z, dy).

Y Y

hP,gP, f is again bounded, measurable and we can integrate over the probability distribution
von (E,E):

VhPgPf = / h(2) PagPyf (2)v(da)
- [ @) / a(v) / F(2) iy, d2) Py, dy)(de).

We can now give the definition of a Markov process.

Definition 3.1.3 Let (E,€) be a measure space and let X be an (E,£)-valued stochastic
process that is adapted to some underlying filtered space (€, F, (F)¢,P). X is a Markov
process with initial distribution v, if

i) P{Xo € B} = v(B) for every B € &;

ii)(Markov property) there exists a transition function (P;), such that for all s, > 0 and
every bounded, measurable function f: £ — R

E,(f(Xets) | Fs) = P f(Xs) P, —as. (3.1.3)

To remind we get the following alternative notations that will be interchangedly used
Exl{A}(Xs) = Px{Xs S A} = Ps(y,A).

Note that by the ‘standard machinery’, we may replace bounded f by non-negative f
in the definition.
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Definition 3.1.4 Let (£, &) be a measure space and let X : (2, F) — (E®+ €R8+) be a map
that is adapted to the filtration (F3)¢, Fr C F, t > 0. X is a Markov process, if for each
distribution v on (&, £) there exists a probability distribution P, on (€2, F)

i) P{Xo € B} = v(B) for every B € &;

ii)(Markov property) there exists a transition function (P;), such that for all s, > 0 and
every bounded, measurable function f: £ — R

Eu(f(Xt+S) |~7:S) = Ptf(Xs) F:, — a.s. (314)

A main question is whether such processes exist, and whether sufficiently regular versions of
these processes exist. As in the first chapter we will address this question by first showing
that the fdd’s of a Markov process (provided it exists) are determined by transition function
and initial distribution. You have to realise further that a stochastic process with a transition
function (P;); need not be Markov in general. The Markov property really is a property of
the underlying stochastic process. (still have to give an example).

Lemma 3.1.5 Let X be an (E,E)-valued stochastic process with transition function (P;)¢>0.
Let v be a distribution on (E,E).

Then X is Markov with initial distribution v, with respect to its natural filtration (FiX);
if and only if for all initial distributions v, all 0 = tg < t1 < --- < tn, and all bounded
measurable functions fo,..., fn on B, n € Z,

n
E, Hfi(Xti) =V foPy—tof1 Pty—ty1 fn- (3.1.5)
=0
In either case, (3.1.5) also holds for non-negative measurable functions fo, ..., fn.

Remark the proof of the Lemma shows that is it sufficient to check (3.1.5) for indicator
functions.

Proof. Let X be a Markov process with initial distribution v, with respect to its natural
filtration. Then

EVHfl(th) = EVEV(HfZ(th) ’ng_l)
=0

=0

n—1
= E ] A(X)E(F(X0) | 7))
1=0

n—1
= E, H fi(X,) Ptn—tn,lfn(thq)-
i=0

Now, P, _, | fnis a bounded, measurable function, and so one has

n—1 n—2
E T Ai(X) Py (X)) = E ][ A(X)E (fat (Xe) Py (Kt 2)) | )
i=0 i=0

n—2

= Eu H fi(Xti) Ptn,lftnﬁfn—l Ptnftn,lfn(th—z)'
i=0
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Interating this yields

EVHfi(Xti) - EVfO(XtO)PtlftoflPtgftlfl'”Ptnftn_lfn(XO)

= vfo P, t1— tofl to— t1f1 ) tn—tn 1fn

Conversely, assume that (3.1.5) holds for all 0 =ty < t; < -+ < t,, all bounded measurable
functions fo, ..., f,. We have to show that (i) P, {X, € B} = v(B) for all B € &, and that
(ii) for any s,t 2 0, all sets A € FX

B, 1iayf(Xews) = B 1gay Bf(XS). (3.1.6)

Let B € &, put n =0, fo = 1yp}. (i) immediately follows.
We will show (ii). To derive (3.1.6), it is sufficient to check this for a mw-system generating
Fs. As the m-system we take

{A:{Xtoer,theAl,...,theAn}\t0:0<t1<-~<tn§s,Aie}}i,n:1,...}

Let f; = 1(4,), then [T, fi( X)) = 1{Xtoer,...,theAn} and so, assuming that ¢, < s

E, T 10 (X)L (X0 (Xess)
i=0
Vlaoy Po—tolany Pro—t1 Pty Lany Prvstn f
= Vl{AO} Ptl—tol{Al} T Ps—tn( Ptf)

n
= El/ H 1{A1}(th)( Ptf)(XS)v
i=0
which we wanted to prove. The reasoning is similar if ¢,, = s.
This implies that (3.1.6) holds for all sets A in a m-system generating F; X hence it holds
for FX. Consequently, E,(f(Xiys) | FX) = P.f(Xs), as. QED

Example 3.1.6 (Not a Markov process) Consider the following space
S = {(17 17 1)7 (27 27 2)’ (37 37 3)7 (]'7 27 3)7 (17 37 2)7 (27 3’ 1)7 (27 17 3)7 (37 17 2)7 (37 27 1)}7

with g-algebra S = 25. Put the probability measure P on this measurable space with P{z} =
1/9. Define a sequence of i.i.d. random vectors Zy = (Xsg, X3p+1, X3k42), £ = 0,... on
(S,S,P), Zi(s) = s for all s € S. Then the sequence {X,}, is an (E = {1,2,3},€ = 2F)-
valued stochastic process on S, S, P} in discrete time. Let F;X be the natural filtration. Then
P{Xnt1 = jlo(X,)} = 1/3 for each j € {1,2,3}. However, {X,,}, is not a Markov chain,
since P{Xg =1 ‘ O'(Xl,XQ)} = f(Xl,XQ) with

1/37 (X17X2) € {(273) ( )}
f(XhX?) = 17 (XlaX2) = (17 1)
0, otherwise.

Hence f(1,1) # f(2,1), thus showing that the Markov property lacks.
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Example 3.1.7 (A (BM process)) Let W be a standard BM on an underlying probability
space (£, F,P). Let Xy be a measurable random variable with distribution v = §,, for some
x € R, independent of W. Define X; = Xo+ W;, t > 0. Then X = (X;); is a Markov process
with initial distribution v with respect to its natural filtration. Note that X; — X, = Wy — W
is independent of FX.

To see that X is a Markov process, let f be a bounded, measurable function (on R). Write

Y; = Wiis — Ws. Then Vs 4 N(0,¢) is independent of FX and so
E,(f(Xi1s) | F) = B, (Vi + W, + 2)| FF) = g(X,)

for the function g given by

9(2) = /\/%f(y+2)6_y2/2tdy

_ —(y Z) /2tdy

\/7
= Ptf( )

with P; defined by
Ruf(:) = [ Fplt. 2

where
e—(—2)%/2t

1
p(t, z,y) = Nors

Hence

E(f(Xets) | F) = 9(Xs) = Bf(Xs) as.

It is easily shown that P; is a transition kernel. Measurability of P;(z, B) in x for each Borel
set B follows from continuity.

Example 3.1.7 ((B) Ornstein-Uhlenbeck process) Let W be a standard Brownian mo-
tion. Let a, 02 > 0 > 0 and let X be a R-valued random variable with distribution » that is
independent of o(Wy,t > 0). Define the scaled Brownian motion by

Xi = e (X0 + Wo2(exp2at}—1)/20)-
If v = 0., X = (X¢)¢ a Markov process with the P, distribution of X; a normal distribution
with mean exp{—at}z and variance o%(1 — e~2%)/2a. Note that X A N(0, 0% /2a).
If Xo < N(0,02%/2a) then X; is a Gaussian, Markov process with mean m(t) = 0 and

covariance function (s, t) = o2 exp{—alt — s|}/2a.

Example 3.1.8 (Poisson process) Let N be a Poisson process on an underlying probabil-
ity space (Q,F,P). Let Xy be a measurable random variable with distribution v = §,, for
some x € Z,, independent of N. Define X; = X+ Ny, t > 0. Then X = (X;)¢>0 is a Markov
process with initial distribution v, w.r.t. the natural filtration.

This can be shown in precisely the same manner as for BM (example 3.1.7A). In this case
the transition function P; is a stochastic matrix, ¢t > 0, with

Pt(xvy):P{Nt:y_x}7 y=>x.
(cf. Exercise3.7).
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In general it is not true that a function of a Markov process with state space (E,€&) is a
Markov process. The following lemma gives a sufficient condition under which this is the
case.

Lemma 3.1.9 Let X be a Markov process with state space (E,E), initial distribution v and
transition function (P;)¢. Suppose that (E',E') is a measurable space and let ¢ : E — E' be
measurable and onto. If (Q¢): is a collection of transition kernels such that

Py(foo)=(Quf)o¢

for all bounded, measurable functions f on E', thenY = ¢(X) is a Markov process with respect
to its natural filtration, with state space (E',E"), initial measure V', with v'(B') = v(¢~1(B')),
B’ € &', and transition function (Qy).

Proof. Let f be a bounded, measurable function on E’. By assumption and the semi-group
property of (P),

(QiQsf) o ¢ = P((Qsf)o¢) = PPs(f o) = Prps(f o ¢) = (Quysf) 0 .

Since ¢ is onto, this implies that (Q;); is a semigroup. Using the preceding lemma and the
assumption, it is easily verified that Y has the Markov property (see Exercise 3.2). QED

Example 3.1.10 (Wt2 is a Markov process) We apply Lemma 3.1.6. In our example one
has the function ¢ : E = R — E’ = R given by ¢(x) = 22. The corresponding o-algebras
are simply the Borel-o-algebras on the respective spaces.

If we can find a transition function Qy, t > 0, such that

Pi(foo)(z) = (Qif)od(z),z € R (3.1.7)

for all bounded, measurable functions f on E' = R, then ¢(W;) = W2, t > 0, is a Markov
process (w.r.t. its natural filtration).
Let f be a bounded, measurable function on R4. Then for x € R

Py(f o 9)(x) - / " (o y) F)dy

—00

_ /OOO (p(t, 2,y) + p(t, =, —y)) f(y*)dy

u=y’=y= = &0
Y =y \/i,dy du/2\/u / (p(t,x,\/a—l—p(t,x,—\/ﬂ)
0
Define for y € Ry, B€ & = B(Ry)

Qu(y. B) = /B (0(t, V5, V) + p(t, VT, —\/ﬁ))2\1/adu.

One can check that (Q¢)¢>0, is a transition kernel. Moreover, from (3.1.8) it follows for z € R
that

1
e (u)du.(3.1.8)

(Qef) 0 ¢(x) = (Quf)(a?) = P,(f 0 ¢)(x).
For z < 0 one has p(t,ﬂf,y) —|—p(t,x, _y) = p(t7 _xvy) +p(t7 -, _y) and so Pt(f % ¢)(x) =
P,(f od)(—x). Since (Q¢f) o d(x) = (Qrf)(2?) = (Qrf) 0 p(—x), the validity of (3.1.7) follows

immediately.
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3.2 Existence of a canonical version

The question is whether we can construct processes satisfying definition 3.1.3. In this section
we show that this is indeed the case. In other words, for a given transition function (F;); and
probability measure v on a measurable space (E, ), we can construct a so-called canonical
Markov process X which has initial distribution v and transition function (P;);. We go back
to the construction in Chapter 1.

Recall that an E-valued process can be viewed as a random element of the space ER+ of E-
valued functions f on R, or of a subspace I' € E®+ if X is known to have more structure. The
o-algebra I' N E”+ is the smallest o-algebra that makes all projections f — f(t) measurable.

Review BN section 2 on o-cylinders, as well as Chapter 1.

As in Chapter 1, let Q@ =T and F = I' N ER+. Consider the process X = (X;)i>0 defined as
the identity map
X(w) =w,

so that X;(w) = w; is projection on the t-th coordinate. By construction X : (2, F) — (Q, F)
and X; : (Q,F) — (E,€) are measurable maps. The latter implies that X is a stochastic
process in the sense of Definition 1.1.1. X is adapted to the natural filtration (FX = Tn&0H),.
In a practical context, the path space, or a subspace, is the natural space to consider as it
represents the process itself evolving in time.

