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1. INTRODUCTION

Let & — B ~ P! be a rational elliptic surface defined over a number field
k, i.e. a smooth projective algebraic surface, geometrically birational to
P? endowed with a genus-one fibration with a section. Such a surface is
geometrically, i.e. over the algebraic closure k, isomorphic to the blow up of
the nine base points of a linear pencil of cubics in P2. In [Mir80] Miranda
establishes a connection between the possible bad fibres and the type of
pencil that induces & (cf. Definition 2.1). Over the number field &k those
surfaces are not necessarily birational to P2. We will say that a smooth
rational surface X is a k-minimal model of & if X contains no (—1) curves
defined over k and is birational to & over k. The theory of minimal models
over perfect fields was developed by Enriques, followed later by Manin and
Tsfasman (see for example [MT86]).

The goal of this article is to relate three distinct features of rational elliptic
surfaces: bad fibres, number of distinct points blown up and possible k-
minimal models.

We will first briefly recall some arithmetic and geometric facts such as the
construction of rational elliptic surfaces, the theory of minimal models over
perfect fields and the Shioda-Tate formula for elliptic surfaces over number
fields. In the third section we establish the connection between k-minimal
models of rational elliptic surfaces and the points blown up in order to
obtain it. Section 4 deals with the relations between those points and the
bad fibres. Finally, in Section 5, we present some examples to illustrate
what is discussed in the previous sections.

2. PRELIMINARIES

Let k be a number field. Throughout this article an elliptic surface will be an
projective algebraic surface & defined over k endowed with a flat morphism

T:& — B,
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where is a projective curve B and 7~1(t) is a genus-one curve for almost all

t € B(k). Furthermore, we will assume that 7 admits a zero section oy:

{

defined over k. Such a surface is sald to be rational if there exists a birational
map f : & — P? defined over k. It is called k-rational if there is a rational
map to P? defined over k.

2.1. Construction of rational elliptic surfaces. Let F' and G be two
cubic homogeneous polynomials in k[X,Y, Z]. Suppose F' is smooth.

The linear pencil of cubics generated by F' and G:
A={tF+uG=0; (t:u)cP}

has nine base points (counted with multiplicities); the blow up of P? in those
points defines a rational surface &y, which, when endowed with the obvious
morphism 7w

EN
]13)2 ____\_) Pl

becomes an elliptic surface. This motivates the following definition.

Definition 2.1. Let A be a smooth pencil of cubics in P? and let & — P!
be a rational elliptic surface. We will say that A induces & if there exists
an isomorphism (of elliptic surfaces) between & and the elliptic surface &,
defined by the above construction.

The surface &) is birational to the elliptic (eventually singular) surface:

& =A{([z,y, 2], [t,u]) € P2 x P! tF(x,y, 2) + uG(z,y, z) = 0}.

Reciprocally, over an algebraically closed field we have:

Proposition 2.2. [Mir80]/ Every smooth rational elliptic surface over k is
induced by some smooth pencil of cubics in P2.

For a proof of that fact see for example [Sal09, Chapitre 2].
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2.2. Minimal models of rational surfaces over perfect fields. The
theory in this subsection was developed by Enriques, Manin and Tsfasman
(see [MT86], [Isk79], [Man86]). It extends the classical theory of minimal
models of surfaces to the case of a perfect base field k. We recall that a
surface is k-minimal, if there are no curves of self intersection —1 defined
over k.

Notation: The degree of a surface is the self intersection of its canonical
bundle. It will be denoted by dy := w%.

We only state the main results without proofs; for that purpose, we remind
the reader that a del Pezzo surface X is a complete smooth surface whose
anti-canonical bundle w)}l is ample.

Theorem 2.3. Let X be a k-minimal rational surface defined over a perfect
field k. Then X is isomorphic to a surface in one of the following families:

(F1) A del Pezzo surface with PicX ~ Z.
(F2) A conic bundle with PicX ~ 72,

Every X in F1 is minimal. If X belongs to F2, then it is not minimal if,
and only if, dx = 3,5,6 or dx = 8 and X is isomorphic to the ruled surface
Fy. There are no minimal surfaces with dx = 7.

