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A Dynamical Systems Analysis of the Indirect Response

Mo del with Special Emphasis on Time to Peak Response1

Lam bertus A. Peletier 23, Johan Gabrielsson 4, Jacin tha den Haag 5

In this paper we present a mathematical analysis of the four classical indirect re-
sponse models. We focus on characteristics such as the evolution of the response
R(t) with time t, the time of maximal/minimal responseTmax and the area between
the response and the baseline AUCR , and the way thesequantities depend on the
drug dose, the dynamic parameters such as Emax and EC50 and the ratio of the
fractional turnover rate kout to the elimination rate constant k of drug in plasma.
We �nd that depending on the model and on the drug mechanism function, Tmax

may increase, decrease, decreaseand then increase, or stay the same, as the drug
doseis increased. This has important implications for using the shift in Tmax as a
diagnostic tool in the selection of an appropriate model.

KEY W ORDS: Indirect Responsemodels, Turnover models, Time of maximal
response,Peak shift, Di�eren tial equations,Pharmacodynamics.

INTR ODUCTION

The re-introduction of the turnover models (Ackerman et. al. (1), Nagashima
and Levy (2), Ekblad and Licko (3)) by Jusko and colleaguesin the early 90s
(Dayneka et. al. (4)), the extension of those to the feedback situation (Holford
et. al. (5), and Wakelkamp et. al. (6)), and integrating receptor-interaction models
with feed-back governed turnover models (Sun et. al. (7), Zuideveld et. al. (8))
have rejuvenatedthe �eld of mechanism-basedpharmacodynamic modeling.
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The turnover model, more recently alsocalled the indirect responsemodel, pro-
videsa uniquetool for the pharmacokineticists,in that it logically combinesfeatures
of pharmacokineticswith pharmacodynamics. It clearly distinguishesdrug proper-
ties (such as EC50) from systemproperties (kout and kin ). The turnover model is
applicable to a wide range of modeling situations, ranging from modeling homeo-
static featuresof the water balanceto induction of metabolic enzymes,and phar-
macologicalresponses(seeGabrielssonand Wiener (9), and Mager et. al. (10) for
a mini review). Few researchers have during recent yearsso elegantly laid out the
mathematical properties of this classof models and exempli�ed their useas Jusko
and co-workers have donein a seriesof papers (cf. (11-15)).

When the pharmacologicalresponse takes time to develop, and the observed
response is not instantaneously related to plasma concentration of the drug, a
model for this time-delay has to be incorporated. Currently, there are at least
three conceptually di�erent approaches to capture this time-delay, namely biologi-
cal/mechanistic, empirical/ distributional, and receptor on/o� rate models. When
the time delay then has been assumedto be of distributional origin, a �rst-order
e�ect-compartment (or link) model has beenapplied. Provided �rst-order plasma
kinetics, a prerequisite has been a dose independent Tmax value for experimental
responsedata. If this is not the casea turnover (or indirect response)model has
often beenshown to be the solution. In other words, peak-shift or no peak-shift has
becomea discriminative tool for selectionof the classof model. Unfortunately, lack
of peak-shift with increasingdoseshas implied an e�ect-compartment model and a
peak-shift has implied a turnover model by someinvestigators(16).

The indirect response models are constructed from a function describing the
plasma kinetics, a drug mechanism function relating plasma kinetics to the type
of mechanistic action (inhibition I max=I C50 or stimulation Emax=EC50), and the
turnover rates kin and kout ). Provided linear kinetics, the pharmacokineticfunction
per se will not contribute to a peak-shift in the pharmacologicalresponse. Also,
the turnover function behaves linearly with proportional changesof the turnover
rate. What is left, as a potential sourceof this peak-shift, is then the drug mecha-
nism function. Simulations have shown that a peakshift may or may not occur with
increasingdoses,and that they canbe toward earlieraswell aslater times (Gabriels-
son and Wiener (9)). The aim of this paper is to cast light on this phenomenon
from a mathematical analytical point of view and to make generalstatements about
the dynamicsthat may be useful for model discrimination and experimental design
purposes.

