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Introduction

(i) Arakelov geometry is a technique for studying diophantine problems from a geometrical point
of view. In short, given a diophantine problem, one considers an arithmetic scheme associated with
that problem, and adds in the complex points of that scheme by way of “compactification”. Next,
one endows all arithmetic bundles on the scheme with an additional structure over the complex
numbers, meaning one endows them with certain hermitian metrics. It is well-known from tra-
ditional topology or geometry that compactifying a space often introduces a convenient structure
to it, which makes a study of it easier generally. The same holds in our case: by introducing an
additional Arakelov structure to a given arithmetic situation one ends up with a convenient set-up
to formulate, study and even prove diophantine properties of the original situation. For instance
one could think of questions dealing with the size of the solutions to a given diophantine problem.
Fermat’s method of descent can perhaps be viewed as a prototype of Arakelov geometry on arith-
metic schemes.

(ii) Probably the best way to start an introduction to Arakelov geometry is to consider the simplest
type of arithmetic scheme possible, namely the spectrum of a ring of integers in a number field,
for instance Spec(Z). In the nineteenth century, some authors, like Kummer, Kronecker, Dedekind
and Weber, drew attention to the remarkable analogy that one has between the properties of rings
of integers in a number field, on the one hand, and the properties of coordinate rings of affine
non-singular curves on the other. In particular, they started the parallel development of a theory
of “places” or “prime divisors” on both sides of the analogy. Most important, morally speaking,
was however that the success of this theory allowed mathematicians to see that number theory on
the one hand, and geometry on the other, are unified by a bigger picture. This way of thinking
continued to be stressed in the twentieth century, most notably by Weil, and it is fair to say that
the later development of the concept of a scheme by Grothendieck is directly related to these early
ideas.

The idea of “compactifying” the spectrum of a ring of integers can be motivated as follows.
We start at the geometric side. Let C' be an affine non-singular curve over an algebraically closed
field. The first thing we do is to “compactify” it: by making an appropriate embedding of C' into
projective space and taking the Zariski closure, one gets a complete non-singular curve C. This
curve is essentially unique. Now we consider divisors on C: a divisor is a finite formal integral linear
combination D = Y, npP of points on C. The divisors form in a natural way a group Div(C).
We obtain a natural group homomorphism Div(C') — Z by taking the degree degD = Y ,np. In
order to obtain an interesting theory from this, one associates to any non-zero rational function f
on C a divisor (f) = Y_pvp(f)P, where vp(f) denotes the multiplicity of f at P. By factoring
out the divisors of rational functions one obtains the so-called Picard group Pic(C) of C. Now
a fundamental result is that the degree of the divisor of a rational function is 0, and hence the
degree factors through a homomorphism Pic(C) — Z. It turns out that the kernel Pic’(C) of
this homomorphism can be given a natural structure of projective algebraic variety. This variety
is a fundamental invariant attached to C and is studied extensively in algebraic geometry. The



fundamental property that the degree of a divisor of a rational function is 0 is not true in general
when we consider only affine curves. This makes the step of compactifying C' so important.
Turning next to the arithmetic side, given the success of compactifying a curve at the geometric
side, one wants to define analogues of divisor, degree and compactification, in such a way that the
degree of a divisor of a rational function is 0. This leads us to an arithmetic analogue of the degree
0 part of the Picard group. The compactification step is as follows: let B = Spec(Og) be the spec-
trum of the ring of integers Ok in a number field K. We formally add to B the set of embeddings
o0: K — C of K into C. By algebraic number theory this set is finite of cardinality [K : Q]. Now
we consider Arakelov divisors on this enlarged B: an Arakelov divisor on B is a finite formal linear
combination D =3 ,npP + > as -0, with the first sum running over the non-zero prime ideals
of Ok, with np € Z, and with the second sum running over the complex embeddings of K, with
a, € R. Note that the non-zero prime ideals of Ok correspond to the closed points of B. The set
of Arakelov divisors forms in a natural way a group ]SRI(B) On it we have an Arakelov degree
cTe\gD =Y pnplog#(Ok/P) + >, a, which takes values in R. The Arakelov divisor associated
to a non-zero rational function f € K is given as (f) = Y pvp(f)log#(Ox/P) + >, vo(f)o with
vp(f) the multiplicity of f at P, i.e., the multiplicity of P in the prime ideal decomposition of f,
and with v,(f) = —log|f|s. The crucial idea is now that the product formula accounts for the
fact that d/e\g( f) = 0 for any non-zero f € K. So indeed, by factoring out the divisors of rational
functions, we obtain a Picard group 151\(3(B) with a degree 151\0(3) — R. To illustrate the use of

0
these constructions, we refer to Tate’s thesis: there Tate showed that the degree 0 part Pic (B), the
analogue of the Pic’ (C) from geometry, can be seen as a natural starting point to prove finiteness
theorems in algebraic number theory, such as Dirichlet’s unit theorem, or the finiteness of the class

)
group. In fact, Tate uses a slight variant of our Pic (B), but we shall ignore this fact.

(iii) Shafarevich asked for an extension of the above idea to varieties defined over a number field.
In particular he asked for this extension in the context of the Mordell conjecture. Let C be a
curve over a field k. The statement that the set C(k) of rational points of C' is finite, is called the
Mordell conjecture for C/k. Now for curves over a function field in characteristic 0, the Mordell
conjecture (under certain trivial conditions on C') was proven to be true in the 1960s by Manin and
Grauert. However, the Mordell conjecture for curves over a number field was by then still unknown,
and the technique of proof could not be straightforwardly generalised. A different approach to the
Mordell conjecture for function fields was given by Parshin and Arakelov. The main feature of their
approach is that it leads to an effective version of the conjecture: they define a function h, called
a height function, on the set of rational points, with the property that for all A, the set of P with
h(P) < A is finite, and can in principle be explicitly enumerated. Now what they prove is that the
height of a rational point can be bounded a priori. Hence, it is possible in principle to construct
an exhaustive list of the rational points of a given curve.

In order to prove this result, the essential step is to associate to the curve C/k amodelp : ¥ — B
with X' a complete algebraic surface, and with B a non-singular projective curve with function field
k, such that the generic fiber of X is isomorphic to C. The rational points of C'/k correspond then
to the sections P : B — X of p. The essential tool, then, is classical intersection theory on X. It
turns out that certain inequalities between the canonical classes of this surface can be derived, and
these inequalities make it possible to bound the height of a section.

The obvious question, in the light of the Mordell conjecture for number fields, is whether this
set-up can be carried over to the case of curves defined over a number field. As was said before,
Shafarevich asked for such an analogue, but eventually it was Arakelov who, building on ideas of
Shafarevich and Parshin, came up with a promising solution. His results are written down in the
important paper An intersection theory for divisors on an arithmetic surface, published in 1974.

Let us describe the idea of that paper. Let C'/K be a curve over a number field K. To it there



is associated a scheme p : X — B = Spec(Ok), called an arithmetic surface, which is a fibration
in curves over B, just as in the classical context of function fields mentioned above. The generic
fiber of p: X — B is isomorphic to C, and for almost all non-zero primes P of Ok, the fiber at the
corresponding closed point is equal to the reduction of C' modulo P. Again, the set of rational points
of C'/K corresponds to the set of sections P : B — X. In order to attack the Mordell conjecture
for C, one wants to have an intersection theory for divisors on &X. The first idea, as always, is
to compactify the scheme X. We do this by formally adding in, for each complex embedding o
of K, the complex points of C, base changed along o to C. These complex points come with the
natural structure of a Riemann surface, and yield the so-called “fibers at infinity” F, of X'. Now,
an Arakelov divisor on X is a sum D = Dg, + Dj,¢ with Dg, a traditional Weil divisor on X, and
with D, = ZU oy F, an “infinite” contribution with a, € R. The set of such divisors forms in
a natural way a group ]SRI(X ). The main result of Arakelov is that one has a natural symmetric
and bilinear intersection pairing on this group, and that this pairing factors through the Arakelov
divisors of rational functions of X'. The crucial case to consider is the intersection of two distinct
sections P, @ of p: X — B, viewed as divisors on X'. We have a finite contribution (P, Q)s, which
is given using the traditional intersection numbers on X', but we also have an “infinite” contribution
(P, Q)int, which is defined to be a sum — ) _log G(P,, Q) over the complex embeddings o. Here G
is a kind of “distance” function on X,, the Riemann surface corresponding to o. Arakelov defines
G by writing down the axioms that it is supposed to satisfy, and by observing that these axioms
allow a unique solution. The function G, called the Arakelov-Green function, is a very important
invariant attached to each (compact and connected) Riemann surface. One of the properties of
Arakelov’s intersection theory is that an adjunction formula holds true, as in the classical function
field case.

Given Arakelov’s intersection theory on arithmetic surfaces, the set-up appears to be present
to try to attack the Mordell conjecture. Unfortunately, no proof exists yet which translates the
original ideas of Parshin and Arakelov into the number field setting. The major problem is that
as yet there seem to exist no good arithmetic analogues of the classical canonical class inequalities.
However, we do have an ineffective proof of the Mordell conjecture for number fields, due to Falt-
ings. He was inspired by Szpiro to work on this conjecture using Arakelov theory, but ultimately he
found a proof which runs, strictly speaking, along different lines. Nevertheless, Faltings obtained
many interesting results in Arakelov intersection theory, and he wrote down these results in his 1984
landmark paper Calculus on arithmetic surfaces. Here Faltings shows that, besides the adjunction
formula, also other theorems from classical intersection theory on algebraic surfaces have a true
analogue for arithmetic surfaces, such as the Riemann-Roch theorem, the Hodge index theorem,
and the Noether formula. The formulation of the Noether formula requires the introduction of a
new fundamental invariant § of Riemann surfaces, and in his paper Faltings asks for a further study
of the properties of this invariant.

(iv) As we said above, the major difficulty in translating the classical techniques for effective Mordell
into the number field setting is the lack of good canonical class inequalities. For example, one
would like to formulate and prove a convenient analogue of the classical Bogomolov-Miyaoka-Yau-
inequality for algebraic surfaces, and attempts to do this have been made by for example Parshin
and Moret-Bailly in the 1980s. It was shown by Bost, Mestre and Moret-Bailly, however, that a
certain naive analogue of the classical inequality is false. But parallel to this it also became clear
that besides effective Mordell, also other major diophantine conjectures, such as Szpiro’s conjecture
and the abc-conjecture, would follow if one had good canonical class inequalities for arithmetic
surfaces. No doubt it is very worthwhile to look further and better for such inequalities.
Unfortunately, during the last decades not much progress seems to have been made on this
problem. The difficulties generally arise because of the difficult complex differential geometry that



one encounters while dealing with the contributions at infinity. Also, we have no good idea how the
canonical classes of an arithmetic surface can be calculated, and neither do we have any good idea
how to relate them to other, perhaps easier, invariants. Many authors therefore continue to stress
the importance of finding ways to calculate canonical classes of arithmetic surfaces, and of making
up an inventory of the possible values that may occur. It is clear that a better understanding of
the invariants associated to “infinity” is much needed.

Several authors have done Arakelov intersection theory from this point of view. A first important
step was taken by Bost, Mestre and Moret-Bailly, who studied the explicit and calculational aspects
of the first non-trivial case, namely of curves of genus 2 (the Arakelov theory of elliptic curves is
well-understood, see for instance Faltings’ paper). After that, several other isolated examples have
been considered: for example Ullmo et al. studied the Arakelov theory of the modular curves
Xo(N), and Guardia in his thesis covered a certain class of plane quartic curves admitting many
automorphisms.

In the present thesis we wish to contribute to the problem of doing explicit Arakelov geometry
by trying to find a description of the main numerical invariants of arithmetic surfaces that makes
it possible to calculate them efficiently. We give explicit formulas for the Arakelov-Green function
as well as for the Faltings delta-invariant, where it should be remarked that these invariants are
defined only in a very implicit way. We show how we can make things even more explicit in the case
of elliptic and hyperelliptic curves. Finally, we indicate how efficient calculations are to be done,
and in fact we include some explicit numerical examples.

(v) We now turn to a more specialised description of the main results of this thesis. For an
explanation of the notation we refer to the main text.

Chapter 1 is an introduction to Arakelov theory. We introduce the main characters, such as the
Arakelov-Green function, the delta-invariant, the Faltings height and the relative dualising sheaf,
and we prove some fundamental properties about them. The results described in this chapter are
certainly not new, although our proofs sometimes differ from the standard ones.

In Chapter 2 we state and prove our explicit formulas for the Arakelov-Green function and
Faltings’ delta-invariant. Let X be a compact and connected Riemann surface of genus g > 0, and
let G be the Arakelov-Green function of X. Let u be the fundamental (1,1)-form of X and let |||
be the normalised theta function on Pic,—1(X). Let S(X) be the invariant defined by

log S(X) = — /X log |91 (9P — Q) - u(P).

with @ an arbitrary point on X. It can be checked that the integral is well-defined and does not
depend on the choice of (). Let W be the classical divisor of Weierstrass points on X. We have
then the following explicit formula for the Arakelov-Green function.

Theorem. For P,(Q points on X, with P not a Weierstrass point, we have

19l(gP — Q)

G(P,Q)? = S(X)V/9" . .
(P = SO oleP — w)vs

Here the product runs over the Weierstrass points of X, counted with their weights. The formula is
valid also for Weierstrass points P, provided that we take the leading coefficients of a power series
expansion about P in both numerator and demominator.

As to Faltings’ delta~-invariant §(X) of X, we prove the following result. Let ® : X x X —
Picy—1(X) be the map sending (P, Q) to the class of (¢P—@Q). Forafixed @ € X, letig: X — XxX
be the map sending P to (P,Q), and put ¢pg = @ - iq.



Theorem. Define the line bundle Lx by

““:<@§¢%““”0®WAMF®QA@%0@»MX®mﬁﬁﬁ®<“”&h
wew

®2
- (Qig(gﬂ)/z Q0 (/\gHO(X, L) @c OX>)V) )

Then the line bundle Lx is canonically trivial. If T(X) is the norm of the canonical trivialising
section of Lx, the formula

exp(§(X)/4) = S(X)~o=1/7" . 7(X)

holds.
We have the following explicit formula for T'(X). For P on X, not a Weierstrass point, and z a
local coordinate about P, we put

IP(P) = i, TS0

Further we let W, (w)(P) be the Wronskian at P in z of an orthonormal basis {w1,...,wy} of the
differentials H"(X, Q%) with respect to the hermitian inner product (w,n) — % [ w AT.
Theorem. The invariant T(X) satisfies the formula

T(X) = |E| ()"0 T 9l (gP = w)e=D/s W (w)(P)?,
wew

where again the product runs over the Weierstrass points of X, counted with their weights, and
where P can be any point of X that is not a Weierstrass point.

It follows that the invariant T'(X) can be given in purely classical terms.

Chapters 3 and 4 are devoted to the proof of the following result, specialising to hyperelliptic
Riemann surfaces.
Theorem. Let X be a hyperelliptic Riemann surface of genus g > 2, and let ||Ay||(X) be its
modified modular discriminant. Then for the invariant T(X) of X, the formula

_ 3g—1

T(X) = (2m) 72 - | Ag[|(X) ™5

holds.

The proof of this theorem follows by combining two results relating the Arakelov-Green function
to the invariants T(X) and ||A4||(X). Although these results look quite similar, the proofs that we
give of these results use very different techniques. For the first result, which we prove in Chapter
3, we only use function theory on hyperelliptic Riemann surfaces. For the second result, which we
prove in Chapter 4, we broaden our perspective and consider hyperelliptic curves over an arbitrary
base scheme. The result follows then from a consideration of a certain isomorphism of line bundles
over the moduli stack of hyperelliptic curves. Special care is needed to deal with its specialisation
to characteristic 2, where the locus of Weierstrass points behaves in an atypical way.

In Chapter 5 we focus on the Arakelov theory of elliptic curves. Mainly because the fundamental
(1,1)-form p behaves well under isogenies, a fruitful theory emerges in this case. We give a reasonably
self-contained and fairly elementary exposition of this theory. We recover some well-known results,
due to Faltings, Szpiro and Autissier, but with alternative proofs. In particular, we base our
discussion on a complex projection formula for isogenies, which seems new. The main new results
that we derive from this formula are as follows.

Theorem. Let X and X' be Riemann surfaces of genus 1. Let ||n]|(X) and ||n||(X') be the values



of the normalised eta-function associated to X and X', respectively. Suppose we have an isogeny
f: X — X'. Then we have

VN - ]l (X")?

Il exon=""ge

PeKerf,P#0

where N is the degree of f.

The above theorem answers a question posed by Szpiro.

Theorem. Let E and E’ be elliptic curves over a number field K, related by an isogeny f : E — E’.
Letp:E — B and p' : & — B be arithmetic surfaces over the ring of integers of K with generic
fibers isomorphic to E and E’, respectively. Suppose that the isogeny f extends to a B-morphism
f: & — & for example, this is guaranteed if £ is a minimal arithmetic surface. Let D be an
Arakelov divisor on € and let D' be an Arakelov divisor on €. Then the equality of intersection
products (f*D’, D) = (D', f.D) holds.

In the final Chapter 6 we explain how our explicit formulas can be used to effectively calculate
examples of canonical classes. It turns out that the major difficulty is always the calculation of the
invariant S(X).

Theorem. Consider the hyperelliptic curve X of genus 3 and defined over Q, with hyperelliptic
equation
y? = a(x — 1)(42° + 242" + 162° — 2327 — 212 — 4) .

Then X has semi-stable reduction over Q with bad reduction only at the primes p = 37,p = 701
and p = 14717. For the corresponding Riemann surface (also denoted by X ) we have

logT(X) = —4.44361200473681284...
logS(X) = 17.57..
§(X) = —33.40..
and for the curve X/Q we have
hp(X) = —1.280295247656532068...
e(X) = 20.32..

for the Faltings height and the self-intersection of the relative dualising sheaf, respectively.
The main results of this thesis are also described in the following papers.

R. de Jong, Arakelov invariants of Riemann surfaces. Submitted to Documenta Mathematica.
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Chapter 1

Review of Arakelov geometry

In this chapter we review the fundamental notions of Arakelov geometry, as developed in Arakelov’s
paper [Ar2] and Faltings’ paper [Fa2]. These papers will serve as the basic references throughout
the whole chapter.

In Section 1.1 we discuss the complex differential geometric notions that are needed to provide
the “contributions at infinity” in Arakelov intersection theory. In Section 1.2 we turn then to this
intersection theory itself, and discuss its formal properties. In Section 1.3 we recall the defining
properties of the determinant of cohomology and the Deligne bracket, and show how they are
metrised over the complex numbers. These metrisations allow us to give an arithmetic version of
the Riemann-Roch theorem. In Section 1.4 we introduce Faltings’ delta-invariant, and give two
fundamental formulas in which this invariant occurs. In Section 1.5 we recall the definition and
basic properties of semi-stable curves and show how they are used to define Arakelov invariants
for curves over number fields. Finally in Section 1.6 we discuss the arithmetic significance of the
delta-invariant by stating and sketching a proof of the arithmetic Noether formula, due to Faltings
and Moret-Bailly.

1.1 Analytic part

Let X be a compact and connected Riemann surface of genus g > 0, and let Q% be its holomorphic
cotangent bundle. On the space of holomorphic differential forms H°(X, Q%) we have a natural

1 _
(w,n):5/ WAT.
X

Here we use the notation i = /—1. We use this inner product! to form an orthonormal basis
{wi,...,wy} of H(X,Q4). Then we define a canonical (1,1)-form p on X by setting

hermitian inner product given by

. g
? —
o= %kil(Uk N Wg -

Clearly the form p does not depend on the choice of orthonormal basis, and we have [ wh=1

Definition 1.1.1. The canonical Arakelov-Green function G is the unique function X x X — Rxg
such that the following properties hold:

(i) G(P,Q)? is C> on X x X and G(P, Q) vanishes only at the diagonal A x. For a fixed P € X,
an open neighbourhood U of P and a local coordinate z on U we can write log G(P,Q) =

1We warn the reader that some authors use the normalisation i instead of %



log|z(Q)] + f(Q) for P # Q € U, with f a C*-function;
(ii) for all P € X we have 0gdg log G(P,Q)? = 2miu(Q) for Q # P;
(iii) for all P € X we have [ log G(P,Q)u(Q) = 0.

Of course, the existence and uniqueness of such a function require proof. Such a proof is given
in [Ar2]. However, that proof relies on methods from the theory of partial differential equations,
and is ineffective in the sense that it does not give a way to construct G. One of the results in this
thesis is an explicit formula for G which is well-suited for concrete calculations (see Theorem 2.1.2).

The defining properties of G imply the symmetry relation G(P, Q) = G(Q, P) for all P,Q € X.
This follows by an easy application of Green’s formula, which we state at the end of this section.
The symmetry of G will be crucial for obtaining the symmetry of the Arakelov intersection product
that we shall define in Section 1.2.

We now describe how the Arakelov-Green function gives rise to certain canonical metrics on the
line bundles Ox (D), where D is a divisor on X. It suffices to consider the case of a point P € X,
for the general case follows from this by taking tensor products. Let s be the canonical generating
section of the line bundle Ox (P). We then define a smooth hermitian metric || - [0, (p) on Ox (P)
by putting ||s|o(p)(Q) = G(P, Q) for any Q € X. By property (ii) of the Arakelov-Green function,
the curvature form (¢f. [GH], p. 148) of Ox(P) is equal to p, and in general, the curvature form of
Ox (D) is deg(D) - u, with deg(D) the degree of D.

Definition 1.1.2. A line bundle L with a smooth hermitian metric || - || is called admissible if its
curvature form is a multiple of u. We also call the metric || - || itself admissible in this case.

We will frequently make use of the following observation.

Proposition 1.1.3. Let || -|| and || -||" be admissible metrics on a line bundle L. Then the quotient
- I/1 -1l is @ constant function on X.

Proof. The logarithm of the quotient is a smooth harmonic function on X, hence it is constant. [

It follows that any admissible line bundle L is, up to a constant scaling factor, isomorphic to the
admissible line bundle Ox (D) for a certain divisor D. In Section 1.2 we will generalise the notion
of admissible line bundle to arithmetic surfaces, and define an intersection product for admissible
line bundles.

An important example of an admissible line bundle is the holomorphic cotangent bundle Q%.
We define a metric on it as follows. Consider the line bundle Oxxx(Ax) on X x X. By the
adjunction formula, we have a canonical residue isomorphism Ox xx(—Ax)|ax ;Qﬁ( We obtain
a smooth hermitian metric || - || on Oxxx(Ax) by putting ||s||[(P,Q) = G(P,Q), where s is the
canonical generating section.

Definition 1.1.4. We define the metric | - [|a; on Q) by requiring that the residue isomorphism
be an isometry.

Theorem 1.1.5. (Arakelov [Ar2]) The metric || - ||ar 45 admissible.

It remains to state Green’s formula. We will use this formula once more in Section 3.8. It can
be proved in a straightforward way using Stokes’ formula.

Lemma 1.1.6. (Green’s formula) Let ¢, be functions on X such that for any P € X, any
small enough open neighbourhood U of P and any local coordinate z on U we can write log ¢(Q) =

vp(p)log |2(Q)|+ f(Q) andlog(Q) = vp () log |2(Q)|+9(Q) for all P # Q € U with vp(d),vp (1))

integers and f,g two C°-functions on U. Then the formula

%’/X(10g¢.aélogw—logw'3510g¢) =Y (vp(¢)log¥(P) — vp(¥)log $(P))

PeX



holds.

1.2 Intersection theory

In this section we describe the intersection theory on an arithmetic surface in the original style of
Arakelov [Ar2]. For the general facts that we use on arithmetic surfaces we refer to [Li].

Definition 1.2.1. An arithmetic surface is a proper flat morphism p : X — B of schemes with X
regular and with B the spectrum of the ring of integers in a number field K, such that the generic
fiber Xk is a geometrically connected curve. If X'k has genus g, we also say that X is of genus g.

The arithmetic genus is constant in the fibers of an arithmetic surface, and all geometric fibers
except finitely many are non-singular. Further we have p,Oy = Op for an arithmetic surface
p: X — B, and hence, by the Zariski connectedness theorem, all fibers of p are connected.

Definition 1.2.2. An arithmetic surface p : X — B of positive genus is called minimal if every
proper birational B-morphism X — X’ with p’ : X’ — B an arithmetic surface, is an isomorphism.

For any geometrically connected, non-singular proper curve C' of positive genus defined over a
number field K there exists a minimal arithmetic surface p : X — B together with an isomorphism
Xn%C’. This minimal arithmetic surface is unique up to isomorphism.

We now proceed to discuss the Arakelov divisors on an arithmetic surface p : X — B.

Definition 1.2.3. (Cf. [Ar2]) An Arakelov divisor on X' is a finite formal integral linear combination
of irreducible closed subschemes on X' (i.e., a Weil divisor), plus a contribution ) _ «, - F; running
over the embeddings ¢ : K < C of K into the complex numbers. Here the o, € R, and the F,
are formal symbols, called the “fibers at infinity”, corresponding to the Riemann surfaces X, =
(X ®¢,5 C)(C). We have a natural group structure on the set of such divisors, denoted by m(X)

Given an Arakelov divisor D, we write D = Dgy + Dins with Dg, its finite part, i.e., the
underlying Weil divisor, and with Dj,s = ZG a, - F, its infinite part. To a non-zero rational
function f on X we associate an Arakelov divisor (f) = (f)an + (f)int With (f)gn the usual divisor
of fon X, and (f)int = Y, Vo (f) - F» with vs(f) = — on log|f|o - pto- Here p, is the fundamental
(1,1)-form on X, given in Section 1.1. The infinite contribution v,(f) - F, is supposed to be an
analogue of the contribution to (f) in the fiber above a closed point b € B, which is given by
> cve(f) - C where C runs through the irreducible components of the fiber above b, and where
ve denotes the normalised discrete valuation on the function field of X defined by C. The “fiber
at infinity” F, should be seen as “infinitely degenerate”, with each point P of X, corresponding
to an irreducible component, such that the valuation vp of f along this component is given by

vp(f) = —log|f|o(P).

Definition 1.2.4. We say that two Arakelov divisors D1,D- are linearly equivalent if their difference
is of the form (f) for some non-zero rational function f. We denote by Cl(X) the group of Arakelov
divisors on X modulo linear equivalence.

Next we discuss the intersection theory of Arakelov divisors, and show that this intersection
theory respects linear equivalence. A vertical divisor on X is a divisor which consists only of
irreducible components of the fibers of p. A horizontal divisor on X is a divisor which is flat over
B. For typical cases D1, D2 of Arakelov divisors, the intersection product (D1, D2) is then defined
as follows: (i) if Dy is a vertical divisor, and D2 is a Weil divisor, without any components in
common with Dy, then the intersection (D1, D) is defined as (D1, D2) = >, (D1, D2)y log #k(b)
where b runs through the closed points of B and where (D1, D2), denotes the usual intersection
multiplicity (¢f. [Li], Section 9.1) of Dy, Dy above b. (ii) if D; is a horizontal divisor, and D is a
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“fiber at infinity” F,, then (D1, D3) = deg(D1) with deg(D;) the generic degree of D;. (iii) if D;
and D, are distinct sections of p, then (Dy, Ds) is defined as (D1, D2) = (D1, D2)an + (D1, D2)int
with (D1, Da2)sn = Y, (D1, D2)plog #k(b) as in (i) and with (D1, Da)ing = — ) log G5(D{, D3)
with G, the Arakelov-Green function (¢f. Section 1.1) on X,. Note that —log G(P, @) becomes a
kind of intersection multiplicity “at infinity”. The intersection numbers defined in this way extend
by linearity to a pairing on ER/(X)

Theorem 1.2.5. (Arakelov [Ar2]) There exists a natural bilinear symmetric intersection pairing
51;(2’(') X 51;(2’(') — R. This pairing factors through linear equivalence, giving an intersection
pairing a\l(X) X a\l(X) — R.

Morally speaking, by “compactifiying” the arithmetic surface by adding in the “fibers at infin-
ity”, and by “compactifiying” the horizontal divisors on the arithmetic surface by allowing also for
their complex points, we have created a framework that allows us to define a natural intersection
theory respecting linear equivalence. This makes for a formal analogy with the classical intersection
theory that we have on smooth proper surfaces defined over an algebraically closed field.

Let us sketch a proof of the second statement of Theorem 1.2.5 by showing that for a section D of
p, and a non-zero rational function f on X', we have (D, (f)) = 0. First let us determine, in general,
the Arakelov-Green function G(div(f), P) for a non-zero meromorphic function f on a compact and
connected Riemann surface X of positive genus. We note that 9pdp log G(div(f), P)? = 0 outside
div(f), since the degree of div(f) is 0. But we also have dlog |f|?> = 0 outside div(f), since f is
holomorphic outside div(f). This implies that G(div(f), P) = e* - |f|(P) for some constant «, and
after taking logarithms and integrating against p we find, by property (iii) of Definition 1.1.1, that
a=— [,log|f|-pu=uv(f). We compute then

(D, (f) = (D, (Nan + Y va(f) - Fo)
= (D, (f)fin)fin X (D, (iw)int + > vs ()
=Y u(fIp)log #k(b) — > _log (Ue%<f> A1 (D)) + 3 v (f)
= ivb(le)log#k(b) - iloguw"), a

which is zero by the product formula for K.
Finally, we connect the notion of Arakelov divisor with the notion of admissible line bundle.