Certain surfaces endowed with a conic fibration are also del Pezzo surfaces,
namely if dx = 3,5,6 or dx =1,2,4 and X has two distinct fibrations, or
dx =8 and X ~ P! x P! or P? blown up in one point.

Over an algebraically closed field, a del Pezzo surface X of degree 1 < dx <7
is isomorphic to P? blown up in 9 — dx distinct points in general position;
if dx = 8, then either X =2 P! x P!, or X is P? blown up at one single point
(see [Man86, Theorem 24.3)).

Definition 2.4. We will say that a surface X is k-birationally trivial, or
k-rational if there is a birational map P> — X defined over k.

Theorem 2.5 ([MT86], Theorem 3.3.1). Let X be a del Pezzo surface or
a conic bundle (over k). If dx < 4, then X is not k-birationally trivial. If
dx >5 and X (k) # 0, then X is k-rational.

Remark 2.6. A priori, most k-minimal rational surface with dx > 1 with
X (k) # 0 can occur as a k-minimal model of a rational elliptic surface.
The condition X (k) # 0 is imposed by the existence of a section of & — B
defined over k that is contracted to a k-rational point. The condition dx > 1
follows from dg = 0.
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2.3. The Shioda-Tate formula over a number field. We will now recall
the Shioda-Tate formula over an algebraically closed field as well as over an
arbitrary number field k.

Let w : & — B be an elliptic surface defined over a number field k& with zero
section og. Let
F, = 7T71(1)) =mCi+ ... + nsCy

be the fibre over v € B(k), where C; denote its irreducible components. Let
ZC;

F, = .
D zF

Let G denote the absolute Galois group of k. The finite sum

F = @ F,

reducible bad fibres
is stable under the action of G. Taking the embedding of the Mordell-Weil
group in the Néron-Severi group that sends a section ¢ to 0 — g9 we have
the isomorphism below.

Theorem 2.7 (Shioda-Tate formula). Let & be an elliptic surface. Identify
the Mordell-Weil group & (k(B)) with its image in NS(&'|k) by means of the
map o — o — gg. Then we have the following decomposition

NS(&|k) = &(k(B)) @ (00, F) © Z,

where (0q, F) ~ 72 is the subgroup generated by a fibre and the zero section.

In particular we have:

Corollary 2.8. Let & be an elliptic surface. Let p be the rank of its Néron-
Severi group, r be the rank of its generic fibre over k and m, the number of
irreducible components of the fibre F,, then

p:r+2+2(mv—1).

For the proof of the theorem above see [Shi99].

Over the number field k, we have an isomorphism of G-modules:
NS(éa\l?:)G ~ éa(E(B))G @ (09, F) ® FC.

The obvious embedding NS(&|k) — NS(&|k)¢ is not, in general, surjective.
The former group has finite index inside the latter: tensoring with Q gives
us an isomorphism of vector spaces NS(&|k) ® Q = NS(&]k)¢ ® Q.
Corollary 2.9.

rank(NS(&k)) = 2 + rank(&(k(B))) + rank(.#%).
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3. k-MINIMAL MODELS AND BASE POINTS

Theorem 3.1. Let & be a rational elliptic surface defined over a number
field k, and X be a k-minimal model of &. Then

i) X is a del Pezzo surface of degree one if and only if the generic rank
of & is eight over k and zero over k,
i) If 1 <d <7 then the generic rank over k is at most 7,
iii) Suppose X ~ IP’%. The generic rank of & over k is eight if and only
if & is obtained from X by blowing up nine distinct k-rational points
in general position (no three collinear nor siz in a conic).

