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Describing the set of rational p oints on a va riet y

curve C=Q of genus g

C( Q) = ;

C( Q) = f P1; : : : ; Png

C( Q) is dense in C:

¯n. gen. group ( g = 1)

9 a parametrization ( g = 0)

²

²

satisfying answ ers
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Describing the set of rational p oints on a va riet y

curve C=Q of genus g X of dimension d > 1

C( Q) = ;

C( Q) = f P1; : : : ; Png

C( Q) is dense in C:

¯n. gen. group ( g = 1)

9 a parametrization ( g = 0)

²

²

satisfying answ ers

dim(Za riski closure) < d

X ( Q) is dense in X :

²

²

²

¯n. gen. grp. (ab elian var.)

9 parametrization (rat. var.)

???

not so much
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Measuring the numb er of p oints

Let X ½ Pn=Q be smo oth, geometrically integral, projective.

Let the height H : Pn( Q) ! R> 0 be de¯ned by

H ( x) = max i ( jx i j) if

8
><

>:

x = [x0 : x1 : : : : : xn]
x i 2 Z
gcd( x0; : : : ; xn) = 1

The height function restricts to X ( Q).
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Measuring the numb er of p oints

Let X ½ Pn=Q be smo oth, geometrically integral, projective.

Let the height H : Pn( Q) ! R> 0 be de¯ned by

H ( x) = max i ( jx i j) if

8
><

>:

x = [x0 : x1 : : : : : xn]
x i 2 Z
gcd( x0; : : : ; xn) = 1

The height function restricts to X ( Q).

For any op en U ½ X we set

NU( B ) = # f x 2 U( Q) : H ( x) · B g.

W e want to understand the asymptotic behavio r of N U.
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Examples

NU( B ) = # f x 2 U( Q) : H ( x) · B g

NPn( B ) ¼ 1
2 (2 B + 1) n+1 Q

p<B

µ

1 ¡ 1
pn+1

¶

¼ 2nB n+1

³ ( n+1)(1)
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Examples

NU( B ) = # f x 2 U( Q) : H ( x) · B g

NPn( B ) ¼ 1
2 (2 B + 1) n+1 Q

p<B

µ

1 ¡ 1
pn+1

¶

¼ 2nB n+1

³ ( n+1)(1)

F act: After the Segre emb edding into Pr s+ r + s, the height
on the pro duct of X 1 ½ Pr and X 2 ½ Ps is equal to
the pro duct of their heights.

(2) X = P1 £ P1, i.e., a quadric in P3

NP1£ P1( B ) ¼ CB 2 log ( B )
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Sometimes a large contribution comes from a small set

(3) Let X ½ P1 £ P1 £ P1 be given by x1x2x3 = y1y2y3.

Let E ij be the line x i = yj = 0 fo r i 6= j , and U = X ¡
S

Eij .

NU( B ) ¼ 1
6

µ
Q

p

³
1 ¡ 1

p

´ 4
µ

1 + 4
p + 1

p2

¶¶

B (log B ) 3

NEij ( B ) ¼ CB 2
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Sometimes a large contribution comes from a small set

(3) Let X ½ P1 £ P1 £ P1 be given by x1x2x3 = y1y2y3.

Let E ij be the line x i = yj = 0 fo r i 6= j , and U = X ¡
S

Eij .

NU( B ) ¼ 1
6

µ
Q

p

³
1 ¡ 1

p

´ 4
µ

1 + 4
p + 1

p2

¶¶

B (log B ) 3

NEij ( B ) ¼ CB 2

In all cases there are C; a; b;U such that

NU( B ) ¼ CB a(log B ) b

Question : how are C; a; b related to the geometry of X ?
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K X is canonical diviso r, H is a hyp erplane section, ½= rk NS( X )

X

Pn

P1 £ P1 quadric in P3

x1x2x3 = y1y2y3 in P1£ P1£ P1

del Pezzo of deg 6 in P6 ½ P7

¡ K X

( n + 1) H

2H

H

½

1

2

4

9U; C : NU( B ) ¼

CB n+1

CB 2 log B

CB (log B ) 3
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K X is canonical diviso r, H is a hyp erplane section, ½= rk NS( X )

X

Pn

P1 £ P1 quadric in P3

x1x2x3 = y1y2y3 in P1£ P1£ P1

del Pezzo of deg 6 in P6 ½ P7

X

¡ K X

( n + 1) H

2H

H

aH ; a > 0

½

1

2

4

b+ 1

9U; C : NU( B ) ¼

CB n+1

CB 2 log B

CB (log B ) 3

CB a(log B ) b ?
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K X is canonical diviso r, H is a hyp erplane section, ½= rk NS( X )

X

Pn

P1 £ P1 quadric in P3

x1x2x3 = y1y2y3 in P1£ P1£ P1

del Pezzo of deg 6 in P6 ½ P7

X

¡ K X

( n + 1) H

2H

H

aH ; a > 0

½

1

2

4

b+ 1

9U; C : NU( B ) ¼

CB n+1

CB 2 log B

CB (log B ) 3

CB a(log B ) b ?