Definition 1.2.6. An admissible line bundle L on X is the datum of a line bundle L on X, together
with smooth hermitian metrics on the restrictions of L to the X, such that these restrictions are all

admissible in the sense of Section 1.1. The group of isomorphism classes of admissible line bundles
on X is denoted by Pic(X).

To each Arakelov divisor D = Dgy, + Dins with Diys = Za o - I, we can associate an admissible
line bundle Ox (D), as follows. For the underlying line bundle, we take Ox(Dsy). For the metric
on Ox(Dsy)|x, we take the canonical metric on Ox(Dsy)|x, as in Section 1.1, multiplied by e~
Clearly, for two Arakelov divisors D; and Dy which are linearly equivalent, the corresponding
admissible line bundles Ox(D;) and Ox(D3) are isomorphic. The proof of the following theorem
is then a rather formal exercise.

Theorem 1.2.7. (Arakelov [Ar2]) There exists a canonical isomorphism of groups é\l(X)Lﬁl\c(X)
Theorem 1.2.7, together with Theorem 1.2.5, allows us to speak of the intersection product of

two admissible line bundles, and we will often do this.
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1.3 Determinant of cohomology

The determinant of cohomology for an arithmetic surface p : X — B is a gadget on the base B
which allows us to formulate an arithmetic Riemann-Roch theorem for p (Theorem 1.3.8). In the
present section we will describe the determinant of cohomology in full generality. Our Riemann-
Roch theorem will be a formal analogue of the Riemann-Roch that one obtains by taking the
determinant of cohomology on a proper morphism p : X — B with A a smooth proper surface
and B a smooth proper curve, both defined over an algebraically closed field. With the help of
arithmetic Riemann-Roch, we will be able to formulate and prove an arithmetic analogue of the
Noether formula (see Section 1.6). References for this section are [De2] and [Mol].
The determinant of cohomology is determined by a set of uniquely defining properties.

Definition 1.3.1. (Cf. [Mol], §1) Let p : X — B be a proper morphism of Noetherian schemes.
To each coherent Oxy-module F' on X, flat over Op, we associate a line bundle det Rp.F on B,
called the determinant of cohomology of F, satisfying the following properties:

(i) The association F + det Rp.F is functorial for isomorphisms F—=F’ of coherent O -
modules.

(ii) The construction of det Rp,F commutes with base change, i.e., each cartesian diagram

s x
b
B'——=B
gives rise to a canonical isomorphism u*(det Rp. F)—— det Rp/,(u'*F).

(iii) Each exact sequence

00— F —F—F'—0

of flat coherent O x-modules gives rise to an isomorphism
det Rp,F—-det Rp, F’' ® det Rp,F"

compatible with base change and with isomorphisms of exact sequences.

(iv) Let & = (0 - E° - E! — ... — E™ — 0) be a finite complex of Op-modules which are
locally free of finite rank, and suppose there is given a quasi-isomorphism E° — Rp,F. Then
one has a canonical isomorphism

n Nk
det Rp.F— ) (det £#)*V
k=0

)

compatible with base change. Here det E denotes the maximal exterior power of a locally free
Op-module E of finite rank.

(v) In particular, when the Op-modules RFp, I are locally free, one has a canonical isomorphism

det Bp, P> &) (det Brp, F)* "

k=0

)

compatible with base change.

12



(vi) Let xx,p(F) be the locally constant function z +— x(F;) on B. Let u € I'(B,0%) be
multiplication by u in F. By (i), this gives an automorphism of det Rp. F’; this automorphism
is multiplication by uX¥/5(F),

(vii) If M is a line bundle on B then one has a canonical isomorphism
det Rp.(F @ p*M)—>(det Rp, F) @ M®Xx/5F)

of line bundles on B.

In the case B = Spec(C), we will often use the shorthand notation A\(F') for the determinant of
cohomology of F. Explicitly, we have A\(F) = ®7_(det H*(X, F))®(’1)k, where n is the dimension
of X.

An important canonical coherent sheaf in the situation where p : X — B is proper, flat and
locally a complete intersection, is the relative dualising sheaf wy,p, cf. [Li], Section 6.4. In fact,
the sheaf wy,p is invertible, and satisfies the following important duality relation (Serre duality):
let F' be any coherent sheaf on X, flat over Op. Then we have a canonical isomorphism

det Rp.F— det Rp.(Qy 5 ® F")

of line bundles on B. The relative dualising sheaf behaves well with respect to base change: let
u: B’ — B be a morphism, let X' = X xg B’ and let v’ : X’ — X be the projection onto the first
factor. Then we have a canonical isomorphism u"*wx, B——waxr /B~ As a consequence, by property
(ii) in Definition 1.3.1 we have a canonical isomorphism u*(det p,wx/p)— det pl,(wxr/p/) on B'.
Here p’ : X’ — B’ is the projection on the second factor. If p : X — B is a smooth curve, the
relative dualising sheaf wy,p can be identified with the sheaf Qﬁg /B of relative differentials. A
convenient description is also possible if the fibers of p are nodal curves, see [DM], §1.

For our Riemann-Roch theorem we need a metric on the determinant of cohomology det Rp, L,
where L is an admissible line bundle on an arithmetic surface p : X — B. So, let us restrict for the
moment to the case that B = Spec(C), and consider the determinant of cohomology A(L), where L
is an admissible line bundle on a compact and connected Riemann surface X of positive genus g.
The following theorem gives a satisfactory answer to our question.

Theorem 1.3.2. (Fultings [Fa2]) For every admissible line bundle L there exists a unique metric
on ML) such that the following axioms hold:

(i) any isomorphism L1~ Ly of admissible line bundles induces an isometry A(L1)——\(Lz);

(ii) if we scale the metric on L by a factor o, the metric on A\(L) is scaled by a factor aX) | where
X(L)=degL —g+1;

(iii) for any admissible line bundle L and any point P, the exact sequence
0—L— L(P)— P.P"L(P)—0

iduces an isometry
AML(P))—=\(L) @ P*L(P);

here L(P) carries the metric coming from the canonical isomorphism L(P)——~L ®co, Ox (P);

(iv) for L = Q% the metric on \(L) = NYH°(X, QL) is defined by the hermitian inner product
(w,n) — % [y wAT on H(X,Q%).
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We will refer to the metric in the theorem as the Faltings metric on the determinant of coho-
mology. For the proof of Theorem 1.3.2 we shall use the so-called Deligne bracket. Since we will
make essential use of this tool later on, we define it here in detail.

Definition 1.3.3. (Cf. [De2]) Let p : X — B be a proper, flat curve which is locally a complete
intersection. Let L, M be two line bundles on X. Then (L, M) is to be the Op-module which is
generated, locally for the étale topology on B, by the symbols (I, m) for local sections I,m of L, M,
with relations

(I, fm) = f(div(D)) - (I,m) , (fl,m) = f(div(m)) - (I, m).

Here f(div(l)) should be interpreted as a norm: for an effective relative Cartier divisor D on X
we set f(D) = Np,p(f), and then for div(l) = D1 — Dy with Dy, Dy effective we set f(div(l)) =
f(D1)- f(D2)~t. One checks that this is independent of the choices of Dy, Dy. Furthermore, it can
be shown that the Op-module (L, M) is actually a line bundle on B.

We have the following properties for the Deligne bracket.

(i) For given line bundles Ly, Lo, My, M2, L, M on X we have canonical isomorphisms
(L1 ® Ly, M)—=(Ly, M) ® (La, M), (L, My ® Ma)——(L, My) ® (L, My),
and (L, M)—(M, L);

(ii) The formation of the Deligne bracket commutes with base change, i.e., each cartesian diagram

X/LX

lpl lp
B —=B
gives rise to a canonical isomorphism w* (L, M)~ (u"*L,u'* M);

(iii) For P : B — X a section of p we have a canonical isomorphism P*L-—-(Ox(P), L);

(iv) If the B-morphism ¢ : X’ — X is the blowing-up of a singular point on X', then we have a
canonical isomorphism (¢* L, ¢* M)-"=(L, M);

(v) For the relative dualising sheaf wx g of p and any section P : B — X of p we have a canonical
adjunction isomorphism (P, P)* ™' "5(P,wy/p).

The relation with the determinant of cohomology is given by the following formula: let L, M be
line bundles on X, then we have a canonical isomorphism

(L, M)~ det Rp,(L ® M) ® (det Rp. L)®"' @ (det Rp.M)®™! @ det p.wy /5.

This formula gives us new information on the determinant of cohomology, namely, it follows from
the formula that we have a canonical isomorphism

(%) (det Rp*L)®2 —(L, L ® w;}B) ® (detp*wx/3)®2

of line bundles on B. This isomorphism can be interpreted as Riemann-Roch for the morphism
p: X — B. We will use Riemann-Roch to put metrics on the A(L). First of all we show how the
Deligne bracket can be metrised in a natural way.

Definition 1.3.4. (Cf. [De2]) Let L, M be admissible line bundles on a Riemann surface X. Then
for local sections I,m of L and M we put

log [[{l, m)| = (log [[m]) [div(1)] -
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It can be checked that this gives a well-defined metric on (L, M), and in fact the isomorphisms from
(1), (iii) and (v) above are isometries for this metric.

Proof of Theorem 1.3.2. We will construct a metric on A(L) such that axioms (i)—(iv) are satisfied.
First of all we use property (iv) from Theorem 1.3.2 to put a metric on A(w). Next we use Definition
1.3.4 above to put a metric on the brackets (L, L ® w™'). Then by Riemann-Roch (*) we obtain
a metric on A(L). From this construction, the axioms (i) and (ii) are clear; it only remains to see
that property (iii) is satisfied. But this we can see by the following argument due to Mazur: we
have isometries

ML)®2 L Low N @ Aw)®? and ANL(P)))®2"5(L(P), L(P) @ w™) @ AMw)®2.
Combining, we obtain an isometry
AML(P)®2 @ A(L)® 2 5(L(P),L(P) @ w Y @ (L,L@w 1)®~t.

By expanding the brackets, we see that the latter is isometric to P*L(P) ® P*(L ® w™!). By
the adjunction formula, this is isometric with (P*L(P))®2. Hence property (iii) also holds, and
Theorem 1.3.2 is proven. [l

Note that the Riemann-Roch isomorphism (*), which is by now an isometry given the various
metrisations, gives us that the canonical Serre duality isomorphism A(L)-——A(Q} ® L71) is an
isometry.

To conclude this section, we explain what all this means for admissible line bundles on arith-
metic surfaces. Using the metrisation of the determinant of cohomology, one obtains, for any
arithmetic surface p : X — B = Spec(R) and any admissible line bundle L on X, the determinant
of cohomology det Rp.L as a metrised line bundle (or metrised projective R-module) on B.

Definition 1.3.5. For a metrised projective R-module M we define a degree as follows: choose a
non-zero element s of M, then

deg M =log #(M/R - s) — Y _log|s]l, .

One can check using the product formula that this definition is independent of the choice of s.

It follows directly from Definitions 1.3.4 and 1.3.5 that for two admissible line bundles L, M on
X we have deg (L, M) = (L, M), the intersection product from Section 1.2.

We are now ready to reap the fruits of our work. Let wx,p be the admissible line bundle on X
whose underlying line bundle is the relative dualising sheaf of p, and where the metrics at infinity
are the canonical ones as in Section 1.1.

Proposition 1.3.6. (Adjunction formula, Arakelov [Ar2]) For any section P : B — X we have an
equality —(P, P) = (P,wx/B)-

Proof. This follows immediately from property (iii) of the Deligne bracket and the definition of the
admissible metric on Q% for a compact and connected Riemann surface X, given in Section 1.1. [

Proposition 1.3.7. Let ¢ : B’ — B be a finite morphism with B’ the spectrum of the ring of
integers in a finite extension F of the quotient field K of R. Let X' — X xp B’ be the minimal
desingularisation of X x g B’, and let r : X' — X be the induced morphism. Then we have, for any
two admissible line bundles L, M on X, an equality (r*L,r*M) = [F : K|(L, M).

Proof. This follows from properties (ii) and (iv) of the Deligne bracket. O
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Proposition 1.3.8. (Riemann-Roch theorem, Faltings [Fa2]) Let L be an admissible line bundle
on X. Then the formula

— 1 —
deg det Rp, L = 3 (L,L® w;(}B) + deg det p.wx /B
holds.
Proof. This follows directly from the fact that Riemann-Roch (*) is an isometry. O

1.4 Faltings’ delta-invariant

The definition of the Faltings metric on the determinant of cohomology (see Theorem 1.3.2) is
rather implicit, since it is given as the unique metric satisfying a certain set of axioms. In this
section we want to make the Faltings metric more explicit. It turns out that there is a close
relationship with theta functions, which we briefly review first. The connection is provided by
Faltings’ delta-invariant, which is defined in Theorem 1.4.6. We end this section by giving two
fundamental formulas in which the delta-invariant occurs.

Let again X be a compact and connected Riemann surface of genus g > 0. Let Picy—1(X) be
the degree g — 1 part in the Picard variety of isomorphism classes of line bundles on X. Choose a
symplectic basis for the homology H; (X, Z) of X and choose a basis {w1, ..., wg} of the holomorphic
differentials H(X,QY). Let Q = (21]|Q2) be the period matrix given by these data. By Riemann’s
first bilinear relations, the matrix 27 is invertible and the matrix 7 = Ql_lﬂg lies in ‘H,, the Siegel
upper half-space of complex symmetric g X g-matrices with positive definite imaginary part.

Lemma 1.4.1. (Riemann’s second bilinear relations) The matriz identity

(% / WE /\wl) = %(ﬁgtﬂl 761%)2) = ﬁl(ImT)th
X 1<k,l<g

holds.

Proof. For the first equality, see for instance [GH], pp. 231-232. The second follows from the first
by the fact that 7 is symmetric. [l

Choose a point Py € X, and let {n1,...,7y} = {w1,...,w,} - Q. Then by a classical theorem
of Abel and Jacobi, the map

Divy_1(X) — CY/Z29 + 129 anpk = an /Ppk(nlv -5 Mg)
0
descends to well-defined bijective map
u: Picg_1(X)—CY/Z9 + 779 .
Let ¥(z; 7) be Riemann’s theta function given by

d(zi7) = 3 exp(mitnrn + 2mitnz).
nez9

Due to its transformation properties under translation of z by an element of the lattice Z9 + 779,
the function ¢ can be viewed as a global section of a line bundle on C9/Z9 + 77Z9. We denote by ©
the divisor of this section. Let © C Pic,_1(X) be the divisor given by the classes of line bundles
admitting a global section. Riemann has shown that there is a close relationship between these two
“theta-divisors”.
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Theorem 1.4.2. (Riemann) There is an element k = k(Py) in CI/ZI+7Z9 such that the following
holds. Let t,, denote translation by k in C9/Z9 + 779. Then the equality of divisors (t,,-u)*Qg = ©
holds. In particular we have a canonical isomorphism of line bundles (t. - u)*O(0y)——0(©) on
Picy—1(X). Furthermore, for a divisor D of degree g—1 on X we have (t,-u)(K—D) = —(t,-u)(D),
where K is a canonical divisor on X. In particular, the map t, - u identifies the set of classes of
semi-canonical diwvisors (i.e., divisors D with 2D linearly equivalent to K ) with the set of 2-division
points on CI /79 + 779.

We want to put a metric on the line bundle O(©). By Riemann’s theorem, it suffices to put a
metric on the line bundle O(0g) on C9/Z9 + 7Z9. Let s be the canonical section of O(0g), and let
v be the canonical translation-invariant (1,1)-form on C9/Z9 + 779 given by

) 1 —
vi=g Z (Im7),  d2i A dz; .

1<k,i<g

The 2g-form éyg gives the Haar measure on C9/Z9 4+ 7Z9. We let | - ||lo, be the metric on O(Oy)
uniquely defined by the following properties:

(i) the curvature form of || - ||g, is equal to v;

(ii) % f(Cg/Zer'ng HSH%UVQ = 2_g/2'

Definition 1.4.3. We denote by || - ||e the metric on O(©) induced by | - ||e, via Riemann’s
theorem, and we write ||9]| as a shorthand for ||(¢. - u)*s|le, or, by abuse of notation, for ||s|e,-

Note that ||¢]|(K — D) = ||¥]|(D) for any divisor D of degree g — 1, and that ||9||(D) vanishes if
and only if D is linearly equivalent to an effective divisor.
By checking the properties (i) and (ii) one finds the following explicit formula for ||9||.

Proposition 1.4.4. Let z € C9 and 7 € 'Hy, the Siegel upper half-space of degree g. Then the
formula
19]1(z: 7) = (det Tmr)/* exp(—'y - (Im7) =" - y) - [9(2; 7))

holds. Here y =Im z.

It is not difficult to check using Lemma 1.4.1 that if we embed X into C9/Z9+7Z9 by integration
j: P fPPU (Mm,...,ng), we have j*v = g - p. One can view this as an alternative definition of the
form p.

Proposition 1.4.5. Let D be a divisor on X, and consider the map ¢p : X — Picy_1(X) given
by P — [D — x(D) - P], where x(D) = deg D — g + 1. Then the line bundle ¢3(O(©)) on X is
admissible and has degree g - x(D)?.

Proof. A computation using the formula in Proposition 1.4.4 shows that outside ¢},(©) we have
op0plog ||9||(D — x(D) - P)? = 2mix(D)? - j*v = 2migx(D)? - p. Thus, the curvature form of
% (0(0)) is a multiple of u, and the degree of ¢%, (0(0)) is g - x(D)?. O

The following theorem introduces Faltings’ delta-invariant, connecting Faltings’ metric on the
determinant of cohomology with the metric on O(©) defined in Definition 1.4.3. It follows from
axiom (ii) in Theorem 1.3.2 that for an admissible line bundle L of degree g — 1, the metric on A(L)
is in fact independent of the metric on L.

Theorem 1.4.6. (Faltings [Fa2]) There is a constant 6 = §(X) such that the following holds.
Let L be an admissible line bundle of degree g — 1. Then there is a canonical isomorphism
A(L)—50(—©)[L], and the norm of this isomorphism is equal to exp(5/8).
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For the proof we need the following lemma. For the general definition of the scheme Pic,_, (X/B),
its theta divisor ©, and for the existence of the universal bundle, we refer the reader to [Mol], Sec-
tion 2.

Lemma 1.4.7. Let B be a noetherian scheme and letp : X — B be a smooth proper curve admitting
a section. There is, up to a unique isomorphism, a unique universal line bundle U on the product
X x Pic, (X/B). Let q: X x Pic, ,(X/B) — Pic, {(X/B) be the projection onto the second
Jfactor. Then there is a canonical isomorphism det Rq.U-——~O(—) of line bundles on Pic, ,(X/B),
compatible with base change.

Proof. This is in [Mol], Section 2.4. O

Sketch of the proof of Theorem 1.4.6. Let r be a non-negative integer, let £ be a divisor of de-
gree r + g — 1 on X, and consider the map pg : X" — Picy,_1(X) given by (Pi,...,P) +—
Ox (E— (P14 -+ P)). Let U be the universal line bundle on X x Picy_1(X), and consider the
pullback diagram

X7 x X —22+ Pic, 1 (X) x X

Xr Pic,_1(X)

with p, g the projections on the first factor and with ¢ = (¢g,idx ). By Lemma 1.4.7 and Definition
1.3.1 we have a canonical isomorphism det Rp. (p5U) ——¢% (O(—0)) of line bundles on X". Tt
clearly suffices for our purposes to prove that the norm of this isomorphism is constant. But this
follows from a calculation as performed in [Fa2], p. 397, showing that the curvature forms of the
line bundles at both sides of the isomorphism are equal. [l

In order to perform the calculation referred to at the end of the above proof, Faltings makes

use of the following lemma. We, in turn, will use this lemma to derive an explicit formula from
Theorem 1.4.6.

Lemma 1.4.8. Let L be an admissible line bundle on X and let Py,..., P, be r points on X. Then
we have a canonical isomorphism

ML ®Ox(Py+ ...+ P)Y)"SML) @ R P LY @ Q) P Ox (Pr)
k=1 k<l

and this isomorphism is an isometry.
Proof. This follows just by iteration of axiom (iii) from Theorem 1.3.2. O

A fundamental theorem of Riemann states that if D = P, 4 --- 4+ P, is an effective divisor of
degree g such that ¢p(X) is not contained in ©, we have an equality of divisors ¢5,(©) = D on
X. By Propositions 1.1.3 and 1.4.5, the canonical isomorphism ¢%,(0(0))——Ox (P + -+ + P,)
has constant norm on X. In other words, there is a constant ¢ = ¢(P1, ..., Py) depending only on
Py, ..., Pysuch that ||[0||(Pi+--+Py—Q) = ¢ [[1-; G(Px, Q) for all @ € X. We will now compute
this constant. Let {w1,...,wy} be a basis of the differentials H(X, Q%) and let P,..., P, be g

points on X. Let z1,...,24 be local coordinates about Pi,..., P, and write wy = fi; - dz; locally
at P,. Then we write || detwy(P)||ar = |det(fri(0))] - [Ti_; ldzk]|ar(Pr). This definition does not
depend on the choices of the local coordinates z1,. .., z4.

Theorem 1.4.9. (Fultings [Fa2]) Let {w1,...,wy} be an orthonormal basis of H(X, Q) provided
with the hermitian inner product (w,n) — %fxw AT. Let Pi,..., Py, Q be generic points on X.
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Then the formula

|| det wi ()] Ar
(P 4+ P, — Q) = exp(—5(X)/8) - sk UlIAL G(Pe, Q)
e Q)= exp(-80)/8) [ E B0 H

holds.

Proof. We apply Lemma 1.4.8 to the admissible line bundle L = Q% (Q) = Q% ®0, Ox(Q) and the
points Py, ..., P,. We obtain the required formula by computing the norm of a canonical section
on the left and the right hand side of the isomorphism in Lemma 1.4.8. By Serre duality we have
AL Q)@ Ox(Pr+ -+ Py)V) 2 NOx(Py + -+ + P, — Q)). For generic points Pi,..., Py, Q,
the line bundle Ox(P; + --- + P, — Q) has no global sections. In this case, the determinant
AMOx(Py +---+ P, — Q)) is canonically isomorphic to C and hence has a canonical section 1. By
Theorem 1.4.6, it has norm exp(—d§(X)/8) - ||[9]|(P1 + - -+ P, — Q). Now let’s look at the right
hand side of the isomorphism in Lemma 1.4.8. We have a canonical isomorphism

g
(@) QQPk (@
k=1
given by taking the determinant of the evaluation map

g9
HO(X,Q%(Q)) = H(X, Q%)= P Pk (@Q).
k=1

The norm of this isomorphism is || det wy(P)||ar - [17_; G(Pk, Q), and hence we have a canonical
element in \(Q%(Q))Y @ ®7_, Pk (Q) of that same norm. We end up with a canonical element

A% (Q) ® (@ Pzi‘%g(@)) ® K) P Ox(Pr)
k=1

k<l
of norm ,
ldetwi(P)l[5r - [ 6P @~ TGP P) -
k=1 k<l
The theorem follows by equating the two norms. O

An important counterpart to Faltings’ formula has been proved by Guardia [Gul]. We will
make essential use of this formula in Section 4.5 where, as an appendix to our work involved in
determining a certain auxiliary Arakelov invariant for hyperelliptic Riemann surfaces, we prove a
relation between products of certain Jacobian Nullwerte and products of certain Thetanullwerte.
The new ingredient in Guardia’s formula is a function ||J|| on Sym?X, which we shall introduce
first.

Recall that we have fixed for our Riemann surface X a symplectic basis of its homology and
a basis {w1,...,wy} of H(X,Q%), giving rise to a period matrix Q = (Q1|Q22). We have put
=07 and {n1,...,n} = {w1,...,w,} - Q7T

Lemma 1 4.10. Consider NYH®(X, QL) with its metric derived from the hermitian inner product
(w,n) — & [ wA on HY(X,Q%). Then the formula ||wi A... Awg||* = (det Im7)-| det €[> holds.

Proof. Note that [|wiA. .. Awy|? = det ((wy, wi))y,,;- The formula follows then from Lemma 1.4.1. [
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Definition 1.4.11. For wy,...,w, € C? we put

J(wi,...,wg) = det (sz (wl)) ,
g+2 _
[ J][(wr,...,wg) = (detIm7)™r -exp(—7 > 9_ typ - Im7)~1 - yp) - [J(wr,...,wy)],
where yr = Imwy, for k =1,...,g. The latter definition depends only on the classes of the vectors

wy in C9/Z9 + 7Z9. Next, fix g points Py,..., P, on X and choose g vectors w1, ..., w, in C9 by

requiring that for each k = 1,..., g, the divisor Y 9_, P corresponds by Riemann’s theorem 1.4.2
I#k

to the class [wi] € C9/Z9 + 7Z9. We then define ||J||(Py, ..., Py) == ||J]|(w1,...,wy). One may

check that this definition does not depend on the choice of the matrix 7.

We have ||J|| (P4, ..., Py) =0 if and only if the points P,..., P, are linearly dependent on the
image of X under the canonical map X — P(H%(X,Q%)Y).
The following theorem is Corollary 2.6 in [Gul].

Theorem 1.4.12. (Guardia [Gul]) Let Py, ..., Py, Q be generic points on X. Then the formula

O — e )S). I 6@
DIy Py = Q)" = exp(6(X)/8) NPy Po) - Sy

holds.

Proof. If P is a point on X and t is a local coordinate about P, then by definition of the Arakelov
metric on Q% we have limg_.p [t(P) — t(Q)|/G(P, Q) = ||dt||ar. By a slight abuse of notation we
write i = i (P)dt and wy, = wi(P)dt for k =1,...,¢. In this notation we have, for any divisor D
of degree g — 1,

dim, [9[(D + P = Q)/[t(P) = HQ)| = (det Imr)/* - exp(=n'y - (Im7) ™" - ) - | ; a—Zk(w) k(P

by the formula in Proposition 1.4.4. Here y = Imw and w € C9 lifts a class that corresponds to D
in Picy_1(X). Let us assume that {w1,...,w,} was an orthonormal basis of H°(X,QL). We are
going to apply the above to the equation

| det wi (Pr) ]| ar
IN(PL+ -+ Py — Q) = exp(—0(X)/8) - ol Ullar T o py
1911 (Pr g — Q) = exp(—0(X)/8) - Moo, GPy. ) kl_[1 Q)

which is Faltings’ fundamental formula from Theorem 1.4.9. Let ¢1,...,t, be local coordinates
about the points Py,..., P, and let wy for each k = 1,...,g correspond to the divisor > 9_, F.

I#k
Dividing through |t (Px) — tx(Q)| and taking the limit Q — Pj we obtain

(det Im7)/* - exp(—ntyy, - (Im7) ™" - |Z - (Pr)|
| deton (Pl i
— exp(—8(X)/8) - LU DIAr T p Py ——
I Ve H ) Tl (P

£k
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Multiplying over kK =1,..., g we obtain

g 9 9
_ o0

(det Im7)9/% - exp(—7 Ztyk - (Tm7)~* - H Z 8_ - (Py)]

k=1 k=11=1

|| det wi,(P) ||Ar)g

— exp(~g8(X)/8) - (Hm i

1
G(P P
,E o 1) Hndtkum (Py)”

Riemann’s singularity theorem (see [GH], pp. 341-342) says that for any effective divisor D on X,
the projectivised tangent space PTe p at the class of D in © C Picy_1(X) contains the image of
the divisor D on X under the canonical map X — PTpic, ,(x),p = P(H(X,Q%)Y). For us this
means that >°Y 09 -(wi) - nm(P) = 0 whenever k # [. As a consequence, we can write

m=1 9z,
g g
k=1 1l=1

Plugging this in we obtain

QJ‘Q)

~mi(Pr) = J(wi, ..., wy) - detng(F) .

(det Tm7)~Y2 - |[J||(Py, . .., P,) - | det i (P)]

B || det wr(P)||ar \? o |detwi(R)|
exp(gfs(X)/S)'(m) 'IEG(Pk;B) 'm'

It follows from Lemma 1.4.10 that | det n(P;)| = (det Im7)/?| det wy,(P;)|. Hence we arrive at

I dewk(Pl)llAr)g1

ITI(Pr, . Py) = exp(—gd(X)/8) - (Hk [G(Py. P1)

The required formula is obtained by eliminating the factor || detwy(P;)||ar using Faltings’ funda-
mental formula again. O

It is not so clear either from Theorem 1.4.6 or from the formulas of Faltings and Guardia derived
above, how one can compute the delta-invariant for a given Riemann surface X. In fact, in the
introduction to his paper [Fa2], Faltings says that he cannot give an explicit formula for it, except
in the case of elliptic curves. However, as will become apparent in Section 1.6, the delta-invariant
plays a very fundamental role in the function theory of the moduli space of curves, and therefore it
deserves to be studied further. In Chapter 2 we will answer Faltings’ question by giving a simple
closed formula for the delta-invariant which holds in arbitrary genus.

1.5 Semi-stability

In this section and the next we formulate results that hold only in general for semi-stable arithmetic
surfaces. We start by recalling the definition of a semi-stable curve.