Proof: The proof consists of several applications of the Shioda-Tate for-
mula.

i) Assume that X is a k-minimal del Pezzo surface of degree one then the
Picard group of X is Z and thus Pic(&) ~ Z2. By Corollary 2.9 we have that
rank(&£'|k) = 0 and that & has no reducible bad fibre. Hence its geometric
Mordell-Weil rank is as big as possible, i.e., eight.

i1) Note that if X has degree d since & is obtained by blowing up d points
in X we have rank(Pic(&|k)) = rank(Pic(X|k)) +d < 2+d < 9. By the
Shioda-Tate formula rank(&'|k) < 7.

ii1) Assume rank(&|k) = 8. We have to check that any nine points in the
plane blown up in order to obtain & are k-rational, distinct and in general
position. Suppose first that they are not in general position, say three in a
line [. Consider the conic ¢ through five among the other six base points.
Then the cubic I U g belongs to the pencil that induces & and produces
a reducible bad fibre which contradicts the maximality of the rank. Now
suppose the blown up points are not distinct (blow up infinitely near points),
i.e., two cubics of the pencil intersect with multiplicity at least two in a base
point P. Suppose for simplicity that P = (0 : 0 : 1) and that the tangent
direction is given by the line x = 0. This means that the cubics in the
pencil are of the form F; + AF, with F; : a;y + terms of higher degree with
az # 0. The curve given by Fy + A\gF» where Ay = Z—; is singular at P.
Thus it induces, by blowing up the singular point, a reducible bad fibre in
&. To complete the proof of this direction we must show that the points are
k-rational. Suppose the contrary. For simplicity assume that P; and Ps are
two conjugate points of order two so that P, = o(P;) for some o € Gal(k|k).
Then since the base points are in general position the exceptional curves
above Py and P, are independent in the Mordell-Weil group & (k(B)) and
do not belong to & (k(B)), it follows that rank(&'|k) < rank(&|k) = 8.
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Now assume the blown up points are in general position then [Man64, The-
orem 6] implies that the geometric rank is eight and thus there are no re-
ducible bad fibres. Since all the points blown up to obtain & are k-rational,

the exceptional curves above these points generate a finite index subgroup
of &(k(B)) and are all defined over k thus one has

rank(Pic(&|k)) = rank(Pic(P?|k)) +9 = 10.

Since there is no contribution of the bad fibres to the rank of the Picard
group one has rank(&'|k) = 8. O

Remark 3.2. In case i) of the above theorem, Zariski density of k-rational
points in X is tantamount to the existence of infinitely many fibres of positive
rank in &.

4. k-MINIMAL MODELS AND BAD FIBRES

Let & be a rational elliptic surface defined over £ and X be a k-minimal
model of degree dx. Then according to Theorem 2.3 the Picard group
Pic(&|k) satisfies:

rank(Pic(&lk)) < dx + 1 or dx + 2.

We will place ourselves for simplicity in the first case, i.e. X is a del Pezzo
surface with Pic(X|k) ~ Z. This implies that rank(&'|k) < dx —1, where the
equality holds if and only if & has no reducible bad fibres or points blown up
in X to obtain & are all distinct, k-rational and in general position. A closer
analysis of the possible configuration of singular fibres and Galois action on
it allows us to produce the following table:

dx rank(Pic(&|k)) rank(&|k) Possible types of bad fibres rank(&'|k)

1 2 0 I,I1 8
2 3 0 Tnes, I1,1I1,1V <7
2 3 1 I, 11 8
3 1 0 Ines, IT,IIT,1V,I; <6
3 1 1 Ines, I1,1IT, IV <7
3 1 2 I, 11 8
1 5 0 Ines, ITIIT, IV, IF _, <5
1 5 1 Ines, IT,IIT,1V, I <6
1 5 2 In<s, 11, IIT, IV <7
1 5 3 I, 11 8
5 6 0 Tnes, ILIIT, IV, IF _, IV* <4
5 6 1 Ines, ITIIT, IV, IF _, <5
5 6 2 Ines, ILIIT, IV, I? <6
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dx rank(Pic(&|k)) rank(&|k) Possible types of bad fibres rank(&’|k)
5 6 3 Toes, [T, 11,1V <7