Note that we have not yet defined a probability measure on (2, F). The Kolmogorov
consistency theorem 1.2.3 validates the existence of a process on (£2,F) with given fdds.
Hence, we have to specify appropriate fdds based on the given transition function (F;); and
initial distribution v.

In order to apply this theorem, from this point on we will assume that (E, £) is a Polish
space, endowed with its Borel o-algebra.

Corollary 3.2.2 (to the Kolmogorov consistency theorem) Let (P,); be a transition
function and let v be a probability measure on (E,E). Then there exists a unique proba-
bility measure P, on (2, F) such that under P,, the canonical process X is a Markov process
with initial distribution v with respect to its natural filtration (FiX);.

Proof. For any n and all 0 = ty < t; < --- < t, we define a probability measure on
(B, €41 by

Htg... tn (AO X Al X e X An) = Ul{Ao}Ptlftol{A1} s Ptn*tnfll{An}? Ao, ey An S 5,
and on (E™,E™) by
Mt1,...,tn(Al X oo X An) = V]-{E}Ptl—tol{Al} <o Ptn—tn—ll{An}a Aq,..., A, €E.

By the Chapman-Kolmogorov equation these probability measures form a consistent system
(see Exercise 3.5). Hence by Kolmogorov’s consistency theorem there exists a probability
measure P on (€2, ), such that under P, the measures p, .., are precisely the fdd’s of the
canonical process X.

n
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In particular, for any n, 0 =tg <t1 < --- < tp, and Ag,..., A, € E
P{Xto S Ao, e ,th S An} = V]'{Ao}Ptlfto e Ptn*tnfll{An}'

By virtue of the remark following Lemma 3.1.5 this implies that X is Markov w.r.t. its natural
filtration. QED

As the initial measure v we can choose the Dirac measure §, at x € FE. By the above there
exists a measure P, on (£, F), such that the canonical process X has distribution P. This
distributions has all mass on paths w starting at z: wo = x. In words, we say that under P,
the process X starts at point . Note that

‘ﬁ&EM—/B@Ame—Hmm

is a measurable function in x. In particular, since any distribution v can be obtained as a
convex combination of Dirac measures, we get

PAXc € A) = [ Py Awdy) = [ B(Xe € Ap(ay)

Similarly, the fdd’s of X under P, can be written as convex combination of the fdd’s of X
under P, x € E. The next lemma shows that this applies to certain functions of X as well.

Lemma 3.2.3 Let Z be an FX measurable random variable, that is either non-negative or
bounded. Then the map x — E,Z is measurable and for every initial distribution v

EZ,Z:/EwZ v(dz).

Review BN §3 on monotone class theorems

Proof. Consider the collection of sets
S={leFL|z— E,14r) is measurable and E, 11y = / E.1{ryv(dr)}.

It is easily checked that this is a d-system. The collection of sets
G={{Xy, €A1,....Xs, €A} |A1..., A, €E0<t1 < - <tp,n€Zi}

is a 7-system for F&X = ER+. So if we can show that G C S, then by BN Lemma 3.4 FX C S.
But this follows from Lemma 3.1.5.

It follows that the statement of the lemma is true for Z = 1y, I' € FX. Apply the
standard machinery to obtain the validity of the lemma for FX -measurable bounded or non-
negative random variables Z. See also Exercise 3.6. QED

This Lemma allows to formulate a more general version of the Markov property.
For any t > 0 we define the translation or shift operator 6; : E®+ — ER+ U A by

(Ow)s = wiys, $>0, we ER+,

So 6, just cuts off the part of w before time ¢ and shifts the remainder to the origin. Clearly
9,5 O 95 = 9t+s-
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Let I' ¢ ER®+ be such that 64(T') C T for each ¢t > 0. Assume that X is a canonical
Markov process on (Q = ER+ NT, F = R+ NT). In other words, for each distribution
v on (E,€), there exists a probability distribution P, on (€2, F), such that X is the
canonical Markov process on (€2, F,P) with initial distribution v.

Note that FX = 04 NT and 6, is F-measurable for every t > 0 (why?).

Theorem 3.2.4 (Generalised Markov property for canonical process) Let Z be an
FX -measurable random variable, non-negative or bounded. Then for every t > 0 and any
initial distribution v

E,(Zo0|F)=Ex,Z, P —as.

Before turning to the proof, note that the right-hand side of the above relation should be
interpreted as E,Z on {X; = z}. By Lemma 3.2.3 this is a measurable function of Xj.

Proof. Fix an initial probability measure v. We have to show that
/ Zoethy:/ Ex,ZdP, VAec F{. (3.2.1)
A A

It is sufficient to show this for all sets A in a m-system generating F;X. A convenient 7-
system is the collection A; = AN FX of cylinder sets contained in F;X. Recall that A € A,
whenever there exist n € Zy, 0 =ty < t1 < -+ < tn, Ag,..., Ap € &, n € Z,, such that
A= {Xto € Ao,...,th S An}

Now we will first show that (3.2.1) holds for all Z = 1;p,, B € FX and A € A;. Let

S:{BE]:o)g’/Al{B}Oethy:/AEth{B}de VA € A}

Then S is a d-system, since (i) Q € S, (ii)B,B’ € §, B C B, implies B’ \ B € S, and (iii)
for B,,n =1,...,€ FX a non-decreasing sequence of sets with B,, € S, n = 1,2,..., one has
UnBp € S. Indeed, (ii) and (iii) follow from linearity of integrals and monotone convergence.

The collection A of all cylinder sets is a m-system generating F2. So, if we can show that
A C S, then by BN Lemma 3.4 it follows that o(A) = FX C S.

Take a cylinder set B = {X;, € By,...,Xs,, € By}, where 0 < s1 < -+ < sy, B; € €,
i=1,...,mandlet A€ A with A={X;, € Ag,..., Xy, € Ap}forto=0<t; < -+ <ty <
t, A, €&, i=0,...,n.

If t,, < t, using Lemma 3.1.5. it follows that

1 o 0:dP
/A {B} © YilF,

= /A 1{Xt+sl €B1-~7Xt+sm EBm}dPV = EI/]‘{A} H 1{BZ}(Xt+Sl)
=1

n m
= E H Lia(Xyy) H Ly (Xiys;)
=0 =1
= vl Pou—to Pty 1 LA Prvsi—t, 1B} - Popumsin 1 1{B,n}
= vl Pt Pro—tn 1 L{ay Pt Psi 1By} - Pop—sp 1 1B}
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= V1{A0}Pt17t0 By, 1{An}Pt7tnf

= Eu H 1{Aj}(th)f(Xt) = EV]-{A}f(Xt)7
j=0

with f(z) = 6. Ps,1(p,} -+ Psy—sm_11{B,} = Ez 1B} The argument for ¢ = t,, is analogous.

We have proved (3.2.1) for indicator functions Z. Apply the standard machinery to prove
it for step functions (by linearity of integrals), non-negative functions, and bounded functions
Z. QED

We end this section with an example of a Markov process with a countable state space.

Example 3.2.5 (Markov jump process) Let E be a countable state space with o-algebra
£ generated by the one-point sets. Let P be an E x E stochastic matrix. We define the
transition function (P;); as follows:

Pz, y) = Z e G

n=0

where P = ( P)" is the n-th power of P, and P(®) =TI is the identity matrix.

By virtue of Corollary 3.2.2 the canonical process X on (E®+, £R+) with initial distribution
v is a Markov process with respect to its natural filtration.

The construction is as follows. Construct independently of Xy, a Poisson process N
(cf. Chapter 1), starting at 0 and, independently, a discrete-time Markov chain Y with
transition matrix P, with initial distribution ;. If Ny = n, then X; = Y,,. Formally X; =
1N, <00} Yoo 1{nN,=n)Yn. By construction X; has right-continuous paths.

3.3 Strong Markov property

3.3.1 Strong Markov property for right-continuous canonical Markov pro-
cesses

Let X be a canonical Markov process with values in a Polish space F, equipped with the
Borel-o-algebra £, w.r.t the natural filtration (F;¥);>0. Suppose that X has everywhere
right-continuous sample paths.

For a random time 7 we now define 6, as the operator that maps the path s — ws to the
path s = w4 If 7 equals the deterministic time ¢, then 7(w) = ¢ for all w and so 6,
equals the old operator 6.

Since the canonical process X is just the identity on the space €2, we have for instance that
(Xi00:)(w) = X¢(0r(w)) = (0:)(w))t = Wr(w)y+t = Xr(w)+¢(w), in other words Xy 00, = X7y
So the operators 6 can still be viewed as time shifts.

Definition 3.3.1 X issaid to have the strong Markov property if for every FX -measurable
random variable Z, with Z either bounded or non-negative, any adapted stopping time ¢ and
any initial distribution v

1{cr<oo}Ez/(Z 00, \.7:5() =1c0)Ex, Z P as. (3.3.1)
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We first prove a more general statement for stopping times taking only values from a countable
set.

Lemma 3.3.2 Let X be a canonical Markov process. Then (3.5.1) holds for any bounded or
non-negative F2X -measurable random variable Z, any initial distribution v and any stopping
time o, for which there exists a countable subset S C [0,00) such that o € S U {o0}.

Proof. First we prove that 1(,.}Xs 18 FX-measurable. To this end, check that {o =t} €
F{X for any stopping time o. Hence A € FX implies that AN {0 =t} € FX, F{X. Now
Locoo}{Xo € B} = Uses{Xs € B} N {0 = s}.
It is sufficient to check that {Xs € B} N {0 = s} € F,. This is true iff
{X;eB}n{o=s}n{o <t} e F¥

for any ¢ > 0. This is easily checked. This implies that 1(,.}Ex Z is FX-measurable as a
composition of measurable maps.
The next step is to show that

B, 1ay (r<oc}Z 000 = B 1y (oco)Bx, 2, A€ T
If A€ FX with A C {0 = s} for some s € S, then A € F-X. By the Markov property
Eyl{A}1{0'<oo}Z o0b, = Eyl{A}Z ofy = Eyl{A}EXSZ = Eyl{A}l{g<oo}EX0Z.

Let A € FX be arbitrary. By the previous AN {o = s} € FX. Use that AN {o < 0o} =
Uses(AN{o = s}) and linearity of expectations. QED

Corollary 3.3.3 Any discrete time Markov chain, w.r.t the natural filtration, has the strong
Markov property.

Theorem 3.3.4 Let X be a canonical Markov process with right-continuous paths. Suppose
that © — E_ f(Xs) = Psf(x) is bounded continuous for each bounded continuous function f.
Then the strong Markov property holds.

Proof. Let o be a (F;¥);-adapted stopping time. Let first Z = f1(Xy,)f2(Xe,) -+ fu(Xt,)s
withn e Zy, ty <--- <tn, f1,..., fn bounded, continuous functions. Consider

0
k
S P T USRI
k=1

Then oy, takes countably many different values and o, | 0. By virtue of Lemma 3.3.2 for all
AeFX
Eyl{A}1{0m<oo}Z o Qom = Eyl{A}l{om<oo}EX,,n Z.

Next, use that if A € FX, then A € fgfn. Moreover, 1{431(45,. <00} Z900,, — 1{a}l{oco0} £ 00,
and 1 15, <00} Z — Liayl{o<o0}Ex, 4, m — oco. Apply dominated convergence.
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Let next Z = [[;, 1any(Xy,), withn € Zy, ¢ < - <y, A1,..., Ay € E. Let fI" be
given by
@) = 1—m- (m Ad(z, A7),

where d is a metric on E, consistent with the topology. Then f™ are continuous, bounded
functions and by the previous

Elaliocoo) Hffl(Xti) 00, = Eliaqy1(o<o03Ex, Hfim(Xti)a AeF}.

The random variable on the left-handside converges pointwise to 1{411(;<c01Z © 0, the one

on right-handside converges pointwise to 1;4}1(;<0}Ex, Z. Use monotone convergence.
Finally, we apply the d-system recipe to show that the strong Markov property holds for

Z =1 with A € FX. Then use the standard machinery. QED

Corollary 3.3.5 Assume that X is a right-continuous canonical process with state space
EC Zi, d < 0o, and € = 2F. Then X has the strong Markov property.

The corollary implies that the canonical Poisson process has the strong Markov property, as
well as the canonical right-continuous Markov jump process.