Definition 1.5.1. Let B be a locally Noetherian scheme. A proper flat curve p : X — B is
called semi-stable if all geometric fibers of p are reduced, connected and have only ordinary double
points as singularities, the arithmetic genus of the fibers is positive, and each non-singular rational
component of a geometric fiber meets the other components in at least 2 points. For a semi-stable
curve p : X — B and a closed point b € B we denote by &, the number of singular points in the
fiber at b. If p: X — B is a semi-stable arithmetic surface, we denote by Ay, p the divisor ), & -b
on B, where b runs through the closed points of B.
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We will need the following result in Section 2.5. The proof uses the celebrated Hodge index
theorem for arithmetic surfaces (¢f. [Fa2], §5). This is well-documented and we will not discuss
this further.

Proposition 1.5.2. (Faltings [Fa2]) Let p : X — B be a semi-stable arithmetic surface of genus
g >0, and let D be an effective Arakelov divisor on X. Then

(i) (wx/B,wx/B) >0,
(i) 49(9 — 1) - (wx/B, D) > (Wx/B,wx/B) - deg D.
Proof. This is Theorem 5 in [Fa2]. O
We next consider the properties of semi-stable arithmetic surfaces with respect to base change.

Proposition 1.5.3. Let ¢ : B’ — B be a finite morphism with B’ the spectrum of the Ting of
integers in a finite extension L of the quotient field K of R. Let X' — X xpg B’ be the minimal
desingularisation of X xg B’, and let v : X' — X be the induced morphism.

(i) The arithmetic surface X' — B’ is again semi-stable.
(ii) We have an equality of divisors Ax: g = q¢*Ax/p on B'.
(iii) There exists a canonical isomorphism r*wX/Bi»wX//B/ on X'.
(iv) There exists a canonical isomorphism det p;wx//B/i»q* det p.wx/p on B’.

Proof. As to (i) and (ii), these follow from the fact (¢f. [La], Theorem V.5.1) that a double point
in the fiber of X x g B’ at a closed point ' is resolved by a chain of e — 1 irreducible components
isomorphic to P! and having geometric self-intersection -2. Here e is the ramification index of
q: B — B atb'. Statement (iii) is in [La], Proposition V.5.5. Finally (iv) follows from (iii) and
the defining properties of the determinant of cohomology. [l

Proposition 1.5.3 makes it possible to define invariants of curves defined over a number field.

Theorem 1.5.4. (Stable reduction theorem, Grothendieck, Deligne-Mumford et al. [DM]) For any
geometrically connected, non-singular proper curve C of positive genus over a number field K there
exists a finite extension L of K and a semi-stable arithmetic surface p : X — B over the ring of
integers of L such that the generic fiber of p is isomorphic to X @ L.

We note that a semi-stable arithmetic surface is a minimal model of its generic fiber.

Proposition 1.5.5. Let C/K be a curve of positive genus, and let L be a finite extension of K over
which C' acquires semi-stable reduction. Let p: X — B be a semi-stable arithmetic surface over the
ring of integers of L. Then the quantities d/(;gdetp*wX/B/[L Q] and (wx/p,wx/B)/[L : Q] do not
depend on the choice of L, hence they define invariants of C.

Proof. This follows from Propositions 1.5.3, 1.3.7 and 1.3.8. |

Definition 1.5.6. We denote by hp(C) the quantity d/engetp*w;(/B/[L : Q] from the above
proposition. It is often referred to as the Faltings height of C. We denote by e(C) the quan-
tity (wx/B,wx/B)/[L : Q] from the above proposition.

In [Fal] it is proved that for a fixed number field K, the set of isomorphism classes of C'/K of
fixed positive genus and of bounded Faltings height, is finite.
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1.6 Noether’s formula

In this section we demonstrate the importance of the delta-invariant by showing that it can be seen
as the norm of the so-called Mumford-isomorphism on the moduli space of curves (Theorem 1.6.1).
This fundamental isomorphism was first obtained in [Mul] by an application of the Grothendieck-
Riemann-Roch theorem. In [Fa2] and [Mo2] we find an explicit construction of this isomorphism.
We briefly discuss this construction in the proof of Theorem 1.6.1, leaving it to the reader to check
the details in the aforementioned papers. As a consequence of the calculation of the norm of the
Mumford-isomorphism we obtain the celebrated Noether formula in Arakelov theory (Corollary
1.6.3). Throughout this section we will freely use the language of stacks as in [Fa2] and [Mo2].

Let g > 0 be an integer. Let M, be the moduli stack of smooth curves of genus g, and let
p : Uy — M, be the universal curve. For line bundles on U, we have as in Section 1.3 the notion of
Deligne bracket and determinant of cohomology on M. In particular, if w is the relative dualising
sheaf of p : Uy — M, then we have the line bundles det p,w and (w,w) on M,.

Theorem 1.6.1. (Mumford [Mul], Faltings [Fa2], Moret-Bailly [Mo2]) There exists an isomor-
phism
p: (det paw)®2 5w, w)

of line bundles on M. This isomorphism is unique up to a sign. Its norm on My(C) is equal to
(27) =49 exp(6).

Sketch of the proof. In order to prove existence it suffices, roughly speaking, to construct for each
smooth proper curve p : X — B of genus g an isomorphism (detp.wy,p)®?——(wx /B wx/B)
which is compatible with base change. We will sketch such a construction only for p : X — B which
come equipped with a theta-characteristic L, i.e. a line bundle with an isomorphism L®?5wy /B-
The general case requires a more subtle argument. Using L, we make J := Pic, ;(X/B) into an
abelian scheme over B. For this we refer to [Mol], Section 2. Let e : B — J be its zero-section, and
let QlJ/B be the sheaf of relative 1-forms. In the case B = Spec(C), the global sections H(J, %)
come equipped with a hermitian inner product (e, 3) + (i/2)9(—1)9(9—1)/2 fJ(C) a A (. The next
four steps give then the required isomorphism. (i) Let © be the theta divisor of Pic, ,(X/B),
see once more [Mol], Section 2. Then there is a canonical isomorphism e*(Q_g]/B);e*(O(G))@,
compatible with base change. This is Moret-Bailly’s formule clé, see [Mo2] and [Mo3]. (ii) Let
7+ X — J be the usual embedding, unique up to translation, which exists locally for the étale
topology on B. Then there is a canonical isomorphism e*(€7 / B)% det p.wx,p, compatible with

base change. (iii) There is a canonical isomorphism det Rp,L——e*(O(—0)), compatible with base
change. This follows directly from Lemma 1.4.7. (iv) There are canonical isomorphisms

det Rp. (w®?) " (w,w) @ det pow and  (det Rp,L)®® " (w,w)® ™ @ (det p.w)®®,

compatible with base change. These isomorphisms follow from the Riemann-Roch theorem for
p: X — B, discussed in Section 1.3. The uniqueness up to sign of the isomorphism p follows from
the fact (see [Mo2], Lemme 2.2.3) that H°(M,, G,,) = {+1,—1}. The statement on the norm of
p follows from the fact that the isomorphism in (i) has norm (27)~%9 (this is the main result of
[Mo3]), the isomorphism in (iii) has norm exp(d/8) by definition of the delta-invariant, and the
other isomorphisms are isometries. [l

As was shown in [DM], for any g > 1 we have a moduli stack ﬂg classifying stable curves of
genus g. It contains the moduli stack M, of smooth proper curves of genus g as an open substack.
It is customary to denote by A the closed subset /\_/lg — M, provided with its reduced structure; this
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is a normal crossings divisor in M, (see [DM]). The divisor A is the union of different components
A=AgUALU...UA,., r=|g/2],

where Ag denotes the closure of the locus corresponding to irreducible curves with a single node,
and where Ay for k > 0 denotes the closure of the locus corresponding to reducible curves with
components of genus k and genus g — k. Mumford [Mul] has shown that the isomorphism p extends
over M,.

Theorem 1.6.2. (Mumford [Mul]) There exists an isomorphism

T (detp*w)®12;’<waw> ® Omg (4)

of line bundles on ﬂg. This isomorphism is unique up to sign.

By considering the Mumford-isomorphism on the base of a semi-stable arithmetic surface p :
X — B and taking degrees on left and right we obtain the arithmetic Noether formula.

Corollary 1.6.3. (Noether’s formula, Faltings [Fa2], Moret-Bailly [Mo2]) Let p : X — B be a
semi-stable arithmetic surface of genus g > 0, with B the spectrum of the ring of integers in a
number field K. Then the formula

12degdet powx 5 = (Wa/p wayp) + Y O log#k(b) + > 8(X,) — 4g[K : Q]log(2r)
b

o:K—C

holds. Here b runs through the closed points in B, and o runs through the complexr embeddings of
K.

A detailed investigation as in [Jo] and [We] shows that when viewed as a function on the moduli
space M,(C), the delta-invariant acquires logarithmic singularities along the components of the
boundary divisor A. We will come back to this in Section 2.4. As was remarked by Faltings in his
introduction to [Fa2], the delta-invariant can be viewed as the minus logarithm of a “distance” to
A. This interpretation is supported by the Noether formula.
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Chapter 2
Analytic invariants

The purpose of this chapter is to give explicit formulas for the Arakelov-Green function and the
delta-invariant, introduced in Chapter 1. In order to do this, we introduce two new invariants .S and
T of Riemann surfaces. These invariants are reasonably explicit and can be efficiently calculated.
In Section 2.1 we state our results. After giving the proofs in Section 2.2, we specialise to the case
of elliptic curves in Section 2.3. In particular we obtain Faltings’ formula for the delta-invariant
for elliptic curves, given in [Fa2]. The asymptotic behavior of the invariants S and T is considered
in Section 2.4. In Section 2.5 we give some applications of our formulas in intersection theory.
Among other things we prove a lower bound for the self-intersection of the relative dualising sheaf.
Finally we comment upon the use of Arakelov geometry in a recent bound for the complexity of an
algorithm, due to Edixhoven, for computing certain Galois representations.

2.1 Results

Let X be a compact and connected Riemann surface of genus g > 0. Our first result deals with
the Arakelov-Green function G of X. Let P be a generic point on X. By the remarks after the
proof of Lemma 1.4.8, there is a constant ¢ = ¢(P) depending only on P such that for all @ € X
we have G(P, Q)9 = ¢(P) - ||9]|(gP — Q). This has been observed by some authors before, see for
instance the remarks in [Jo], p. 229. Our contribution is that we make the dependence on P of the
constant ¢(P) clear. Our result involves the divisor W of Weierstrass points on X. This is a divisor
of degree g — g on X, given as the divisor of a Wronskian differential formed out of a basis of the
holomorphic differentials H°(X, Q% ). For each point P € X, the multiplicity of P in W is given
by a weight w(P), which can also be calculated by means of the classical gap sequence at P (see
Remark 2.2.9).

Definition 2.1.1. We define the invariant S(X) of X by means of the formula

log S(X) := — /X log [9]|(9P — Q) - u(P).

where () can be any point in X.

We will see later (Proposition 2.2.3) that the integrand has logarithmic singularities only at
the Weierstrass points of X, which are integrable. Hence the integral is well-defined. That the
definition does not depend on the choice of @) follows from the translation-invariance of the form v
on Pic,_1(X).

The invariant S(X) appears as a normalisation constant in the formula that we propose for the
Arakelov-Green function.
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Theorem 2.1.2. Let P,Q € X with P not a Weierstrass point. Then the formula

 IleP-0)
v e 10l (gP — W)

G(P,Q)" = S(X)V9

holds. Here the Weierstrass points are counted with their weights.

For P a Weierstrass point, and @ # P, both numerator and denominator in the formula of
Theorem 2.1.2 vanish with order w(P), the weight of P. The formula remains true also in this case,
provided that we take the leading coefficients of the appropriate power series expansions about
P in both numerator and denominator. Note that apart from the normalisation term involving
S(X), the Arakelov-Green function can be expressed in terms of certain values of the ||9|-function.
These values are very easy to calculate numerically. The (real) 2-dimensional integral involved in
computing S(X) is harder to carry out in general, but it is still not difficult.

Other ways of expressing the Arakelov-Green function in terms of quantities associated to X and
1 have been given, for instance one might use the eigenvalues and eigenfunctions of the Laplacian
(see [Fa2], Section 3), or one might use abelian differentials of the second and third kind (see [La],
Chapter II). There is also a closed formula due to Bost [Bo]

1
logG(P.Q) = /@ log [[9]] - 91 + A(X),

expressing the Arakelov-Green function in terms of an integral over the translated theta divisor.
Here v is the canonical translation-invariant (1,1)-form on Pic,_1(X), and the quantity A(X) is a
certain normalisation constant, perhaps comparable to our S(X).

One of our motives for finding a new explicit formula was the need to have a formula that
makes the efficient calculation of the Arakelov-Green function possible. The other approaches that
we mentioned are perhaps less suitable for this objective. For instance, the formula given by Bost
involves a (real) 2g — 2-dimensional integral over a region which seems not easy to parametrise.
Also, for each new pair of points (P, Q) one has to calculate such an integral again, whereas in our
approach one only has to calculate a certain integral once.

Our second result deals with Faltings’ delta-invariant §(X). Let ® : X x X — Picy—1(X) be the
map sending (P, Q) to the class of (¢P — Q). For a fixed Q € X, let ig : X — X x X be the map
sending P to (P,Q), and put ¢_g = P -ig. This coincides with the definition of ¢p in Proposition
1.4.5 for divisors D, where we take D = —(@). Define the line bundle Lx by

e <® O (O(G”>®(g”/ P oy (0°(0O))]ay w0, 93 o,

wew
®2
® (Q?}g(g+1)/2 ®OX (/\gHO(X, Q%{) ®c OX))V) -
We have then the following theorem.

Theorem 2.1.3. The line bundle Lx is canonically trivial. Let T(X) be the norm of the canonical
trivialising section of Lx. Then the formula

exp(3(X)/4) = §(X)~0=V/9" . 7(X)
holds.

Despite appearances to the contrary, the invariant T(X) admits a very concrete description, see
Propositions 2.2.7 and 2.2.8. In fact, the computation of T'(X) involves only elementary operations
on special values of the functions ||J|| and Guardia’s ||.J||. Thus, we have now a very simple closed
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formula for the delta-invariant, reducing its calculation to the calculation of the invariants S(X)
and T'(X), the former involving a (real) 2-dimensional integral, and the latter being elementary to
calculate. We shall demonstrate the practical significance of our formulas for calculating Arakelov
invariants in Chapter 6.

It seems an important problem to relate the invariants S(X) and T'(X) to more classical in-
variants. In Chapters 3 and 4 we prove a result that does this for T'(X) with X a hyperelliptic
Riemann surface. This is already quite involved.

Next, it seems worthwhile to study whether our invariants S(X) and T(X) give rise to proper,
strongly (g — 2)-pseudoconvex functions on My(C). This notion arises in the context of Morse
theory on manifolds. The importance of finding such functions is stressed by Hain and Looijenga
(private communication); indeed, if such functions would be seen to exist, numerous interesting
results (both known and still conjectural) on the geometry of M (C) would be implied. Perhaps
the explicit nature of our invariants opens a way to constructing such functions.

Our inspiration to study Weierstrass points in order to obtain results in Arakelov theory stems
from the papers [Arl], [Bu] and [Jo|. Especially the latter paper has been useful. For example, our
formula for the delta-invariant in Theorem 2.1.3 is closely related to the formula from Theorem 2.6
of that paper. Our improvement on that formula is perhaps that we give an explicit splitting of the
delta-invariant in a new invariant S(X) involving an integral, and a new invariant T'(X) which is
purely “classical”. These invariants seem to be of interest in their own right.

2.2 Proofs

In this section we prove Theorems 2.1.2 and 2.1.3. The major idea will be to give Arakelov-theoretic
versions of classical results on Weierstrass points.

First we recall the Wronskian differential that defines the divisor of Weierstrass points on X. An
alternative approach is sketched in Remark 2.2.9 below. Let {¢1,...,1,} be a basis of H°(X, Q).
Let P be a point on X and let z be a local coordinate about P. Write ¢y, = fr-dz fork=1,...,g.
The Wronskian determinant about P is then the holomorphic function

1 dllfk)
W.(¢) :=d prey '
(¢) := det ((l =DV dl=t ) e,

Let ¢ be the g(g 4 1)/2-fold holomorphic differential

= W, (1Y) - (dz)®9l9+1)/2

Then ¢ is independent of the choice of the local coordinate z, and extends to a non-zero global
section of Q‘g((gﬂ)/ A change of basis changes the Wronskian differential by a non-zero scalar
factor, so that the divisor of a Wronskian differential 7,/; on X is unique: we denote this divisor by
W, the divisor of Weierstrass points.

The Wronskian differential leads to a canonical sheaf morphism

(NH(X, Q) ®c Ox) — QT2

given by
SN NG
ey 2t 159
Y1 N N Yy

This gives a canonical section in Q?}g(ﬁ_l)/z ®ox (NMH(X, Q%) ®c OX))V whose divisor is W.

SN N .
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Proposition 2.2.1. The canonical isomorphism
Q§9(9+1)/2 ®0x (/\91{0()(7 Qﬁ() Sc OX))V ;’OX (W)

has a constant norm on X.

Proof. This follows since both sides have the same curvature form, and the divisors of the canonical
sections are equal. O

Definition 2.2.2. We shall denote by R(X) the norm of the isomorphism from Proposition 2.2.1. In
more concrete terms we have [ [y, G(P,W) = R(X)-||@| ac(P) for any P € X, where {w1,...,wy}
is an orthonormal basis of H%(X, Q%), and where the norm of the Wronskian differential & is taken
in the line bundle Q579Y/? with its canonical metric induced from the canonical metric on Q.

Taking logarithms and integrating against pu(P) gives, by property (iii) of the Arakelov-Green
function, the formula log R(X) = — [ log[|&||ar(P) - p(P).

Recall from Section 2.1 the map ® : X x X — Pic,_1(X) sending (P, Q) to the class of (¢P — Q).
A classical result on the divisor of Weierstrass points is that the equality of divisors

P*(O) =Wx X +g-Ax

holds on X x X, see for example [Fay], p. 31. Denote by p; : X x X — X the projection on the
first factor. Using Proposition 2.2.1, the above equality of divisors yields a canonical isomorphism
of line bundles

*(0(0))-p; (T2 @ (AHO(X, Q%) @c 0x)) ") @ Oxx (Ax)®

on X x X. We will reprove this isomorphism in the next proposition, and show that its norm is
constant on X x X. After Corollary 2.2.5 to this proposition, the proofs of Theorems 2.1.2 and
2.1.3 are just a few lines.

Proposition 2.2.3. On X x X, there exists a canonical isomorphism of line bundles

~

*(0(0))p* (Q?;g@*”/ 2 ® (MH(X, Q%) ®c ox))v) ® Oxxx(Ax)®9.

The norm of this isomorphism is everywhere equal to exp(§(X)/8).

Proof. We are done if we can prove that
exp(6(X)/8) - [9l(gP — Q) = [|&]|ax(P) - G(P, Q)?

for all P,Q € X, where {w1,...,wy} is an orthonormal basis of H?(X, Q% ). But this follows from
the formula in Theorem 1.4.9, by a computation which is performed in [Jo], p. 233. Let P be a
point on X, and choose a local coordinate z about P. By definition of the canonical metric on Q%
we have then that limg_.p |2(P) — 2(Q)|/G(P,Q) = ||dz||ar(P). Letting P1,..., P, approach P in
Theorem 1.4.9 we get

po ldetorn@)llar _ { | det wi.(P)]|ax ,Hk<l|Z(Pk)Z(Pl)|}
Pi—P [, G(Py, ) Pi=P | [ [2(P) — 2(1)] [[1c: G(Px, 1)
. |detwk(Pl)| } g+g(g—1)/2
{Pwpnkﬁz(m—z(w ldzllas ™ (P)
= |W.(w)(P)] - [|ld=|| 5V (P)
= &)l ar(P).
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The required formula is therefore just a limiting case of Theorem 1.4.9 where all Pj, approach P. O
Corollary 2.2.4. The formula S(X) = R(X) - exp(d(X)/8) holds.

Proof. This follows easily by taking logarithms in the formula

exp(6(X)/8) - |9](9P — Q) = [[@][ax(P) - G(P, Q)*

and integrating against u(P). Here we use again property (iii) of the Arakelov-Green function and
the formula log R(X) = — [, log ||&[|ar(P) - u(P), which was noted above. O

Corollary 2.2.5. (i) Let Q € X. Then we have a canonical isomorphism
¢ o(0(0))—0x(W+g-Q)

of constant norm S(X) on X.
(i) We have a canonical isomorphism

(2(0(9)|ax) ®oyx OF—0x (W)
of constant norm S(X) on X.

Proof. We obtain the isomorphism in (i) by restricting the isomorphism from Proposition 2.2.3 to a
slice X x {Q}, and using Proposition 2.2.1. Its norm is then equal to R(X) -exp(d(X)/8), which is
S(X) by Corollary 2.2.4. For the isomorphism in (ii) we restrict the isomorphism from Proposition
2.2.3 to the diagonal, and apply the canonical adjunction isomorphism Oxxx(—Ax)|a, —Qk.
Again we get norm R(X) - exp(6(X)/8), since the adjunction isomorphism is an isometry. O

Note that Corollary 2.2.5 gives an alternative interpretation to the invariant S(X).

Proof of Theorem 2.1.2. By taking norms of canonical sections on left and right in the isomorphism
from Corollary 2.2.5 (i) we obtain

G(P,Q7- I cw)=5X)- WP - Q)

wew

for any P,Q € X. Now take the (weighted) product over @ € W. This gives

[T cewy’ =s@x)s = I I9llgP —w).

wew wew

Plugging this in in the first formula gives

QS

G(P,Q)7-5(X) " - [ I9ligP —W)Y9" = S(X) - |9l(9P — Q).
WwWew

from which the theorem follows. O

Proof of Theorem 2.1.3. From Corollary 2.2.5 (i) we obtain, again by taking the (weighted) product
over @ € W, a canonical isomorphism

< (0 qﬁ*_WO(@)) 0x (g% - W)

wew
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of norm S(X)9° 9. It follows that we have a canonical isomorphism

®(g—1)/g°
< R ¢’:W0<6>> S0x((g—1)- W)

wew

of norm S(X)@=D°~9)/9° From Corollary 2.2.5 (ii) we obtain a canonical isomorphism

(g+1) ~

(27 (0(0)|ax) ®ox Q597 Zo0x(~(g+ W)

of norm S(X)~(@*+Y. Finally from Proposition 2.2.1 and Corollary 2.2.4 we have a canonical iso-
morphism

®2
(e @o, (WHO(X,0k) @c O0x))") T 0x (2W)

of norm S(X)? exp(—§(X)/4). It follows that indeed the line bundle Ly is canonically trivial, and
that its canonical trivialising section has norm

S(X)~ oD/ S(X)TF - S(X) 72 - exp(3(X)/4) = S(X) T/ exp(8(X)/4).
By definition this is T'(X), so the theorem follows. O
Theorem 2.1.2 leads to an alternative formula for S(X).
Proposition 2.2.6. Let P be a point on X, not a Weierstrass point. Then the formula
log () = g+ [ 1og 9l = Q) (@) + =+ 3 log9]gP ~ W)
X 9 wew
holds. Here the sum is over the Weierstrass points of X, counted with their weights.
Proof. Take logarithms in Theorem 2.1.2 and integrate against u(Q). (|

It remains for us to give an explicit formula for the invariant T'(X). Let P € X not a Weierstrass
point and let z be a local coordinate about P. Define || F,||(P) as

IP(P) = i, LTS

Let {w1,...,wy} be an orthonormal basis of H%(X, Q).

Proposition 2.2.7. The formula

T(X) = |F|(P)~D - T II9ll(gP — W)@=D/9" W, (w)(P)[?
WwWew

holds.

Proof. Let F be the canonical section of (®*(0(0))|ay ) ® Q%Y given by the canonical isomorphism
in Corollary 2.2.5 (ii). For its norm we have ||F|| = ||F.]|| - ||dz||%, in the local coordinate z. The
canonical section of @y ¢y ¢% 1y O(0) has norm [[y, ¢y, [|9]| (9P — W) at P. Finally, the canonical
section of Q57T 2 @4 (AWHO(X, Q%) ©c Ox))" has norm [|&]ar = [W. (w)|- [|dz]| 59 D/2. The
proposition follows then from the definition of T'(X). O

We next give a formula for 7(X) in which only first order partial derivatives of the theta function
oceur.
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Proposition 2.2.8. Let Py,...,P;,Q be generic points on X. Then the formula

_ |19||(P1+-~~+P9Q)>2g—2
T(X) =
) < Z:1 19| (g Px —Q)l/g

9| (gP, — P)Y/9
(T ) - I [ -

wew k=1

holds.

Proof. The formula follows from Theorem 1.4.12, using Theorem 2.1.2 to eliminate the occur-
ring values of the Arakelov-Green function G, and using Theorem 2.1.3 to eliminate the factor
exp(d(X)/8). The factors involving S(X) that are introduced in this way cancel out. O

Remark 2.2.9. An alternative way to obtain the divisor of Weierstrass points ¥ on X is to use
gap-sequences. Let P € X be a point.

Definition 2.2.10. The gap-sequence I'(P) at P is the set

I'(P) = {a > 1| there is no meromorphic function f with (f)s = a - P}

= {a > 1| there exists a holomorphic 1-form w with a zero of exact order a — 1 at P}.

Here (f)oo denotes the polar part of a meromorphic function f. The equality implied by the
definition follows from the Riemann-Roch theorem.

The following facts are then not difficult to see:
(i) N\ T'(P) is a semi-group;
(i) 1€ 0(P);
(iii) For a € T'(P) we have a < 2g — 1;
v)

(i

Let I'(P) = {a1,...,a4} with a1 < ... < ag. We then define the weight of P to be the deviation of
the gap-sequence from the sequence {1,...,¢g}:

The set I'(P) has cardinality g.

Definition 2.2.11. The weight w(P) of P is the number w(P) = Y 7{_, (ar — k).
It follows that always w(P) < g(g — 1)/2.

Definition 2.2.12. We call P a Weierstrass point if T'(P) differs from {1,...,g}. Equivalently, we
call P a Weierstrass point if w(P) > 0 or if h°(gP) > 1.

In [Gun], pp. 123-125 we find a proof of the following proposition.

Proposition 2.2.13. Let () = W, (1) - (dz)®99TD/2 be o Wronskian differential in H°(X, Qg((ngl)/z).
Then we have an equality of divisors divy) =Y ey w(P) - P.

As an example, consider a hyperelliptic Riemann surface X of genus g > 2. A hyperelliptic map
X — P! has 2g + 2 ramification points, and for each ramification point P, the gap-sequence I'(P)
at P equals I'(P) = {1,3,...,2¢9 — 1}. Hence, each P has weight g(g — 1)/2, and the ramification
points are exactly the Welerstrass points of X.
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2.3 Elliptic curves

In this section we make the invariants S(X) and T'(X) explicit for a Riemann surface X of genus 1.
We can write X = C/Z+77Z where 7 is an element in the complex upper half plane. It is determined
up to a transformation with an element of SL(2,7Z). Since

l/dz/\dE:Im'r,
2 Jx

the holomorphic differential dz/+/Imr is an orthonormal basis of H°(X, Q%).

As usual we write ¢ = exp(27i7) and then we have the eta-function n(7) = ¢*/** 72, (1 — ¢¥)
and the modular discriminant A(7) = n(7)** = ¢4, (1 — ¢*)**. The latter is a modular form on
SL(2,7) of weight 12. We put [[7][(X) = (Imr)/*-|n()| and A[[(X) = lnl}(X)** = (Imr)®-|A (7).
These definitions do not depend on the choice of 7.

Theorem 2.3.1. The formula
1

S0 = i)

holds.

As an immediate consequence we find a formula for the Arakelov-Green function, given already
in [Fa2], Section 7.

Corollary 2.3.2. The formula

I(P—Q
cro)_ PIP—@)
[l (X)
holds.
Proof. Apply the previous result to the formula in Theorem 2.1.2. O

Proof of Theorem 2.3.1. We follow an analogous computation in [La], Chapter II, §5. The fun-
damental (1,1)-form p is given by p = %(dz A dz)/Imr. We will perform our integrals over the
fundamental domain A for X given by z = ar + 3 with a € [~1, 1] and 3 € [0,1]. Write y = Imz.