Speci�cally, we have two objectives:

I. Establish qualitativ e propertiesof the responsecurvesof turnover models. Specif-
ically, we derive upper and lower boundsfor the sizeof the response,for the time of
maximal response,or Peak Time, Tmax and we obtain estimatesfor the behavior of
thesequantities asthe drug dosebecomeslarge. Many of thesepropertieshave been
establishedbefore. The novelty will be, however, that here theseproperties will be
derived by qualitativ e methods which involve a geometricanalysisof the turnover
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equation basedon the theory of dynamical systems(17). An important feature of
this approach is that it can also be used for the analysis of nonlinear generaliza-
tions of the basic linear turnover models and for more complex pharmacodynamic
systems.

I I. Study the dependenceof Tmax on the drug dose,and determine the in
uence of
the parametersand the drug mechanismfunctions involved. To that endwe present
an asymptotic analysis for small and large drug doses,and a numerical study to
cover the rangeof intermediate valuesof the drug dose.

The outline of this paper is the following. After an introduction of the di�erent
types of turnover models, we �rst present the main analytical results about the
responsecurvesand the Peak Time Tmax . To completethe picture, we present the
outcomeof a seriesnumerical simulations. We then turn to a detailed qualitative
analysis of the turnover equations and an asymptotic analysis of the peak time
Tmax (D) for small and largevaluesof the drug dose.Someindications are then given
of generalizations of theseresults to more generaldrug functions and to nonlinear
versionsof the turnover equation. Finally, we present a discussionand o�er some
conclusionsof the methods we usedand the resultswe establishedin this paper. We
end this paper with a seriesof appendicesin which the more delicatemathematical
arguments, neededto prove our results, are presented.

For the numerical rendering of solution graphs we have used the ODE solver
XPPAUT (18) and for the graphs of the Peak Time versusthe drug dosewe used
the packageMaple 9 (19).

TURNO VER MODELS

In the basiclinear turnover model the pharmacologicalresponseR(t) is governed
by the equation

dR
dt

= kin � kout R (1)

in which the turnover rate kin and the fractional turnover rate kout are the rate
constants involved in the zeroth order gain term and the �rst order loss term, re-
spectively (20). The action of the drug takes place through the drug mechanism
function H (C), whereC = C(t) is the plasmaconcentration of the drug as a func-
tion of time (the drug function) (3,4). This action may take place either via the
gain term kin , in which caseEq. (1) becomes

dR
dt

= kinH (C) � kout R (2a)

or via the lossterm kout , when

dR
dt

= kin � kout H (C)R (2b)
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We consider two types of drug mechanism functions: those which inhibit and so
reducethe e�ect of either the gain or the lossterm:

H (C) = I (C) def= 1 � I max
C

I C50 + C
(3)

and thosewhich stimulate and increasethe e�ect of the gain or the lossterm:

H (C) = S(C) def= 1 + Emax
C

EC50 + C
(4)

Herethe symbol def= meansthat the quantit y on the left is de�ned to be the quantit y
on the right. Sincethe drug mechanismfunction needsto bepositive, wewill require
that 0 < I max � 1. An important featureof thesedrug mechanismfunctions is their
boundedness:

1 � I max < I (C) < 1 and 1 < S(C) < 1 + Emax for all C > 0:

In addition to thesenonlinear, saturating drug mechanism functions we will discuss
results for the linear functions

I (C) = 1 � � C and S(C) = 1 + � C (5)

in which � is a positive constant. They can be viewed as approximations of the
nonlinear functions when C � I C50 or C � EC50. In the caseof inhibition we
must require that � and C are so small that I (C) remainspositive.

In this paper we focus on four di�erent linear turnover models: two models in
which the turnover rateskin and kout are inhibited; wedenotethesemodelsby Model
I and Model I I. In the other two models theseturnover rates are stimulated. They
will becalled,respectively, Model I I I and Model IV (4). Wedo this for the nonlinear,
as well as for the linear drug mechanism functions given in Equations (3)-(5). The
four modelsare shown schematically in Figure 1.