5 6 1 I, 11 8

6 7 0 Tner, ITIIT, IV, IF ) IV* <3

6 7 1 Tnes, ITIIT, IV, I* -, IV* <1

6 7 2 Tnes, ITIIT, IV, I’ -, <5

6 7 3 Tnes, IT,IIT, IV, I} <6

6 7 4 Tnes, 11,111, 1V <7

6 7 5 I, 1T 8

8 9 0 In<o, 11,111, IV, I}, IV* IIT* <1

8 9 1 Tneo, ITIIT, IV, I _, IV* <2

8 9 2 Tn<r, ITIIT, IV, I: =y IV* <3

8 9 3 Tner, ITIIT, IV, I: -, IV* <1

8 9 1 Tnes, ITIIT, IV, I’ -, <5

8 9 5 Tnes, IT,IIT, IV, I} <6

8 9 6 T3, 11,111, 1V <7

8 9 7 I, 1T 8

9 10 0<r<8 In<og, IIIII IV, I JJV* IIT* I1* 0<7<8

We now give a sufficiency criterion for a rational elliptic surface to be k-
rational.

Proposition 4.1. Let 7 : & — B = P! be a rational elliptic surface defined
over a number field k. If one of the bad fibres is of type II* or III*, then &
is k-rational.

Proof: Due to Theorem 2.5, it suffices to show that the degree of a k-
minimal model of & is at least six. The number of irreducible components
on the union of all bad fibres is exactly 12. Hence, there exists at most one
fibre F' of type II* or III*; this entails that F' is defined over k. Moreover,
considering the configuration and multiplicity of the irreducible components
of F, we see that each one of these is also defined over k. Each contributes
to the Picard group Pic(&'|k). Since a I1* (resp. III*) fibre has nine (resp.
eight) components we have that the rank of Pic(&'|k) is at least nine and
thus the degree of X is at least six. O

Remark 4.2. One can show even more: a k-minimal model of such a ra-
tional elliptic surface is isomorphic either to P? or P! x P!. For that it is
required a closer look at the possible pencils that induce & .

5. BAD FIBRES AND BASE POINTS

Theorem 5.1. Let & be a rational elliptic surface and I' a pencil of cubics
that induces &. Then I' has one base point with multiplicity nine if and only
if & has a fibre of type I1*.
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Proof: If & has a fibre of type II* then a pencil that induces is unstable
(cf. [Mir80]) and thus contains either a triple line or the union of a double
line and another line. To obtain a fibre of type I1* one is forced to blow up
the same point nine times in one of these to curves.

Now suppose that & is obtained by the blow up of the same point P nine
times. Let C; and C3 be two smooth cubics in the pencil. Since they
intersect with multiplicity nine at P, this point is an inflection point. Since
there is only one base point the reducible bad fibre is obtained by the blow
up of the singular point P in a cubic Cj in the pencil that has one single
—possibly multiple- component (otherwise every member of the pencil would
share a component). We have the following possibilities for C3: a node, a
cusp or a triple line. The first two cases never occur as the intersection of a
smooth cubic with a cubic of these type contains at least two points. Hence
a bad fibre is obtained by the blow up of a point in a triple line. This induces
a fibre of type IT*.

Theorem 5.2. Let & be a rational elliptic surface and I' a pencil of cubics
that induces &. Let m be the number of distinct base points of I'. The
following hold:

i) If m =2 then & has a bad fibre of type I11* or I}.
i) If & has a fibre of type IV* then m = 3.
iii) If & has a fibre of type I, with n > 4 then m < 8.
iv) If & has a fibre of type I} with n < 3 then 3 <m <6 —n.

Proof: We will analyze each case separately.

Case i) Let T be a pencil of cubics that induces &. We will show that it
contains either a triple line or the union of a double line and a simple line.
This will be done in the following steps:

) T' contains at least one cubic whose singularity is a base point.

) T does not contain a cubic given by the union of three distinct lines.

) T does not contain a cubic given by the union of a line and a conic.

d) T does not contain an irreducible singular cubic whose singularity is
a base point.

a
b
c

The proof of a) is the same as in iii) of Theorem 3.1.