We find

2°2

/—ﬂ'y (Im7)™" - / / —ma? - Tmr - dadﬁ——— Im7
A 5=0

and we shall prove

[ 10810371 n(2) = 10g] [T 1 = expzrikr)|.

k=1

Together this gives
log S(X) = [ log 9]+ =~ log ](X)
X

as required. Let us prove the integral formula. We will make use of the product expansion (cf.
[Mu2], p. 68)

H (1 — exp(2mikT)) H {(1 + exp(mi(2k + 1)7 — 2miz)) (1 + exp(mi(2k + 1)7 + 27iz))} .
k=1 k=0
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Fix an index k£ > 0. In order to compute

/Alog |(1 + exp(mi(2k + 1)1 — 2miz))| - pu(z)

1/2
/ log |(1 + exp(mi(2k + 1)1 — 2mi(at + 3)))|dad
=—1/2Jp=0

we observe the following: for o < 1/2 we have
|exp(mi(2k + 1)7 — 2mi(ar + 5))| < 1,

and next for w € C with |w| < 1 we have

o]
=y
m

m=1

—log(1 —w

where the convergence is uniform on compact subsets. This gives

1/2

/ log |(1 + exp(mi(2k + 1)7 — 2mi(at + 3)))|dadB
——1/2Jp=0

1/2 )m+1
/ Re { ———— - exp(mi(2k + V)m7 — 2mmi(at + ﬁ))} dadf
B=0

=-1/2 m=1 m

1/2 1)m+1
= Re Z / / -exp(mi(2k + 1)m7 — 2mmi(at + §))dadB =0,

=—1/2J8=0 m

where the latter equality holds since for any m,
1
/ exp(mi(2k + 1)m7 — 2mmi(ar + 5))dS =0
B=0

as one sees directly. In a similar vein one proves that

/Alog [(1 + exp(mi(2k + 1)7 + 27iz))| - p(z) =0

for any fixed k > 0. Together this gives the required integral formula. |

In Chapter 5, where we study the Arakelov theory of elliptic curves more closely, we give an
alternative proof of Corollary 2.3.2. This proof relies on special properties of the Arakelov-Green
function of X, which we discover later on.

Next we turn to the invariant T'(X).

Theorem 2.3.3. The formula
T(X) = (2m)7% - [ Al(xX) "/
holds.

Using Theorem 2.1.3 we find the following corollary, which is also in Section 7 of [Fa2].

Corollary 2.3.4. (Faltings [Fa2]) For Faltings’ delta-invariant 6(X) of X, the formula

6(X) = —log |A[[(X) — 8log(2m)
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holds.

Proof of Theorem 2.3.3. We make use of the explicit formula for T(X) in Proposition 2.2.7. Take
the euclidean coordinate z as a local coordinate on X = C/Z+ 7Z, and choose w = dz/vIm7 as an
orthonormal basis of H°(X, Q% ). Choose an arbitrary point P € X. The Riemann vector is given
1t7
2

by kK = . An explicit computation yields

T(X) = [ (P) - [W- )| (P)? = ()2 - exp(r - T /2) - |92 (12752

The proposition follows by the formula

<exp(7ri'r/4) : % (1 ; T;T>>8 = (2m)® - A(7)

which is a consequence of Jacobi’s derivative formula (¢f. [Mu2], Chapter I, §13). O

We could circumvent the computation in the above proof and apply Proposition 2.2.8 directly.
However, the idea of using the explicit formula from Proposition 2.2.7 will be applied again in
the next chapter, where we compute T'(X) for hyperelliptic Riemann surfaces (see especially the
proof of Theorem 3.1.2 in Section 3.7). In fact the above proof is a special case of the arguments
developed in Chapter 3.

We will give a proof of Jacobi’s derivative formula in Section 4.6, using Arakelov theory.

2.4 Asymptotics

In [Fa2|, Faltings asked for the behavior of the delta-invariant in a family of Riemann surfaces
degenerating to a surface with a single node. An answer to this problem has been formulated by,
among others, Jorgenson [Jo] and Wentworth [We]. Given our splitting of the delta-invariant in the
invariants S(X) and T'(X) (Theorem 2.1.3), it seems natural to ask for the asymptotic behavior of
these new invariants. One expects that the question is more subtle than for the delta-invariant as a
whole, and indeed this turns out to be the case. In fact, the asymptotic behavior of these invariants
depends on the structure of the limit divisor of Weierstrass points. In the present section we give
an asymptotic formula only in a generic case (Theorem 2.4.2). We start however by recalling the
result of Jorgenson and Wentworth.

Theorem 2.4.1. (Jorgenson [Jo], Wentworth [We]) Let X; be a holomorphic family of compact
and connected Riemann surfaces of genus g > 0 over the punctured disc as in [Fay], Chapter 3,
degenerating as t — 0 to a surface with a single node. If the degenerate surface is the union of
two compact and connected Riemann surfaces of positive genera g1, g meeting at a single point, the
formula

4
5(Xy) = —% log [t| + O(1)
holds. If the degenerate surface remains connected upon removing the node, the formula

49 -1
5(X¢) = — 939 log [t| — 61og(— log [t]) + O(1)

holds.

In particular, the asymptotic behavior of the delta-invariant is the same no matter what specific
degenerate surface we choose (of the type mentioned in the theorem). This also accounts for the
fact (¢f. [Jo], Theorem 6.2) that the delta-invariant is, up to a loglog-term associated to the locus
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of degenerate surfaces with a non-separating node, a Weil function on M,(C). As we will see in a
minute, this is not true for the invariants log S(X) and log T (X). However, we have the following
result for a “generic” degenerate surface of separate type.

Theorem 2.4.2. Suppose that the degenerate surface is the union of two Riemann surfaces of
positive genera gy, gs with two points identified, and suppose furthermore that neither of these two
points was a Weierstrass point on each of the two separate Riemann surfaces. Then the formulas

log S(X:) = —% log |t| + O(1)

and

logT(X

2
+g9—1
o= -eldr—l) o Lioglil +0(1)

hold.

Proof. We review from [Fay], Chapter 3 the description of the holomorphic family X; in the sep-
arating case. We fix two compact and connected Riemann surfaces X; and X of positive genera
g1, g2, respectively. Further we fix coordinate neighbourhoods Uy about Pj and local coordinates
zk : Uy — D, where D is the unit disk. We let W} = {z; € Xy |z € Xi \ Ugor|zg(xr)| > |t}
fort € D and C; = {(X,Y) € D x D| XY =t}. The family X; of genus g = g1 + g2 is then built
from these data by putting X; = W{ U C, UW{ with the following identifications: z; € Wf N U is
identified with (21(z1),t/21(71)) € C; and xo € Wi N Uy is identified with (22(z2),t/22(22)) € Cy.
For ¢ = 0, we obtain a singular surface Xy which is just X; U X5 with the points P;, P> identified.
From Section 3 of [Jo] we deduce the formulas

g2loglt], P.Q € X1\ {1}

log|[9[|(gP — Q) = gloglt], P,Qe Xy \{P} »+O0(1),
0, otherwise
_ g2 log ||, PGXl\{Pl}}
1
_ 592(g2 + 1) loglt|, P e Xi\{Pi} }
oW = {3 e e () O,
g [xlog|l9[(gP — Q) - u(Q) = grgaloglt| +O(1).

By Theorem 3.1 in [EH], under the condition stated in the theorem the limit Weierstrass divisor
Wy on Xy, i.e., the intersection of the closure of the Weierstrass divisor on the generic fiber with
X, is equal to the union of a part W, consisting of the ramification points outside P; of the linear
system |Kx, ((g2 +1)P1)| on X1, and a part Wy consisting of the ramification points outside P> of
the linear system |Kx,((g1 + 1)P2)| on Xo. Here Kx, and K, denote canonical divisors on X3
and Xo, respectively. In particular, by the Pliicker formulas we have deg(W;) = g1(g?> — 1) and
deg(Ws) = g2(g* — 1). Using the first formula above we obtain from this that

> log|[9][(gP = W) = (¢ — D)grgzlog [¢| + O(1).
wew

We obtain the limit formula for log S(X;) by applying Corollary 2.2.6, and the limit formula for
log T (X:) by applying Proposition 2.2.7. (|

If, contrary to the conditions in the theorem, one of the identified points is a Weierstrass point,
the limit Weierstrass divisor is in general different from the divisor described in the above proof.
It seems interesting to investigate the asymptotic behavior of the invariants T'(X) and S(X) in
various cases that can occur. For example, using Theorem 3.1.4 below and a result of Cornalba
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and Harris [CH] it is easy to compute the asymptotic behavior of T'(X) in a holomorphic family
of hyperelliptic Riemann surfaces degenerating to the union of two hyperelliptic Riemann surfaces
meeting in a single point. In this case, the two identified points must be Weierstrass points since
they are fixed by the hyperelliptic involution. We are outside the scope of Theorem 2.4.2, and
indeed we find a different asymptotic behavior.

It also seems interesting to study the degeneration of the Weierstrass points further in the case
that the degenerate surface has a non-separating node. This problem was posed already by Eisenbud
and Harris in [EH].

2.5 Applications

In this section we use Proposition 2.2.1 to give a formula for the relative dualising sheaf on a semi-
stable arithmetic surface (Proposition 2.5.2). As consequences we derive, among other things, a
lower bound for the self-intersection of the relative dualising sheaf (Proposition 2.5.4) and a formula
for the self-intersection of a point (Proposition 2.5.8).

Let p: X — B be a semi-stable arithmetic surface over the spectrum B of the ring of integers
in a number field K. We assume that the generic fiber Xk is a geometrically connected, smooth
proper curve of genus g > 0. Denote by W the Zariski closure in X of the divisor of Weierstrass
points on Xk, and denote by wx,p the relative dualising sheaf of p. We will first deduce some
properties of W on X.

Lemma 2.5.1. There exists an effective vertical divisor V. on X such that we have a canonical

isomorphism
. VRS
WV @0, (p*(det pawrsp)) S0 (V + W)
of line bundles on X.
Proof. We have on X' a canonical sheaf morphism p*(det p.wx,/p) — wg%gﬂ)p given locally by

GA.NE

51/\.../\€gb—>m-’lﬁ

for a basis {11,...,%,} of differentials on the generic fiber of X. Multiplying by (p*(det p.wx/p5))"
we obtain a morphism

Ox — w%ig+1)/2 R0 (p*(detp*w)(/B))v '

The image of 1 is a section whose divisor is an effective divisor V' 4+ W where V is vertical. This
gives the required isomorphism. O

We will now turn to the Arakelov intersection theory on X'. For a complex embedding o : K — C
we denote by F, the “fiber at infinity” associated to o. The corresponding compact and connected
Riemann surface is denoted by X,. The next proposition is an analogue of Lemma 3.3 in [Arl].

Proposition 2.5.2. Let V be the effective vertical divisor from Lemma 2.5.1. Then we have
1 *
Eg(g +Nwx/p=V+W+ Z log R(X,) - Fy + p*(det pawx /)
o:K—C
as Arakelov divisors on X. Here the sum runs over the embeddings of K in C.

Proof. Consider the canonical isomorphism from Lemma 2.5.1. The restriction of this isomorphism
to X, is the isomorphism of Proposition 2.2.1. In particular it has norm R(X,). The proposition
follows. |
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Remark 2.5.3. Lemma 2.5.1 shows how the canonical isomorphism from Proposition 2.2.1 over the
“fibers at infinity” of X extends over X itself. The “difference” between the left and right hand
side is measured by the divisor V, which can therefore be seen as a finite analogue of the numbers
log R(X,) associated with infinity.

We shall deduce three consequences from Proposition 2.5.2. We assume for the moment that
g > 2. We define Ry, for a closed point b € B by the equation (29 — 2) -log Ry = (Vy,wx /), where
the intersection is taken in the sense of Arakelov. The assumption that p : X — B is semi-stable
implies that the quantity log R} is always non-negative.

Proposition 2.5.4. Assume that g > 2. Then the lower bound

8(g
(wx/B,wx/B) > W (ZlogRb—i— Z log R(X +degdetp*wx/3>

o:K—C

holds. Here the first sum runs over the closed points b € B, and the second sum runs over the
embeddings of K in C.

Proof. Intersecting the equality from Proposition 2.5.2 with wy,p we obtain
1
59(9 +1)(wx/B,wx/B) =

:(W,wX/B (29 — 2) (ZlogRb+ Z log R(X, +degdetp*wx/3>.
o:K—C

Now since the generic degree of W is g2 — g we obtain by Proposition 1.5.2 the lower bound

3

g g
> - .
W,wx/B) > 29(29 - 2) (wx/Bswx/B)

Using this in the first equality gives the result. |

We remark that lower bounds of a similar type have been given by Burnol, ¢f. [Bu], Section 3.3.
He defines, for a compact and connected Riemann surface X of genus g > 2, the constants

Ap(X) = — /X log [9]](kQY — (2k — 1)(g — 1)P) - u(P)

for £ > 2. The integrands have only a finite number of logarithmic singularities, and hence the
integrals are well-defined. Burnol arrives then, for a semi-stable arithmetic surface p : X — B of
genus g > 2, at the lower bound

k2 — L 6g — b5 1 1 g]og(Qﬂ—)

o

1
+ m ; dp log #k(b)

for any k > 2. He remarks with respect to this lower bound that it only becomes non-trivial (i.e.
better than the classical lower bound from Proposition 1.5.2) if for all complex embeddings o we
would have Ay (X,) > £6(X
one might start by making a study of the asymptotic behavior of the analytic invariants Ay. This

o)+ glog(2m)/3. In order to get an idea of how often this may occur,

was not carried out in [Bu]. However, with respect to the analytic terms in our lower bound for
(wx/B,wx,B) we have by Theorem 2.4.2 and Corollary 2.2.4 the following result.
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Proposition 2.5.5. Let X; be a holomorphic family of compact and connected Riemann surfaces of
genus g > 2 over the punctured disk, degenerating to the union of two Riemann surfaces of positive
genera g1, go with two points identified. Suppose that neither of these two points was a Weierstrass
point on each of the two separate Riemann surfaces. Then the formula

_9192

log R(X;) = 2 log [t| + O(1)

holds.

In particular, the value log R(X;) goes to plus infinity under the conditions described in the
theorem. It would be interesting to have a more precise, quantitative version of Proposition 2.5.5.

Our second result deals with an upper bound for » log S(X,) for a semi-stable arithmetic
surface p : X — B of genus g > 2. Edixhoven has recently found an application of Arakelov
theory in a study of the complexity of a certain algorithm that computes Galois representations
associated to modular forms. In order to obtain a bound for this complexity, it turned out to be
necessary to know how to bound the Arakelov-Green function ) _log G(Py,Qs) from above for a
semi-stable arithmetic surface p : X — B. This bound should depend on as few parameters as
possible, and should be polynomial in the parameters that measure the length of the input of the
algorithm. The present author has tried to attack this problem by looking at the explicit formula
in Theorem 2.1.2. He expected that the classical part involving the values of the theta function
would not be too difficult to bound from above, and that instead the normalisation constant S(X)
could be difficult. Indeed, Edixhoven informed him that Zagier had had these experiences on a
similar problem. Things turned out to be otherwise: we can prove a bound for )" _logS(X,) that
meets Edixhoven’s demands, but as yet we cannot deal with the classical term. Fortunately, at
Edixhoven’s request, other authors have searched for bounds on the Arakelov-Green function; we
now have satisfactory answers due to Merkl (private communication) and Jorgenson-Kramer [JK2],
[JK3], [JK4].

Proposition 2.5.6. Let p: X — B be a semi-stable arithmetic surface of genus g > 2. Then the
upper bound

2

1 —
ZIOgS(XG-> S §degdetp*wx/3 + ﬁ(wx/B,wx/B) + g [K : Q] 10g(271')

holds.

Proof. In the Noether formula Corollary 1.6.3 we eliminate the terms involving § by using the
formula §(X)/8 = log S(X) — log R(X), which is Corollary 2.2.4. We eliminate then the term
involving log R by using the formula from Proposition 2.5.4. (|

In Section 2.6 we describe, by way of appendix, Edixhoven’s algorithm.

The final result of this section deals with the self-intersection of a point P. This self-intersection
gives, upon dividing by the degree of the field of definiton of P, the height of P with respect to
the relative dualising sheaf. A major problem in diophantine geometry is to obtain certain bounds
for this height. We want to contribute to this problem by giving an explicit expression for the
self-intersection of a point. Perhaps it turns out to be possible to give bounds of the required shape
for each of the summands in the expression.

We can assume that g > 1 again. We first state a lemma.

Lemma 2.5.7. Let P be a section of p, not a Weierstrass point on the generic fiber. Then we have
a canonical isomorphism

P*(Ox(V +W))®22 (det Rp,Ox (gP))%?
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of line bundles on B.

Proof. Applying Riemann-Roch to the line bundle Oy (gP) we obtain a canonical isomorphism
(det Rp.Ox (9P))** =+(Ox(gP), Ox(9P) @ wy)5) @ (det p.wr )

of line bundles on B. The line bundle at the right hand side is, by the adjunction formula, canonically
isomorphic to the line bundle (P, P>®9(9+1) ® (det p*wX/B)®2. On the other hand, pulling back
the isomorphism from Lemma 2.5.1 along P and using once more the adjunction formula gives a
canonical isomorphism

(P, P>®—g(g+1)/2;<v +W,P)® detp*wX/B .
The lemma follows by a combination of these observations. O

Proposition 2.5.8. Let P be a section of p, not a Weierstrass point on the generic fiber. Then
*%g(g + 1)(P, P) is given by the expression

Z log G(Py,Wy) +log #R'p.Ox (gP) + Z log R(X, +degdetp*wX/B,

o:K—C o:K—C
where o runs through the complex embeddings of K.

Proof. Intersecting the equality from Proposition 2.5.2 with P, and using the adjunction formula
(w, P) = —(P, P), we obtain the equality

1
~59(g + D(P.P) = (V + W, P) + 3" log R(X,) + degdet powy s
o:K—C

It remains therefore to see that (V + W, P)g, = log #Rlp*OX(gP). For this we consider the
isomorphism in Lemma 2.5.7. Note that p.Ox(gP) is canonically trivialised by the function 1.
This gives a canonical section at the right hand side with norm the square of #R'p.Ox(gP).
Under the isomorphism, it is identified with the canonical section on the left-hand side, which has
norm the square of exp((V + W, P)ayn). The required equality follows. O

We see that minus the self-intersection of a point P is large if P is close to a Weierstrass point,
either in the p-adic or in the complex topology.

2.6 Edixhoven’s algorithm

To conclude this chapter we describe, in a few words, the essentials of Edixhoven’s algorithm to
compute Galois representations efficiently. We thank Edixhoven for explaining to us these ideas.

Consider for example the Gal(Q/Q)-representation on the motive M associated to the discrim-
inant modular form A(q) = ¢ [[—,(1 — ¢*)?* = 3> 7(n)g". For a prime number p, the integer
7(p) is the trace of the Frobenius at p acting on Ma. Our goal is an algorithm that, given a prime
number p, computes the integer 7(p), and we want that algorithm to run in time polynomial in
log p. Earlier algorithms to compute 7(p) are exponential in log p.

By a famous argument due to Schoof, since the integers 7(p) can be bounded as |7(p)| < 2p'!/2,
it suffices to give an algorithm that, given a prime number p and a prime number ¢, computes the
trace of Frobenius at p modulo ¢ in time polynomial in ¢. Now it can be shown that the mod ¢ étale
realisation of Ma is the dual of a certain 2-dimensional Fy-vector space V; contained in the /-torsion
J1(£)(Q)[€] of the jacobian J;(f) of the modular curve X;(¢). In fact, this V; is the intersection of
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the kernels of the endomorphisms 7, — 7(g), with ¢ running over the primes up to about ¢?/24,
acting on J1(¢)(Q)[¢]. Here T, is the g-th Hecke operator. We are basically through if, given a
prime ¢, we can compute, in a time polynomial in ¢, the minimum polynomial of a generator of the
field of definition of a non-zero point in Vj.

Using explicit estimates in Arakelov intersection theory it can be shown that such an algorithm
exists. In fact, the actual algorithm is probabilistic with an expected running time polynomial
in £, but we shall ignore this aspect here. Let us describe the main idea, which is surprisingly
simple. Consider a prime ¢ and let = be a non-zero point in V;. We want to compute the minimum
polynomial of a generator of the field of definition of . First of all, it can be shown that we can
explicitly construct an effective divisor D of degree g on X;(¢), supported on the cusps, such that
x is equal to the class of D’ — D for a unique effective divisor D' = Py + --- + P, on X;(¢). Here
g is the genus of X;(¢), which is a polynomial function of £. Since the field of definition of D is
small, we are reduced to finding the minimum polynomial of a generator of the field of definition K
of D’. The essential idea is to do this by numerical methods. Using p-adic methods in the sense of
Couveignes, or using numerical integration over the complex numbers, it is possible to write down
an approximation D’ of D'. Having found this approximation, one obtains also an approximation
of a generator « of the field of definition of D’. This is seen by the following lemma: there is an
explicit finite sequence of morphisms ji,...,jx : X1(£) — P!, defined over Q, such that at least
one j has the property that j(P) + --- + j(P,) generates K (in fact, for this we need to work on
X1(5¢), but we shall ignore this fact). It is virtually no extra effort to compute approximations to
all Galois conjugates of o, and hence we find approximations of the rational numbers that form the
coefficients of the minimum polynomial of a. If we could prove that the height of these coefficients
is bounded by a polynomial in ¢, we would have the required algorithm: indeed, the polynomial
bound on the height implies that it is sufficient to carry out all the approximations in our earlier
steps with an accuracy that is polynomial in ¢, and hence they can be made to require a running
time that is polynomial in ¢. Now a bound on the height of the coefficients of the required shape
follows from the following general proposition. The proof uses only arithmetic intersection theory
as explained in Chapter 1.

Proposition 2.6.1. Let X be a proper connected non-singular curve of genus g > 1 over Q, and
let D be an effective divisor of degree g on X. For any torsion line bundle L on X that satisfies
RO°(L(D)) = 1 we have then the following. Let K be a number field such that both L and D are
defined over K, such that X has semi-stable reduction over K, and such that X has a rational point
P over K. Let D’ be the unique effective divisor on X such that L is isomorphic to Ox (D' — D).
Extend D, D’ and P to horizontal divisors on the semi-stable model p : X — B of X over K. Then
for the Arakelov intersection (D' — D, P) the upper bound

L

(D/7D7P)S—2

1 —
(D,D —wx/B) + 292214, log #k(b) + 3 degdet p.wx /B
b

+ > 10g [Pllosup + 5 [ : QJlog(2m)

holds. Here vy, is the number of irreducible components in the fiber at b if the fiber is reducible, and
vy = 0 otherwise.

It is not difficult to show that a polynomial bound for (D’ — D, P) in our set-up implies a
polynomial bound for the height of the coefficients of the minimum polynomial of a. Hence we are
done if we could see that the terms on the right hand side in the above lemma are bounded by
a polynomial in ¢. This is again not difficult, except for the first term —%(D7 D — wy/p), which
requires that we bound the Arakelov-Green function by a polynomial in £. We have commented
upon this particular problem in the previous section.
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Chapter 3
Hyperelliptic Riemann surfaces I

The purpose of this and the next chapter is to make the analytic theory from Chapter 2 explicit
in the case of a hyperelliptic Riemann surface X. We will prove two theorems (Theorem 3.1.2 and
Theorem 3.1.3) expressing the Arakelov-Green function G of X, evaluated at pairs of Weierstrass
points, in terms of the invariant T(X) and a second natural invariant of X, which is introduced
in Section 3.2 below. As corollaries, we find simple closed formulas for the invariant 7'(X) and
Faltings’ delta-invariant §(X) of X. The main part of the present chapter is devoted to a proof of
Theorem 3.1.2. We finish with a section dealing with some more special results in the case g = 2.
The proof of Theorem 3.1.3 will be given in the next chapter. Although our two theorems look very
similar, the techniques used in the proofs are very different. The proof of Theorem 3.1.2 uses only
complex function theory, but for the proof of Theorem 3.1.3 we need to take a broader perspective
and consider hyperelliptic curves over arbitrary base schemes. A special role is then played by
hyperelliptic curves which are defined over a discrete valuation ring with residue characteristic
equal to 2.

3.1 Results

Let X be a hyperelliptic Riemann surface of genus g > 2. In Section 3.2 we introduce a non-zero
invariant [|¢4]|(X), the Petersson norm of the modular discriminant associated to X. As we will
see, this is a very natural invariant to consider for hyperelliptic Riemann surfaces. Unfortunately,
it is not so clear how to extend its definition to the general Riemann surface of genus g.

Definition 3.1.1. We denote by G’ the modified Arakelov-Green function
G'(P,Q) = S(X)™M7" . G(P,Q)

on X x X.

In the present chapter we prove the following theorem dealing with G’ and T'(X). Recall that
the Weierstrass points of X are just the branch points of a hyperelliptic map X — P'.

Theorem 3.1.2. Let W be a Weierstrass point of X. Let n = (ngl). Consider the product

HW,#,V G' (W, W') running over all Weierstrass points W' different from W, ignoring their weights.
Then HVW#W G'(W,W’") is independent of the choice of W and the formula

[T @mw)oD" = o2z p(x) "5 g, |(X)%
W'£W

holds.
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The following theorem will be derived in the next chapter.

Theorem 3.1.3. Let m = (29;'2). Then we have

H G (W, W/)n(gfl) = p29(g+2)m T(X)f(g+2)m ) H(pgll(X),%(!Hl) ,
(W,w")

the product running over all ordered pairs of distinct Weierstrass points of X.

Combining the above two theorems yields a simple closed formula for the invariant 7(X) in
terms of [|¢g|[(X). This formula should be compared with the formula in Theorem 2.3.3 above.

Theorem 3.1.4. Let |A,|[(X) be the modified discriminant | A4||(X) = 27 @9+ |0, [|(X). Then

the formula
3g—1

T(X) = (2m) 7% - | A [|(X) ™ 5w

holds.

From the viewpoint of arithmetic geometry, the modified invariant [|A,|| is definitely the right
one to consider. As we will see below, it has an integral structure which causes it to behave well
in all characteristics. In this sense it is the right generalisation of the discriminant A for elliptic
curves. The visual presence of the factors 27 and [|Ag4|| in the above formula suggests the existence
of a certain “motivic” interpretation of the invariant T. However, at present we do not know such
an interpretation.

With Theorem 2.1.3 we obtain the following corollary.

Corollary 3.1.5. For Faltings’ delta-invariant 6(X) of X, the formula

3g—1
n

exp(8(X)/4) = (2m) 72 - S(X) @D/ A ]|(X) " E
holds.

We remark that in the case g = 2, an explicit formula for the delta-invariant has been given
already by Bost [Bo]. We will turn to the relation between his and our formula in Section 3.8.

The idea of the proof of Theorem 3.1.2 is quite straightforward: we start with the formula for
T(X) in Proposition 2.2.7 and the formula for G in Theorem 2.1.2 and observe what happens if
we let P approach the Weierstrass point W on X. Thus, we have to perform a local study around
W of the function [, |[9]|(¢9P — W') and of the functions ||F.||(P) and W, (w)(P) for a suitable
local coordinate z. In Section 3.3 we find a suitable local coordinate on an embedding of X into
its jacobian. In Section 3.6 we collect the local information that we need in order to complete the
proof in Section 3.7. Some preliminary work on this local information is carried out in the Sections
3.4 and 3.5. These two sections form the technical heart of the present chapter.

3.2 Modular discriminant

In this section we introduce the modular discriminant ¢, and its Petersson norm ||pg4||. The modular
discriminant generalises the usual discriminant function A for elliptic curves.

Let g > 2 be an integer and let H, be the Siegel upper half-space of symmetric complex g x g-
matrices with positive definite imaginary part. For z € C9 (viewed as a column vector), a matrix
T € Hy and 1,7’ € 379 we have the theta function with characteristic n = [7’77,/,] given by

Inl(z:7) == Y exp(mi’ (n+n')r(n +n') + 2mi (n+ ') (z + 1))
nez9
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We agree that we always choose the entries of n” and 7" to be in the set {0,1/2}. For an analytic
theta characteristic n, the corresponding theta function 9[n)(z; ) is either odd or even as a function
of z. We call the analytic theta characteristic 7 odd if the corresponding theta function ¥[n](z; 1)
is odd, and even if the corresponding theta function 9[n](z;7) is even.

For any subset S of {1,2,...,2¢g + 1} we define a theta characteristic ns as in [Mu2], Chapter
IITa: let

t 1
(0,..,0,%,0,...,0)

k-1 = [f(%, ,%,20,0,..,0)}’ lsksg+l,
0,..,0,4,0,...,0

mw = oAU, 1<k <y,
(3,-93,3,0,...,0)

where the non-zero entry in the top row occurs in the k-th position. Then we put ns := >, g7k
where the sum is taken modulo 1.

Definition 3.2.1. (Cf. [Lo], Section 3.) Let 7 be the collection of subsets of {1,2,...,2g + 1}
of cardinality g + 1. Write U = {1,3,...,2¢9 + 1} and let o denote the symmetric difference. The
modular discriminant ¢4 is defined to be the function

(1) = ] 9Inrov)(0;7)°

TeT

on Hy. The function ¢4 is a modular form on I'(2) = {y € Sp(2g,Z)|y = Iz, mod 2} of weight 4r

where r = (2g9:11).

Consider an equation y? = f(x) where f € C[X] is a monic and separable polynomial of degree
2g + 1. Write f(z) = ig:tl(z — ay) and denote by D = [], _,(ax — a;)? the discriminant of f. Let
X be the hyperelliptic Riemann surface of genus g defined by y? = f(z). Then X carries a basis of
holomorphic differentials pp = 2*~'dx/2y where k = 1,...,g. Further, in [Mu2], Chapter IIla, §5
it is shown how, given an ordering of the roots of f, one can construct a canonical symplectic basis
of the homology of X. Throughout this chapter, we will always work with such a canonical basis of
homology, i.e., a certain ordering of the roots of a hyperelliptic equation will always be taken for
granted.