Sincethe emphasisin this paper is on the dynamicsof the four turnover models,
we will often assumea very simple drug function:

C(t) = De� kt ; k > 0 (6)

where k is the elimination rate and D a positive constant which is a measurefor
the amount of drug that has been administered. We shall call it the Drug Dose.
The volume of distribution is set equal to unity. Many of the methods usedin this
paper can alsobe applied when the drug function is more complex. As an example
we shall discussthe dynamicsof the turnover modelswhen the drug function is the
Bateman function, which mimics a �rst order input (ka) { output (k) process:

C(t) = D(e� kt � e� ka t ); ka > k (7)
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Figure 1: Schematic illustration of the four turnover models. The modelsI and I I represent
inhibition I (C) of, respectively, the turnover rates k in and kout , and the models I I I and
IV represent stimulation S(C) of theseturnover rates(4)

When no drug is present, i.e. when D = 0 and henceH = 1, the Equations (2a)
and (2b) reduce to Eq. (1). This equation has a unique equilibrium state, often
referred to as the Baseline:

R = R0
def=

kin

kout
(8)

and any solution R(t) convergesto R0 as t ! 1 . Henceforth we assumethat the
systemis in this state when, at t = 0, the drug is administered, i.e.

R(0) = R0 (9)

When a drug has beengiven, and the plasmaconcentration is given by Eq. (6)
or Eq. (7), the responseR(t) is determined by the di�erential equation (2a) or
(2b) together with the initial value given by Eq. (9). We shall show that in the
modelsI and IV, the responsedecreasesmonotonically after administration, reaches
a minimum, and then increasesmonotonically to the initial state R0. In the models
I I and I I I the order is reversed: the response�rst rises to a maximum and then
drops monotonically back to the initial state. In Figure 2 we show four typical sets
of graphsof R(t).

The time at which the responseR(t) reachesits extremevalue,either a minimum
or a maximum, will be called Tmax . We shall often refer to it as the Peak Time.
We shall be interested to learn how Tmax dependson the drug doseD, and derive
qualitativ e properties of the responsecurves in the four models,both for nonlinear
and for linear drug mechanism functions.
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Figure 2: ResponsecurvesR(t) versustime t for the models I (top left), I I (top right), I I I
(bottom left) and IV (bottom right) when k in = 2, kout = 2, k = 1, I max = 0:8, Emax = 2,
I C50 = 1, EC50 = 1, and D = 2; 4; 6; 8; 10; 12

Many of the methods usedin this paper are qualitativ e, and can alsobe applied
to nonlinear turnover models,such as described by the equation

dR
dt

= kin � kout
R

R50 + R
(10)

in which the loss term saturates and kin , kout and R50 are positive constants (cf.
(21,22)). At the end of this paper we shall obtain somequalitativ e results for this
nonlinear model.

THE PEAK TIME Tmax

In this section we �rst present a seriesof analytical results about the way the
responseR(t) and the peak time Tmax depend on the drug doseD. We begin with a
fewqualitativ eobservationsand then present the behavior of Tmax for small and large
doses.To completethe picture, we give in the next section numerically computed
graphsof the function Tmax (D) for the four di�erent models I-IV, both when H is
nonlinear, and when it is linear.
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Dimensionless variables

The basic equations(2a) and (2b) feature a range of constants: the turnover-
related rates kin and kout , the kinetic constants I max , I C50 and Emax , EC50, and
�nally the constants in the drug function: the drug doseD and the elimination rate
k. It is then useful to introduce dimensionlessvariables. By doing so we achieve
two objectives:
� Di�eren t constants combine into a smaller number of dimensionlessparameters,
each endowed with a physiologicalmeaning.
� The resulting equationsare simpler and thereby more transparent.

Let us introducethe following dimensionlessvariables:

t � = kt; R� =
R
R0

=
kout

kin
R and � =

kout

k
(11)

Thus, the new dimensionlesstime t � comparesphysical time with the characteristic
time (1=k) of the elimination of the drug, and the new dimensionlessresponseR � (t)
comparesthe response R(t) to the equilibrium response R0 in the absenceof a
drug. Finally, the new dimensionlessparameter � comparesthe decay rate kout

of the responsein the absenceof a drug, to the elimination rate k of the plasma
concentration.