Corollary 3.3.6 Canonical BM has the strong Markov property.
We discuss some general applications of the strong Markov property.

Corollary 3.3.7 Assume the conditions of Theorem 35.5./ and let Y be a bounded .7-"3(—
measurable random variable. Then

E,Y(Zo0,)=E,(YEx 2).

An interesting consequence is the following.
Lemma 3.3.8 Assume the conditions of Theorem 3.5.4.
i) Blumenthal’s 0-1 Law If A € 7€ then P(A) =0 or 1 for allx € E.

i) If 7 is an (F{X)i-stopping time, then P{r=0}=0o0r1, foralxzcE.

Proof. For (i) use Corollary 3.3.7 with Y = Z = 1743 and 7 = 0 (see Exercise 3.27). QED

Example 3.3.9 (Strong Markov property fails) Consider Example 3.1.7 (A). We slightly
adapt the definition of the process X:

Xy =Xo+ 1{X0;£0}Wt7

with X 4 dz, independent of W. One can show that X is a Markov process. Let 7 = inf{t >
0] X; = 0}. Consider for instance Z = 11 50)}(X1) for y > 0, Then 1y, }Ex Z = 0.
However, for x # 0 one has 1;,.o\E,(Z 0 0, |F;) = P1(0,[1,00)) (> 0) on 7 < oo. (cf.
Exercise 3.28).
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The strong Markov property has interesting consequences for right-continuous canonical
Markov processes, X with so-called stationary and independent increments. This means that
X — X is independent of F for s < ¢, and for each initial distribution v, the P -distribution
of X; — X, only depends on the difference t — s, and is independent of v. In other words:
the P -distribution of X; — X and the Pﬂ distribution X;_s — Xy are equal for all initial dis-
tributions v and . The Lévy processes are a class of processes with this property of which
canonical BM and the canonical Poisson process are well-known examples.

Lemma 3.3.10 Let X be a right-continuous canonical Markov process. Suppose that X has
stationary, independent increments and T is a finite stopping time. Then the process X (1) =
(Xr1t — X, )i>0 is independent of FX and for each initial distribution v, the distribution of
X (1) under P, is the same as the distribution of X under P, for any x € E.

Proof. Put Yy = X,y — X, t > 0. For t; < --- < t, and bounded, measurable functions
fi,.--, fn we have

E, (T A0 7)) = B (T A(Xrrn - X0 | FY)
k k
= Ex, [ (X, — Xo),
k

by the strong Markov property. As a consequence, the proof is complete once we have shown
that for arbitrary =z € E

s

E Xy, — Xo) =Py f1- Pr—t,_, fn(0),

T

k=1

with 0 € E a selected state (cf. Characterisation Lemma 3.1.5). We prove this by induction
on n. Suppose first that n = 1. By stationarity of the increments, the distribution of X;, — Xy
under P is independent of x. In particular, we can take x = 0, obtaining

Ezfl(Xh - XO) = Efl(Xt1) = Ptlfl(o)'

Now suppose that the statement is true for for n — 1 and all bounded, measurable functions
Ji,+ 5 fa—1. We have

E.erk(th _XO) = (H th XO |ft )
k=1 k=1
n—1
= E, [ #u(Xs, — X0)E,(fu(Xe, — Xo) | FiE )
k=1

By independence of the increments

Eo(fu(Xe, = X0) | F7,_,) = Ep(fulXe, — Xeooy + Xe,y — Xo) | )
gat(th71 - X0)7

where

9:(y) = B fu( X, — Xo,_y +9)-
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The P-distribution of X;, — Xy, , is the same as the distribution of X3, 4, — Xo, and is
independent of x. Hence, we may put z = y, so that Xy =y, Py—a.s., and

gl?(y) = Eyfn(th_tnfl - XO + y) - Eyfn(th_tnfl) = Pti—tn_l fn(y)
We finally obtain

n —
H th <H th Xo Ptn—tn 1fn(th 1 X0>>

k=1

n—2
H Fre1Pro—to 1 fn(Xt,_, — X0)).
By the induction hypothese, this equals P, f1--- P, ¢, _, fn(0), thus completing the proof.
QED
The following lemma is often useful in connection with the strong Markov property.

Lemma 3.3.11 If o0 and 7 are finite (F)i-stopping times, then o + T o 0, is also a finite
(Fi)¢-stopping time.

Proof. Since (Fy); is right-continuous, it suffices to prove that {o + 7060, < t} € F; for every
t > 0 (cf. Lemma 1.6.6). Observe that

{o+700, <t} =Ugo{r060, <qg}Nn{oc <t—gq}

The indicator of the event {7 06, < q} can be written as 1,4 o ;. By Exercise 3.23, it
follows that {7060, < q} € F,44. By definition of the latter

{rob, <g}nN{o<t—qt={r00, <qgtN{o+q<t} e F.

This completes the proof.

3.3.2 Applications to Brownian Motion

In this subsection W is the canonical BM on (Q = C[0, 00), F = C(0, o] NBR+) with associated
Markov process X. Since BM has stationary, independent increments, Corollary 3.3.10 implies
that for every (F7%);-stopping time 7, the proces (X,i; — X, ); is a BM. This can be used to
prove an interesting ratio limit result.

To this end, let A € B be a bounded set. Define u(A,7) = Mt < 7|X; € A}, where
A is the Lebesgue measure (on (R, B) and 7 a finite (F;¥);-stopping time, w.r.t P. Denote
7o = inf{t > 0|t > 7, X; = 0}.

Lemma 3.3.12 i) p(A,7) is a measurable function on (2, F).
) 1u(4) = Egu(A,7) = 2 [ 104y @)dA@) + 2 f{ (1 2)1 () (2)dA(x).

i) 4/(4) = Egu(A, ) = 20(4).



3.3. STRONG MARKOV PROPERTY 81

Proof. See exercise 3.9. For the proof of (ii), note that
Egu(4m) = o [ 1 (K01 dedR

S A RO
0

- /0 P{X: € At < }dt

_ /0 - /A w(t, 2)dA(z)dt
_ /A/Ooow(t,x)dtd)\(x),

<e—x2/2t _ 6—(1—2)2/21%)’ z<1.

where

wt, @) = 2mt

This follows from
Po{Xt cAn < t} = PQ{Xt S A}

Why is this true? (ii) can then be shown by writing

—u? /2t

(t,2) = / u_
w(t,x) = L 27re ,

applying Fubini, and do a substitution s = ¢~1/2. Distinguish the cases that z < 0 and
0<zx <1, QED

let f,g9:R — R be Lebesgue measurable, integrable functions with [; g(z)dx # 0.

Theorem 3.3.13
o Jo SOVt [ f(@)da
T—o0 fOTg(WS)ds Jro(z)dz’

a.s.

Proof. Put 7§ = 19 and 7{ = 71. Inductively define for n > 2: 7' = inf{t > 77" | X; = 0},
and 7" = inf{t > 7§ | X; = 1}. By virtue of the standard machinery, one has

7.1
EO/ ° F(X)dt = 2/ F(w)dz.
0 R
Now, for any 7" > 0 define
K(T) = max{n|my <T}.
Then limy_, o fOT f(Xt)dt/K(T) =2 [ f(x)dz, Rra.s. The result then follows. QED

The second example that we give, is the so-called reflection principle (compare with Ch.1,
Exercise 1.11). Recall that we denote the hitting time of € R by 7,. This is a finite stopping
time with respect to the natural filtration of the BM(see Example 1.6.9).
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Theorem 3.3.14 (Reflection principle) Let x € R be given. Define the process W' by

W, t <
! _ ty > Iz
Wt_{2$—Wt, t> 7.

Then W' is a standard BM.

Proof. Define the processes Y and Z by Y = W™ and Z; = W 44 — W, = Wo 44 — x,

x

t > 0. By Corollary 3.3.10 the processes Y and Z are independent and Z is a standard BM.
By symmetry of BM, it follows that —Z is also a BM that is independent of Y, and so the two
pairs (Y, Z) and (Y, —Z) have the same distribution (i.e. the fdd’s are equal)

Now, observe that for ¢t > 0

Wy=Y, + Zt*Tzl{t>Tz}> Wt, =Y - thTz]-{t>7'1-}'

In other words, we have W = ¢(Y,Z) and W/ = ¢(Y,—Z), where ¢ : C[0,00) x {w €
C[0,00) |wyg = 0} — C[0,0) is given by

Py, 2)(t) = y(t) + 2(t = L (W) Lisy(y))

where 1 : C[0,00) — [0, 00] is defined by ¥ (y) = inf{t > 0|y(t) = z}. Consider the induced
o-algebra on C[0,00) and {w € C[0,00) |wp = 0} inherited from the o-algebra Bl%>) on
RIO) | Tt is easily verified that ¢ is a Borel-measurable map, and that ¢ is measurable as the
composition of measurable maps (cf. Exercise 3.29). Since (Y, Z) 4 (Y,—Z), it follows that

W =¢(Y,2) L o(Y,~2) =W QED

The reflection principle allows us to calculate the distributions of certain functionals related
to the hitting times of BM. We first consider the joint distribution of W; and the running
maximum

Sy = sup Ws.

s<t

Corollary 3.3.15 Let W be a standard BM and S its running maximum. Then
PiW, <z,S; >y} =P{W, <z-2y}, x<uy.
The pair (Wy, St) has joint density

(2y - $)€7(2y7x)2/2t
i3 /2

(l’,y) = l{atfy}’

with respect to the Lebesgue measure.

Proof. Let W' be the process obtained by reflecting W at the hitting time 7,. Observe that
S; >y if and only if t > 7,. Hence, the probability of interest equals P{W; < z,t > 7,}. On
the event {t > 7,} we have W} = 2y — W/, and so we have to calculate P{W} > 2y —x, ¢t > 7, }.
Since z < y, we have 2y — x > y. hence {W/ > 2y —z} C {W/ > y} C {t > 7,}. It follows
that P{W/ > 2y — z,t > 7,} = P{W/ > 2y — z}. By the reflection principle and symmetry of
BM this proves the first statement. The second follows from Exercise 3.30. QED
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It follows from the preceding corollary that for all x > 0 and ¢ > 0,
P{S; > x} = P{r, <t} =2P{W; > a} = P{|IWy| > =}

(see Exercise 3.31). This shows in particular that S; 4 |W¢| for every t > 0. This allows to
derive an explicit expression for the density of the hitting time 7. It is easily seen from this
expression that E7, = oo, as was proved by martingale methods in Exercise 2.29 of Chapter
2.

Corollary 3.3.16 The first time 1, that the standard BM hits the level x > 0 has density

2
re— T /2t

-1 ,
/omt3 {t=>0}

t—
with respect to the Lebesgue measure.

Proof. See Exercise 3.32. QED

We have seen in the first two Chapters that the zero set of standard BM is a.s. closed,
unbounded, has Lebesgue measure zero and that 0 is an accumulation point of the set, i.e. 0
is not an isolated point. Using the strong Markov property we can prove that in fact the zero
set contains no isolated point at all.

Corollary 3.3.17 The zero set Z = {t > 0|W; = 0} of standard BM is a.s. closed, un-
bounded, contains no isolated points and has Lebesque measure 0.

Proof. In view of Exercise 1.27, we only have to prove that Z contains no isolated points.
For rational ¢ > 0, define o, = ¢ + 79 0 6;. Hence, o, is the first time after (or at) time
g that BM visits 0. By Lemma 3.3.11 the random time o, is a stopping time. The strong
Markov property implies that W, 4+ — Wy, is a standard BM. By Corollary 2.4.6 it follows
that o4 a.s. is an accumulation point of Z. Hence, with probability 1 it holds that for every
rational ¢ > 0, o4 is an accumulation point of Z. Now take an arbitrary point ¢ € Z and
choose rational points g, such that ¢, T ¢. Since ¢, < 04, <t, we have o4, — t. The limit of
accumulation points is an accumulation point. This completes the proof. QED

3.4 Feller-Dynkin processes

The first main goal is to study conditions under which the canonical Markov process on
(EE, SE) can be modified to have right-continuous paths without losing the Markov property.