Problem : may need a ¯nite ¯eld extension to avoid obstructions
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Conjecture 1 (Bat yrev, Manin) . Let X be a smo oth, geometrically
integral, projective variet y over a numb er ¯eld k, and let H be a
hyp erplane section. Assume that the canonical sheaf K X satis¯es
¡ K X = aH fo r some a > 0. Then there exists a ¯nite ¯eld extension l ,

a constant C, and an op en subset U ½ X , such that with
b = rk NS( X l ) ¡ 1 we have

NUl
( B ) ¼ CB a(log B ) b.
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Conjecture 1 (Bat yrev, Manin) . Let X be a smo oth, geometrically
integral, projective variet y over a numb er ¯eld k, and let H be a
hyp erplane section. Assume that the canonical sheaf K X satis¯es
¡ K X = aH fo r some a > 0. Then there exists a ¯nite ¯eld extension l ,

a constant C, and an op en subset U ½ X , such that with
b = rk NS( X l ) ¡ 1 we have

NUl
( B ) ¼ CB a(log B ) b.

Conjecture 2 (generalization) . The same, except that K X is only
assumed not to be e®ective. If Ce® denotes the closed cone inside
NS( X l ) R generated by e®ective diviso rs, then a and b are given by

a = inf f ° 2 R : ° H + K X 2 Ce®g

b+ 1 = the co dimension of the minimal face of
@Ce® containing aH + K X .
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Limiting case, K X = 0

H

K X = ¡ aH

Ce®

W e get a = 0 and b = rk NS( X ) ¡ 1.

Then the asymptotics are probably not true in general, as

W e will only consider K3 surfaces.

such a surface may contain an elliptic ¯b ration with
in¯nitely many ¯b ers contributing to o many points.
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K3 surfaces X with rk NS( X ) = 1 do not admit such a ¯b ration.

a = 0 b = 0
CB a(log B ) b ¼ C ?
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K3 surfaces X with rk NS( X ) = 1 do not admit such a ¯b ration.

a = 0 b = 0
CB a(log B ) b ¼ C ?

Let X ½ P3 be given by

x4 + 2y4 = z4 + 4w4.

Then rk N S( X ) = 1 (over Q).

Question (Swinnerton-Dy er, 2002) :
Do es X have mo re than 2 rational points?
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K3 surfaces X with rk NS( X ) = 1 do not admit such a ¯b ration.

a = 0 b = 0
CB a(log B ) b ¼ C ?

Let X ½ P3 be given by

x4 + 2y4 = z4 + 4w4.

Then rk N S( X ) = 1 (over Q).

Question (Swinnerton-Dy er, 2002) :
Do es X have mo re than 2 rational points?

Answ er (Elsenhans, Jahnel, 2004) :

1484801 4 + 2 ¢1203120 4 = 1169407 4 + 4 ¢1157520 4
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Theo rem (vL, 2004)
The K3 surface X in P3 given by

w( x3+ y3+ z3+ x2z+ xw 2) = 3x2y2¡ 4x2yz+ x2z2+ xy 2z+ xy z2¡ y2z2

is smo oth and satis¯es rk NS( X Q) = 1.
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Theo rem (vL, 2004)
The K3 surface X in P3 given by

w( x3+ y3+ z3+ x2z+ xw 2) = 3x2y2¡ 4x2yz+ x2z2+ xy 2z+ xy z2¡ y2z2

is smo oth and satis¯es rk NS( X Q) = 1.

Sk etch of pro of

²

²

²

NS( X Q) ,! NS( X Fp
) fo r primes p of go od reduction.

rk NS( X Fp
) = 2 fo r p = 2; 3.

NS( X F2
) Q 6»= NS( X F3

) Q as inner pro duct spaces.
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Picture tak en by William Stein
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Z
B a¡ 1 dB =

(
CB a if a 6= 0
log ( B ) if a = 0
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Z
B a¡ 1 dB =

(
CB a if a 6= 0
log ( B ) if a = 0

Questure : Let X be a K3 surface over a numb er ¯eld k with
rk NS( X k) = 1. Is there a ¯nite ¯eld extension l , a constant C,

and an op en subset U ½ X , such that U contains no curve of
genus 1 over l and

NUl
( B ) ¼ C log B ?
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