We alsoscalethe concentration, and set

C � =
C

I C50
or C � =

C
EC50

(12)

depending on whether the drug inhibits or stimulates. In terms of thesenew vari-
ables,equations(2a) and (2b) become

dR�

dt�
= �

�
H � (C � ) � R�

	

dR�

dt�
= �

�
1 � H � (C � )R�

	
(13a)
(13b)

where H � (C � ) = I � (C � ) or H � (C � ) = S� (C � ), and the new drug mechanism func-
tions I � and S� are given by

I � (C � ) = 1 � �
C �

1 + C �
and S� (C � ) = 1 + �

C �

1 + C �
(14a)

in which � = I max in I � and � = Emax in S� . When the drug mechanism functions
are linear they become

I � (C � ) = 1 � � C � and S� (C � ) = 1 + � C � (14b)

The initial value of the responseR, and the drug function C have become

R� (0) = 1 and C � (t � ) = D � e� t �
(15)
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where we have scaledD like we scaledC in Eq. (12), i.e., D � = D=I C50 or D � =
D=EC50.

Thus, we have now reducedthe original problem to one in which the relevant
parametersare the relative turnover rate � , the constant � in the drug mechanism
functions, and the drug doseD � , i.e., thesethree parameterscompletely determine
the dynamicsof the turnover model. This implies in particular that the dynamicsis
not somuch determinedby the drug dosealone,but by its relation to I max or Emax ,
i.e., if I max or Emax is small then even a small drug dosecan have a large impact.

Pharmaco dynamic prop erties

We are now ready to formulate a seriesof generalproperties of the dynamicsof
the responseR(t). In Properties A-E we imposeonly global conditions on the drug
function C(t). In Property F we assumethat C(t) is given by Eq. (6).

Prop ert y A: When the plasma concentration C(t) vanishesas t ! 1 , then the
responsereturns to the baselinevalue:

R(t) ! R0 as t ! 1

This meansthat there will be no residuale�ect, i.e., when the drug leavesthe body,
the body returns to its original state. We prove that the turnover models I - IV all
have this property.

Prop ert y B: Suppose that the drug function C(t) is either decreasing, or �rst
increasing and then decreasing, and the drug mechanism functions I (C) and S(C)
are given by Equations (3) and (4) or (5), then the graph of R(t) has preciselyone
critical point: a minimum in modelsI and IV, and a maximum in modelsI I and I I I.

Prop ert y C: Let C(t) be an arbitrary drug function. When the drug mechanism
functions I (C) and S(C) are nonlinear, and given by Equations (3) or (4), we have
the following bounds,which are independent of the drug dose:

R(t; D) > R0f 1 � I max (1 � e� kout t )g for model I 0 < I max � 1

R(t; D) <
R0

1 � I max
(1 � I maxe� (1� I max )kout t ) for model I I 0 < I max < 1

R(t; D) < R0(1 + kout t) for model I I I max = 1

R(t; D) < R0f 1 + Emax(1 � e� kout t )g for model I I I Emax > 0

R(t; D) >
R0

1 + Emax
(1 + Emaxe� (1+ Emax )kout t ) for model IV Emax > 0

Prop ert y D: When the drug mechanism functions I (C) and S(C) are linear, and
the drug function is of the form C(t) = Dc(t), where c(t) does not depend on D,
then in the models I and I I I the peak time Tmax(D) is constant, i.e. it does not
changewhen D varies.
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Prop ert y E: When the drug mechanism functions I (C) and S(C) are nonlinear
and I max < 1, then in all four models,

Tmax(D) ! 1 as D ! 1

and the rate of growth is at least logarithmic, i.e. there exists a constant c0 > 0
such that

Tmax > c0 log(D) for large valuesof D

The Properties A-E are not all new. We mention in particular the references
(10-15) and (23), where many of them were established. In thesestudies essential
usewasmadeof the fact that it is possibleto solve the equationsfor R(t) explicitly.
A drawback of this method is that the resulting expressionscan get very involved,
especially when the drug function becomescomplex. In such casesthe explicit
solution yields little qualitativ e insight into the dynamics of the process. Another
limitation of this method is that it is mainly restricted to linear equations.