Let (u|p’) be the period matrix of the differentials iy with respect to a chosen canonical basis
of homology, and let 7 = =11/,

Proposition 3.2.2. We have the formula
D" = w9 (det 1) "y (1)

relating the discriminant D of the polynomial f to the value @4 (7) of the modular discriminant.

Proof. We follow the proof of [Lo], Proposition 3.2. Let S be a subset of {1,2,...,2g + 1} with
#(SoU) =g+ 1. Then Thomae’s formula (c¢f. [Mu2], Chapter IIla, §8) holds:

Theorem 3.2.3. (Thomae’s formula) We have

Ins](0;7)% = (det w)*n =% [ (ax—a)® ] (ar—a)*.
k,LkE<sloU k,L,Z;sloU

If T € T then obviously T'o U is a set S with #(S o U) = g + 1, and conversely, every such set
S can be obtained in this way by taking a T' € 7. Taking the product over all T' € 7 we obtain by
Thomae’s formula

eo(r) = (et w74 TT | TT (@ - a® ] (ax - @)’

TeT k<l k<l
k,leT k,gT
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The number of times a term (ax — a;)? appears on the right hand side is easily seen to be n, hence
@qg(7) = (det p)*" 7497 [T, _, (ax — a;)®" which is what we wanted. O

Definition 3.2.4. Let X be a hyperelliptic Riemann surface of genus g > 2 and let 7 be a period
matrix for X formed on a canonical symplectic basis, given by an ordering of the roots of an equation
y? = f(x) for X. Then we write ||p4]|(T) for the Petersson norm (det Im7)?" - |, ()| of ¢4(7). This
does not depend on the choice of 7 and hence it defines an invariant ||¢4]|(X) of X.

It follows from Proposition 3.2.2 that the invariant ||¢4|/(X) is non-zero.

3.3 Local coordinate

For our local computations on our hyperelliptic Riemann surface we need a convenient local coor-
dinate. We find one by embedding the Riemann surface into its jacobian and by taking one of the
euclidean coordinates.

Let X be a hyperelliptic Riemann surface of genus g > 2, let y? = f(z) with f monic of degree
2g+1 be an equation for X, let py, be the differential given by ux = 2*~'dx/2y for k =1,...,g, and
let (p|p’) be their period matrix formed on a canonical basis of homology. Let L be the lattice in
CY generated by the columns of (u|p’). We have an embedding ¢ : X — C9/L given by integration
P~ fi(ul, ...y g). We want to express the coordinates z1, ..., z4, restricted to ¢(X), in terms
of a local coordinate about 0 = ¢(c0). This is established by the following lemma. In general, we
denote by O(wy, ..., ws; d) a Laurent series in the variables wq, . .., ws all of whose terms have total
degree at least d.

Lemma 3.3.1. The coordinate z4 is a local coordinate about 0 on «(X), and we have

1 2(g—k)+1
S .2(g — k) +2
T gk 1 + 02929 = k) +2)
on u(X) fork=1,...,9.
Proof. We can choose a local coordinate ¢ about co on X such that z = t=2 and y = —¢t~29+1) 4

O(t; —2g). For P € X in a small enough neighbourhood of oo on X and for a suitable integration
path on X we then have

P P ph—1dy HP) - y=2(k=1) L (—2¢=3dt)
{ )_/oo 2y _/0 =2t~ (9T + O(t; —29)

(P)
/ (t2(9_k) FO(t:2(g — k) + 1)) dt
0

L 2(g—k)+1 )
N mt(P) =R+ L O@(P);2(g — k) +2).

By taking k = g we find z, =t + O(t;2) and for k =1,...,g — 1 then

1
22(g—R)+1 O(zg;2(g — k) +2),

g k) +19

which is what we wanted. (|

3.4 Schur polynomials

In this section we assemble some facts on Schur polynomials. We will need these facts at various
places in the next sections. Fix a positive integer g. Consider the ring of symmetric polynomials
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with integer coefficients in the variables x1,...,24. Let e, be the elementary symmetric functions
given by the generating function E(t) = > ~qert” = [[1_; (1 + axt).

Definition 3.4.1. Let d be a positive integer and let 7 = {my,..., 7} with 7y > ... > 7, be a
partition of d. The Schur polynomial associated to 7 is the polynomial

Sy 1= det(ex; —k+1)1<k,1<h »

where h is the length of the partition 7, and where «’ is the conjugate partition of 7 given by
m, = #{l : m > k}, i.e., the partition obtained by switching the associated Young diagram around
its diagonal. The polynomial S, is symmetric and has total degree d. We denote by S, the Schur
polynomial in g variables associated to the partition 7 = {g,g — 1,...,2,1}. Thus, the formula

Sg = det (eg—2k+l+1)1§k,l§g

holds, and the polynomial S, has total degree g(g+ 1)/2.

Let p, be the elementary Newton functions (power sums) given by the generating function
P(t) = ZTleTtT_l = > p>1 /(1 — xt). The following proposition is then a special case of
Theorem 4.1 of [BEL2].

Proposition 3.4.2. The Schur polynomial S, can be expressed as a polynomial in the g functions
D1,P3, -+ -, P2g—1 only. This polynomial is unique.

Definition 3.4.3. We define s, to be the unique polynomial in g variables given by the above
proposition.
The next proposition is a special case of Theorem 6.2 of [BELZ2].

Proposition 3.4.4. Let s(z1,...,24) € Clz1,...,24] be a polynomial in g variables such that
for any set of g complex numbers w1, ..., wy, the polynomial s(z1 — w,zo — w, ..., z; — w?971)
in w either has exactly g roots wi,...,wge, or vanishes identically, if we give z the value z =
(p1(wr, ..., wg),p3(wi, ..., We),...,P2g—1(w1,...,wy)). Then s is equal to the polynomial sy up to

a constant factor.

Definition 3.4.5. We define o, to be the polynomial in g variables given by the equation
0g(21,. .., 29) = 8¢(24,32g-1,--.,(29g — 1)z1) .

The following proposition is then the result of a simple calculation.

Proposition 3.4.6. Up to a sign, the homogeneous part of least total degree of o4 is equal to the
Hankel determinant

<1 %2 T Rg+D)/2
22 <3 Tt R(g+3)/2
H(z) = det o3/
Zg+1)/2 A(g+3)/2 T Zg
if g is odd, or

21 29 e Zg/2

22 Z3 T 2(g42)/2
H(z) = det N . /

Zg/2  A(g+2)/2 " Zg—1

if g is even.
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We conclude with some more general facts. These can all be found for example in Appendix A
to [Fu].

Proposition 3.4.7. Let 7 = {my,...,ms} with m > ... > m, be a partition. Then the formula

e —m +1—k
Sﬂ—(l,...,l):H?
k<l

holds. In particular, S,(1,...,1) = 299=1/2,

Definition 3.4.8. Let i = (i1,...,44) be a d-tuple of non-negative integers. The i-th generalised
Newton function p® is defined to be the polynomial
@)

pW = pitpl L pl,

where the p, are the elementary Newton functions.

Proposition 3.4.9. The set of generalised Newton functions p®, where i runs through the d-tuples
i= (i1,...,%4) of non-negative integers with > i, = d, forms a basis of the Q-vector space of
symmetric polynomials of total degree d with rational coefficients.

Proposition 3.4.10. For a partition © of d and a d-tuple i = (iy1,...,1q), denote by w,(i) the
coefficient of the monomial 7' - ... " in pW. Then the polynomial S, can be expanded on the
basis {pD} of generalised Newton functions of total degree d as Sy = > % wr(i) - p®. Here
Z(i) = 11'111 . 12'212 L. id!did.

3.5 Sigma function

We consider again hyperelliptic Riemann surfaces of genus g > 2, defined by equations y2 = f(x)
with f monic and separable of degree 2¢g + 1. We write f(z) = 22971 + M\ 229 + -+ + Aoy + Aag i1
and denote by A the vector of coefficients (Aq, .. .,)\gg+1). In this section we study the sigma
function o(z; A) with argument z € CY9 and parameter A. This is a modified theta function, studied
extensively in the nineteenth century. Klein observed that the sigma function serves very well to
study the function theory of hyperelliptic Riemann surfaces. For us it will be a convenient technical
tool for obtaining the local expansions that we need. We will give the definition of the sigma
function, as well as its power series expansion in z, A\. For more details we refer to the Enzyklopddie
der mathematischen Wissenschaften, Band 11, Teil 2, Kapitel 7.XII. A modern reference is [BEL1],
where one also finds applications of the sigma function in the theory of the Korteweg-de Vries
differential equation.

As before, let p, be the holomorphic differential given by uj, = 2*~'dz/2y for k =1,...,g, and
let (u|u') be their period matrix formed on a canonical basis of homology. Let L be the lattice in
CY generated by the columns of (u|u’). By the theorem of Abel-Jacobi we have a bijective map
Picy_1(X)—>C9/L given by >, mu Py — >, my foik (p1,- .., pig)- Denote by © the image of the
theta divisor of classes of effective divisors of degree g — 1, and let ¢ : C9 — C9/L be the projection
map. Let 7 = p~!'y/. By Theorem 1.4.2, there exists a unique theta-characteristic § such that
9[0](2; 7) vanishes to order one precisely along ¢~(©). The characteristic ¢ is odd if g = 1 or
2 mod 4, and even if g =0 or 3 mod 4.

Definition 3.5.1. Let v be the matrix of A-periods of the differentials of the second kind vy =
ﬁ ?i;k(l +1—k)\pxr12Pdr for k=1,...,g. These differentials have a second order pole at oo
and no other poles. The sigma function is then the function

o(z;A) == exp(f%zyufltz) ().
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Using some of the facts on Schur polynomials from the previous section, we can give the power
series expansion of o(z; A). The result is probably well-known to specialists, but we couldn’t find
an explicit reference in the literature. For the special case ¢ = 2, a somewhat stronger version of
the formula from the proposition below has been obtained by Grant, see [Gr], Theorem 2.11.

Proposition 3.5.2. The power series expansion of o(z;\) about z = 0 is of the form
o(5:0) =7 7,(2) + O,

where o4 is the polynomial given by Definition 3.4.5 and where the symbol O(X\) denotes a power
series in z, A in which each term contains a A\, raised to a positive integral power. The constant v
satisfies the formula

A8 = 9= (det 1) ~H Mgy (1)

If we assign the variable zi, a weight 2(g — k) + 1, and the variable Ay, a weight —2k, then the power
series expansion in z, \ of o(z; \) is homogeneous of weight g(g + 1)/2.

Proof. First of all, the homogeneity of the power series expansion in z, A with respect to the assigned
weights follows from an explicit formula for o(z;A) given in [BEL3]. This homogeneity is also
mentioned there, cf. the concluding remarks after Corollary 1. Write o(z; \) = g¢(2) + O(\) where
O(A) denotes a power series in z, A in which each term contains a A\ raised to a positive integral
power. Because of the homogeneity, the series og(z) is necessarily a polynomial in the variables
21,...,%g. By the Riemann vanishing theorem, there is a dense open subset U C C?9*! such that for
any A € U, the function o(z; \) satisfies the following property: for any set of g points P, ..., Py on
the hyperelliptic Riemann surface X = X corresponding to \, the function o(z— folz (1s -y fig); )

in P on X either has exactly g roots P, ..., Py, or vanishes identically, when we give the argument
z the value z = Y, foik (1,- - fig). In the limit A\ — 0 we find then, as in the proof of Lemma
3.3.1, that for any set of g complex numbers wy, ..., w, the polynomial

1 9 1 1

_ 291 _ .29—3 - .3 N
- <29_1 (2o = ™) 5 (g — 02 3 (= ) 2 w)

in w either has exactly g roots wy, ..., wy, or vanishes identically, for the value

z = (pl(wla s awg))p3(wla oo awg)a s ap2g—1(w1; B awg)) .

By Proposition 3.4.4, the polynomial oy must be equal to the polynomial o, up to a constant
factor v. As to this constant v, we find in [Ba], Section IX a calculation of a constant " such that
o(z;\) =~"-H(2)+0(z; | (9+3)/2]), where H(z) is the Hankel determinant from Proposition 3.4.6
and where now we consider the power series expansion only with respect to the variables z1,..., 24
and with respect to their usual weight deg(zx) = 1. By Proposition 3.4.6, this v’ is equal to our
constant ~y, up to a sign. We just quote the result of Baker’s computation:

vt =9(0; 1) H (ar, — a1)?/(1lz - - - lay11), wherel, := —i - H (ar —ar)/ H (ar, — ar).

k<l keU k
k€U kT ¢U

By Thomae’s formula Theorem 3.2.3 we have

9(0;7)® = (det p)*m 49 H (ar, —a1)? H (ar —ar)?.
k<l k<l
k€U klgU

Combining, we obtain 4® = D - 7749 . (det u)*. The formula for v that we gave then follows from
Proposition 3.2.2. |
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Ezample 3.5.3. By way of illustration, we have computed o, for small g:

g Oy
1 21
2 —z1 + %zg
3 2123 — z% — %2225’ + %zg
4 | 2123 — z% — z§z4 + 2:22322 — %zlzi + 1—152222 — ﬁz&zz + ﬁz&o

Remark 3.5.4. As can be seen from Proposition 3.4.6, the homogeneous part of least total degree
(with respect to the usual weight deg(z;) = 1) of 04(2) has degree |(¢g + 1)/2]. Hence, by a fun-
damental theorem of Riemann, the theta-characteristic d gives rise to a linear system of dimension

(g —1)/2] on X.

3.6 Leading coefficients

In this section we calculate the leading coefficients of the power series expansions in z, of the

1

holomorphic functions 9[6](gu ™" 2; 7)|,(x) and W (i), the Wronskian in z, of the basis {1, ..., g}

Proposition 3.6.1. The leading coefficient of the power series expansion of o(gz; N)|.(x), and
hence of ¥[6] (g,u’lz;'r)h(X), is equal to v-2909=1/2 where  is the constant from Proposition 3.5.2.

Proof. By Lemma 3.3.1 and Proposition 3.5.2, the power series expansion of o(gz; A)|,(x) has the
form

g - g - g
o(gz; M) =7 0y <29_ 1229 1 % _3229 37,..,§z§,gzg) +O(zg;9(9+1)/2+1).

%%%%gg) By Definition 3.4.5 this is s,(g,g,...,9).
But by Proposition 3.4.2 and Definition 3.4.3 we have s4(g,9,...,9) = Sg¢(1,1,...,1), and by
Proposition 3.4.7 we have S,(1,...,1) = 299=1/2 The proposition follows. O

Hence we need to calculate o4 (

Proposition 3.6.2. The leading coefficient of the power series expansion of the Wronskian W, (1)
is equal to £29(9-1)/2

Proof. Expanding the Wronskian yields

1 dkzl
mm>@(————) _
(k—1)! dzé I<ki<g

23972 23974 .. Z; 1
(29 —2)22973 (29 —4)2297° -+ 2z, 0

_ : : S [ 0Cagte - 12+ ).
22 294\ _g— L
(gg71)'z§ (ggfl)zg 2o 000

Let A be the matrix of binomial coefficients A := ((297% . From the expansion of the

g1 ))1gk,lgg—1
Wronskian it follows that, up to a sign, the required leading coefficient is equal to det A. We will

compute this number. First of all note that

— 92)! —4)!...9!
pa RI= Vg2 <;) |
(g—Dl(g—2)---1! (9 —2k+1)! 1<ki<g—1
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where we define 1/n! := 0 for n < 0. Now let d = g(g — 1)/2 and consider the ring of symmetric
polynomials with integer coefficients in g — 1 variables. It is well known that for the elementary
symmetric functions e, we have an expansion

D2 P1 2 . 0
e,r:—|det ,
T.
DPr—1 Pr—2 Pr-3 -+ T — 1
Dr DPr—1 Dr—2 e D1

with p, the elementary Newton functions. From Definition 3.4.1 and this expansion it follows that
det(1/(g — 2k +1)!) is the coefficient of p{ in the expansion of S,_; with respect to the basis of
generalised Newton functions. By Proposition 3.4.10, this coeflicient is equal to wy_1(d)/d!, where
wgy—1(d) is the coeflicient of A a2 xgin p$. Writing this out, it immediately follows that

det(1/(g — 2k +1)!) =1/(g — 1)!(g — 2)! - - - 1I. Combining one finds det A = 29(9=1)/2, O

3.7 Proof of Theorem 3.1.2

Now we are ready to prove Theorem 3.1.2. Let X be a hyperelliptic Riemann surface of genus
g > 2, and let W be one of its Weierstrass points.

Proof of Theorem 3.1.2. Fix a hyperelliptic equation y? = f(x) for X with f monic and separable
of degree 2¢g + 1 that puts W at infinity. Choose a canonical basis of the homology of X, and form
the period matrix (u|p’) of the differentials #*~1dz/2y for k = 1,..., g on this basis. Let L be the
lattice in CY¢ generated by the columns of (u|y’), and embed X into C9/L with base point W as
in Section 3.3. We have the standard euclidean coordinates z1,...,2, on C?/L and according to
Lemma 3.3.1 we have that 2z, is a local coordinate about W on X. The weight w of W is given by
w=g(g—1)/2, ¢f. Remark 2.2.9. Consider then the following quantities:

19 o !
AW') = lim [91t9@ = W7) for Weierstrass points W' # W ;
Q=W |2gl9
_ F,
AW) = 1 WI6Q=W) _ I, 1(Q)
Q=W |zg|wt9 Q=W |zg|"
W.
B 1y W@
Q=W A
where W (w) is the Wronskian in z, of an orthonormal basis {w1,...,wy} of H°(X,Q%). We have
by Theorem 2.1.2
AW

G (W, W')7 =

= for Weierstrass points W’ # W,
HW” A(W//)w/gs

hence
g+1

292

I1 ¢ovw)y = o (gA(W’)>

WI£W
Further we have by Proposition 2.2.7, letting P approach W,

w(g—1)
93

T(X)=AW) D). (H A(W’)) -B(W)2.
W
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Eliminating the factor [],,, A(W’) yields

[T ¢ovw)eD" = aw)*. Bow) 5% . 1(x)“" .
W' AW

Now we use the results obtained in Section 3.6. Let 7 = p~'u’. A simple calculation gives that
A(W) is (det Tmr)'/* times the absolute value of the leading coefficient of the power series expansion
of 9[6](gp~'2;7)|,(x) in zg. Hence by Propositions 3.5.2 and 3.6.1 we have

A(W) = 2909-D/2729" 5% . (det Tm7) /2 - | det p| =5 - | (7)] 57

Further we have by Proposition 1.4.1 that |[u1 A ... A ugl|> = (detIm7) - | det u|?. This gives that
(W, (w)| = [W.,(p)| - (det Im7)~1/2 - |det p|~*. From Proposition 3.6.2 we derive then

B(W) =2997D/2 . (det Im7)~Y/2 . | det p| L.
Plugging in our results for A(W) and B(W) finally gives the theorem. O

Remark 3.7.1. The fact that the product from Theorem 3.1.2 is independent of the choice of the
Weierstrass point W follows a fortiori from the computations in the above proof. It would be
interesting to have an a priori reason for this independence.

3.8 The case g =2

We can say a little bit more if we specialise to the case of a Riemann surface X of genus g = 2.
Note that such a Riemann surface is always hyperelliptic, and that it has 6 Weierstrass points, each
of weight 1. The Arakelov theory of Riemann surfaces of genus 2 has been studied in quite some
detail before, see especially the papers [Bo] and [BMM]. It will be convenient to work with the
function

on(7) = 1] olml(0;7)?

n even

on Ho. This is a modular form on the full symplectic group Sp(4, Z) of weight 10. It relates to our
2 by the formula o = (@)%, If 7 € Hy is associated to a Riemann surface X of genus 2 then we
write ||@5||(X) = (det Im7)?|@4(7)|. This definition is independent of the choice of 7. Also we will
work with the modified ||AL[(X) = 272||ph]|(X). We remark that this ||A%| is the ||As|| from the
papers [Bo] and [BMM]. Our aim in this section is to prove the following two theorems. Recall the
function ||.J|| from Definition 1.4.11 above.

Theorem 3.8.1. Let W, W' be two Weierstrass points of X. Then the formula
G/ (W, W')? = 24772 ||| (X) 710 - || (W, W)
holds.

Define the invariant ||H||(X) by

1
oz | H) = 5 | ol

This invariant has been introduced by Bost in [Bo].
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Theorem 3.8.2. The formula
S(X) = [|A5 ] (X) 4 | =] (Xx)*
holds.

From Theorems 3.8.1 and 3.8.2 we obtain the following corollary.

Corollary 3.8.3. (i) Let W, W’ be two Weierstrass points of X. Then the formula
G(W,W')? = (2m) 2 - | A5 | (X) - [ HII(X) - [T (W, W)

holds.
(i) For Faltings’ delta-invariant 6(X) of X, the formula

6(X) = —161log(27) — log [|A5||(X) — 4log || HI|(X)
holds.

Proof. The first statement is a consequence of Theorems 3.8.1 and 3.8.2 and the definition of G’.
The second statement follows from Theorem 3.1.4, Theorem 3.8.2 and Theorem 2.1.3 relating the
delta-invariant to the invariants S(X) and T'(X). O

The above corollary is also obtained by Bost in [Bo], Proposition 4, and is more or less proved
in the appendix to [BMM]. Our approach is slightly different; in particular we think that in our
approach the appearance of the function ||J|| is more natural (see especially the proof of Lemma
3.8.6 below).

It would be interesting to have explicit formulas for S(X) in higher genera. For this we prob-
ably need a generalisation of Lemma 3.8.8 below, but this seems difficult. A possible approach is
suggested in [JK1].

We will frequently make use of Rosenhain’s identity, cf. also Theorem 4.5.1 below.

Theorem 3.8.4. (Rosenhain [Ro]) Let W, W' be two Weierstrass points of X. Then the formula

[N wy == ] II9IW-W +W")
W' £W, W'

holds.

Corollary 3.8.5. (i) Let W, W' be two Weierstrass points of X. Then the formula

GW,W')? =272 |IAS)|(X) Y- i) - [T oIV = w' +w™)
W £W, W'

holds.

(ii) Suppose y*> = f(x) is a hyperelliptic equation for X with f monic of degree 5. Choose an
ordering of its roots, and consider the canonical symplectic basis of homology that corresponds to
this ordering. Let (u|u') be the period matriz of the differentials dx /2y, xdx/2y on this basis, and
let 7= pu~ty'. Let W = (a1,0) and let W' = (az,0). Then the formula

(2) - |an — aof - [|H][(X)

N2 __
GW,W')” = |f/(a1) () |H/4(det TmT)1/4| det pu|1/2

holds.
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Proof. We obtain (i) from Corollary 3.8.3 by Rosenhain’s formula. The formula in (ii) follows then
from the first by an application of Thomae’s formula, Theorem 3.2.3. O

For the proof of Theorem 3.8.1 we need the following lemma. It is a specialisation to the case
g = 2 of some of the results from Section 3.6. Choose a hyperelliptic equation y? = f(z) for X
with f monic and separable of degree 5. Choose an ordering of its roots, and consider the canonical
symplectic basis of homology that corresponds to this ordering. Let (u|u’) be the period matrix of
the differentials dz /2y, xdz /2y on this basis, and let 7 = =14/, Let L be the lattice in C? generated
by the columns of (u|u’), and make an embedding ¢ : X < C2/L as in Section 3.5, taking the point
at infinity as a base point. Let z = (21, z2) be the standard euclidean coordinates on C?/L. Let §
be the odd analytic theta characteristic such that 9[8](u~'2;7) vanishes identically on +(X). Let v
be the constant from Proposition 3.5.2.

Lemma 3.8.6. We have
D[8)(2p " 2 7) | x) = 2725 + O(2235) .

Further, for odd &' different from § let J(6,6')(r) be the Jacobian
J(8,8")(r) = (9(9[0], 9[6'])/ (21, 22))(0; 7) -
Then the ezpansion
0620 2 m)|ux) = =277 (8,8')(7) - (det 1)~z + O(22;3)
holds.

Proof. The first expansion follows directly from Propositions 3.5.2 and 3.6.1. As to the second,
observe that

096" (utz;7)
821

096" (utz;7)

/ —-1,. _
HoN2u™"z;7) =2 975

lz=0- 21+ 2 |z=0 - 22 + O(z1, 22; 3)

locally about 0. When restricted to ¢(X), we know by Lemma 3.3.1 that zo becomes a local

coordinate about 0 and that z; = %zg’ + O(22;4) locally about 0. Thus when expanded with respect

to the coordinate zo we get

996" (utz;7)

D620 25 7)o x) = 2 l.=0 - 22 + O(22;3)

822
about 0. It remains to compute the constant %;M |.=0. From Proposition 3.5.2 and the table
accompanying this proposition we get that %Z:Z;T”z:o = 0, and that %:Z;T”zzo = —7.
This gives
_ 098] (1" 2; 89[8"|(n Lz
. o9 (u=tz;7) oo = det ! ]59”2112 T)|z:0 [ ](51 lz T)|z:0
= 98] (n" 2 V8" (n~ 2
029 [159;22 277—)|Z:0 [ ]&2 277—)|Z:0

But on the other hand we have

AI[o](u =

319[5](;f12;7)| o 9 (n" =
det ) = )
O |2=0 T’|z:0

;‘r)|
1 1 z=0 o —
o aﬂ[él]‘?ﬂflz ) = (det ) L, J(0, 5')(7) .

Together this gives the required constant. |

Proof of Theorem 3.8.1. As in the proof of Theorem 3.1.2, we fix a hyperelliptic equation y2 = f(z)

52



for X with f monic of degree 5 that puts W at infinity. We choose a canonical basis of the
homology of X, and form the period matrix (u|u’) of the differentials da /2y, zdxz/2y on this basis.
Let 7 = p~ '’ and let k be the Riemann vector from Theorem 1.4.2 corresponding to infinity. The
Abel-Jacobi map t,, - u : Picy (X)—-C2?/Z? + 7Z2 from Theorem 1.4.2 induces an identification of
the set of Weierstrass points of X with the set of odd analytic theta characteristics in dimension 2, a
Weierstrass point P corresponding to the characteristic n = [:77//,] such that (¢, -u)(P) = [n'+7-1"].
In particular, the Weierstrass point W corresponds to the characteristic §. Let 6’ be the analytic
theta characteristic corresponding to W', and for a general Weierstrass point W, denote by 4" the
corresponding analytic theta characteristic. From the definition of G’ and Theorem 2.1.2 it follows
that

2P — W'
T L o L MY
PR [y 1911 2P = W)

We compute the right hand side with Lemma 3.8.6; we find that it is equal to

2|y| " (det Tmr)'/* - |7 (6,8")(7)| - | det | "

1/
(2171 Ty 5 (2117 (et Tmr) /4 - (6, 6)(7)] - det ] 1))

)

where + is the constant from Proposition 3.5.2. Using the formula for + from Proposition 3.5.2 we
can rewrite this as

~1/8
A S A [0 ol I I P4 LA 10 TN w).

W £W

Rosenhain’s formula Theorem 3.8.4 gives that [Ty .y [|7][(W, W) = 7'%(| 4[| (X). Plugging this
in finally gives the theorem. (|

We next proceed to the proof of Theorem 3.8.2. We will make use of the fact, special to the
case g = 2, that the theta divisor in the jacobian of X can be identified with X itself. We need two
lemmas.

Lemma 3.8.7. Let W, W' W" be distinct Weierstrass points on X. Then

o ’ /
o WU =W+ W) T, )

P=w ||9]|(20(P) = W") 2| J|(W,W")’

where o is the hyperelliptic involution of X.
Proof. This follows from the second expansion in Lemma 3.8.6. |

The next lemma is Proposition 14 in [BMM]. The proof is by no means trivial, and seems
difficult to generalise to higher genera.

Lemma 3.8.8. Let W, W’ be two distinct Weierstrass points of X. Then the equality

Z log [|[9||(W — W'+ W") — / log ||¥]] - v = 2log2 + 2log || H||(X)
W//#W’W/ @+W7W/

holds, the sum running over the Weierstrass points different from W and W'.