For this regularisation procedure we will invoke regularisation of supermartingales. This
requires constructing a suitable supermartingale associated with the Markov process. To this
end we will first study a number of properties of a special class of transition functions that
are important by ithemselves.

3.4.1 Feller-Dynkin transition functions and resolvents

In section 3.1 we saw that a homogeneous transition function (FP;):>0 on a measurable space
(E, ) can be viewed as a semigroup of operators on the space of bounded, measurable func-
tions on F.
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From now on consider semigroups with additional properties. For simplicity, the state
space E is assumed to be a closed or open subset of R? with & its Borel-o-algebra, or of
Z? with the discrete topology and with the £ the o-algebra generated by the one-point
sets. In general one may assume that E is a locally compact Hausdorff space with
countable base.

By Co(E) we denote the space of real-valued functions that vanish at infinity. Cy(F) functions
are bounded, and so we can endow the space with the supremum norm defined by

|floe = sup | f ().
zeE

In these notes, we can formally describe Cy(E) by

f continuous and
Co(E) =< f: E— R | for each € > 0 there exists a compact set K = K (e, f),
such that |f(z)| <€, forz ¢ K

Note that Cy(F) is a subset of the space of b€ of bounded, measurable functions on F, so we
can consider the restriction of the transition operators (P;): to Co(E).

Definition 3.4.1 The transition function (F;):>¢ is called a Feller-Dynkin transition function
if

i) RCo(E) C Co(E);

ii) P.f(z) — f(x), t |0, for every f € Co(F) and = € E.

A Markov process with Feller-Dynkin transition function is called a Feller-Dynkin process.

Note that the operators P; are contractions on Cy(FE), i.e. for every f € Cy(FE) we have

1Pfl =swp | [ 1P, dy)] < 151
zeE ' JE

So, for all t > 0 we have |P;|,, < 1, where | P, is the norm of P; as a linear operator on
the normed linear space Cy(FE), endowed with the supremum norm (see Appendix B LN, or
BN section 11).

If f € Cy(E), then P, f € Cy(E) by part (i) of Definition 3.4.1. By the semigroup property
and part (ii) it follows that

Ponf(x) = Po(Pf)(z) — Pof(x), h1O.
In other words, the map t — P,f(z) is right-continuous for all f € Cy(E) and z € E.

Right-continuous functions f : R — R are B(R)/B(R)-measurable. See BN§3.

In particular, this map is measurable, and so for all A > 0 we may define

Ryf(z) = /0 h e MNP f(x)dt.

If we view t — P, as an operator-valued map, then R) is simply its Laplace transform
calculated at the ‘frequency’ A\. The next theorem collects the most important properties of
the operators Ry. In particular, it states that for all A > 0, R) is in fact an operator that
maps Cp to itself. It is called the resolvent of order A.
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Theorem 3.4.2 Let Ry, A > 0, be the resolvents of a Feller-Dynkin transition function.
Then R\Cy(E) C Co(E) for every X\ > 0 and the resolvent equation

R, — Ry+ (u— A R,Ry =0

holds for all A, > 0. Moreover the image R\Co(FE) does not depend on X and is dense in
Co(E).

Proof. Denote the transition function by (P;);. Fix f € Co(E). Then P, f € Cy(E) for every
t > 0. Hence, if x,, — z in E, then the function ¢ — P, f(x,) converges pointwise to the
function ¢t — Pf(z). Since |P.f(y)| < |f|y for all y € E and ¢t > 0, we can use dominated
convergence to obtain that

Ryf(zpn) = /000 e NP, f(x,)dt — /000 e MPtf(x)dt = Ryf(x).

Consequently Ry f is a continuous function.

By the same reasoning, we find that Ryf(x,) — 0 as |z,| — oo. This implies that
Ryf € Cy(F), for all f € Cy(E). In other words R\Co(E) C Co(E).

To prove the resolvent equation, note that

t
eTM e M = (X = u)e_)‘t/ eA—msgs.
0

Hence,
R,f(x) — Rxf(x) = /Ooo(e_“t — e_)‘t)Ptf(x)dt
= (A—p) /000 e_)‘t(/ot e()‘_“)sPtf(x)ds> dt
= (A—p) /OOO ew(/:o e”\(t’s)Rgf(a:)dt) ds,

by Fubini’s theorem. A change of variables, the semigroup property of the transition function
and another application of Fubini show that the inner integral equals

/ e NPy f(z)du = / e M PP, f(x)du
0 0

_ /O Ce( /E Puf(w) Pl dy) ) du

— /E(/OOO e_’\“Puf(y)d“)Ps(x7dy)
= P.Ryf(x).

Inserting this in the preceding equation yields the resolvent equation.

The resolvent equation implies that Ry = R, (I+ (1 —A)Ry). This shows that R\Cy(E) C
R,Co(E). Reversing the roles of ¢ and A shows that RyCo(E) = R,Co(E) is independent of
A.
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To prove that R)\Cy(E) is dense in Cy(E) (i.e. R\Co(E) = Cy(FE)), consider an arbitrary,
bounded linear functional A on Cy(E) that vanishes on R)(Cy(E). By the Riesz representation
theorem (BN §9 Theorem ?7) there exist finite Borel measures v and v/ on E such that

A = [ gav [ g = [ gaw-,

for every f € Cy(E). By part (ii) of Definition 3.4.1 and dominated convergence, for every
<))

ARy f(z) = /000 e NP, f(z)dt = /000 e *Pynf(x)ds — f(x), A — oo (3.4.1)

Note that |[ARxf|. < |f].- Then dominated convergence implies

O—A()\R)\f)—/E/\R,\f(x)(y—l/)dxﬂ/Ef(x)d(u—yl)(dx)—A(f), A — 0.

We conclude that the functional A vanishes on the entire space Cy(E). By the Corollary to
the Hahn-Banach theorem (BN §11), this shows that RyCy(F) is dense in Cy(FE). QED

Observe that for every f € Cy(E) the resolvent R) satisfies

IR floo S/O e M| P, f]dt < |\f||oo/0 oA g ||f)”\oo

Hence, for the linear transformation Ry : Co(E) — Cp(E) has |Ry|,, < 1/A. Let us also note
that in the proof of Theorem 3.4.2 we saw that

o
PRy f(x) = / e NP f(z)du. (3.4.2)
0
By the semigroup property of the transition function, the right-hand side of the above equation

equals RyP;f(x). In other words the operators Ry and P, commute.

Corollary 3.4.3 For a Feller-Dynkin transition function (P;); and its resolvents Ry, it holds
for every f € Co(E) that |Pif — floo — 0, ast | 0, and |ARxf — f|o — 0 as A — oo. As
a consequence |Piinf — Pif|,, — 0, h — 0, so that P,f is continuous in t, for t > 0 and
fe Co(E)

Proof. Relation (3.4.2) shows that for f € Co(F)

PR\f(z) = eM /too e NP, f(x)ds.

It follows that
[e%s) t
P ()~ Raf(a) = (@ = 1) [ e R@)ds = [ P p(a)ds.
t 0

And so
|P.RAf — Baflloo < (€ = DIRA|fllo + ] floo-
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Since the right-hand side tends to 0 as t | 0, this shows the statement of the corollary for
functions in the dense subset RyCy(E) of Cyo(E). Now let f € Cy(E) be arbitrary. Then for
every g € R\Cp(FE) it holds that

1P:f = floo |Pif = Pigloe + 1P:g = 9loe + 19 = Fl

<
< P9 =gl +2l9 = floo

Taking the lim sup, |, and using the first part of the proof, we get

linllﬁﬁ)up 1P — floo <219 = flloos

for every g € R\Cy(FE). The right-hand side can be made arbitrarily small, since RyCy(FE) is
dense in Cy(E). Hence limy o |P.f — f| = 0.

The second statement follows from the first by dominated convergence (see (3.4.1)).

For the third, note for h > 0 that |Pi—pf — Pif|o = |Pi=n(f = Pof)loo < | f —Prfloe — 0
as h | 0. A similar reasoning shows that |Ppf — P f|,, — 0, h | 0. QED

Example 3.4.4 The BM-process from Example 3.1.7 (A) is a Feller-Dynkin process. Its
resolvents are given by

Raf(@) = [ frata.)ds
where ry(z,y) = exp{—Vv2A|x — y|}/V2\ (see Exercise 3.12)
Example 3.4.5 Let X be the Markov jump process defined in Example 3.2.5. It is a Feller-

Dynkin process if PCy(E) C Co(E) (cf. Exercise 3.10). The resolvent is given by (cf. Exer-
cise 3.13).

1 AN . _
Ruf:A+u7;)()\+u> PP =((A+wWI-AP)"'f [ € Co(E).

This is by a direct computation, using Fubini, dominated convergence and the fact that

(proved using induction)
0o n et nl
/0 theStdt = o

3.4.2 Generators

In the discrete-time case, the resolvent can be expressed in terms of the transition kernel P

by

[e.e]
Ry=) e Pt =(I-e P)".
n=0
In the continuous-time case, we have a similar relation between resolvent and generator, which
is a linear operator determining a Feller-Dynkin transition function.
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Definition 3.4.6 Let (P;);>0 be a Feller-Dynkin transition function. The infinitesimal gen-
erator A of (P,); is the linear operator A : D(A) C Cy(E) — Cp(F) defined as follows. Write
f € D(A) if there exists g € Cy(E), such that

e

and then we define g = Af.
From the definition we immediately see that for f € D(A)
B, (f(Xin) = F(X) | F) = hAF(X)) + o(h), P, —as.,
as h | 0. In this sense the generator describes the motion in an infinitesimal time-interval.

Example 3.4.7 Consider the Markov jump process from Example 3.2.5. The generator is
given by A = A\(P — I). Check that

Ruf=(uI-A)"'f, feCo(E) (3.4.3)

The following lemma gives some basic properties of the generator. Then we will derive that
(3.7.1) is a generic property of the generator.

Lemma 3.4.8 Suppose that f € D(A).
i) P,D(A) C D(A), fort > 0.

ii) The functiont — P.f is differentiable in Co(E) and the Kolmogorov backward and forward

equations hold:

d
i = AR = PAf.

More precisely,

Pnf—Pf Pnf—PFf

i | =G - P =i T and] =0
iii) For everyt >0
t t
Ptf—f:/ PSAfds:/ AP, fds.
0 0
Proof. (i) follows from the second relation in (ii). For (ii) note that
Ponf — Pof Pof—f Pof—f
-rarl_=[m A <[Pl
H h WA 00 t( h f) oo h / oo
Taking the limit A | O yields that
| Pesnf — P f _
E%H - —aAwm_o. (3.4.4)
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Since Af € Cy(F), g = PAf € Cyo(E). Rewriting (3.4.4) gives

1}3?01 HPh(Ptf) -bf _gH

=0.
o0
Hence g = AP, f. Consequently PAf =g = AP, f = (d*/dt)P;f (d*/dt stands for the right-
derivative). To see that the left derivative exists and equals the right-derivative, observe for
h > 0 that

H Pif —Ppnf

—PAH
h AL

IN

H P.f _hPt—hf
H Pof—f
h

= Poahf|_+ |Powar = g

IN

_ Af“oo n HPt,hAf - PtAfHOO 0, hloO,

where we have used the strong continuity (Corollary 3.4.3) and the fact that Af € Co(F).
For (iii) note that (d/dt)P;f = P,Af is a continuous function of ¢t by Corollary 3.4.3. It is
therefore integrable, and so

t t t
Ptf—f:/ dPSfds:/ APSfds:/ P;Afds.
o ds 0 0
QED

The next theorem gives a full description of the generator in terms of the resolvents Ry. In
the proof we need the following lemma.

Lemma 3.4.9 For h > 0 define the linear operators
1 h
Mg =3 (Pf =0, Baf =5 [ R
0
Then By f € D(A) for allh >0 and f € Cy(E), and AB}, = Ay,.
Proof. First note that Ay Bs = AsBj,. This follows from

A(B.S) = %(Pthf—Bsf)

_ / (Ponf — Pof)d / Pt/ PLAfdu dt
_ hs/o Pu/o PtAfdtdu:hs/O (Pyruf — Puf)du

- %(Pthf — Bnf) = AsBf.