If I" contains a cubic given by the union of three distinct lines then at least
two of the lines pass by only one base point (the same one) and thus each
has to pass with multiplicity three (they are both inflection points). But
this is an absurd since the points are smooth points in almost all curves of
the pencil and thus have only one tangent direction.
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The statement in c) follows from the fact that a smooth conic that passes
through a singular point of a cubic intersects it in at least two other distinct
points. The same type of argument applies to show that if the intersection
of an irreducible singular cubic and a smooth cubic contains the singularity
then it contains two other points. Thus the only possible singular cubic
in the pencil is given by a triple line or by the union of a double line and
another line. The blow up of the two base points in this type of singular
cubic produces a II1I1* or an I fibre.

Case ii) It follows from [Mir80, Lemma 6.4] that a pencil that induces &
contains a cubic given by either a triple line or by the union double line and
another line. In the first case since the sum of the multiplicities of the base
points is nine we have m < 3. By the previous case if m = 2 then & has a
fibre of type I1I* or Ij, an Euler number calculation shows that it cannot
have a IV* fibre. If m = 1 it follows from the previous theorem that & has
a fibre of type I1* and by the same argument as above it cannot have a fibre
of type IV*. In the second case each line intersect a cubic in at most three
points implying m < 6. If m = 6 then each component of the fibre given
by this cubic has multiplicity one or two, but a IV* fibre has a component
with multiplicity three. If m = 5 the blow up of two points in the double
line would give two multiplicity one components intersecting a double one,
which once again does not occur in a fibre of type IV*. Finally, if m = 4
then all the possible configurations of the base points induce either fibres of
type I or I, or lead to inexistent fibre configurations.

Case iii) A semi-stable fibre is induced by a nodal cubic, or by a cubic given
by the union of a line and a conic intersecting in two distinct points, or by
three non concurrent lines. Hence if n > 4 we must blow up at least one
singular point, which has multiplicity at least two and thus m < 8.

Case iv) A fibre of type I} has n+5 components. Since a cubic has at most
three components, to obtain such a fibre one has to blow up a point at least
3+ n times. Hence 9 —(3+3) <m <9—(34+n)=6—n. O

6. EXAMPLES

Example 1: The following construction gives an example of a rational
elliptic surface obtained by the blow up of nine distinct points in P2(k),

where k = Q[e%], whose Mordell-Weil group has generic rank zero.

Let F: 2 +¢y3+ 2% =0 and G : 3zyz = 0. The intersection of these two
cubic curves is given by the points Py, ..., Py where P, = (1 : =1 :0), P, =
2im 2im i

(e6 e :0),P3=(1: e’ : 0) and Py, ..., Py are given by permutations
of the coordinates of P, P, and Pj.
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The generic fibre is described by the equation:
&y a®+yP + 23— 3xyzt =0, over k(t).

The bad fibres are all of type I3, two of them are defined over Q and the
others over a quadratic field.

An application of the Shioda-Tate formula shows that the Mordell-Weil rank
of &, is zero over the algebraic closure, and thus over & as well. The Mordell-
Weil group is isomorphic to 2 x Z (cf. [Per90]).

Example 2: We will give an example of a rational elliptic surface defined
over Q for which P? is not a Q-minimal model.

Consider the cubic surface X in P? given by the following equation:

To+ TP+ T35 +2T5 = 0.

It is a Q-minimal surface (see for example [Man86, Ex. 21.9]) such that
Pic(X) ~ Z and Pic(X|Q) ~ Z". Let i : X — P3 be the closed immersion
given by the anti-canonical bundle Q)_(l. The anti-canonical divisor satisfies:

wi! =~ i*(Ops(1)).

A linear pencil in |wy!| has three base points.

We will consider a linear pencil such that one base point is defined over Q
and the others are conjugate under Gal(Q|Q).

The pencil is the following:

{tF +uG = 0;(t : u) € P'}, where F =Ty — T} and G = Tb.

The base points are

4im

P1:(1:1:0:—1),P2:(1:1:0:—6%)andP;;z(l:l:O:—eT).

The blow up of X on those three points gives rise to a (isotrivial) rational
elliptic surface whose Weierstrass equation given by

28 1
E:Y?=X3+ (=—=t5 + —13).
+(27 * 916 )

Its bad fibres are of type I and 311.
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