Proof of Theorem 3.8.2. Let R, R’ be two points on X and let W be a Weierstrass point of X. We
apply Green’s formula Lemma 1.1.6 to the functions f1(P) = ||[¥||(R— R’ + P) = (|Y| - ér—r')(P)
and fo(P) = [|9]|(2P = W") = (|9 - ¢—w)(P). Here for a divisor D on X we use the notation
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¢p introduced in Proposition 1.4.5. The divisor of f; on X is R’ + o(R), and the divisor of f
on X is W+ 2W"”, where W is the divisor of Weierstrass points on X. By Proposition 1.4.5 we
have ﬁ@g log f2 = 2p and ﬁ@g log f2 = 8 outside the zeroes of f; and fo, respectively. Green’s
formula gives

= [ JogWI(R— 7+ P)- u(P)+2 [ 1og|92P = W") - u(P)

=log||Y||(2R" — W") +log ||9]|(20(R) — W") — g log |9||(R— R + W)
wew
—2log||9|(R— R +W"),

in other words,

4/ log ||9]| - v + 21og S(X)
©+R—R’

= —log |[9||2R" = W) —log [ 0]|(20(R) = W") + > log||9[|(R ~ R+ W)
Wwew

+2log |0 (R— R'+ W"),

where v is the canonical translation invariant (1,1)-form on Pici(X) introduced in Section 1.4. We
have used that © can be identified with X and that v restricts to 2u on ©. Now fix two distinct
Weierstrass points W, W’. Summing the above equation over the 4 Weierstrass points W" == W, W'
we obtain

16/ log ||9]| - v 4+ 81og S(X)
©+R—FR/

=— Y log|dR -W")— Y log|l9(20(R) - W")

W”#W,W’ W”;éW,W’
+4 ) log|I(R—R +W)+2 Y log|d|(R— R +W").
wew W"£W, W'

Now let R — W and R’ — W'. We obtain from Lemma 3.8.7 and Theorem 3.8.4
16/ log ||9]] - v + 8log S(X)
O+W-—W’

| J)|(W, W')? / )
B ! log [|9]| (W —
2 log (4||J||(W, ) T8 2 leldIv - W)

W"£W W’ W £W, W/
=16 > log|[0](W — W'+ W”") - 32log2 — 2log || AL (X).
W”#W,W/
The theorem then follows by plugging in the result mentioned in Lemma 3.8.8. O
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Chapter 4
Hyperelliptic Riemann surfaces 11

In the present chapter we give a proof of Theorem 3.1.3. The idea will be to construct a certain
isomorphism of line bundles on the moduli stack Z, of hyperelliptic curves of genus g. Over the
complex numbers, these line bundles carry certain hermitian metrics, and we obtain Theorem 3.1.3
by computing the norm of corresponding sections in both line bundles. The proof is given in Section
4.4. In the sections 4.1 till 4.3 some preliminary work is done. As an application of Theorem 3.1.3
we prove in Section 4.5 a formula expressing a certain product of Jacobian Nullwerte, associated
to a hyperelliptic Riemann surface, as a product of certain Thetanullwerte. In this way we prove a
part of a conjecture formulated by Guardia [Gu2].

4.1 Hyperelliptic curves

In this section we assemble some general facts on hyperelliptic curves over an arbitrary base scheme.
We will assume all our base schemes to be locally noetherian. The basic reference for this section
is [LK].

Definition 4.1.1. Let B be a locally Noetherian scheme, and let p : X — B be a smooth projective

curve of genus g > 2. We call such a curve hyperelliptic if there exists an involution o € Aut g(X)
1

w(b)’
hyperelliptic curve p : X — B, the involution ¢ is uniquely determined. This is well-known for
B = Spec(k) with k an algebraically closed field, and the general case follows from this by the fact
that Autp(X) is unramified over B (¢f. [DM], Theorem 1.11). We call o the hyperelliptic involution

of X.

such that for every geometric point b of B, the quotient Xy /(o) is isomorphic to P For a

Definition 4.1.2. By a twisted PL, we mean a smooth, projective curve of genus 0 over B. By
[LK], Corollary 3.4, if ¢ : ¥ — B is a twisted PL, there exists an étale surjective morphism B’ — B
such that Yp = PL,.

A hyperelliptic curve p : X — B carries a relative dualising sheaf (or, what amounts to the same
in this case, a sheaf of relative differentials) wy /B- We will sometimes leave out the subscript X /B
if the context is clear.

Proposition 4.1.3. Let p : X — B be a hyperelliptic curve of genus g > 2 and let o be the
hyperelliptic involution of X. The following properties hold: (i) the quotient map X — X /(o) is a
finite, faithfully flat B-morphism h : X — Y of degree 2, where Y — B is a twisted PL; (ii) after
an étale surjective base change B’ — B we obtain from this a finite, faithfully flat B'-morphism
h : Xg — PL, of degree 2; (iii) the image V' of the canomnical morphism 7 : X — P(p.wx/B)
is a twisted PL, and its formation commutes with arbitrary base change; (iv) there exists a closed
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embedding j : Y — P(p.wx/p) such that m = j - h. After a faithfully flat base change B" — B, the
embedding j is isomorphic to the Veronese morphism PL, — PgB_,l.

Proof. See [LK], Theorem 5.5, Lemmas 5.6 and 5.7, and Remark 5.11. O

4.2 Canonical isomorphisms

In this section we construct a canonical isomorphism on the base which involves the relative dualising
sheaf and the Weierstrass subscheme of a hyperelliptic curve p : X — B. We make use of the Deligne
bracket and its canonical metrisation, defined in Section 1.3. Lemma 4.2.1 and Corollary 4.2.2 are
modelled on [BMM], Proposition 1 and Proposition 2, respectively.

Lemma 4.2.1. Let p: X — B be a hyperelliptic curve of genus g > 2 and let o be the hyperelliptic
involution of X. For any o-invariant section P : B — X of p we have a unique isomorphism

wx p——0x((2g — 2)P) @ p*(P, P)®~(29~1)

which induces by pulling back along P the adjunction isomorphism (P,wxg)—(P, P)*~'. Its for-
mation commutes with arbitrary base change. In the case B = Spec(C), this isomorphism is an
isometry if one endows both members with their canonical Faltings-Arakelov metrics.

Proof. First of all, let P be any section of p. Let h : X — Y be the morphism from Proposition
4.1.3(i) with Y a twisted P} with structure morphism ¢ : Y — B. By composing P with h we obtain
a section @ of ¢, and hence we can write ) = P(V) for some locally free sheaf V of rank 2 on B
(¢f. [LK], Proposition 3.3). On the other hand, consider the canonical morphism 7 : X — P(p.w).
We have a natural isomorphism w = 7*(Op(p, ,,y(1)). Let j : Y — P(p.w) be the closed embedding
given by Proposition 4.1.3(iv). By that same proposition, and by using a faithfully flat descent
argument, we have a natural isomorphism j*(Op(p,w)(1)) = Opy((g — 1)). By [EGA], 11.4.2.7
there is a unique line bundle L on B such that Opy)((9—1)) = Opvy((g —1)-Q) ® ¢*L. By pulling
back along h, we find a natural isomorphism w—=Ox((g — 1) - (P + o(P))) ® p*L. In the special
case where P is o-invariant, this can be written as a natural isomorphism w—Ox((2g —2)P) @ p* L.
Pulling back along P we find that L = (w, P) @ (P, P)®~(29-2) and with the adjunction formula
(P,P) = (—P,w) then finally L = (P,P)®~(29=1 Tt is now clear that we have an isomorphism
w30x((29 — 2)P) ® p*(P, P)®~(29=1) which induces by pulling back along P an isomorphism
(P,wx/p)— (P, P)*~'. Possibly after multiplying with a unique global section of O}, we can
establish that the latter isomorphism be the canonical adjunction isomorphism. The commutativity
with base change is clear from the general base change properties of the relative dualising sheaf and
the Deligne bracket. Turning now to the case B = Spec(C), note that since both members of the
isomorphism have admissible metrics with the same curvature form, the isomorphism must multiply
the Arakelov metrics by a constant on X. Since the adjunction isomorphism is an isometry, the
isomorphism is an isometry at P, hence everywhere. O

Corollary 4.2.2. Let p: X — B be a hyperelliptic curve of genus g > 2. For any two o-invariant
sections P, Q) of p we have a canonical isomorphism of line bundles on B

(wa/Bswa/B)— (P, Q) 9la=1)

and its formation commutes with arbitrary base change. In the case B = Spec(C), this isomorphism
is an isometry if one endows both members with their canonical Faltings metrics.

Proof. By Lemma 4.2.1, we have canonical isomorphisms w0 ((2g—2)P) @p* (P, P)®~(29=1) and
w30x((29 —2)Q) ® p*(Q, Q)®~ 9=V Tt follows that Ox((29 — 2)(P — Q)) comes from the base,
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and hence ((2g — 2)(P — Q), P — Q) is canonically trivial on B. Expanding, this gives a canonical
isomorphism (P, P)®?972 ® (Q, Q)®?9725(P, Q)®%(29=2) of line bundles on B. Expanding next the
right hand member of the canonical isomorphism

(w,w)>(0x((29 — 2)P) @ p*(P,P)*~97D 0x((29 — 2)Q) @ p*(Q, Q)®~971)

gives then the result. The commutativity with base change is clear. Finally it is readily verified that
all isomorphisms here become isometries when restricted to B = Spec(C). Indeed, the Arakelov
metric on Ox((2g —2)(P — Q)) becomes a constant metric when one trivialises it; as a consequence
the metric on ((2g — 2)(P — @), P — Q) becomes the trivial metric. That the other isomorphisms
are isometries follows from Lemma 4.2.1. O

Definition 4.2.3. Let p : X — B be a hyperelliptic curve with hyperelliptic involution o. Then
we call Weierstrass subscheme of X the fixed point subscheme of X’ under the action of (o). It is
denoted by Wy ,g. We recall at this point that in general locally, on an affine scheme with ring R,
the fixed point scheme for the action of a finite group G is defined by the ideal I of R generated
by the set {r — g(r)|r € R, g € G}.

Proposition 4.2.4. The following properties hold: the Weierstrass subscheme Wy g of X is the
subscheme associated to an effective Cartier divisor on X relative to B. It is finite and flat over B of
degree 2g + 2, and its formation commutes with arbitrary base change. The Weierstrass subscheme
Wx g is étale over a point b € B if and only if the residue characteristic of b is not 2. After
a faithfully flat base change, the Weil divisor given by the Weierstrass subscheme Wy, g can be
written as a sum Wi + - -+ + Wagya of (not necessarily distinct) sections of p.

Proof. See [LK], Proposition 6.3, Proposition 6.5, Corollary 6.8 and Theorem 7.3. O

We call Weierstrass divisor the Weil divisor on X given by the Weierstrass subscheme; we will
also denote it by Wx,p, and no confusion is to be expected here. We will sometimes leave out the
subscript X'/ B if the context is clear.

Ezample 4.2.5. Consider the genus 2 curve p : X — B = Spec(Z[1/5]) given by the affine equation
y?+ 3y = x. One checks that it has good reduction everywhere, hence p : X — B is a hyperelliptic
curve according to our definition. Over the ring R’ = R[(s, \5/5] it acquires six o-invariant sections
Wo, ..., Ws where Wy is given by © = 0 and W}, is given by =z = f(éff/z for k=1,...,5. One can
check by hand that these o-invariant sections do not meet over points of residue characteristic # 2,
so that indeed the Weierstrass subscheme W is étale over such points. Over a prime of characteristic
2, all o-invariant sections meet in one point Wy given in coordinates by = y = 0. The degree 2
quotient map h : Xp, — Y = X, /(o) = Py, is ramified only in this point Wp.

Remark 4.2.6. In general, if B is the spectrum of a field of characteristic 2, then h : X — X'/{o)
ramifies in at most g + 1 distinct points (¢f. [LK], Remark on p. 104).

In the following proposition we relate the relative dualising sheaf and the Weierstrass subscheme
by a canonical isomorphism of line bundles on the base.

Proposition 4.2.7. Let p : X — B be a hyperelliptic curve of genus g > 2. Then we have a
canonical isomorphism of line bundles

v (wX/B,WX/B>®(29+2)(29+1);,<WX/B, Wx/p ® WX/B>®74g(g71) 7
whose formation commutes with arbitrary base change, and which is an isometry in the case B =

Spec(C).
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Proof. By Proposition 4.2.4, after a faithfully flat base change we can write W as a sum of sections
W = Wi+ -+ Wsygyo. By the adjunction formula for the Deligne bracket we then have a canonical
isomorphism (W, W @ w)— &), (Wi, Wj), which is an isometry in the case B = Spec(C). On the
other hand, by Corollary 4.2.2 we have (W;, W;)®~49(9=1) Z(y, w) for each i # j, which is again
an isometry in the case B = Spec(C). The general case follows by faithfully flat descent. O

4.3 Canonical sections

The purpose of this section is to prove the following two propositions.

Proposition 4.3.1. Let B be a regular scheme and let p : X — B be a hyperelliptic curve of genus
g > 2. Then the line bundle (detp*wX/B)®89+4 has a canonical trivialising global section Ax,p. In
the case B = Spec(C), letn = (g2+g1)’ letr = (299:11) and let || A, ||(X) = 27997 || |(X) where X
is the Riemann surface X(C). Then for the norm ||A| of A the formula ||A||™ = (2%)492T||Ag||(X)9

holds.

Proposition 4.3.2. Let B be an irreducible regular scheme with generic characteristic # 2, and let
p: X — B be a hyperelliptic curve of genus g > 2. Then the line bundle (Wx 5, Wx,p @wx/p) has
a canonical trivialising global section Zx/p. In the case B = Spec(C), the norm ||Z|| of E satisfies
|Z]| = 2~ (9+2) [ wwr) GW,W’), the product running over all ordered pairs of Weierstrass points
of the Riemann surface X (C).

For the proofs we need three lemmas. At this point we follow [Kal, Section 6 rather closely. Let
B = Spec(R) with R a discrete valuation ring with quotient field K and residue field k. Assume
that char(K) # 2. The quotient map R — k is denoted, as usual, by a bar = Let p: X — B be a
hyperelliptic curve of genus g > 2.

Lemma 4.3.3. After a finite étale surjective base change with a discrete valuation ring R’ domi-
nating R, there exists an open affine subscheme U = Spec(E) of X' with E = Aly]/(y* + ay + b),
where A = R'[z] and a,b € A, such that f := a* —4b € K'[x] is separable of degree 29 + 2 and such
that dega < g+1 and degb < 2g+2. For the reduced polynomials @,b € k'[x] we have dega = g+ 1
or degb > 2g + 1.

Proof. After a finite étale surjective base change with a discrete valuation ring R’ dominating R,
we have by Proposition 4.1.3 a finite faithfully flat R’-morphism b’ : X’ — Pk, of degree two.
Choose a point co € P}, such that Xx» — P}, is unramified above oo, and let z be a coordinate
on V =Pk, —oco. We can then describe U := h/=}(V) as U = Spec(E) with E = Aly]/(y* +ay+b)
where A = R’'[z] and a,b € A. Moreover, if we assume the degree of a to be minimal, we have
dega < g+ 1 and degb < 2g + 2. Next let us consider the degree of f. By Proposition 4.2.4, the
Weierstrass subscheme Wy, g/ is finite and flat over B’ of degree 2g + 2. By definition, the ideal of
W g is generated by y — o(y) = 2y + a on U. Note that (2y 4+ a)® = a*® — 4b = f, which defines
the norm under A’ of Wy, in Pf,. Since this norm is also finite and flat of degree 29+ 2 over B,
and since Wy, g/ is entirely supported in U by our choice of oo, we obtain that deg(f) = 2g + 2.
Since the norm of Wy, g/ in P, is étale over K’ by Proposition 4.2.4, the polynomial f € K'[]
is separable. Consider finally the reduced polynomials @,b € k’[z]. Regarding y as an element of
k' (Xk), we have div(y) > — min(deg@, 1 degb) - h’*(50) by the equation for y. On the other hand
it follows from Riemann-Roch that y has a pole at both points of h"*(30) of order strictly larger
than g. This gives then the last statement of the lemma. O

Lemma 4.3.4. Suppose we have an open affine subscheme U = Spec(E) on X as in Lemma 4.3.3.
Then the differentials x'dx/(2y + a) for i =0,...,9 — 1 are nowhere vanishing on U and extend to
reqular global sections of wxp-
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Proof. Let F be the polynomial y*+ay+b € Aly], and let F,, and F), be its derivatives with respect to
x and y, respectively. It is readily verified that the morphism Qg = (Edz+Edy)/(Fydz+F,dy) —
E given by dx — F,,dy — —F,, is an isomorphism of E-modules. This gives that the differentials

2'dx/(2y + a) for i = 0,...,g — 1 are nowhere vanishing on U. For the second part of the lemma,
it suffices to show that the differentials x*dx/(2y + a) for i = 0,...,g — 1 on the generic fiber Uy
extend to global sections of Qy, ,x—but this is well-known to be true. [l

Suppose that a polynomial f € K[x] of degree d factors over an extension of K as f =
HT[L,(z — o). Then its discriminant D(f) is given as D(f) = H2d~2 [[iz(ai — ;). Recall
that this element lies in R if the coefficients of f lie in R.

Lemma 4.3.5. Suppose we have an open affine subscheme U = Spec(E) on X as in Lemma 4.3.3.
Then the modified discriminant A(f) = 2=49H4Y) . D(f) is a unit of R.

Proof. In the case that the characteristic of k is # 2, this is not hard to see: we know that Wy, /i
is étale of degree 2g + 2 by Proposition 4.2.4, and hence f remains separable of degree 2g + 2 in
k[x] under the reduction map. So let us assume from now on that the characteristic of k equals 2.
If C is any ring, and if P(T) = Y1 (w,T" and Q(T) = >_i", v;T" are two polynomials in C[T], we
denote by R7"™ (P, Q) € C the resultant of P and Q. Recall the following property of the resultant:
suppose that at least one of uy, vy, is non-zero, and that C' is a field. Then R7."™(P,Q) = 0 if
and only if P and @ have a root in common in an extension field of C. Let F' be the polynomial
y* +a(z)y +b(z) in Aly] with A = R[z], and let F, and F), be its derivatives with respect to z and
y, respectively. We set Q = R>'(F, F,) and P = Ry'(F,F,) = 4b—a®> = —f. Let H € R be the
leading coefficient of P, and abbreviate the modified discriminant A(f) of f by A. A calculation (cf.
[Lo], Section 1) shows that R29+249+2(P Q) = (H - A)%2. We should read this equation as a formal
identity between certain universal polynomials in the coefficients of a(z) and b(x). Doing so, we
may conclude that A € R and that H? divides R29t24972(P Q) in R. To finish the argument, we
distinguish two cases. First assume that H # 0. Then deg P = 2¢g+ 2 and again a calculation shows
that R29t2:49+2(P Q) = (H-A)?. The fact that X}, is smooth implies that R29+249+2(P ()) is non-
zero, and altogether we obtain that A is non-zero. Next assume that H = 0. Then since P = @* we
obtain that deg@ < g and hence deg P < 2g. By Lemma 4.3.3 we have then 2g+1 < degb < 2g+2.
But then from 2deg(y) = deg(ay + b) and deg(y) > g (c¢f. the proof of Lemma 4.3.3) it follows
that in fact degb = 2¢g + 2 and hence deg % = 2g since we are in characteristic 2. This implies

that deg @ = 4g. A calculation shows that R29:49(P, Q) = A Again by smoothness of X we may
conclude that R29:49(P, Q) is non-zero. This finishes the proof. O

Ezample 4.3.6. Consider once more the curve over R = Z[1/5] given in Example 4.2.5 above. In the
notation from Lemma 4.3.3, we have a = x3,b = —z. We compute D(a? —4b) = D(z°® +4z) = 2125°
so that A(f) = 5° which is indeed a unit in R.

We can now prove Propositions 4.3.1 and 4.3.2.

Proof of Proposition 4.3.1. Possibly after a faithfully flat base change we may assume, by Propo-
sition 4.1.3, that p is a morphism p : X — PL. The scheme X is covered by affine schemes
U = Spec(E) with E = Aly]/(y*+ ay+b) and A a polynomial ring R[z]. For such an affine scheme
U, consider V := Spec(A). In the line bundle (det p*wU/V)®89+4 we have a rational section

_ 8g+4
dx x9 1dz>® g+
b

A = A(f)9- A
UV (f) <2y+a S ta

where A(f) is as in Lemma 4.3.5. One can check that this element does not depend on any choice
of affine equation y2 4 ay + b for U, and moreover, these sections coincide on overlaps. Hence they
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build a canonical rational section Ay, g of (det pywy/5)®% ™. By Lemma 4.3.4 and Lemma 4.3.5,
this Ay, p is a global trivialising section. The general case follows by faithfully flat descent. Now
consider the case B = Spec(C). In that case, we can make a change of coordinates y’ := 2y + a,
2’ := x so that we may write y"? = f(2’) as an equation for X, with f := a® — 4b. We have

A= (2—(4g+4) .D)g (d_l:/ A A M)mg% ,
Y Y
where D is the discriminant of f. Consider the Riemann surface X = X(C). Using the dif-
ferentials p1 = da’/2y/,...,uy = x'971da’ /2y’ corresponding to the equation y' = f(z’) and a
canonical basis of the homology of X, we form a period matrix (u|u’) and the associated ma-
trix 7 = p~ 'y in the Siegel upper half space. According to Proposition 3.2.2 we have the
formula D" = 7497 (det u) =" ¢, (7). We put A, = 27U+ ., Tet 2,...,2, be the stan-
dard euclidean coordinates on C9/Z9 + 7Z9. Recall that we have a canonical isomorphism j :
det HO(X, Q% )—>det HO(CY/Z9 + 779,Q9). Then we have

n -1 ®(8g+4)n
j®(89+4)n(A®n) _ j®(89+4)" ((2—(49+4) . D)g (d_m/l A A ng /dl‘/) )
Y Y

!

Yy Y
dx' 291 dg! ) ®(89+4)”>
A N ———

da’ 19=1 ! ®(8g+4)n
— j®(8g+4)n (2_(4g+4)gn7T4g2T(d€t ’u)—4gr(pg(7-)g (i AL A u)

_ ;®(8g+4)n 4g°r —4gr
= j®(8g+4) ((27‘(‘)9 (det )~ Ay(1)Y (Q_y’ 5

= (27r)4g2TAg(7—)9(dzl ALA dzg)®(8g+4)n.

The claim on the norm of A follows since ||dz1 A ... A dzg|| = VdetImr. O

Proof of Proposition 4.3.2. By Propositions 4.1.3 and 4.2.4 we can assume, possibly after a faith-
fully flat base change, that the image of the canonical map h : X — X /(o) is isomorphic to P,
and that W is a sum of sections W = W; +- - -4+ Wagyo. The latter gives by the adjunction formula
for the Deligne bracket a canonical isomorphism (W, W ® w)— ), 2; (Wi, Wj). The latter line
bundle contains a canonical rational section =’ := ), (si, s;) with s; and s; canonical sections
of Ox(W;) and Ox(W;), respectively. We claim that = := 27(29%2) . =/ is a trivialising global
section. The first statement of the proposition follows then by faithfully flat descent. In order to
prove the claim, we assume that B = Spec(R) with R a discrete valuation ring with char(K) # 2.
Also we assume that its discrete valuation v is normalised in the sense that v(K*) = Z. Then
the valuation v(Z’) of ' at the closed point b of B is given by the sum }-,,;(W;, W;) of the lo-
cal intersection multiplicities (W;, W;) above b of pairs of W;, W;. Suppose that W; is given by
a polynomial z — «;, and write a; as a shorthand for the corresponding section of P},. By the
projection formula (¢f. [Li], Theorem 9.2.12) we have for the local intersection multiplicities that
4Wi, W) = (2W;,2W;) = (h*ai, h*a;) = 2(y, ;) for each i # j hence (Wi, W) = 3(oy, )
for each i # j. Now the local intersection multiplicity (o, ;) on Pk above b is calculated to be
v(a; — aj). This gives that v(E') = >, (Wi, W;) = %Z#]‘U(O‘i —a;) = 2v(D(f)). By Lemma
4.3.5 we have v(D(f)) = (4g + 4)v(2) hence if we define = = 27(29+2) . =/ we obtain a section with
v(Z) = 0, which is what we wanted. Turning finally to the case B = Spec(C), we see, since the
adjunction isomorphism is an isometry, that [|Z]| = 2729*2 [T, ||(s;, 5;)[|. The required formula
follows. O
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4.4 Proof of Theorem 3.1.3

In this section we give a proof of Theorem 3.1.3. We will work on the universal hyperelliptic curve
of genus g. To be precise, let Z, be the category with objects the hyperelliptic curves p : X — B
of genus g, and morphisms given by cartesian diagrams. Then 7, is an algebraic stack in the sense
of Deligne-Mumford [DM], and according to [LL], Theorem 3, the stack Z, is a smooth, closed
substack of dimension 2¢g — 1 of the moduli stack M of smooth curves of genus g. We denote the
universal family on Z, by U,.

The idea of the proof will be to apply our results from the previous section to the universal
map p : Uy — I, in order to obtain a canonical isomorphism of line bundles on Z,;. We obtain the
theorem by comparing the norms of corresponding sections in these line bundles. We will need one
more lemma.

Lemma 4.4.1. We have that H*(Z,,Gy,) = {—1,+1}.

Proof. Tt suffices to see that H%(Z, @ C, G,,) = C* for then the lemma follows since Z, — Spec(Z) is
smooth and surjective. We can describe Z, ® C as the space of (2g + 2)-tuples of distinct points on
P! modulo projective equivalence, that is we can write Z, @ C = ((C\ {0,1})2971 — A)/Sa,12 (in the
orbifold sense) where A denotes the fat diagonal and where Sa442 is the symmetric group acting by
permutation on 2g+ 2 points on P*. According to [HM], the first homology of (C\{0,1})2971 —Ais
isomorphic to the irreducible representation of Sa419 corresponding to the partition {2g, 2} of 2g+2;
in particular it does not contain a trivial representation of Sogy2. This proves that Hq(Z, ® C,Q)
is trivial, and hence H°(Z, ® C,G,,) = C*. O

Proposition 4.4.2. Let p: U, — I, be the universal hyperelliptic curve of genus g. Then there is
a canonical isomorphism

e (detp*w)®12(89+4)(29+2)(29+1)L,G/V’ W ® w>—®4(89+4)g(g—1)

of line bundles on Iy. This isomorphism has the property that

w(A®12(2g+2)(2g+1)) — L5~ ®4(8g+4)g9(9—1)

Over the complex numbers, the norm of 1 is equal to ((2m)~%9 eXp((S))(8g+4)(25+2)(2g+1).

Proof. By Theorem 1.6.1, we have on Z, a canonical isomorphism g : (det p.w)®'?—>(w,w). Fur-
ther, by Proposition 4.2.7 we have a canonical isomorphism

v (w,w)®RITDCeH) 2y W @ @) @191

Combining, we obtain a canonical isomorphism v as required. According to Theorem 1.6.1, the
isomorphism z has norm (27)~%9 exp(d) over the complex numbers, and by Proposition 4.2.7 the
isomorphism v is an isometry. This easily implies the statement on the norm of . Now let us
consider the canonical sections A and = of Propositions 4.3.1 and 4.3.2. Since Z, is smooth, these
are trivialising global sections. We conclude that t(A®12(29+2)(29+1)) — Z-@4(8g+4)9(9=1) only up
to an element of HY(Z,,G,,). However, we know by Lemma 4.4.1 that the latter group is just
{-1,+1}. O

We can now give the proof of Theorem 3.1.3.

Proof of Theorem 3.1.3. Let p : X — B = Spec(C) be the complex hyperelliptic curve such that
X = X(C). By taking norms on both sides of the isomorphism in Proposition 4.4.2 we arrive at

61



the following fundamental formula:

_ (89+4)(29+2) (29+1) 11/ —dg(g—
((2m) = exp(o(X))) VIO | () 200 ) - | ()il G,

Now let us see what we have for the individual terms from this formula. First, by Proposition
4.3.1 we have ||A||(B)" = (277)492T|\Ag||(X)9, where ||A,|(X) = 27@9+Dn . |lp, ||(X). Second, by
Proposition 4.3.2 and the definition of G’ we have

I=(B)=2-C2 [ GwW,w’)=2-Cot2g(x)Ceot/s® TT a'(w,w'),
(Ww,w) (Ww,w)

the product running over all ordered pairs of distinct Weierstrass points. Finally we have by
Theorem 2.1.3 that exp(6(X)/4) = S(X)~(9=D/9" . T(X). We find the theorem by plugging in
these results. |

Remark 4.4.3. We have not been able to find in general a formula for G’ (W, W') with W, W' just
two Weierstrass points. It follows from Corollary 3.8.5 above that in the case g = 2 we have

G'(W,W)? =24 lgo|[(X)72/% - T IWIW =W+ W),
W AW, W

We guess that in general we have
(77) G'(W,W')? = A(X) - 11 [I(W = W' + Wy + -+ Wya),
WwW,w’¢s

with A(X) some invariant of X. Such a result is consistent with Theorems 3.1.2 and 3.1.3 above.

4.5 Jacobian Nullwerte

In this section we derive from Theorem 3.1.3 a relation between certain products of Jacobian
Nullwerte and certain products of Thetanullwerte, associated to hyperelliptic Riemann surfaces.
The theme of this section finds its origin in Jacobi’s derivative formula, discovered by Jacobi around
1830: let 11 be the odd analytic theta characteristic in genus one, and let 12,713,114 be the even
ones. We then have an equality

]’ (05 7) = —7I{n2](0; )0 03] (0; 7)9[1a] (0; 7)

of functions of 7 in the complex upper half plane. It is natural to ask for generalisations of this
identity to higher dimensions. For this one considers the following so-called Jacobian Nullwerte: let
M,...,Ng be g odd theta characteristics in dimension g. Then we put

J, .. mg) (1) == (0(m], ..., 0ng])/0(21,...,24))(0; 7).

These Jacobian Nullwerte are modular forms on the Siegel upper half space H,. A first generalisa-
tion of Jacobi’s derivative formula was stated by Rosenhain around 1850.

Theorem 4.5.1. (Rosenhain [Ro]) Let 1, ...,n6 be the siz odd theta characteristics in g = 2. Let
7 € Hao. Then for every pair of distinct ng,n;, the identity

T(m)(7) = +7° T 90 +m — nm(057)
m#k,l
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holds. Here the sum ni + 1 — Ny, 1S taken modulo 1, and the characteristics ng + 1 — N occurring
in the product are even.