In this paper we adopt a di�erent approach and prove the properties A, B, C,
D and E by using qualitative, and geometric arguments which are familiar in the
theory of dynamical systems. Such an approach is conceptually attractiv e sinceit
readily givesinsight in the dynamicsof the problem. In addition, this approach can
be usedto study linear and nonlinear problemsalike.

In a similar spirit, we derive simple expressionsfor R(t) and Tmax when the dose
is either small or large. In order to keepthe formulas transparent we will phrasethe
following results in terms of the dimensionlessvariablesintroducedin Eqs. (11) and
(12). However to avoid a plethora of asterisks,we will retain the original notation.

From now on we assumethat C(t) is given by Eq. (6), i.e., in dimensionless
variables,by

C(t) = De� t

Small doses. Wenote that whenweexpandthe nonlinear functions I (C) and S(C)
in powers of C, we �nd that

I (C) = 1 � � C + O(C2) and S(C) = 1 + � C + O(C2)

i.e., the �rst two terms on the expansionagreewith the linear drug mechanism
functions. 1 In fact, we �nd that for all the four turnover models I-IV { whether
nonlinear or linear { the peak time Tmax convergesto the samepositive value asthe
drug dosebecomessmall:

Tmax(D) ! T0 as D ! 0 (16a)

The limiting value T0 is given by

T0 = T0(� ) def=

8
<

:

log(� )
� � 1

if � 6= 1

1 if � = 1
(16b)

1For the de�nition of the symbol O, seethe list of symbols at the end of this paper

9



Recall that when � = 1 the decay rate k of the drug function is the sameas the
fractional turnover rate kout .

In the questionas to whether the peak time is delayed, advancedor unchanged
when a small amount of the drug is given, the models di�er. This questioncan be
answered by computing the slope with which the graph of Tmax (D) intersects the
vertical axis D = 0: if the slope is positive then Tmax (D) increaseswith increasing
drug dose,whilst if the slope is negative it decreaseswith increasingdrug dose(cf.
Figures5, 6 and 7). We �nd the following expressionwhen I and S are nonlinear:

dTmax

dD
(D) !

8
><

>:

+ L1 in models I and I I I
L1 + � L2 in model I I
L1 � � L2 in model IV

9
>=

>;
as D ! 0 (17)

The constants L 1 = L1(� ) and L2 = L2(� ) are given by

L1(� ) =

8
><

>:

1
� � 2

(2e� T0 � 1) if � 6= 2

log(2) �
1
2

if � = 2

and

L2(� ) =

8
><

>:

�
� � 2

�
� + 2
� � 2

e� T0 if � 6= 2

3
2

� 2 log(2) if � = 2

Note that L1 and L2 only depend on the value of � = k=kout . It turns out that

L1(� ) > 0 and L2(� ) > 0 for all � > 0:

Thus we have establishedthe following property:

Prop ert y F: In the modelsI, I I and I I I the peaktime increaseswhilst in the model
IV the peak time decreasesfor small increasingdrug dose,provided Emax , or � , is
large enough.Speci�cally, we then require

� >
L1(� )
L2(� )

:

Remark. Note that equationEq. (17) statesthat in the modelsI and I I I, at D = 0
the slope of the graph of the function Tmax(D) only dependson the value of � and
not on the value of � . This was observed beforein (11) and (12).

When I (C) and S(C) are linear, then from Property D we concludethat in the
modelsI and I I I dTmax=dD(D) = 0 for all D > 0. For the modelsI I and IV we show
that:

dTmax

dD
(D) !

�
+ � L2 in model I I
� � L2 in model IV

�
as D ! 0+ (18)
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Thus, in model IV the peak time comesearlier, whilst in model I I it comeslater
when a small doseis given.

For detailsof the derivation of theselimits, wereferto the sectionon asymptotics.

Large doses. Here, there is an important di�erence betweenthe nonlinear and the
linear drug mechanism functions.