In the third equality we have used Lemma 3.4.8 (iii), in the other equalities we have inter-
change arguments relying on Fubini’s theorem.
Note that for f € Co(E)

1 h
Bt = Flo < 5 [ VP = fldt =0, BL0,
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by strong continuity. Now
i | AnBsf — Asfloo =1im | As(Brf = Floo < 1im | As|oc| Brf = flo = 0.

This shows that Bsf € D(A) with ABsf = A, f, which is what we wanted to prove. ~ QED

Theorem 3.4.10 D(A) = R\Co(E) (for any A > 0), whence D(A) is dense in Cy(E). For
every A > 0 the transformation \I — A : D(A) — Cy(E) is invertible with inverse Ry.

Proof. Let f € D(A). Then
RAOL-A)7) = [P - A
Y / e MP,fdt — / e_’\t%Pt fdt.

Integration by parts of the last integral shows that f = R)[(AI-A)f]. Since (A\I-A)f € Cy(E),
we conclude that D(A) C RyCy(E) and Ry(AI — A) =1 on D(A).

To prove the converse, recall that P, and R) commute. For f € Cy(E) we want to show
that Ryf € D(A) and that (A\I - A)Ryf = f. Fix f € Cy(F) and let h > 0. Then

o
ApRAf = R\Anf = R\AByf = / e MP,ABy, fdt.
0
By virtue of Lemma 3.4.8 and integration by parts, the right-handside equals

/ e_’\t%PtBh fdt = A\R)\By,f — Bif.
0

Recall that |Bpf — f|,, — 0 as h | 0. Hence
lim |AWRAS — (ABAf = Pl = B IARABAS = f) = (Baf = Dl
< Im(ABMe + DIBS = floo = 0.

In other words, AR\f = ARxf — f € Co(F). It follows that Ryf € D(A) and that (A\I —
A)Ryf = f on Cy(E). QED

The theorem states for A > 0 that Ry = (Ml — A)~!, and so the generator determines the
resolvents. By uniqueness of Laplace transforms, the resolvents determine the semigroup (F;);
(this is not a triviality, but a seep theorem called the Hille-Yosida theorem). This shows that
the generator determines the semigroup. In other words, two Feller-Dynkin processes with
the same generator have the same semigroup.

Corollary 3.4.11 The generator determines the semigroup.

The preceding theorem also shows that for all A > 0, the generator is given by A = A\I — R;l.
This gives us a method for explicit computation. The domain of the generator is not always
easily determined. The following theorem is helpful, but we need to introduce a new concept
first.

The definition of generator implies that if f € D(A) and there exists x € E, such that
f(y) < f(z) for all y € E, then Af(xz) < 0. An operator with this property is said to satisfy
the mazimum principle.
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Theorem 3.4.12 Suppose that the generator A extends to A" : D' — Cy(E), where D(A) C
D' C Cy(FE), D' is a linear space and A’ satisfies the maximum principle. Then D' = D(A).

Proof. In the first part of the proof we show that for a linear space D C Cy(FE) any operator
B : D — Cy(F) is dissipative, in other words

To prove this, let z € E be such that |f(z)| = | f],, and define g(y) = f(y)sgn f(z). Then
g € D since D is linear, and g(y) < g(z) for all y € E. By the maximum principle Bg(z) < 0.
It follows that

Alfloo = Ag(z) < Ag(x) — Byg(z) < [(AT = B)g| = [(AL = B) f]

as claimed.
For the proof of the theorem, take f € D’ and define ¢ = (I — A')f. We claim that
f € D(A). By the first part of the proof A’ is dissipative, hence

If = Rigloe < 1T = A)(f = R1g)loe-

By Theorem 3.4.10 we have (I—A)R; =T on Cy(E). Since R1g € D(A), one has (I-A")R1g =
(I - A)Ryg. Hence
I—-A)f~PRig)=g—(I—A)Rig=0.

It follows tat f = Rig, whence f € D(A). QED

Example 3.4.13 For the BM process we have that D(A) = CZ(R), the space of Cy(R)
functions that have continuous first and second derivatives. For f € D(A) we have Af = f” /2.

The procedure to prove this, is by showing for A € D(A) that
A1l h e C3(R); and
A2 \h — %h” = \h — Ah.

It then follows that D(A) C CZ(R). Hence A’ defined by A’h = 31", h € C}(R) is an extension
of A on D(A') = C3(R).

We claim that A’ satisfies the maximum principle. Let h € D(A’) = C3(R), and choose
z € R with h(z) > h(y), Vy € R. Then h'(z) = 0 and so h”(x) < 0 by a second order Taylor
expansion. By virtue of Theorem 3.4.12, C3(R) = D(A).

We are left to show that A1 and A2 hold. Let h € D(A). Then there exists f € Co(R)
such that h = Ry f, i.e.

h(z) = Raf(z) = /R ) y)dy
1

= /Rf(y)m

which integral is bounded and differentiable to x. Hence,

e*\/ﬁ\yf:v\dy’

W(z) = /R F(u)V2Ara(z,y) senly — z)dy.
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The integrand is not continuous in y = z! We have to show that A’ is differentiable. For 6 > 0
we have

Wata) W) = [ fova(RELoDEEoy,

y<x 4

o[ (R,

_/ f(y)\/ﬁ(m(“&y) +m(x7y)>dy
r<y<z+6

0
Clearly,

/ +/ ...HQ)\/ fy)ra(z,y)dy = 2Ah(z), & — 0.
y<w y>r+4§ R
Further,

z+6 0 V2 (u—6) —V2\u
/ U / (eXp 5+ s )f(x + u)du
T u=0

1 exp\/ﬁ(”"s)—i—exp* 2 u
= 1{u§6}( 5
=0

) f(x +u)du
— 2f(z), 010,
by dominated convergence. Combining yields

B (z+0) — h'(z)
o
The same holds for ¢ T 0, and so we find that h is twice differentiable with

— 2\h(x) — 2f(x), & 10.

B’ = 2\h — 2f.

Hence,
)\h—%h”:f: (ML — A)h = Ah — Ah,

and so A1,2 hold.

Example 3.4.14 (Ornstein-Uhlenbeck process) Consider the Orstein-Uhlenbeck process
in Example 3.1.7 (B). The generator is given by

Af(z) = 1o?f"(z) — azf'(z), z€R,

for f € C3(R) (cf. Exercise 3.18).

Recall that we introduced Brownian motion as a model for the position of a particle.
The problem however is that Brownian motion paths are nowhere differentiable, whereas the
derivative of the position of a particle is its velocity, hence it should be differentiable. It
appears that the Ornstein-Uhlenbeck process is a model for the velocity of a particle, and
then its position at time t is given by

t
0

It can be shown that a.Sy;/v/n — Wy in distribution, as n — oo. Hence, for large time scales,
Brownian motion may be accepted as a model for particle motion.
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The next lemma gives condition under which a function ¢ of a Feller-Dynkin process is Feller-
Dynkin, and it provides a relation between the corresponding generators.

Lemma 3.4.15 Let X be a Feller-Dynkin process with state space (E, &), initial distribution
v and transition function (P;)¢. Suppose that (E',E) is a measurable space. Let ¢ : E — E’
be continuous and onto, and such that |¢(xy,)| — oo if and only if |z,| — oc.

Suppose that (Q¢): is a collection of transition kernels, such that Py(f o ¢) = (Qif) o ¢
for all f € bE'. Then'Y = ¢(X) is a Feller-Dynkin process with state space (E',E'), initial
measure V', with v'(B') = v(¢~1(B')), B' € &, and transition function (Q);. The generator
B of Y satisfies D(B) = {f € Co(E") | fop € D(A)} and A(f o ¢) = (Bf) o ¢ for f € D(B).

Example 3.4.16 In Example 3.1.10 we have seen that W2 is a Markov process. W7 is also
a Feller-Dynkin process with generator Bf(z) = 2zf"(x) + f'(z), f € D(B) = CZ(R4). See
Exercise 3.15.

3.4.3 Applications to the generator

Generators provide an important link between Feller processes and martingales.

Theorem 3.4.17 For every f € D(A) and initial measure v, the process

M = (X)) — f(Xo) - /0 AF(X,)ds,

is a P -martingale.
Proof. Since f and Af are in Cy(Ejs), Mtf is integrable for every ¢t > 0. For s <t

E,(M] | Fa) = MI + E,(F(X,) — F(Xs) — / AF(X,)du| ).

By the Markov property, the conditional expectation on the right-hand side equals

e (P06 = 1000 - [ s,

But for every x € E

e (1000 = 0~ [ A = @) - ) - [ PAT@a =0,

by Fubini’s theorem and Lemma 3.4.8 (iii). QED
This gives rise to the following extremely convenient formula.

Corollary 3.4.18 (Dynkin’s formula) For every f € D(A) and every stopping time T with
E,7 < 0o, we have

E,f(X,) = f(z) +E, /OT Af(X,)ds, =z € E.
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Proof. By Theorem 3.4.17 and the optional stopping theorem, we have

E,f(Xonn) = f(a) +E, /O AR ds,

for every n € Z,. The left-handside converges to E,f(X;), n — oo (why, since we do not
assume left limits?). Since Af € Cy(E;s), we have |Af],, < oo and so

| / Af(X)ds

By the fact that E,7 < co and by dominated convergence, the integral on the right-handside
converges to

< [AflooT-

Ex/o Af(X,)ds.
QED

This lemma is particularly useful. Call a point x € Es absorbing if for all ¢ > 0 it holds that
P}(x,{z}) = 1. This means that if the process starts at an absorbing point z, it never leaves
x (cf. Exercise 3.16).

Example 3.4.19 Let X be a canonical cadlag Feller-Dynkin process on the countable state
space Fgs, equipped with the o-algebra &, where £ is generated by the one-point sets of E.

Suppose that 1;,, € D(A) for all z € E. The following extension of Exercise 3.11 holds:
there exists an Es x Es matrix @, with Q(z,z) < 0 < Q(z,y) for all z,y € Es, y # x, such
that Al (y) = Q(x,y). In particular, Zy?éx Qzy =0 for all z,y € E5 and Q(4,9) = 0.

Define o, = inf{t > 0| X; # z}. In Exercises 3.16 and 3.24 you are asked to show that
P{oz >t} = e, ¢t > 0, for some a € [0,00]. Further, if a € (0,00), then z is called
a holding point, and the holding time (in state x) is a (negative) exponentially distributed
random variable with parameter a. Moreover, P {X,, = x} = 0, so that a holding point x
can only be left by a jump.

With these results, one can give an interpretation to the elements of Q: if x is a holding
point then a = |Q(z,z)|, so that E,o, = |Q(z,z)|~!. Further, P{X, = y} = Q(z,y) -
|Q(z, z)|~L. If = is absorbing, then E o, = co.

Example 3.4.20 Let (a,b) C R, a < b. The problem is to determine a function f : [a,b] —
R, f € C3[a,b], with f"(z) =0, z € (a,b) and f(a) = c1, f(b) = ca for given constants cy, ca.
Clearly, in dimension 1 this is a simple problem - f is a linear function. However, we want
use it as an illustration of our theory.

Suppose such a function f exists. Then f can be extended as a Cg(R) function.

Consider the (canonical cadlag) BM process Xy = Xo+ Wy, t > 0, where X and (W;); are
independent, and (W;); a standard BM. Then f € D(A) for our process X. Let v = §, be the
initial distribution of X for some z € (a,b). We have seen that 7, = inf{t > 0| X; € {a,b}}
is a finite stopping time with finite expectation. Consequently, Dynkin’s formula applies and
SO

£ () = S0+ B, [ AT = f@) +E, [ h OGS = f(a).

The left-handside equals
b—=x . T —a
“ b—a “ b—a

(cf. Exercise 2.28).
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Characteristic operator We will now give a probabilistic intepretation of the generator.
For r > 0, define the stopping
Ny = inf{t > 0| X — Xo| > r}. (3.4.5)

If x is absorbing, then P-a.s. we have 1, = oo for all 7 > 0. For non-absorbing points however,
the escape time 7, is a.s. finite and has finite mean provided r is small enough.

Lemma 3.4.21 If x € E is not absorbing, then E n, < oo for all r > 0 sufficiently small.