After that, some scattered generalisations of Jacobi’s derivative formula were obtained by, among
others, Riemann, Thomae [Th] and Frobenius [Fr]. A general result was proved by Igusa. In order
to state this result, we need the notion of a fundamental system of theta characteristics. This notion
was already employed by the nineteenth century authors.

Definition 4.5.2. For an analytic theta characteristic 7, we put e(n) = 1 if 5 is even, and e(n) = —1
if n is odd. Given three analytic theta characteristics 71, 72,713 we define

e(m,n2) = e(m)e(nz)e(m + n2) and e(ni,n2,m3) = e(m)e(n2)e(ns)e(m + n2 +n3). We say that
the triplet {n1,m2,n3} is azygetic (resp. zygetic) if e(n1,m2,m3) = —1 (resp. e(n1,m2,m3) = 1). A
fundamental system of analytic theta characteristics is a set S = {n1,...,m2g42} of 2g + 2 theta
characteristics such that the n,...,n, are odd, the ng41,...,72942 are even, and every triplet

{Nksm,mm} C S is azygetic.

Theorem 4.5.3. (Igusa [Ig2]) Let g > 2 be an integer. Let n1,...,my be odd analytic theta char-
acteristics such that the function J(n1,...,n4)(T) on Hy is not identically zero and is contained in
the C-algebra generated by the Thetanullwerte ¥[n)(0; 1), with n running through the even charac-
teristics. Then n1,...,mg can be completed to form a fundamental system, and:

2g+2

S, mg) (1) =77 > + I o;7),

{ng+1,---m2g42}€S  k=g+1

where S is the set of all (g + 2)-tuples {ng+1,...,M2g+2} of even theta characteristics such that
{M, Mg, Ng+15 - - - M2g+2} form a fundamental system. If T is a period matriz of a hyperelliptic
Riemann surface, then there is exactly one non-zero term in the sum at the right hand side of the
equality.

Now, consider a hyperelliptic Riemann surface X of genus g > 2. Fix an ordering W1, ..., Wag49
of the Weierstrass points of X. Consider an equation y? = f(z) with f monic of degree 2g + 1
that puts Wagyo at infinity. We have then as usual the period matrix (u|p’) of the differentials
dz/2y,...,x9 'dr/2y on a canonical symplectic basis of the homology of X. Let 7 = u=1/, let
Kk € CI/7Z9 + 779 be the Riemann vector associated to infinity by Theorem 1.4.2, and consider the
Abel-Jacobi map t,;-u : Pic,_1(X)—>C9/Z9+779 from Theorem 1.4.2. As was explained there, the
Abel-Jacobi map induces an identification of the set of classes of semi-canonical divisors on X (i.e.,
divisors D with 2D linearly equivalent to a canonical divisor) with the set of theta characteristics,
the class [D] of D corresponding to n = [:,7//,] where (¢, - u)([D]) = [ + 7-n"]. We can be even
more precise. Recall the definition of the analytic theta characteristics ny for £k = 1,...,2g + 1
from Section 3.2. We there defined for a subset S of {1,2,...,2g + 1} a theta characteristic ng
by putting ns := >, g mk. We extend this definition here to subsets S of {1,2,...,2g + 2} by
putting ng = Zk;czegsﬁ Nk. Further, as before we put U = {1,3,...,2¢9+ 1} and we let o denote the

symmetric difference.

Lemma 4.5.4. Let X be a hyperelliptic Riemann surface of genus g > 2 and fiz an ordering
Wi,...,Wagyia of its Weierstrass points. Consider the identification of the set of classes of semi-
canonical divisors with the set of analytic theta characteristics as above. (i) The semi-canonical
divisor Wi, + -+ + W, corresponds to the characteristic nroy where T = {iy, ..., ig_1}. (i)
The semi-canonical divisor Wiy + -+ W; — W; corresponds to the characteristic nroy where
T = {’il, e ,ig+1}.

Proof. See [Mu2|, Chapter IIla, Proposition 6.2. O

g+1
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In [Gu2], Guardia proves the following result.

Lemma 4.5.5. Let X be a hyperelliptic Riemann surface of genus g > 2 and fiz an ordering
Wi,...,Wagia of its Weierstrass points. Consider the identification of the set of classes of semi-
canonical divisors with the set of analytic theta characteristics as above. Let {iq,... ,i2g+2} be a
permutation of the set {1,...,2g+2}. Denote by ng fork =1,..., g the analytic theta characteristic

corresponding to the semi-canonical divisor > 9_, Wi, , and denote by ng fork = g+1,...,2g+2 the
1#£k
analytic theta characteristic corresponding to the semi-canonical divisor (}.]_, W;,) — Wi,. Then

the set {n1,...,M2g+2} s a fundamental system of theta characteristics.

It follows from Lemma 4.5.4 that the set F, that one gets by letting {i1,...,42442} range
over the permutations of {1,...,2g + 2}, is independent of the chosen ordering of the Weier-
strass points, and even independent of X. In fact, the cardinality of Fj is (29;2) and an element

{M, . Mg, Ng+1, - - -, M2gt2} € Fy is determined by the set {n1,...,ng}.
Considering Igusa’s result Theorem 4.5.3, Guardia states in [Gu2] the following conjecture:

Conjecture 4.5.6. (Gudrdia [Gu2]) Let g > 2 be an integer. Let {n1,...,Ng,Ng+1,---,N2g+2} be
a fundamental system contained in Fgy, and let 7 be a period matriz associated to a hyperelliptic
Riemann surface. Then the formula

2g+2

T, mg)(r) = £x9 [ 9lmel(057)
k=g+1

holds.

Using the results from this chapter we are able to prove an easy consequence of Conjecture 4.5.6,
mentioned by Guardia himself already in [Gu2].

Theorem 4.5.7. Let T be the set of subsets of {1,2,...,2g+1} of cardinality g+ 1. Let 7 € Hy be
a period matrix associated to a hyperelliptic Riemann surface. Let m = (2g;'2). Then the formula

11 01, mg)(r) = 2 [T Wror)(0; )2+
{n1,- Mg Mg+1,--M2g+2}EFy TeT
holds.
If we take the product over all {n1,..., 74, Mg+1, .- ., N2g+2} € Fy in the formula from Conjecture

4.5.6, we obtain the formula from Theorem 4.5.7.

In order to prove Theorem 4.5.7, we focus on a fixed hyperelliptic Riemann surface X of genus
g > 2, marked with an ordering Wi, ..., Wag4o of its Weierstrass points. Associated to these data
we have an equation y? = f(z) putting Wa,12 at infinity; we have then the period matrix (u|u’),
the matrix 7 and the identification Pic,_1(X)—>C9/Z9 + 779 as explained above.

Recall the definition of the function ||J|| from Definition 1.4.11. From Theorem 1.4.12 we derive
the following proposition, which, in combination with Theorem 3.1.3, easily gives Theorem 4.5.7.

Proposition 4.5.8. We have

H GI(W W/)n(g—l)
(Ww,wr)

p— m 2_ p—
= T(X) D™ g | () D2 T Wiy, Wi )~

g9

the first product running over all ordered pairs of distinct Weierstrass points, the second product
running over the subsets of {1,...,2g9 + 2} of cardinality g.
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Proof. From Theorem 1.4.12 and Theorem 2.1.3 we derive the relation

g 2 2

1 | (P P, — 9=
[ein.am - B A N
pa! ) P By U

for generic P1,...,P;,Q € X. Let Wy, ,..., W, be g distinct Weierstrass points. We obtain

H HG/ WlkaW 2g 2

- 1 HW&Z{Wn,-- W) 19)(Ws, + -+ W, — W)29-2 HG’(W W )g+2
- ol 2914 ' o F '
T(X)9 1TI(Wiy, ..., Wi, )20 o

Taking the product over all sets of indices {i1,...,i4} of cardinality g we find

H GI(VV, Wl)n(g—l)
(W,W”)

1
T T(X)(etm H
{t1,..,%g}

ng{wil,.. Wiy} [N (Wi, + -+ + W, — W)2972
TN (Wi, ..., W5, )29+4 .

Since Wi, +-- -+ Wi, =W, ~ Wi +---+ Wy =Wy if and only if {in,yigray =i, i)
or {i1,...,lg41} U {zl, cosigi} = {1,...,29 + 2} (¢f [Mu2], Chapter Illa, Proposition 6.1), we
have, by Lemma 4.5.4(ii) and the definition of the modular discriminant from Section 3.2, that

IT 190+ Wi, = W) = [l (X)),
{1, g1}
where the product runs over the subsets of {1,...,2g + 2} of cardinality g + 1. Hence we have

11 IT 190+ Wiy, = W)972 = [l | (X) 07172,
{i1rig} WE{ Wiy o Wiy }

Plugging this in finishes the proof. |

Proof of Theorem 4.5.7. Let X be a hyperelliptic Riemann surface of genus g > 2 and fix an
ordering W1, ..., Wagyo of its Weierstrass points. A comparison of Proposition 4.5.8 with Theorem
3.1.3 immediately yields that

[T I W)t = 74 i |(X)0F
{ilv"'aig}

where the product runs over the subsets of {1,...,2g + 2} of cardinality g. Dividing left and right
by the appropriate power of det Im7 and using the definitions of || J|| and F, we find that

II (1, - mg) ()[4 = 749m oy ()|
{7717"')7797779+17"'77729+2}e'7:9

where 7 is a period matrix associated to X. Taking 4th roots and applying the maximum principle
we find

11 T, img)(7) = eno™ T 9lres)(0;7)20+2

{n1,-Mg Mg+1,--M2g+2EFg TeT
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with € a complex number of modulus 1. We find the right value of € by considering Fourier
expansions on the left and the right as in [Igl], pp. 86-88. O

4.6 Jacobi’s derivative formula

The arguments leading to the proof of Theorem 4.5.7 specialise to the case g = 1 with only little
modifications. In the present section we spell out the details, leading to a proof of Jacobi’s derivative
formula mentioned at the beginning of Section 4.5. In contrast to traditional proofs, which rely on
special analytic or combinatorial properties of the theta function, such as the heat equation, the
present proof gives insight into the algebraico-geometric structure behind the formula.

Proof of Jacobi’s derivative formula. We consider the universal elliptic curve p : Uy — M. Let w
be the relative dualising sheaf of p. By Theorem 1.6.1, we have on M an isomorphism

e (paw)®P? 5 (w,w)

which is unique up to sign. Now it is easy to see that the canonical homomorphism p*p.w — w is
in fact an isomorphism; in particular w is pulled back from the base. This implies that (w,w) is
canonically isomorphic to the trivial line bundle O, , also as a metrised line bundle. This means
that we have a canonical global trivialising section Z of (w,w), with unit length over the complex
numbers. Consider next the line bundle (p.w)®'2. Tt follows from Proposition 4.3.1 that this line
bundle carries a canonical global trivialising section A, which we can write as

A = 24712 (9[n2] (05 7)9 03] (05 )9 1] (05 7)) (dz) © 12

on the elliptic curve C/Z + 77Z. As in Lemma 4.4.1, we have H°(M,G,,) = {—1,+1}, hence, as in
the proof of Proposition 4.4.2, we have u(A) = £=. Now by Theorem 1.6.1 the norm of u is equal
to (2m)~*exp(d). Further, the norm of A is ||A|| = 24712 (Tm7)®|9[n2](0; 7)I[n3](0; 7)I[n4] (0; 7)[®
and the norm of = is ||Z|| = 1. Combining gives that

m® (T ) *[9[12] (0; 7) 9 [03] (05 7)9 [1a] (05 7)[* exp(8(X)) = 1.
By Theorem 2.1.3 and Proposition 2.3.3 we have for the delta-invariant
exp(—6(X)) = (Im7)°[9[m]'(0; 7)|*,
and plugging this in gives
[9[m]’(0; 7)| = 7[0[n2] (0; 7)0[13] (03 7)0[17a] (0 7)] -
By the maximum principle we find an equality of holomorphic functions
O[m]'(057) = emd[n2](0; 7)0[ns) (05 7)) [n4] (05 7)

of 7 in the complex upper half plane, where ¢ is a complex constant of modulus 1. We find the
right value ¢ = —1 by considering g-expansions as in [Mu2], Chapter I, §13. O
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Chapter 5

Elliptic curves

In this chapter we give a rather self-contained and fairly elementary discussion of the Arakelov
theory of elliptic curves. Many results on the Arakelov theory of elliptic curves are already known
by [Fa2] and Szpiro’s paper [Sz], but our approach is different. In particular, we base our discussion
on a projection formula for the Arakelov-Green function on Riemann surfaces of genus 1 related by
an isogeny. From this formula we derive a projection formula for Arakelov intersections, as well as
a formula for the so-called “energy of an isogeny”. Both of these formulas seem new. In fact, the
latter formula provides an answer to a question posed by Szpiro in [Sz].

Using the new results, we give alternative proofs of several of the earlier results. For example,
we arrive at explicit formulas for the Arakelov-Green function on an elliptic curve, for the canonical
norm in the holomorphic cotangent bundle, and for the self-intersection of a point. We also give an
elementary proof of a recent result due to Autissier [Au] on the average height of the quotients of
an elliptic curve by its cyclic subgroups of a fixed order.

5.1 Analytic projection formula

We start by studying the fundamental (1,1)-form p with respect to isogenies. Let X and X’ be
Riemann surfaces of genus 1, and suppose that f : X — X’ is an isogeny, say of degree N. Let px
and pxs be the fundamental (1,1)-forms of X and X', respectively.

Proposition 5.1.1. (i) We have f*ux = N - ux;
(i) the canonical isomorphism f* : HO(X', QL) —=H°(X, Q%) given by inclusion has norm v/N.

Proof. We identify X with a complex torus C/A, and obtain X' as the quotient of C/A by a
finite subgroup A’/A. Hence we may identify X’ with C/A’. A small computation shows that the
differentials dz/+/vol(A) and dz/+/vol(A’) are orthonormal bases of H?(X, Q%) and H°(X',Q%.),
respectively. We obtain the proposition by observing that N = vol(A)/vol(A’). O

Proposition 5.1.1 gives rise to a projection formula for the Arakelov-Green function.

Theorem 5.1.2. (Analytic projection formula) Let X and X' be Riemann surfaces of genus 1 and
let Gx and Gx: be the Arakelov-Green functions of X and X', respectively. Suppose we have an
isogeny f: X — X'. Let D be a divisor on X'. Then the canonical isomorphism of line bundles

f*Ox/(D)=0x(f*D)
is an isometry. In particular we have a projection formula: for any P € X the formula

GX(f*DaP):GX’(va(P))
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holds.
Proof. Let N be the degree of f. By Proposition 5.1.1 we have
curvf*Ox/ (D) = f*(curvOx, (D)) = f*((deg D) - ux/) = N - (deg D) - ux = deg(Ox(f*D)) - px ,

which means that f*Ox/(D) is an admissible line bundle on X. Hence by Proposition 1.1.3 we have
Ilf*(sp)ll =04 (p) = ¢+ |Isp<Dllox (s D) for some constant ¢ where sp and sy«p are the canonical
sections of Ox/ (D) and Ox (f*D), respectively. But since

* 1 * *
[ 1oss7(s0) = [ 10817 o)l -0, )-8 = [ 108 sllon oy =0,
X X X'

this constant is equal to 1. O

5.2 Energy of an isogeny

At this point, we recall some notation from Section 2.3. Let 7 be an element of the complex upper
half plane, and write ¢ = exp(2mi7). Then we have the eta-function n(7) = ¢*/* [[;2, (1 — ¢*) and
the modular discriminant A(7) = n(7)%* = ¢[a—; (1 — ¢*)?*. The latter is the unique normalised
cusp form of weight 12 on SL(2,Z). Suppose that we have a Riemann surface X of genus 1 identified
with a complex torus C/Z+7Z. Then we put ||]|(X) = (Im7)'/4-|n(7)| and || A][(X) = ||n]|(X)?* =
(Im7)%-|A(7)]. These definitions do not depend on the choice of 7, and hence they define invariants
of X.

n [Sz], Szpiro proves the following statement (¢f. Théoréme 1): let E and E’ be semi-stable
elliptic curves defined over a number field K, and suppose we have an isogeny f : E — E’. Then
the formula

Z Z logG(0,P,) = K:Q] og N + Z log HUH

0:K—C Po GK;rOfa o:K—C
Po

holds, where N is the degree of f and where the sum is over the complex embeddings of K. Szpiro
then asks whether a similar statement holds without the sum over the complex embeddings. The
following theorem gives a positive answer to that question. The terminology “energy of an isogeny”
is adopted from [Sz].

Theorem 5.2.1. (Energy of an isogeny) Let X and X' be Riemann surfaces of genus 1. Suppose
we have an isogeny f : X — X'. Then we have

M oo p = Y lilx)?

2 b)
)
where N is the degree of f.

It is the purpose of the present section to prove Theorem 5.2.1. FEn passant we make the
Arakelov-Green function and the canonical norm on the holomorphic cotangent bundle explicit, see
Propositions 5.2.5 and 5.2.6. These formulas are also given in [Fa2], but the proofs there rely on a
consideration of the eigenvalues and eigenfunctions of the Laplace operator. Our approach is more
elementary.

Definition 5.2.2. Let X be a Riemann surface of genus 1. Let w be a holomorphic differential of
norm 1 in H(X,Q%). Then we put A(X) := ||w||ar for the norm of w in QL.
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Proposition 5.2.3. Let f : X — X’ be an isogeny of degreec N. Then the formula

VN - A(X
11 G(O,P):AT,())

PeKerf,P#£0
holds.

Proof. Let v be the norm of the isomorphism of line bundles f*QL,=QY given by the usual
inclusion. We will compute v in two ways. First of all, consider an w’ € H°(X’, Qﬁ(,) of norm 1, so
that w’ has norm A(X’) in Q%,. Then by Proposition 5.1.1 we have that f*(w’) has norm v/N in
HO(X,Q%), hence it has norm /N - A(X) in Q%. This gives

VN - A(X)

V=

A(X")

On the other hand, by Theorem 5.1.2, the canonical isomorphism f*(Ox(0))=Ox (Kerf) is an

isometry. Tensoring with the isomorphism f*Q%, Q% gives an isomorphism

Q2% (0)=2%0e Q)  Ox(P)

PeKerf,P#0
of norm v given in local coordinates by
dz dz
(=)= —®s
z z

where s is the canonical section of @ pegerf pro Ox (). By the definition of the canonical norm
on the holomorphic cotangent bundle, the dz/z have norm 1, so we find

v=[[ Go,pP).
PeKerf,P#0
Together with the earlier formula for v this implies the proposition. O

The following corollary seems to be well-known, see for instance [SU], Lemme 6.2.

Corollary 5.2.4. Denote by X[N] the kernel of the multiplication-by-N map X — X. Then the
formula

Il copr=nN

PEX[N],P#0
holds.

Proof. Immediate from Proposition 5.2.3. |

Let 7 be an element of the complex upper half plane. We recall the identities
() (explmir/4) - 9(0;7)D(L/2 T)0(r/27))" = 25 - A(7)

and

(b) (exp(ﬂi7/4) : % <”TT;T))8 = (21)% - A(r).

The first can be proved by the fact that the left hand side is a cusp form on SL(2,Z) of weight 12.
The second follows then from the first by an application of Jacobi’s derivative formula which we
proved in Section 4.6.
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Proposition 5.2.5. (Faltings [Fa2]) Let X be a Riemann surface of genus 1, and write X =
C/Z + 77 with T in the complex upper half plane. For the Arakelov-Green function G on X the

formula
19z + (A +7)/257)

¢0.2 ="

holds.

Proof. It is not difficult to check that ||||(z 4+ (1 + 7)/2) vanishes only at z = 0, with order 1. Also
it is not difficult to check that 0,0, log||9||(z + (1 + 7)/2)? = 27miux for z # 0. By the defining
properties of the Arakelov-Green function we have from this that G(0,z) = ¢ ||9|[(z+ (1 +7)/2;7)
where ¢ is some constant. It remains to compute this constant. If we apply Corollary 5.2.4 with
N = 2 we obtain

[Nl 9N (A/2 )10l (/25 7) = G(0,1/2)G(0,7/2)G(0, (1 +7)/2) = 2.
Combining this with identity (a) we obtain ¢ = ||n||(X)~. O

Proposition 5.2.6. (Faltings [Fa2]) For the invariant A(X), the formula

1
AX) = Gy

holds.

Proof. We follow the argument from [Fa2]: writing X = C/Z 4 7Z we can take dz/v/Im7 as
an orthonormal basis of H°(X,QL). By the definition of the canonical metric on Q% we have
|ldz/vVIm7||ar = (VIm7)~' - lim, g |2|/G(0,2). We obtain the required formula by using the
explicit formula for G(0, z) in Proposition 5.2.5 and the identity (b) mentioned above. O

Proof of Theorem 5.2.1. Immediate from Propositions 5.2.3 and 5.2.6. |

We conclude this section with a corollary, dealing with the value of the Arakelov-Green function
on pairs of 2-torsion points.

Proposition 5.2.7. Let X be a Riemann surface of genus 1 and suppose that y? = 4a® —pr —q =:
f(z) is a Weierstrass equation for X. Write f(z) = 4(x — aq)(z — ag)(x — a3z). Let Py = (a1,0),
P, = (a2,0) and Ps = (a3,0). Then the formulas

16 - |a1 - a2|2

G(Pla P2)12 - )
lar — as| - oz — as|
G(Py, Py)1? = — 107101 — sl
’ lar — ao| - |ag — az|’
G(py, py)? = 20 loz —0al”

oz —on] - |ag — o]

hold.

Proof. This follows directly from an application of Thomae’s formula Theorem 3.2.3 and the explicit
formula for G(0, z) in Proposition 5.2.5. O

We remark that this proposition has been obtained by Szpiro in [Sz] in the special case that X
is the Riemann surface associated to a Frey curve y? = x(x + a)(x — b), where a,b are non-zero
integers with 24|a and b= —1 mod 4 (cf. [Sz], Section 1.3).
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5.3 Arakelov projection formula

In this section we prove a projection formula for Arakelov intersections on arithmetic surfaces of
genus 1. The essential idea is to use the analytic projection formula from Theorem 5.1.2; the rest
of the proof is quite straightforward. We will use the Arakelov projection formula in Section 5.5.

Definition 5.3.1. Let p: £ — B and p’ : £ — B be arithmetic surfaces of genus 1, and suppose
there exists a proper B-morphism f : & — £’. Let D be an Arakelov divisor on &, and write
D = Dg, + ZU Qo - Ey. The pushforward f,D of D is defined to be the Arakelov divisor f,D :=
f«Dsn +d - > a5 - E, on &', where f,Dg, is the usual pushforward of the Weil divisor Dgy.
Next let D’ be an Arakelov divisor on £’. The pullback f*D’ of D’ is to be the Arakelov divisor
f*D" = f*Dg, + >, ol - E, on &, where f*Dj is the pullback of the Weil divisor Dg, on &',
defined in the usual way using Cartier divisors.

Theorem 5.3.2. (Arakelov projection formula) Let E and E’ be elliptic curves defined over a
number field K, and let p : € — B and p' : & — B be arithmetic surfaces over the ring of
integers of K with generic fibers isomorphic to E and E’, respectively. Suppose we have an isogeny
f: E — E', and suppose that [ extends to a B-morphism f : € — &'. Let D be an Arakelov
divisor on € and let D' be an Arakelov divisor on E'. Then the equality of intersection products

(f*D',D) = (D', f.D) holds.

For the proof we need a lemma. Recall the definition of the principal Arakelov divisor (f) of a
non-zero rational function f from Section 1.2.

Lemma 5.3.3. Let g be a non-zero function in K(E’). (i) We have (f*¢)int = [*(9)int. (4) We

Vo

have f*(g) = (f*g), and hence f* descends to a group homomorphism Cl1(E") — CI(E).

Proof. In order to prove (i), let o be a complex embedding. Let N be the degree of f. Then

we have — [, log|f*glo - e, = —x [, log|f*glo - f*um, = ffE; log|glo - ey, and this means
(f*9)int = f*(g)int- This gives (i). Next it is clear that f*(¢)sn = (f*¢)in. Together with (i) this
gives (ii). O

Remark 5.3.4. Under the canonical isomorphism Cl-"5Pic from Theorem 1.2.7, the group homo-
morphism f* : CI(&') — CI(€) is just the canonical group homomorphism f* : Pic(£’) — Pic(€)
defined by pullback of metrised line bundles.

Proof of Theorem 5.3.2. We may restrict to the case where both D and D’ are Arakelov divisors
with trivial contributions “at infinity”. By the moving lemma on &’ (¢f. [Li], Corollary 9.1.10)
we can find a function g € K(E’) such that D” := D’ + (¢9)sn and f.D have no components
in common. Obviously D" + (¢)ins is Arakelov linearly equivalent to D', and hence by Lemma
5.3.3(ii) the pull-back f*D” + f*(g)ins is linearly equivalent to f*D’. By Lemma 5.3.3(i) this
means that f*D” + (f*g)int is linearly equivalent to f*D’. Tt is therefore sufficient to prove that
(f*D"+(f*9)int, D) = (D" +(9)int, f+D). It is clear that ((f*¢)int, D) = ((¢)int, f+D), so it remains
to prove that (f*D”, D) = (D", f.D). By the traditional projection formula (¢f. [Li], Theorem
9.2.12 and Remark 9.2.13) we have (f*D”, D)an, = (D", f+D)gan. For the contributions at infinity
we can reduce to the case where D and D" are sections of £ — B and £ — B, respectively. Let
o be a complex embedding of K. Let D, and D! be the points corresponding to D and D" on
E, and E!. Then for the local intersection at o we have (f*D”, D), = (D", f.D), by the analytic
projection formula from Proposition 5.1.2. The theorem follows. O

Remark 5.3.5. In general, an isogeny f : E — E’ may not extend to a morphism & — £’. However,
if £ is a minimal arithmetic surface, then it contains the Néron model of E’'/K, and hence by the
universal property of the Néron model, any isogeny f extends. In any case we can achieve that f
extends after blowing up finitely many closed points on £.
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The following corollary appears in Szpiro’s paper [Sz].

Corollary 5.3.6. (Szpiro [Sz]) Let D1, Do be Arakelov divisors on E'. Let N be the degree of f.
Then the formula
(f*D1, f*D2) = N - (D1, D2)

holds.

Proof. Tt is not difficult to see (¢f. [Li], Theorem 7.2.18 and Proposition 9.2.11) that f.f*Dy =
N - Dy. Theorem 5.3.2 then gives (f* Dy, f*Ds) = (D1, fuf*D2) = (D1, N-D3) = N-(D1,D3). O

5.4 Self-intersection of a point

Let p : £ — B be an arithmetic surface of genus 1. In the present section we compute the self-
intersection (P, P) of a section of p.

Theorem 5.4.1. (Szpiro [Sz]) Let E be a semi-stable elliptic curve over a number field K, and let
p: € — B be its reqgular minimal model over the ring of integers of K. Let P: B — &£ be a section
of p, and denote by A(E/K) the minimal discriminant ideal of E/K. Then the formula

(P, P) =~ 25 108 | Nig/g(A(E/K)

holds.
Before we give the proof, we recall two geometric results.

Proposition 5.4.2. Letp: £ — B be a minimal arithmetic surface of genus 1. Then the canonical
homomorphism p*p.«we g — we/p 1S an isomorphism.

Proof. See [Li], Corollary 9.3.27. O

Proposition 5.4.3. Let p : Uy — M be the universal stable elliptic curve. Then there is a
canonical isomorphism (p.w)®2-"50(A) of line bundles on My. Let A be the canonical global
section of (p.w)®12 given by this isomorphism. Then for a Riemann surface X = C/Z + 77 of
genus 1 we can write A = (27)12A(7)(dz)®12.

Proof. The canonical isomorphism follows from the theory of the Tate elliptic curve. Over M7, the
section A is to be identified with the A from Proposition 4.3.1 above, which is also applicable in
our case. The formula follows from the proof of Proposition 4.3.1. O

Proof of Proposition 5.4.1. By the adjunction formula we have to prove that 12d/eTgP*wg/B =
log [Nk /o(A(E/K))|. By Proposition 5.4.2 we have a canonical isomorphism p.we,p—P*we /g,
and what we will do is consider the image of the section Ag,p, given by Proposition 5.4.3, in
(P*wg) 5)®12, and compute its Arakelov degree. As is clear from the canonical isomorphism in
Proposition 5.4.3, the finite places yield a contribution log|Ng/q(A(E/K))|. As to the infinite
places, recall that by Proposition 5.2.6 we have ||dz|a, = VIm7/((27)|n][(X)?) for a Riemann
surface X = C/Z + 77Z of genus 1. Together with the formula in Proposition 5.4.3 we obtain that
|As]|ar = 1 for each complex embedding o, and hence the infinite contributions vanish. This gives
the proposition. [l

The proof of Theorem 5.4.1 given in [Sz] is much more involved. The above proof in fact answers
a question raised in [Sz] on the norm ||Al[a, of A in Q®12. Note that Proposition 5.4.2 also proves
that (wg/p,we/p) = 0 on a minimal arithmetic surface p : &€ — B of genus 1, a fact observed by
Faltings [Fa2] for the semi-stable case.
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5.5 Average height of quotients

In this final section we study the average height of quotients of an elliptic curve by its cyclic
subgroups of fixed order. Using our results from the previous sections, we give an alternative proof
of a formula due to Autissier [Au]. A slightly less general result appears in [SU], and in fact our
method is very much in the spirit of this latter paper. The main difference is perhaps that in our
approach we do not need to consider the distribution of torsion points on the bad fibers. In fact
we do not need any non-trivial arithmetic information at all; the main ingredients are the Arakelov
projection formula from Theorem 5.3.2, the formula for the “energy of an isogeny” from Theorem
5.2.1, and the formula for the self-intersection of a point from Theorem 5.4.1. Amusingly, we shall
mention at the end of this section how a purely arithmetic result, namely the injectivity of torsion,
follows from our Arakelov-theoretic results.