Nonlinear drug mechanism functions. Weshall seein the sectionon qualitativ e
analysisthat in each of the four models, for �xed t:

R(t; D) ! R(t) as D ! 1

where R(t) denotesthe lower bound (in models I and I I) or the upper bound (in
models I I I and IV) de�ned in Property C. It is a strictly monotone function: de-
creasingin the modelsI and IV and increasingin the modelsI I and I I I. This means
that in each model Tmax(D) ! 1 as D ! 1 . Speci�cally, we prove that

Tmax (D) � K (�; � ) log(D) as D ! 1 (19)

whereK (�; � ) is a positive constant, which dependson � and � , and on the model.
A qualitativ e argument shows that K (�; � ) � 1 for all � > 0 and � > 0 (� � 1 in
the models I and I I) 2.
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Figure 3: The Wave: Responsecurves R(t) of model I I I with nonlinear drug mechanism
function, for � = 10, � = 1 and D = 10n ; n = 0; 1; : : : ; 6

In Figure 3 we show the responsecurves for increasingvaluesof the drug dose,
andwe seewhat looks like a progressingwave: the maximum of the responseno
longerincrease,and approaches the value 1 + � , but the duration of the response
grows with a rate which is proportional to log(D). In the section on qualitativ e
analysiswe shall show that in the limit, the shape of this wave no longerchangesin
suitably moving coordinates.

2For the de�nition of the symbol � , seethe list of symbols at the end of the paper
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Figure 3 suggestswe transform to a coordinate frame which shifts asD changes
and introducethe new variable s,

t = log(D) + s

We then show that for �xed s,

R(log(D) + s; D) ! �( s) as D ! 1 (20)

where �( s) is a monotone function de�ned on s 2 (�1 ; 1 ): decreasingin the
models I I and I I I and increasingin the models I and IV. In Qualitativ e Analysis
we prove Equations (19) and (20), and we give an expressionfor the limiting shape
�( s).

In the special case,when in model I I we take � = 1, the upper bound R(t) is not
a boundedfunction, but one that grows linearly as t ! 1 . For this casewe �nd a
di�erent type of wave phenomenon,which is shown in Figure 4.
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Figure 4: The Tsunami: ResponsecurvesR(t) of model I I with nonlinear drug mechanism
function, when � = 1. Here � = 2 and D = 10n ; n = 0; 1; : : : ; 11

Linear drug mechanism functions. In the linear modelsthereareno comparable
uniform upper or lower boundsfor the response:

� In models I and I I I, in which the gain is either stimulated or inhibited, the mag-
nitude of the responseis proportional to D, and Tmax doesnot move.

� In model IV, in which the loss is stimulated, the responsealways stays positive,
and we �nd that Tmax decreaseswith increasingdrug dose.Speci�cally we show that

Tmax (D) �
2

� �
log(D)

D
as D ! 1 (21)

In model I I the concentration is restricted, sincewe require that I (C) = 1� � C � 0.
Hence,this model is of no practical interest for large drug doses.
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Details of the small and the large doseasymptotics are given in the section on
asymptotics.

NUMERICAL RESUL TS

In order to gain further insight into the questionof monotonicity we have com-
puted Tmax(D) numerically in the four models, when I (C) and S(C) are nonlinear
(hyperbolic) and for the models I I and IV when I (C) and S(C) are linear. The
results of thesecomputations are shown in this section.

The graphsin this sectionhave beenmadeby meansof Maple 9 (19). We substi-
tuted the explicit expressionfor R(t; D) into the right hand side of the di�erential
equation. SinceR0 = 0 at the peaktime Tmax , weobtain an implicit relation between
Tmax and D. For models I and I I I, this relation becomes

H (De� Tmax ) � R(Tmax ; D) = 0 (22)

Maple 9 is then used to plot Tmax versusD. For the models I I and IV a similar
relation is found.

Case I: I (C) and S(C) are nonlinear. In this caseI (C) and S(C) are given by
Equations (3) and (4), or, in dimensionlessvariables, in Eq. (14a). In Figure 5 we
show graphsof Tmax for the models I and I I I.
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10080604020
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10080604020

Tmax4
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1
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model I model I I I

Figure 5: Dependenceof Tmax on the drug doseD when the drug a�ects the gain term,
as in models I and I I I, and H (C) is nonlinear. Here � takes the values0.5 (top), 1, 2 and
3 (bottom). The graphs are the samein both models and independent of �

We seethat in the models I and I I I, the peak time Tmax increaseswith the drug
doseD and drops with increasing� .