Proof. Let B.(€) = {y ||y — z| < €} be the closed ball of radius € around the point z. If z is
not absorbing, then P} (x, B,(€)) < p < 1 for some ¢, e > 0.
By the Feller-Dynkin property of the semi-group Pt‘; we have that Pt‘s(y, ) = Pt‘s(x, -) as
y — z. Hence, by the Portmanteau theorem, the fact that B,(¢) is closed implies that
lim sup P} (y, Bz(€)) < P (2, By (e)).

Yy—x

It follows that for all y sufficiently close to x, say y € B,(r) for some r € (0,¢€), we have
P?(y, By(r)) < PY(x,B(r)) < p. Using the Markov property it is easy to show (cf. Exer-
cise 3.33) that P (n, > nt} <p™, n=0,1,.... Hence,

E.nr = / P{n > s}tds < tz P(n, >nt} < % < 0.
0 =0 -Pp

This completes the proof. QED

We can now prove the following alternative description of the generator.

Theorem 3.4.22 For f € D(A) we have Af(x) = 0 if  is absorbing, and otherwise

Af(x) = lim Exf(Xg";: f@), (3.4.6)

Proof. If x is absorbing, we have P}f(z) = f(x) for all ¢ > 0 and so Af(z) = 0. For
non-absorbing x € Es the stopping time 7, has finite mean for sufficiently small r. Dynkin’s
formula imples

Nr
E,f(X,) = f(z) + E, / AS(X.)ds.

0
It follows that

E, [y IAf(Xs) — Af(x)|ds
Exnr
sup |Af(y) — Af(x)].

ly—zf<r

This completes the proof, since Af € Cy(Ej). QED

E./(Xy.) — f(=)
Exnr

- Af(@)

IN

The operator defined by the right-handside of (3.4.6) is called the characteristic operator of the
Markov process X. Its domain is simply the collection of all functions f € Cy(Es) for which the
limit in (3.4.6) exists. The theorem states that for Feller-Dynkin processes the characteristic
operator extends the infinitesimal generator. It is easy to see that the characteristic operator
satisfies the maximum principle. By Theorem 3.4.12, the characteristic operator and the
generator coincide.
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3.5 Regularisation

3.5.1 Construction of canonical, cadlag version

In this section we consider a Feller-Dynkin transition function P; on (E,£), with E an open
or closed subset of R? or Z? and £ the Borel-o-algebra of E. For constructing a cadlag
modification, we need to add a coffin state , § say, to our state space E: Es = EUJ, such that
E5 is compact, metrisable. § represents the point at infinity in the one-point compactification
of E. Then & = o(&,{0}) and we extend the transition function by putting

5 B Pt(.fU,B), reFE, Beé&
Pz, B) = { 15(B), v =6,B€&.

Then P} is a Feller-Dynkin transition function on (Es, &s). Note that f € Co(F;) if and only
if the restriction of f — f(9) to E belongs to Cy(E).

I plan to include a formal proof of this statement in BN, and I will discuss some topo-
logical issues.

By Corollary 3.2.2 for each probability measure v on (Es, &) there exists a probability measure
P on the canonical space (2, F) = (E?*, 5?*), such that under P the canonical process X is
a Markov process with respect to the natural filtration (F;X), with transition function (P?),
and initial distribution v.

We need the following lemma, which will allow us to use the regularisation results for
supermartingales from the preceding chapter.

Lemma 3.5.1 For every A > 0 and every nonnegative function f € Cy(Es), the process
e MRy f(Xy)

is a P -supermartingale with respect to the filtration (F{X), for every initial distribution v.

Proof. By virtue of the Markov property we have
E, (e MR\f(Xy) | FX)=e MP_sRyf(Xs) P, —as.
(see Theorem 3.2.4). Hence, to prove the statement of the lemma it suffices to prove that
e MP,_ Ryf(z) < e *Ryf(z), z€E. (3.5.1)

This is a straightforward calculation (cf. Exercise 3.19). QED

Theorem 3.5.2 The canonical Feller-Dynkin process X admits a cadlag modification. More
precisely, there exists a cadlag process Y on the canonical space (2, F) such that for allt >0
and every initial distribution v on (Es, Es) we have Xy =Yy, P -a.s.
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Proof. Fix an arbitrary initial distribution v on (Ej, Es). Let H be a countable, dense subset
of the space Cj (E). Then H separates the points of Es (see Exercise 3.20). By the second
statement of Corollary 3.4.3, the class

H' ={nR,h|h€H,neEZ}
has the same property. The proof of Theorem 2.3.2 can be adapted to show that the set
Qp = {w| lifn h/(Xr)(w),li%n h'(X,)(w) exist as finite limits for all ¢+ > 0} (3.5.2)
qlt qlt

is Fz-measurable. By virtue of Lemma 3.5.1 and Theorem 2.3.2 P (/) = 1 for all b’ € H
and initial measures v. Take ' = (,, Qp. Then ' € FZX and P(Q) =1
In view of Exercise 3.21, it follows that on €' the limits

lim X, (w), lim X (w
im X, (). lim X, ()

exist in Ej, for all t > 0, w € V.
Now fix an arbitrary point xg € E and define a new process Y = (Y;) as follows. For
w ¢, put Vi(w) = xp. For w e Q' and ¢t > 0 define

Yi(w) = lgllqtl Xq(w).

We claim that for every initial distribution v and ¢ > 0, we have X; = ¥; P-a.s. To prove
this, let f and g be two functions on Cy(Es). By dominated convergence, and the Markov

property
E,f(X)g(Y) = lmE,f(Xe)g(X,)
= lmEE,(f(X)g(X,) | )
= %glEyf(Xt)qutg(Xt)-

By Corollary 3.4.3, Py_9(X¢) — g(X¢), ¢ | t, P-a.s.. By dominated convergence, it follows
that E, f(X)g(Y;) = E, f(X¢)g9(X:). By Exercise 3.22 we indeed have that X; =Y}, P-a.s.
The process Y is right-continuous by construction, and we have shown that Y is a modi-
fication of X. It remains to prove that for every initial distribution v, Y has left limit with
P -probability 1. To this end, note that for all h € H’, the process h(Y) is a right-continuous
martingale. By Corollary 2.3.3 this implies that h(Y") has left limits with P -probability 1. In
view of Exercise 3.21, it follows that Y has left limits with P -probability 1. QED

Note that Y has the Markov property w.r.t the natural filtration. This follows from the fact
that X and Y have the same fdd’s and from Characterisation lemma 3.1.5.

By convention we extend each w €  to a map w : [0,00] — Ej by setting we, = 4.
We do not assume that the limit of Y; for t — oo exists, but by the above convention
Yoo = 0.

The formal setup at this point (after redefining) is the canonical cadlag Feller-Dynkin
process X with values in (Es, ) and transition function (P);. Tt is defined on the
measure space (2, F), where Q is the set of extended cadlag paths, F = S?* naQ
the induced o-algebra. The associated filtration is the natural filtration (F{X);. With
each initial distribution v on (Ej,&s), X has induced distribution P, (through the outer
measure, see Ch.1 Lemma ).
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3.5.2 Augmented filtration and strong Markov property

Let X be the canonical, cadlag version of a Feller-Dynkin process with state space Es (with E
a closed or open subset of R? or Zi) equipped with the Borel-o-algebra & and Feller-Dynkin
transition function P/. So far, we have been working with the natural filtration (FX). In
general this filtration is neither complete nor right-continuous. We would like to replace
it with a larger filtration that satisfies the usual conditions (see Definition 1.6.3) and with
respect to which the process X is still a Markov process.

We will first construct a new filtration for every fixed initial distribution v. Let F% be
the completion of FX w.r.t. P (cf. BN p. 4) and extend P, to this larger o-algebra.

Denote by N” the P -negligible sets in F%, i.e. the sets of zero P -probability. Define the
filtration F} by

FY =o(FSNY), t>0.

Finally, we define the filtration (F;) by
Fo=(\F

where the intersection is taken over all probability measures on the space (Es,&5). We call
(F1)¢ the usual augmentation of the natural filtration (F;¥);. Remarkably, it turns out the we
have made the filtration right-continuous!

For a characterisation of the augmented o-algebras see BN§10.

Theorem 3.5.3 The filtrations (Fi): and (F{): are right-continuous.

Proof. First note that right-continuity of (F}); for all v implies right-continuity of (F3);. It
suffices to show right-continuity of (F}):.

To this end we will show that B € 7} implies B € 7. So, let B € F/,. Then B € FJ,.
Hence, there exists a set B’ € F2 such that P (B’AB) = 0. We have

P,—a.s.

Lipy =E,(qm | FL) "= E(my[F).
It therefore suffices to show (explain!) that
E,(Lpy | F) = B, (L | FY), B, — as.
To this end, define
S={AeFy|E,(Lay| F/) = E,(pay | FY), P, —as.}.

This is a d-system, and so by BN Lemma 3.7 it suffices to show that S contains a m-system
generating F=X. The appropriate m-system are the finite cylinders. Let A be a finite cylinder,
ie.

A:{th €A1,...,th GAn},
forn, 0<t; <--- <ty A €&, k=1,...,n. Then

Liay = [ 1an (Xu)- (3.5.3)
k=1
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By the Feller-Dynkin properties, we need to consider Cy(FEs) functions instead of indicator
functions. To this end, we will prove for Z = [[;_; fu(X+.), f1,.-., fn € Co(E5), that
E(Z|F)=E(Z|F,), P —as. (3.5.4)

The proof will then be finished by an approximation argument.
Suppose that tx_1 <t < t; (the case that t <t; or t > t, is similar). Let h < t;, —t. Note
that F7, , and ]—"t ., differ only by P-null sets. Hence

EV(Z| ty+h) = EV(Z | ft)«(&h)a PV — a.s.

For completenebb we will elaborate this. Let Y1 = E,(Z|Fy,,) and Y2 = E,(Z| FX,,). Note
that 77, 2 f+h Then Y] and Y3 are both 7}, ,-measurable. Then {Y1 >Yy+1/n} € Fon
and so there exists A1, Ay € .7-'t+h, with Ay € {Y] > Yo+ 1/n} C Ay and P{A; \ A1} = 0.

Since A; € ft)_ih CFln

/ (Y1 — Y2)dPV = / (Z — Z)dPV =0,
A1 Al
but also
| - voyae, = Ry
Aq

Hence P{A:} = P{A>} = 0, so that also P{Y1 > Y3 + 1/n} = 0, for each n. Using that
"1 > Yo} = Up{Y1 > Y2 + 1/n}, it follows that P{Y; > Y2} = 0. The reverse is proved
similarly.

Use the Markov property to obtain that

E,(Z|Fih) H filXy,)E Hfz Xi) | Fiin) H [i(X1)9" (Xesn), B, —as.

with
9"(@) = Py —in) foPosr—ti frot1 -+ Pro—to_ fu().

By strong continuity of P; (Corollary 3.4.3), |¢" — ¢°|., — 0, as h | 0. By right-continuity of
X, Xiyn — Xy, Pras., so that g"(Xiin) — g%(Xy), h 1O, P-a.s. It follows that

E,(Z| Ftyr) = E(Z| Fiip) H fi(Xe)g" (Xpsn) —

- .H (X" (X)) = E,(Z|FX) = E,(Z| ), P, —as.

On the other hand, by virtue of the Lévy-Doob downward theorem 2.2.15
E.(Z|F\n) = E(Z|F4), P —as.

This implies (3.5.4).
The only thing left to prove is that we can replace Z by 1¢4) from (3.5.3). Define

fMx)=1-—m- min{%,d(:v, A},



100 CHAPTER 3. MARKOV PROCESSES

where d is a metric on Ej consistent with the topology. Clearly, f/" € Cy(Es), and f™ | fi,
as m — oo. For Z =[], f7"(Xs) (3.5.4) holds. Use monotone convergence, to obtain that
(3.5.4) holds for Z = 1y4 given in (3.5.3). Hence, the d-system S contains all finite cylinder
sets, and consequently F=X. This is precisely what we wanted to prove. QED

Our next aim is to prove that the generalised Markov property from Theorem 3.2.4 remains
true if we replace the natural filtration (F;X); by its usual augmentation. This will imply that
X is still a Markov process in the sense of the old definition 3.1.3.

