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Describing the set of rational points on a variety

curve C=Q of genus g

C(Q) = ;

C(Q) is dense in C:
2 n. gen. group (g= 1)

2. 9 a parametrization (g= 0)

satisfying answers



Describing

the set of rational

points on a variety

curve C=Q of genus g

X of dimension d> 1

C(Q) = ;

C(Q) is dense in C:
2 n. gen. group (g= 1)

2 9 a parametrization (g =

0)

dim(Za riski closure) < d

X (Q) is dense in X:

2

2 9 parametrization

n.

gen. grp. (ab elian var.)

(rat. var.)

2 277

satisfying answers

not so much




Measuring the numb er of points

Let X % P"=Q be smooth, geometrically integral, projective.

Let the height H: P"(Q)! Rsg be dened by
8

2 X= [Xg:X1:::i:Xn]
H(x) = max;(jxjj) If S Xj2<Z

The height function restricts to X (Q).
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Let X % P"=Q be smooth, geometrically integral, projective.

Let the height H: P"(Q)! Rsg be dened by
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2 X= [Xg:X1:::i:Xn]
H(x) = max;(jxjj) If S Xj2<Z
The height function restricts to X (Q).

For any open U %2 X we set
Ny(B) = #fx2U(Q) : H(x) - Bag.

We want to understand the asymptotic behavior of Ny.



Ny(B) = #fx2 U(Q) : H(x)- Bg

Examples
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Ny(B) = #fx2 U(Q) : H(x)- Bg

Examples
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Fact: After the Segre embedding into P'S*'*S the height
on the product of X1 % P" and X, ¥ PS is equal to

the product of their heights.

2) X = PL£ P!, je., a quadric in P3

Npig p1(B) ¥ CB?log(B)



Sometimes a large contribution comes from a small set

(3) Let X %2PL£ PL£ Pl be given by x1Xox3 = y1y2V3.
: : : S
Let Ej bethe line xj=y;=0fori6 j,and U= Xj Ej.

p.Q 3 '4|J ahl
Ny(B) % 3 pli% 1+ +51Z B(log B)3

gelB>

Ng; (B) Ve CB?
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In all cases there are C:a;b;U such that

Ny(B) ¥ CB?log B)P

Question : how are C;a;brelated to the geometry of X?



K x Is canonical divisor, H is a hyperplane section, Y= rk NS(X)

del Pezzo of deg 6 in P 1 P’

X i Ky 2 | 9U;C : Ny(B) Y
P (n+ 1)H| 1 | cgnt?l
Pl £ Pl quadric in P3 2H 2 | CB?log B
_ - pl 1
X1X2X3 = y1Yoy3 in PIEPEP ¥ 4 | CB(og B)3
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K x Is canonical divisor, H is a hyperplane section, Y= rk NS(X)

X i K 2 | 9U;C : Ny(B) Y
= (n+ 1)H| 1 | cgntl
Pl £ Pl quadric in P3 2H 2 | CB?log B
X1X2X3 = Y1Yy2y3 In !315 PlE P H 4 | CB(log B)3
del Pezzo of deg 6 in P 1 P’
X aH;a> 0|b+ 1| CB?(log B)P 7

Problem : may need a nite eld extension to avoid obstructions



Conjecture 1 (Bat yrev, Manin) . Let X be a smooth, geometrically
integral, projective variety over a numb er eld k, and let H be a

hyp erplane section. Assume that the canonical sheaf Ky satis es

i Kx = aH for some a> 0. Then there exists a nite eld extension I,
a constant C, and an open subset U % X, such that with

b= rk NS(X|) i 1 we have

Ny (B) ¥ CB3(log B)P.



Conjecture 1 (Bat yrev, Manin) . Let X be a smooth, geometrically
integral, projective variety over a numb er eld k, and let H be a

hyp erplane section. Assume that the canonical sheaf Ky satis es

i Kx = aH for some a> 0. Then there exists a nite eld extension I,
a constant C, and an open subset U % X, such that with

b= rk NS(X|) i 1 we have

Ny (B) ¥ CB3(log B)P.

Conjecture 2 (generalization) . The same, except that Ky is only
assumed not to be e®ective. If Cog denotes the closed cone inside
NS(X|)r generated by e®ective divisors, then a and b are given by

a=inff°2R:°H+ Ky 2 Cepg

b+ 1 = the codimension of the minimal face of
@C.p containing aH + K.



Limiting case, Ky = 0 /

We get a= 0 and b= rk NS(X) j 1. /

KX = i aH
We will only consider K3 surfaces.

Then the asymptotics are probably not true in general, as
such a surface may contain an elliptic b ration with
in nitely many b ers contributing to o many points.



K3 surfaces X with rk NS(X) = 1 do not admit such a b ration.
—a= 0 —b=0

CBa(log B)P ¥4 C ?



K3 surfaces X with rk NS(X) = 1 do not admit such a b ration.
—a= 0 —b=0

CB23(log B)P v4 C ?
Let X % P3 be given by

x4+ 2y4 = 2%+ 4we.
Then rk NS(X) = 1 (over Q).

Question  (Swinnerton-Dy er, 2002) :
Do es X have more than 2 rational points?



K3 surfaces X with

—a= 0

rk NS(X) = 1 do not admit such a b ration.

—b=10 5
CB3(log B)? % C ?

Let X % P3 be given by

x4+ 2y4 = 2%+ 4we.

Then rk NS(X) = 1 (over Q).

Question  (Swinnerton-Dy er, 2002) :
Do es X have more than 2 rational points?

Answ er (Elsenhans,

Jahnel, 2004) :

1484801 4 + 2 ¢1203120 4 = 1169407 4+ 4 ¢1157520 4



Theo rem (vL, 2004)
The K3 surface X in P3 given by

W(x3+ y3+ 23+ x%z+ xw2) = 3x2y2i 4x2yz+ X227+ xy22+ xyzzi yzz2

IS smooth and satis es rk NS(XG) = 1.



Theo rem (vL, 2004)
The K3 surface X in P3 given by

3 2 2,2

7+ xW?) = 3x2y?| 4x°%yz+ x%z%+ xy2z+ xyz?i y?z®

W(x3+ y3+ Z°+ X

IS smooth and satises rk NS(X 1.

Q) ~
Sketch of pro of

2 NS(XQ) ] NS(XF—p) for primes p of good reduction.
2 rk NS(XF—p) = 2 forp= 2;3.

2 NS(X;)Q 8 NS(XE)Q as inner product spaces.
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Picture tak en by William Stein
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log(B) if a= 0



7 (

log(B) if a= 0

Questure : Let X be a K3 surface over a numb er eld k with
rk NS(Xp) = 1. Is there a nite eld extension I, a constant C,

and an open subset U % X, such that U contains no curve of
genus 1 over | and

Ny (B) % Clog B?