We start with an explicit formula for the Faltings height hp(E) of an elliptic curve E (cf.
Definition 1.5.6). This formula is certainly well-known, ¢f. [Si], Proposition 1.1.

Proposition 5.5.1. Let E be a semi-stable elliptic curve over a number field K. Let A(E/K) be
the minimal discriminant ideal of E/K. Then the formula

he(B) = e (g log | N /o (A(B/K))| ~ = ;Mg((zw)”nmm»)

holds. Here the sum runs over the complexr embeddings of K.
Proof. This follows directly from Proposition 5.4.3. O

Ezample 5.5.2. Proposition 5.5.1 makes it possible to compute the Faltings height of elliptic curves
explicitly. The answers that we get in the case of elliptic curves with complex multiplication are
given by the celebrated Chowla-Selberg formula. This is described for instance in [Del], §1. Let E
be an elliptic curve defined over a number field K. Suppose that £/K has complex multiplication
by the full ring of integers of an imaginary quadratic field F'. It is well-known that E then has
potentially everywhere good reduction. As a consequence, the formula

12[K : Qlhp(E) = =) log((2m)"? - | All(7,))

holds, where the sum is over the complex embeddings of K. The Chowla-Selberg formula evaluates
the right-hand side of this expression. Let —D be the discriminant of F', let h be the class number
of F, and let w be the number of roots of unity in . The result is then that

w/2h
1 T D
- _Z . (=)
hp(E) 5 log 75 <O<m||<DF(m/D) ) ,

where (£) is the Dirichlet character of conductor D. For instance, for the elliptic curve E;/Q
given by y? = 2® — x (with j = 1728), which has complex multiplication by the ring of integers of
F =Q(v/-1), we have D =4, h =1 and w = 4 hence

D(L/4)- V7

hr(E1) = —log (F(3/4) V)

) = —1.3105329259115095183...

For the elliptic curve E5/Q given by y? = 2% — 1 (with j = 0), which has complex multiplication
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by the ring of integers of F' = Q(v/—3), we have D =3, h = 1 and w = 6 hence

1 ra/3)\° =\ _
hF(Eg)——§10g<(F(2/3)) -%>_ 1.3211174284280379150...

Actually, this is the infimum of hr on M;(Q).

Now let’s turn to the result of Autissier. First we introduce some notations. Let IV be a positive
integer. Then we denote by ey the number of cyclic subgroups of order N on an elliptic curve

defined over C, which is
1
ey =N 1+ —) ,
NI

p|N

where the product is over the primes dividing N. Further we put

_ pr—1
Av= 2 p1(pr = 1) 08P

where the notation p”||N means that p"|N and p"*! { N. For an elliptic curve E and a finite
subgroup C of E we denote by E¢ the quotient of E by C.
In [SU] we find the following theorem.

Theorem 5.5.3. (Szpiro-Ullmo [SU]) Let E be a semi-stable elliptic curve defined over a number
field K. Suppose that E has no complex multiplication over K and that the absolute Galois group
Gal(K/K) acts transitively on the points of order N on E. Let C be a cyclic subgroup of order N
on E. Then the formula

1
hp(EC) = hp(E) + S log N = Ay
holds.

One may wonder what one can say without the assumption that Gal(K /K) acts transitively.
In [Au] we find a proof of the following statement. The price we pay for dropping the assumption
on Gal(K/K) is that we can only deal with the average over all C.

Theorem 5.5.4. (Autissier [Auf) Let E be an elliptic curve defined over a number field K. Then
the formula

1 1
— > hp(EC) = hp(E) + 5log N — Ay
enN C 2

holds, where the sum runs over the cyclic subgroups of E of order N.

In fact, this formula was already stated in [SU] under the restriction that N is squarefree.
Autissier’s proof uses the Hecke correspondence Ty and a generalised intersection theory for higher-
dimensional arithmetic varieties. The disadvantage of this approach is that the analytic machinery
needed to deal with the contributions at infinity becomes quite complicated. We will give a proof of
Theorem 5.5.4 which is much more elementary. Besides this merit, we also think that the structure
of the somewhat strange constant Ay becomes more clear through our approach. It would be
interesting to have a generalisation of Theorem 5.5.4 to abelian varieties of higher dimension.

Theorem 5.5.4 follows directly from the following two propositions, by using the explicit formula
for hp in Proposition 5.5.1. The next proposition occurs as Lemme 5.4 in [SU].

Proposition 5.5.5. Let E be a semi-stable elliptic curve over a number field K and suppose that
all N -torsion points are K -rational. Then one has

> (10g Nk /g (A(E/K))| — log |Nie/o(A(EC/K))]) = 0.
C
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Here the sum runs over the cyclic subgroups of & of order N.

Proposition 5.5.6. Let X be a Riemann surface of genus 1. Then
1 c 1
——2:-—bmmn X) — 25 1og [A(X) ) = S log N — Ax

where the sum runs over the cyclic subgroups of X of order N.
Our first step is to reduce these two propositions to the following two:

Proposition 5.5.7. Let E be a semi-stable elliptic curve over a number field K and suppose that
all N-torsion points are K-rational. Extend all N-torsion points of E over the reqular minimal

model of E/K. Then one has
Y > (@0 =0,

C QecC
Q#O

where the first sum runs over the cyclic subgroups of E of order N, and the second sum runs over
the non-zero points in C.

Proposition 5.5.8. Let X be a Riemann surface of genus 1. Then one has

—ZZlogGQO

C QecC
Q#0

Here the first sum runs over the cyclic subgroups of X of order N, and the second sum runs over
the non-zero points in C.

The latter proposition is an improvement of Proposition 6.5 in [SU], which gives an analogous
statement, but only with the left hand side summed over the complex embeddings of K, and divided
by [K : Q]. Our result holds in full generality for an arbitrary Riemann surface of genus 1.

Proof of Proposition 5.5.5 from Proposition 5.5.7. Let C be any cyclic subgroup of F, and let O’
be the zero-section of E€. Extend it over the minimal regular model of /K. We then have

5 108 N/ A(B/K))| ~ =5 log | Ni/q(A(ES /)| = (', 0') ~ (0,0)

by Theorem 5.4.1. The latter is equal to Egig (Q,0) by Theorem 5.3.2. Summing over all cyclic
subgroups of E of order N and using Proposition 5.5.7 we find the result. O

Proof of Proposition 5.5.6 from Proposition 5.5.8. By Theorem 5.2.1 we have for any subgroup C
of X of order N that

1
- log [|A[[(X) — 1—10g||A||(XC) 210gN > logG(Q,0).

12
QeC
Q#0
The statement of Proposition 5.5.6 is then immediate from Proposition 5.5.8. |

In order to prove Proposition 5.5.7, we make use of the following combinatorial lemma.

Lemma 5.5.9. Let M be a positive integer with M|N. Let E be an elliptic curve defined over
an algebraically closed field of characteristic zero. Then each cyclic subgroup of E of order M is
contained in exactly ey /en cyclic subgroups of order N.
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Proof. This follows easily by fixing a basis for the N-torsion and then considering the induced
natural transitive left action of SL(2,Z) on the set of cyclic subgroups of order M and order N. O

Proof of Proposition 5.5.7. Let E[M] be the set of points of exact order M on E. By Lemma 5.5.9

we have .
ZZQO > o > QO).

QeC M|N
G50 uiny M QB

We claim that for any positive integer M, we have ZQGE[M] (Q,0) = 0. Indeed, we have

>, (Q0)=0

QEE[M],Q#0
for all M by Theorem 5.3.2 and then the claim follows by Mobius inversion. [l

Also for the proof of Proposition 5.5.8 we will need a lemma. For a Riemann surface X of genus
1, and M > 1 an integer, we put

tM)= > logG(Q,0),

QeX[M]

the sum running over the set X[M] of points of exact order M on X.
Part of the following lemma is also given in [SU], ¢f. Lemme 6.2.

Lemma 5.5.10. We have
t(p") = logp
for any prime integer p and any positive integer r. Moreover we have t(M) = 0 for any positive

integer M which is not a prime power.

Proof. By Corollary 5.2.4 we have

Z log G(Q,0) =log M .
QEX[M],Q#0

The lemma follows from this by Mdbius inversion. (|

Proof of Proposition 5.5.8. For any divisor M|N, let X[M] be the set of points of exact order M on
X and let t(M) = 355 l0g G(Q,0) as in Lemma 5.5.10 where it is understood that ¢(1) = 0.
Then by Lemma 5.5.9 we can write

—ZZIogGQO Z N 4.

e
Qec N oyn M
Q#0

Lemma 5.5.10 gives us that

Z . Z(i-l--i- 1)logp.
T € epr

p|N
pT|IN

1
EN

Finally note that e,« = p*(1 + 1/p) which gives

S N
€p epr  PTHP? —1)°

From this the result follows. O
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Remark 5.5.11. An alternative proof of Proposition 5.5.6 can be given by classical methods using
modular forms identities, see for instance [CT], Proposition VIL.3.5(b) for the case that N is a
prime, and [Au], Lemme 2.2 and Lemme 2.3 for the general case. We preferred to give an argument
using Arakelov theory, indicating that Arakelov theory can sometimes be used to derive analytic
results on Riemann surfaces in a short manner. We have seen another instance of this in Section 4.5,
where we gave an Arakelov theoretic proof of a certain higher-dimensional modular forms identity.

We finish with a corollary from the results above. This corollary gives another interpretation to
the constant Ay .

Corollary 5.5.12. Let E be a semi-stable elliptic curve over a number field K and suppose that
all N-torsion points are K -rational. FExtend these torsion points over the minimal reqular model of
E/K. Then one has

1 1
ma;%(Q,O%ﬁn)\N,

where the first sum runs over the cyclic subgroups of E of order N, and the second sum runs over
the non-zero points in C.

Proof. Let C be a finite cyclic subgroup of E. Note that by definition of the Arakelov intersection

product
3(@.0)= Y Q00— > Y 1ogG(Q7,0).
QecC Qec QeC o
Q#0 Q#0 G0
The corollary follows therefore easily from Proposition 5.5.7 and Proposition 5.5.8. |

Note that Corollary 5.5.12 is purely arithmetical in nature. It should also be possible to give a
direct proof, but probably this would require a more ad hoc approach, making for instance a case
distinction between the supersingular and the ordinary primes for F/K. Also note that Corollary
5.5.12 immediately gives the classical arithmetic result that, for any prime number p, the p-torsion
points are injective on a fiber at a prime of characteristic different from p. Indeed, take N = p
in the formula from Corollary 5.5.12; then the right hand side is a rational multiple of logp, and
so the same holds for the left hand side. This means that the local intersections (@, O)gyn, which
are always non-negative, are in fact zero at primes of characteristic different from p. Hence, each
p-torsion point @) stays away from O on fibers above such primes. Of course the argument can be
repeated with O replaced by any other p-torsion point.
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Chapter 6
Numerical examples

As was explained in the Introduction, it is important to know how to calculate Arakelov invariants
explicitly. Our Theorems 2.1.2 and 2.1.3 provide a solution to this problem. We illustrate this in
the present chapter by computing examples of Arakelov invariants of hyperelliptic curves of small
genus. In Section 6.1 we say some words on implementation. In Section 6.2 we focus on curves of
genus 2. The computational aspects of this case are well-documented in [BMM]. Our approach in
Section 6.2 will be different, but we do not pretend to be able to attain significantly better results.
In Section 6.3 we consider a hyperelliptic curve of genus 3. In particular we find an explicit result
for its delta-invariant. As far as we know, no explicit values of Arakelov invariants in genus 3 have
been obtained so far, and it seems that the method and results in Section 6.3 are new.

6.1 Implementation

The difficulties in computing Arakelov invariants are usually caused by the analytic contributions
at infinity. In this section we explain what we need to compute exactly, and how one can do this,
given the results in this thesis.

Let X be a compact and connected Riemann surface of genus g > 0. First of all we need a
period matrix (1|Q22) for X. It is well-known that if X has many automorphisms, it is possible to
compute such a period matrix purely theoretically. For example, there is a beautiful theory dealing
with periods of elliptic curves with complex multiplication, as we saw in the previous chapter. An
exact period matrix for the genus 2 Riemann surface associated to the equation y? +y = 2, which
visibly admits at least 10 automorphisms, was given in [BMM].

Next, when exact computations turn out not to be possible, one can often resort to a long
tradition going back at least to Gauss which is concerned with finding algorithms to give rapidly
converging series of approximations to periods. These algorithms can be very efficient for special
types of curves. In general, however, there is no other method than to approximate the occurring
line integrals directly. If one does this, one has various numerical integration methods at one’s
disposal, and nowadays many of these have been implemented in computer algebra packages such
as Maple or Mathematica. These allow one to approximate periods very efficiently.

Once one has a period matrix, one has the associated matrix 7 = Ql_ng in the Siegel upper
half space of degree g and if the period matrix was on the basis {w1,...,w,} of HY(X, QY ), we also
find the length of wy A ... Aw, with respect to the Faltings metric on AYH(X,QY), by the formula

lwi A ... Awgll? = (det ImT) - | det Q4|

from Proposition 1.4.10. These results allow one to calculate the analytic contributions to the
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Faltings height of a curve.

Next we want to calculate the delta-invariant and certain values of the Arakelov-Green function.
These we need in order to be able to calculate Arakelov intersection numbers, such as the self-
intersection of the relative dualising sheaf, or the height of a rational point. A suitable formula for
the self-intersection of the relative dualising sheaf follows for instance from the proof of Proposition
2.5.4.

As is clear from Theorems 2.1.2, 2.1.3 and 2.2.8, we need to be able to calculate certain values of
the function ||¢|| on Picy—1(X) and of the function ||J|| on Sym?(X), but also we need to calculate
the integral

log S(X) = — /X log [9]1(9P — Q) - u(P)

over the Riemann surface X.
The first problem is not difficult by the explicit formulas for ||J|| and ||J|| given in Chapter 1.
We work with the usual identification

P
Picy_1(X)—C9/729 + 179 z:mkP;€ Hka/ (Mmy---ymg) + K£(Fo)
Po

with #(FPp) the Riemann vector for a base point Py. Here the basis {n,...,n,} is given as
1, omgy = {wi, .y we) - 107, and the Riemann vector #(Py) = (k(Po)1,. .-, x(Py)g) can be
made explicit by the classical formula

1+ *
“(Po)k:Tkk*Z/ m(z)/ n fork=1,...,9,
L

12 A P,

see [Fay], p. 43. The A;,..., A, are the A-chains in homology leading to the part €1 of the
period matrix. Using the explicit formulas in Chapter 1 it is not difficult to carry out an a priori
investigation which shows how many terms in the defining series for ¥ and % we have to compute
in order to approximate a value of ||[¥|| or ||J|| with a prescribed accuracy.

The second problem, to calculate the integral, is more difficult. First of all, one needs to make the
form p explicit. This can be done using our basis {w1, . . ., wy} of holomorphic differentials: it follows
from the definition and Riemann’s bilinear relations that if one puts h = (Q_l(ImT)tﬂl) -1 then the
form p can be written as u = % Z,l:l hii - wi Aw;. Using a local coordinate and writing out the
differentials w1, ..., wy in this local coordinate one next tries to convert the integral into an integral
over a domain in C, using the standard euclidean coordinates. The main problem is, however, that
the integrand has singularities at the Weierstrass points of X. This means that any numerical
approximation has to take special care of these points. If the weights of the Weierstrass points are
not too large, one can perhaps safely resort to the defining equation of log S(X). Otherwise, one
probably does better by using the formula in Proposition 2.2.6, which involves a similar integral, but
this integral has only a singularity at the chosen point P, and the order of vanishing of ||9||(¢P — Q)
at Q = P is equal to g. However, one has to note that the error produced in calculating the
integral will be multiplied by ¢? if one wants to obtain log S(X) in this way. In the computer
algebra package Mathematica, it is possible to specify the points in an integration domain at which
the evaluation of an integral needs special care, for instance because of the presence of logarithmic
singularities in the integrand. There are special packages available particulary suited for integrands
with logarithmic singularities, also in 2 dimensions.

Let’s make the above more explicit in the case of hyperelliptic Riemann surfaces, which seems
the easiest case from the computational point of view. Our numerical examples in Sections 6.2 and
6.3 below deal with this case. Suppose that we deal with a hyperelliptic Riemann surface X of
genus g > 2 given by an equation y? = f(z) with f(x) € C[z] separable of degree 2g + 1. Fix an
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ordering of the roots of f. Recall that in [Mu2], Chapter IIIa, §5 a traditional and canonical way
is given to build a symplectic basis {41,..., A4y, B1,..., By} for the homology of X. We take this
basis as a starting point, and with Mathematica we compute the periods of, say, the differentials
wy =dz/y,...,w, = 29" 'dz/y. This involves making appropriate branch cuts in C, and then taking
line integrals over paths that become the loops A1, ..., B, on the 2-sheeted cover X of P!, reversing
the orientation each time one crosses a branch cut. The line integrals involved in the Abel-Jacobi
map are carried out in a similar way. We only still need the Riemann vector, but this is done in
[Mu2], Chapter IIa, §5: if we take co as a base-point on X, then & is given by K = k1 + 7 - ko
mod Z9 + 779 with k1 = (%, 9%1, sy 1 %) and ko = (%, %, ey 2) We will turn to specific details
concerning the computation of log S(X) in the sections below.

6.2 Example with g =2

In broad lines, the computational aspects of Arakelov theory for genus 2 curves have been discussed
already in [BMM]. For concrete calculations, however, the authors specialise to the case of semi-
stable arithmetic surfaces whose singular fibers are irreducible curves with a single double point,
cf. Section 3 of [BMM]. We want to give formulas for the Arakelov invariants of an arbitrary semi-
stable arithmetic surface of genus 2. Although not worked out in detail in [BMM], it is certainly
well-known among experts how to do this.

For a Riemann surface X of genus 2, we denote by ||A%[|(X) the invariant of X defined in Section
3.8. This is the ||Az]|(X) occurring in [BMM].

Proposition 6.2.1. Let p: X — B = Spec(R) be a semi-stable arithmetic surface of genus 2 with
good reduction at all primes dividing 2. Then the formulas

10 deg det p.wa 5 —Zabéblog#k Zlog ((2m)*| A%]1 (X))

and

6
(wX/B,wX/B):Z(Ssbfl)éblog#logk ZlogHA' (X, +4Zlog5
b

hold, where b runs through the closed points of B and where €, = 2 if the stable geometric fiber at
b is the union of two curves of genus 1 meeting at a single point, and e, = 1 otherwise.

Proof. We can assume that the generic fiber of X is given by an equation y? = f(x), with f(x) a
separable polynomial of degree 6 defined over the quotient field of R. Let D be the discriminant
of f. In [Ue], Proposition 2.1 it is shown that the element Ay /5 = D - (dz/y A zdx/y)®'° defines

®10

a rational section of (det p.wx/p) independent of the choice of equation y?> = f(z). By an

argument as in Lemma 4.3.1 to deal with the infinite contributions we obtain

10degdetp*w;(/3 = Zdb log #k(b) Zlog ((2m)*°(| AL][(Xo))
b

where d, = ordy(Ay,p). According to the Table in §5 of [Ue] one has d, = €6, with &, as in
the proposition. This gives the first formula. The second formula follows from Noether’s formula,
where we eliminate the factor > 0(X,) by using Corollary 3.1.5. O

Let us turn to a concrete example. We take smooth projective curves X; given by the equation

y* 4+ (@ + Dy =a® + ¢,
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with ¢ € Z. One can check that the X; are curves of genus 2 defined over Q and having good
reduction at 2. Moreover, if t Z 3 mod 7 then X; has semi-stable reduction over QQ. Contrary to
the family of curves considered in Section 3 of [BMM], various types of reduction will occur.

Let us specialise for example to ¢ = 7. We find (in the standard Kodaira notation employed
in [Ue]) reduction I1_1_¢ (an irreducible curve with 2 double points) at 3, reduction Iz_g_o (a
union of a smooth curve of genus 1 and a P! of self-intersection -2) at 5, and reduction I _o_q (an
irreducible curve with a single double point) at 29 and 339617. Thus, d3 = 5 = 2, dag = 339617 = 1
and all €’s are 1.

Let us proceed by computing the Arakelov invariants of X = X7. We take an equation y? = f(z)
for X with f monic and separable of degree 5. We compute the period matrix (£1|Q2) on the
differentials dz/y and zdz/y as described in Section 6.1. We obtain

|ALI(X) = 2.067079790957566...- 10>
With Proposition 6.2.1 we find
hp(X) = —0.44517827222228057...
Using Theorem 3.1.4 we compute
logT(X) = —3.9806368335392663...

In order to calculate log.S(X) we make use of the formula
1
log S(CX) = ~4 [ log[9](2P ~ @) 1(Q) + 5 > log|9][(2P - W)
X 2 wew

derived from Corollary 2.2.6. We do this since the integrand in the defining equation of log S(X)
diverges at infinity. Write x = u-+iv with u, v real. We want to express p in terms of the coordinates
u,v. This is done by the following lemma.

Lemma 6.2.2. Let h be the matriz given by h = (Q_l(Im'r)th)_l. Then we can write

n = (hll —+ 2h12u + hgg(u2 + 1)2)) .

i the coordinates u,v.

Proof. Let wy = xF~'dx/y for k = 1,2. As we have noted above, the form p is given by u =
i Zi 1—1 Pkl - wi A ;. Expanding this expression gives the result, where we note that the matrix A
is real symmetric, since our defining equation for X is defined over the real numbers. O

We can now carry out the integral, choosing an arbitrary point P and taking care of the singu-
larity of the integrand at this point P. We find the approximation

log S(X) =0.77...

leading to
0(X)=-16.69...

by Theorem 2.1.3 and finally to
e(X)=4.53...

by Proposition 6.2.1.
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We have checked the computation by also calculating the invariant log ||H||(X) and using the
formulas in Section 3.8. It turns out that calculating the invariant log || H|| is done much faster by
Mathematica. Hence, it seems that for the computations on the analytic side in genus 2 it is better
to stick to the approach in [BMM].

In [BMM] the curve Y/Q given by y? + y = 25 is discussed. The results imply that

|AL|(Y) = 2.07046497...- 10~°

and
(V)= —-16.68...

The reader will notice that these values are rather close to the values for ||A%||(X) and §(X) found
above. This is no coincidence: a calculation shows that the family X; over P!(C) has potentially
good reduction at infinity, with smooth fiber isomorphic to Y.
Using Proposition 6.2.1 and the fact that Y has potentially everywhere good reduction, one
finds (as in [BMM))
hp(Y)=—-2.597239125..., e(Y)=0.2152...

On the other hand, for ¢t € Z one finds that hp(X;) and e(X;) tend to infinity as |¢| tends to infinity.
This illustrates the complicated behaviour of the functions hr and e on the moduli space of curves.

Finally, we remark that a PARI program for computing the reduction and the potential stable
reduction of curves of genus 2 defined over Q is available at the homepage of Qing Liu.

6.3 Example with ¢ =3

In this section we turn again to the methods developed in Section 3 of [BMM]. We generalise some
of the results there to hyperelliptic curves of higher genera, and conclude with a numerical example
in genus 3.

First of all, we prove a result on the self-intersection of the relative dualising sheaf. Let p : X — B
be a semi-stable arithmetic surface whose generic fiber is a hyperelliptic curve of genus g > 2.
According to [DM], Theorem 1.11, the hyperelliptic involution on the generic fiber extends uniquely
to an involution o € Autp(X).

Proposition 6.3.1. Assume that p : X — B has two o-invariant sections P,Q : B — X. Assume
furthermore that the fibers of p are irreducible. Then the formula

(WX/BaWX/B) =—4g(g—1)- (P, Q)
holds.

Proof. We follow the argument in [BMM], Section 1.3. Let U be the largest open subset of B
over which p is smooth. According to Lemma 4.2.1, the line bundle wy,p ® Ox(—(29 — 2)P) ®
p*(P, P)®29=1) has a nowhere vanishing section s when restricted to Ay. Thus, this s can be seen
as a rational section of that same bundle on X'. Let Vp its divisor. Its support is disjoint with Xy,
and we have a canonical isomorphism

wx/B—O0x((29 —2)P) @ p*(P, Yo7 @ Ox (Vp).
Pulling back along P we find a canonical isomorphism (wx g, P)——(P,P)*~' @ (P,0x(Vp)),

extending the canonical adjunction isomorphism (wx,p, P)u——(P, P)§~" over U. But we know
the adjunction isomorphism extends over B, so we must have that (P,Ox(Vp)) is trivial. Since X
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is normal and since by assumption all fibers of p are irreducible, we find that Vp = 0. The formula
follows then by a calculation as in the proof of Corollary 4.2.2 above. O

Let K be a number field, and let A be its ring of integers. Let F € A[z] be monic of degree
2g+ 1 with F(0) and F(1) a unit in A. Put R(x) = x(xz — 1) + 4F(x). Suppose that the following
conditions hold for R: (i) the discriminant D of R is non-zero; (ii) for every prime p of A of residue
characteristic # 2 we have v,(D) = 0 or 1; (iii) if char(p) # 2 and v,(D) = 1, then R (mod gp) has
a unique multiple root, and its multiplicity is 2. As in [BMM], Section 3 one may then prove the
following statement.

Proposition 6.3.2. The equation
Cr :y? = x(x — 1)R(x)

defines a hyperelliptic curve of genus g over K. It extends to a semi-stable arithmetic surface
p: X — B = Spec(A). We have that X has bad reduction at p if and only if char(p) # 2 and
V(D) = 1. In this case, the bad fiber is an irreducible curve with a single double point. The
differentials dx/y, . .., x97 dx/y form a basis of the Og-module pswx /. The points Wo, W1 on CF
given by x =0 and x = 1 extend to disjoint o-invariant sections of p.

As for the Arakelov invariants of Cr, we find from this the following result.

Proposition 6.3.3. At a complex embedding o : K — C, let Qy = (Q1,]|Q2+) be a period matrix
for the Riemann surface corresponding to Cr ®4 x C, formed on the basis dz/y,...,z9  dx/y.
Further, let T, = Ql_a.lQQO-. Then

— 1
degdet p.wx/p = ~3 Zlog (| det Q1|2 (det Im7,)) ,

where the sum runs over the complex embeddings of K. Further, the formula

(wx/B,wx/B) = 4g9(g — 1) ZlOgGa(WO, Wy)

holds.

Proof. The first statement follows by Lemma 1.4.1 and Proposition 6.3.2. The second follows from
Proposition 6.3.1 and Proposition 6.3.2. |

For our numerical example, we choose the polynomial F(z) = z° + 62* + 423 — 622 — 52 — 1
defined over Q. Then the corresponding R(x) = x(x — 1) + 4F (z) satisfies the conditions described
above. The corresponding hyperelliptic curve (which we will call X from now on) of genus 3 has
bad reduction at the primes p = 37,p = 701 and p = 14717. An equation is given by

X 1 y? =a(x — 1)(4a® + 242" + 162° — 2322 — 212 — 4).

We choose an ordering of the Weierstrass points of X. We construct from this a canonical symplectic
basis of the homology of (the Riemann surface corresponding to) X. Using Mathematica, we
compute the periods of the differentials dx/y, xdx/y, x2dx/y. This leads, by Proposition 6.3.3, to
the numerical approximation

hr(X) = —1.280295247656532068...
With Theorem 3.1.4 we find the following numerical approximation to log T'(X):

logT(X) = —4.44361200473681284...
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It remains then to calculate the invariant log S(X). Again we compute it by using Corollary 2.2.6.
Write x = u+ iv with u, v real. The analogue of Lemma 6.2.2 is as follows, with basically the same
proof.

Lemma 6.3.4. Let h be the 3 x 3-matriz given by h = (ﬁl (ImT)th)fl. Then we can write

dudv
3|11

W= (hn + 2h12u + 2h13(u? — v2) + hoo(u? 4 v?) + 2hozu(u? + v?) + haz(u?® + 112)2)

in the coordinates u,v.

Using this, and taking care of the singularities of the integrand, we find the approximation
log S(X) = 17.57...

In order to check this result, we have taken several choices for P. Also, to exclude a possible
systematic error, we have checked that p integrates to 1 over X.
By Theorem 2.1.3 we have
0(X) = —33.40...

and using Theorem 2.1.2 we can approximate, by taking ) = W; and letting P approach Wy,

G(Wo, W) = 2.33...

By Proposition 6.3.3 we finally find
e(X) =20.32...

The running times of the computations were negligible, except for the computation of the integral
involved in log S(X), which took about 7 hours on the author’s laptop.
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