First we will have to address some measurability issues. We begin by considering the
completion of the Borel-o-algebra & on Ejs. If p is a probability measure on (Es, &), we
denote by Sg‘ the completion of & w.r.t . We then define

e =&k,
"

where the intersection is taken over all probability measures on (Ej, £s). The o-algebra £ is
called the o-algebra of universally measurable sets.

Lemma 3.5.4 If Z is a bounded or non-negative, Foo-measurable random variable, then the
map x — E Z is E*-measurable, and

EVZ:/EIZ v(dx),
x
for every initial distribution v.

Proof. Fix v. Note that F,, C F%. By definition of F%, there exist two FX random
variables Z1, Zs, such that Z1 < Z < Zs and E,(Z2 — Z1) = 0. It follows for every = € E that
E.Z1 <E,Z <E_Z,. Moreover, the maps = — E_Z; are £s-measurable by Lemma 3.2.3 and

/(EIZQ — E$Z1)V(dx) = EV(ZQ - Zl) =0.

By definition of £§ this shows that x +— E, Z is £f-measurable and that

E,Z=E Z = /Ele v(dzr) = / E,Z v(dx).

Since v is arbitrary it follows that x — E_Z is in fact £*-measurable. For a detailed argu-
mentation go through the standard machinery. QED

Lemma 3.5.5 For allt > 0, the random variable X; is measurable as a map from (Q, F;) to
(E5,E%).

Proof. Take A € £*, and fix an initial distribution v on (Ejs, Es). Denote the distribution of X;
on (Es, &) under P by p. Since £% C &Y there exist Ay, Ay € &5, such that A1 C A C Ay and
(A \ Ay) = 0. Consequently, X; ' (A1) € X;1(A) C X;'(Az). Since X; ' (A1), X;1(A2) €
F{X and

PAX, H(AD\ X, H(A2)} = P (X (A2 \ A1) = p(A2\ A1) =0,
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the set X, !(A) is contained in the P -completion of F;*. But v is arbitrary, and so the proof
is complete. QED

Corollary 3.5.6 Let Z be an Foo-measurable random variable, bounded or non-negative. Let
v be any initial distribution and let p denote the P -distribution of Xy. Then E Ex,Z =E, Z.

We can now prove that the generalised Markov property, formulated in terms of shift opera-
tors, is still valid for the usual augmentation (F;) of the natural filtration of the Feller-Dynkin
process.

Theorem 3.5.7 (Generalised Markov property) Let Z be a Foo-measurable random vari-
able, non-negative or bounded. Then for every t > 0 and initial distribution v,

E,(Zob:|F;) =Ex,Z, P —as.
In particular, X is an (Es, £*)-valued Markov process w.r.t. (Ft)t.

Proof. We will only prove the first statement. Lemmas 3.5.4 and 3.5.5 imply that Ey, Z is
Fi-measurable. So we only have to prove for A € F; that

/ 7 0 6;dP, = / Ex, ZdP, (3.5.5)
A A

Assume that Z is bounded, and denote the law of X; under P, by u. By definition of F, there
exist a Fz-measurable random variable Z', such that {Z # Z’} C I, I € FX and P(T') = 0
(use the standard machinery). We have that

{(Zob;# 7 00} =072+ 2} Co (D).

By Theorem 3.2.4

P{6; (I} = E,(1ryo0;) = E,E,(Lryob; | FX) = E,Ex, 11y = /Exl{r}ﬂ(dﬂﬂ) =Pl =0,

since the distribution of X; under P, is given by u. This shows that we may replace the left-
handside of (3.5.5) by [, Z' 0 6;dP,. Further, we have used that the two probability measures
B E,Ex,1(p} and B P (B) coincide for B € Feo. Since P{Z # Z'} <P {I'} =0

E,I[Ex,Z — EXtZ’] <EEy|Z - Z'| = E.lZ — Z'|=0.

It follows that Ey,Z = Ex,Z’, P-a.s. In the right-handside of (3.5.5) we may replace Z by Z’
as well. Since Z’ is FZX-measurable, the statement now follows from Theorem 3.2.4 (we have
to use that a set A € F; can be replaced by a set A’ € FX). QED

We consider agan a Feller-Dynkin canonical cadlag process X with state space (Ejs, £s), where
E C RY, Zi. This is a Markov process with respect to the usual augmentation (F;); of the
natural filtration of the canonical process on the compactified state space Es. As before, we
denote shift operators by 6;.

In this section we will prove that for Feller-Dynkin processes the Markov property of
Theorem 3.5.7 does not only hold for deterministic times ¢, but also for (F;)-stopping times.



102 CHAPTER 3. MARKOV PROCESSES

This is called the strong Markov property. Recall that for deterministic ¢ > 0 the shift operator
6; on the canonical space {2 maps a path s — w; to the path s — w;;s. Likewise, for a random
time 7 we now define 6, as the operator that maps the path s — wy to the path s — w;(,,)4s-
If 7 equals the deterministic time ¢, then 7(w) = ¢ for all w and so 6, equals the old operator
‘9t-

Since the canonical process X is just the identity on the space €2, we have for instance that
(Xi00:)(w) = Xi(0-(w)) = (0-) (W)t = Wr(w)+t = Xr(w)+¢(w), in other words X; 00, = X4y
So the operators 0, can still be viewed as time shifts.

Theorem 3.5.8 (Strong Markov property) Let Z be an Foo-measurable random vari-
able, non-negative or bounded. Then for every (F;)-stopping time T and initial distribution
v, we have P -a.s.

E,(Z06,|F,) =Ex (2). (3.5.6)

Note that on 7 = co by convention X, = §.

Proof. First, check that X, is F,-measurable (use arguments similar to Lemmas 1.6.13 and
1.6.14. Further, check that Ex_Z is bounded or non-negative 7 -measurable for all bounded
or non-negative F,.-measurable random variables Z.

Suppose that 7 is a stopping time that takes values in a countable set D U {oco}. Since 6,
equals 4 on the event {7 = d}, we have (see Ch.1 Exercise 1.21) for every initial distribution
v

E(Z00-|F) = Y 14_gyE(Z00-|F;)

deD
= Z 17—yE, (Z 0 04| Fa)
deD
— Z 1{T:d}EXdZ — EXTZ’
deD

P-a.s. by the Markov property.

Let us consider a general stopping time 7. We will first show that (3.5.6) holds for Z an
FX-measurable random variable. A similar reasoning as in the proof of Theorem 3.5.3 shows
(check yourself) that we can restrict to showing (3.5.6) for Z of the form

k

Z =11 fi(xs),

=1

t1 < ... <tg, fi,-.--, fx € Co(Es), k € Z;. Define countably valued stopping times 7, as

follows:

- kE+1
Tn(w) = Z Likz-n<r(w)<(k+1)2-7} ~5n~ + Lr(w)=oo} * 00
k=0

Clearly m,(w) | 7(w), and F7, 2 Fr,., 2 -+ 2 F, for all n by virtue of Exercise 1.17. By
the preceding,

EI/(H fl(XtL) © 97'71 ‘an) = EX-rn HfZ(th) = 1{Tn<00}g(XTn)7
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P-a.s., where
g(z) = Ptdlflpt(i_tle s Pti_tk_lfk(x)'

By right-continuity of paths, the right-hand side converges P-a.s. to g(X;). By virtue of
Corollary 2.2.16 the left-handside converges P -a.s. to

E, (] fiXe)o0:| 7).

provided that F, = N,F,,. Note that 7, C N,F,,, and so we have to prove the reverse
implication. We would like to point out that problems may arise, since {7, < ¢} need not
increase to {7 < t}. However, we do have {T <t} =N, U, {1, <t +1/m}.

Let A € Fr, for all n. Then AN {r, <t+1/m} € Fyyy/p for all n. Hence AN U, {7, <
t+1/m} € Fipijm, and so AN{T <t} = ANy Up{rn <t +1/m} € Ny Fop1m = Fir = Fr.

This suffices to show (3.5.6) for Z FX-measurable. Let next Z be a F.,-measurable
random variable. We will now use a similar argument to the proof of Theorem 3.5.7.

Denote the distribution of X under P, by p. By construction, F is contained in the P/f

completion of F2X. Hence there exist two FX-measurable, bounded or non-negative random
variables Z’, Z", with Z' < Z < Z" and E“(Z” —Z")y=0. It follows that Z' 00, < Z o6, <
Z" o 0,. By the preceding

E,(Z2"00,—Z"00,;) = EE,(Z"00,—Z"00,|F,;)
= EEx (Z2'-7)

_ /EI(ZN—Z/)M(CZ:U):E#(Z”—Z,)ZO.

It follows that Z o @, is measurable with respect to the P-completion of FX. Since v is
arbitrary, we conclude that Z o 0, is F-measurable. Observe that P -a.s.

E(Z'00.|F;) <E(Zob;|F;) <E(Z"00-|F).

By the preceding, the outer terms P-a.s. equal Ex_Z’ and Ex_Z" respectively. These are
P-a.s. equal. Since Z' < Z < Z” they are both P-a.s. equal to Ex_Z. QED

3.6 Regenerative processes and killed Feller processes

3.6.1 Regenerative processes

3.6.2 Killed Feller processes
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3.7 Exercises

Exercise 3.1 Consider the Ornstein Uhlenbeck process in example 3.1.7(B). Show that the
defined process is a Markov process which converges in distribution to an N(0,02/2a) dis-
tributed random variable (see BN section 5 version April 20 or later). If X 4 N(0, 0% /2a),
show that X; < N(0,02%/2a) (in other words: the N(0,0%/2a) distribution is an invariant
distribution for the Markov process). Show that X; is a Gaussian process with the given

mean and covariance functions.
Exercise 3.2 Complete the proof of Lemma 3.1.9.

Exercise 3.3 Let W be a BM. Show that the reflected Brownian motion defined by X =
| X0 + W] is a Markov process with respect to its natural filtration and compute its transition
function. (Hint: calculate the conditional probability P {X; € B|F.*) by conditioning further
on FV).

Exercise 3.4 Let X be a Markov process with state space £ and transition function (P;)¢>0.
Show that for every bounded, measurable function f on E and for all ¢ > 0, the process
(Pi—sf(Xs))selo,q Is @ martingale.

Exercise 3.5 Prove that the probability measures iy, . ¢, defined in the proof of Corol-
lary 3.2.2 form a consistent system.

Exercise 3.6 Work out the details of the proof of Lemma 3.2.3.

Exercise 3.7 Show for the Poisson process X with initial distribution v = 4, in Exam-
ple 3.1.8, that X is a Markov process w.r.t. the natural filtration, with the transition function
specified in the example.

Exercise 3.8 Show Corollary 3.3.6 that canonical Brownian motion has the strong Markov
property.
Exercise 3.9 Prove Lemma 3.3.12 and Theorem 3.3.13.

Exercise 3.10 Show that the Markov jump process from Example 3.2.5 is a Feller-Dynkin
process iff PCy(E) C Cy(E). Give an example of a Markov jump process that is not a
Feller-Dynkin process.

Exercise 3.11 Let X be a Feller-Dynkin Markov process on a countable state space FE,
without accumulation points. Suppose that 1;,, € D(A) for any x € E. Show that the
generator A can be represented by a matrix @, with ZyQ(J:,y) <0, —00 < Q(z,z) <0,

Q(z,y) >0,y #x,z€E.

Exercise 3.12 Prove the claims made in Example 3.4.4. Hint: to derive the explicit expres-
sion for the resolvent kernel it is needed to calculate integrals of the form

oo ,—a’t—b%/t
|
0 Vi

To this end, first perform the substitution ¢ = (b/a)s?>. Next, make a change of variables
u = s—1/s and observe that u(s) = s —1/s is a continuously differentiable bijective function
from (0,00) to R, the inverse u=! : R — (0,00) of which satisfies u=!(t) — u=!(—t) = t,
whence (v (t) + (w1 (t) = 1.
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Exercise 3.13 Prove the validity of the expression for the resolvent of the Feller-Dynkin
Markov jump process given in Example 3.4.5.

Exercise 3.14 Show that the generator of the Poisson process is given by

A, y=x+1
A(x,y)={ N y—u

forz e Z,.

Exercise 3.15 Prove Lemma 3.3.15. Use this lemma to show the validity of the expression
for the generator of W2, with W; a standard BM, given in Example 3.4.16.

Exercise 3.16 Let X be a canonical, right-continuous Markov process with state space (E, &)
and for x € E. Consider the stopping time o, = inf{t > 0| X; # z}.

i) Using the Markov property, show that for every z € E
P{oz >t+ s} =P{o, > t}P {0, > s},
for all s,z > 0.

ii) Conclude that there exists an a € [0, 00|, possibly depending on z, such that

P(oy >1) =e 0,

Remark: this leads to a classification of the points in the state space of a right-continuous
canonical Markov process. A point for which a = 0 is called an absorption point or a trap. If
a € (0,00), the point is called a holding point. Points for which a = oo are called regular.

iii) Determine a for the Markov jump process (in terms of A and the stochastic matrix P)
(cf. Example 3.2.5) and for the Poisson process. Hint: compute E o,.

iv) Given that the process starts in state x, what is the probability that the new state is y
after time o, for Markov jump process?

Exercise 3.17 Branching model in continuous time Let £ = Z; = {0,1,2,...}. Let
A, p> 0.

Cells in a certain population either split or die (independently of other cells in the popula-
tion) after an exponentially distributed time with parameter A+ p. With probability A/(A+p)
the cell then splits, and with probability u/(A+ ) it dies. Denote by X; the number of living
cells at time t. This is an (F, £)-valued stochastic process, where £ is the collection of all
subsets of F. Assume that it is a Markov jump process.

i) Argue that the generator @ is given by

\i j=i+1
QU,j) =< —(A+w)i, =i

Ui, j=1—1,:>0.
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ii) Suppose Xy =1 a.s. We would like to compute the generating function

G(z,t) = szF’l{Xt =j}

J

Show (using the Kolmogorov forward equations) that G satisfies the partial differential

equation
0G 0G
ot Az —p)(z — 1)&7
with boundary condition G(z,0) = z. Show that this PDE has solution
At(1—2)+= —
SUEESE p=A
G(Z7t) = { :\Lt((ll—z)lt}bt—(u—)\z)e_’\t A
A(1—2)e "t —(u—Az)e=At? H 7é

iii) Compute E; X; by differentiating G appropriately. Compute lim; .~ E; X;.

iv) Compute the extinction probability P{X; = 0}, as well as lim; .o P,{X; = 0} (use G).
What conditions on A and p ensure that the cell population dies out a.s.?

Exercise 3.18 Show that the generator of the Ornstein-Uhlenbeck process (cf. Example 3.1.7
(B) and 3.4.14) is given by

Af(z) = 30*f"(z) —azf'(z), z€R,feCFR).

You may use that expression for the generator of Brownian motion derived in Example 3.4.13.
Hint: denote by P;X and P}V the transition functions of Ornstein-Uhlenbeck process and BM
respectively. Show that PX f(z) = Pg%)f(e*“tw) where g(t) = 02(1 — e~29%) /2q.

Exercise 3.19 Prove (3.5.1) in the proof of Lemma 3.5.1.

Exercise 3.20 Suppose that £ C R? Show that every countable, dense subset H of the
space Cf (E) of non-negative functions in Cy(E) separates the points of Es. This means that
for all z # y in E there exists a function h € H, such that h(x) # h(y), and for all x € F
there exists a function h € H, such that h(z) # h(J) = 0.

Exercise 3.21 Let (X, d) be a compact metric space (with metric d). Let H be a class of non-
negative, continuous functions on X that separates the points of X. Prove that d(x,,x) — 0
if and only if h(x,) — h(x) for all h € H. Hint: suppose that H = {hq, he, ...}, endow R*®
with the product topology and consider the map A(z) = (hi(z), ha(x),...).

Exercise 3.22 Let X,Y be two random variables defined on the same probability space,
taking values in the Polish space E equipped with the Borel-o-algebra. Show that X =Y
a.s. if and only if Ef(X)g(Y) = Ef(X)g(X) for all Cy(E) functions f and g on E. Hint: use
the monotone class theorem (see BN) and consider the class H ={h: ExE - R|h Ex & —
measurable, |h],, < oo, ER(X,Y) = Eh(X, X)}.
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Exercise 3.23 Let (F;); be the usual augmentation of the natural filtration of a canonical,
cadlag Feller-Dynkin process. Show that for every nonnegative, F;-measurable random vari-
able Z and every finite stopping time 7, the random variable Z o 7 is F,;;-measurable. Hint:
first prove it for Z = 114y, A € FiX. Next, prove it for Z = 14y, A € Ft, and use the fact
that A € F? if and only if there exists B € F;* and C, D € N¥, such that B\C C A C BUD
(this follows from Problem 10.1 in BN). Finally prove it for arbitrary Z.

Exercise 3.24 Consider the situation of Exercise 3.16. Suppose in addition that X has the
strong Markov property. Suppose that z € FE is a holding point, i.e. a point for which
a € (0,00).

i) Observe that o, < oo, P-a.s. and that {X,, =2} C {0, 00, = 0}.
ii) Using the strong Markov property, show that

F;,;{va =z} = Px{XU:c = w}%{aa‘ = 0}.

iii) Conclude that P {X,, = 2} = 0, i.e. a canonical Markov process with right-continuous
paths, satisfying the strong Markov property can only leave a holding point by a jump.

Exercise 3.25 Show that a Markov process with stationary and independent increments is
a Feller-Dynkin process.

Exercise 3.26 Let X be a Feller-Dynkin canonical cadlag process and let (F;); be the usual
augmentation. Suppose that we have (F;);-stopping times 7, T 7 a.s. Show that lim,, X, =
X; a.s. on {7 < oo}. This is called the quasi-left continuity of Feller-Dynkin processes. Hint:
first argue that it is sufficient to show the result for bounded 7. Next, put ¥ = lim,, X;,, and
explain why this limit exists. Use the strong Markov property to show for f,g € Cy(Ejs) that

E.f(Y)g(X7) = b Tim B, f(Xr)g(Xrq0) = ELf(Y)g(Y).

The claim then follows from Exercise 3.22.

Exercise 3.27 Prove Corollary 3.3.7 and Lemma 3.3.8.

Exercise 3.28 Show for Example 3.3.9 that X is a Markov process, and show the validity
of the assertions stated. Explain which condition of Theorem 3.3.4 fails in this example.

Exercise 3.29 Show that the maps ¢ and % in the proof of Theorem 3.3.14 are Borel mea-
surable.

Exercise 3.30 Derive the expression for the joint density of BM and its running maximum
given in Corollary 3.3.15.

Exercise 3.31 Let W be a standard BM and S; its running maximum. Show that for all
t>0and x>0

P{S, > 2} = P{r, <t} = 2P{W, > o} = P{|W}| > «}.
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Exercise 3.32 Prove Corollary 3.3.16
Exercise 3.33 In the proof of Lemma 3.4.21, show that P{n, > nt} <p" forn =0,1,....

Exercise 3.34 Suppose that X is a real-valued canonical continuous Feller-Dynkin process,
with generator

Af(z) = a(z)f'(x) + 3 f"(z), = €R,
for f € C3(R), where « is an arbitrary but fixed continuous, bounded function on R. Suppose
that there exists a C3(R) function f # 0, such that
Af(x)=0, zeR.
Then the martingale Mtf has a simpler structure, namely Mtf = f(Xy) — f(Xo).

i) Show that in this case Dynkin’s formula holds, for all x € E. Hence the requirement that
E,T < o0 is not necessary!

Let (a,b) CR, a <b. Put 7 =inf{t > 0| X; € (—00,a] U [b,00)}. Define p, = P {X; = b}.

ii) Assume that 7 < oo, P-a.s. for all z € (a,b). Prove that p, = %, x € (a,b).

iii) Let X be a real-valued canonical, cadlag Feller-Dynkin process, such that X; = Xo+ bt +
oWy, where Xy and (W), are independent, and (W;); a standard BM. Show that the
generator A has domain D(A) = C2(R) and is given by

Af:bf/_{_%oﬂf//

for f € C2(R) (you may use the generator of BM).

Show that 7 < oo, P-a.s., x € (a,b). Determine p, for z € (a,b). Hint: you have to
solve a simple differential equation to find f with bf’ + o2f”/2 = 0. This f is not a
C2(R) function. Explain that this is no problem since X; only lives on [a, b] until the
stopping time.

iv) Let X be the Ornstein-Uhlenbeck process (cf. Example 3.1.5 (B) and 3.3.14). Show that
T < 00, P-a.s. and determine p, for x € (a,b). You may use the result of Exercise 3.18
on the generator of the Ornstein-Uhlenbeck process. See also hint of (iii).

Exercise 3.35 i) Use the characteristic operator to compute the generator of the Brownian
motion process (cf. Example 3.1.5 (A)). You may use the results of Exercises 2.28 and
2.29.

ii) Determine generator and domain for the process in 3.34 (iii) by means of the characteristic
operator (without using the generator for BM).

Exercise 3.36 We want to construct a standard BM in R? (d < oo): this is an R%valued
process W = (W1 ... ,W9), where W', ..., W% are independent standard BMin R.

i) Sketch how to construct d-dimensional BM.

ii) Show that W has stationary, independent increments.
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iii) Show that W is a Feller-Dynkin process with respect to the natural filtration, with
transition function

1

PIE) = G /R ey,

where y = (y1,...,%4), © = (1,...,24) € RY and ly —z| = Zle(yi —x;)? is the
L?(R%)-norm.
Exercise 3.37 (Continuation of Exercise 3.36) Let X be an R%valued canonical con-
tinuous Feller-Dynkin process, such that X; = Xg + W;, where Xg is an R%-valued r.v.
and (Wy); a standard d-dimensional BM that is independent of (W%):. (Think about how to

construct this). Notice that X is strong Markov.
We would like to show that the generator is defined by

Af(x) = SAF (), (3.7.1)

where Af(z) = 3¢ & (2) is the Laplacian of f, with domain D(A) > CZ(R%). We again

=1 8$?
want to use the characteristic operator. To this end, define for r > 0

7, = inf{t > 0| X: — Xo| > r}.
i) Argue that 7, is a finite (F;¥);-stopping time. Show that E,7. = r2/d (by using optional
stopping). Argue that X has the uniform distribution on {y| |y — x| = r}.

ii) Show the validity of (3.7.1) for f € CZ(R) (use the characteristic operator). Argue that
this implies D(A) D CZ(RY).

iii) For 0 < a < |z| < b, show that

log b—log || —

logb—loga d=2
Px{Ta < Tb} = H$"2—d_b27d

gy 423

Hint: a similar procedure as in Exercise 3.34.

iv) Compute P {7, < oo} for z with a < |z|.

Exercise 3.38 (cf. Example 3.5.13) Let X be a canonical Feller-Dynkin process on the
countable state space Es, E C Z% | equipped with the o-algebra &5, where £ is generated by
the one-point sets of E. We assume that E C Z¢, for some d < co. You may assume the
results in Exercises 3.16 and 3.24.

i) Argue that no x € E can be a regular point.

In other words P {o, > t} = e~ for some a € [0, 00), where o, = inf{t > 0| X; # x}. Hence
E,or =a! € (0,00].

ii) Use the characteristic operator to show that 1;,, € D(A) for all x € E.
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iii) Show that there exists an Es5 x Es matrix @, with Q(z,x) <0 < Q(z,y) for all z,y € Ej,
y # @, such that Al (y) = Q(z,y). In particular, show that >, Q(z,y) = 0 for all
x € Es and Q(9,9) = 0.

Exercise 3.39 (Continuation of Exercise 3.38) i) Show for each z € Es that E o, =
1/1Q(r, ) and that P.{X,, = y} = Q(z,4)/1Q(, )|, if Q(x,) £0.

ii) Compute the generator of the Poisson process and domain. Determine the distribution of
Xo, conditional on X¢ = z. In other words, compute P {X,, =y}, y € Z,.

iii) Let F = Z. Let be given the @-matrix with non-zero elements Q(z,x) = —Q(z,x + 1) =
—27%. Can one construct a canonical right-continuous Feller-Dynkin process X, such that
Af(x) =Qf(z), f € Co(Z4)? If yes, what is limy_,oc X;? Hint: use that Y o> ;27 < co.
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