The graphs in Figure 5 look the same,and indeed, they are the same. To see
this onesubstitutes the explicit solution of Eq. (13a) into Eq. (22). One then �nds
that the constant � factors out, so that Tmax doesnot depend on � . Becausethe
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models I and I I I only di�er by the sign in front of � it follows that

Tmax (D)
�
�
�
model I

= Tmax (D)
�
�
�
model I I I

for all D > 0

In Figure 6 we show analogousgraphsfor modelsI I and IV. Herewe seedemon-
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Figure 6: Dependenceof Tmax on the doseD when the drug a�ects the loss term, as in
models I I and IV, and H (C) is nonlinear. In model I I, we have taken � = 2; 4; 6 and 8
(going down) and � = 0:5. In model IV we took � = 1 and � = 2; 3; 6 and 8 (going down)

strated what we found in Eq. (17) for model IV: if � is small, then Tmax increases
for small doses,whilst if � is larger, it will �rst decreasewith increasingdoses. In
all four models, we seethat eventually the peak time becomeslarger as the dose
D is increases.Similar trends in experimental data have also beenreported in the
literature when the drug is acting on the lossof response(24).

Case I I: I (C) and S(C) are linear. Now, I (C) and S(C) are given by Eq. (5) or
Eq. (14b). As we saw in Property D, in models I and I I I the peak time Tmax does
not changewhen D varies. In Figure 7 we show the graph of Tmax for the model
IV when � = 2 and � = 1. In the linear model I I we require that � D < 1 for it to
make sense,i.e., we needD < 1=� . Large valuesof D are thereforeuninteresting in
this model.

We observe that in the linear model IV, the peaktime Tmax(D) is monotonically
decreasingfor all D > 0, in contrast to what we seein model IV when the drug
mechanism function is nonlinear . In that casewe know from Property E that
Tmax (D) will be eventually be increasingagain when D becomeslarge.

QUALIT ATIVE ANAL YSIS
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Figure 7: Dependenceof Tmax on the doseD in model IV when H (C) is linear. Here
� = 2 and � = 1

In this section we prove Properties A-F of the responsefunction R(t) and the
Peak time Tmax . We shall do this by a careful analysisof the basicdi�erential Eqs.
(2a) and (2b), in which we view the solution R(t) as a curve or orbit in the (t; R)-
plane, parametrizedby the time variable t. We denotethis curve by 
 and write it
as:


 = f (t; R(t)) : 0 � t < 1g

Since t > 0 and R > 0 this orbit 
 will lie in the �rst quadrant. Figure 8 shows
examplesof orbits in the four di�erent models. It is our objective in this sectionto
investigate their characteristic shapesand their dependenceon the parametersD,
� and � .

Throughout this section we use dimensionlessvariables, and, in order to keep
the analysissimple and transparent, we assumethat the drug function is given by
Eq. (6), i.e., in dimensionlessvariables,

C(t) = De� t (23)

In the section on Genaralizations we shall discussmore general drug functions,
including the Bateman function Eq. (7).

The shape for the response curv e

To be speci�c, we study the shape of the function R(t) for model I I I. For the
other models the analysis is similar. The basic di�erential equation for this model
is

dR
dt

= � f S(C(t)) � Rg (24)

For any given point in the (t; R)-plane, we can compute the sign of the right hand
sideof equation (24) and sodecidewhether at this point the orbit goesup or down,
i.e., what the direction is of the orbit. When the right hand sidevanishes,the orbit
goesneither up nor down, but hasa horizontal tangent. For convenience,we de�ne
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the composite function
' (t) def= S(C(t))

Then we seethat at points in the (t; R)-plane whereR and t satisfy the equation

R = ' (t)

the orbit hasa horizontal tangent. The curve of thesepoints is called the Nullcline
and we denoteit by �:

� def= f (t; R) : t > 0 : R = ' (t)g (25)

In Figure 8 we have drawn the nullcline of Eq. (24) when the drug function is given
by Eq. (23) as well as four orbits, each starting at R(0) = 1, and each with a
di�erent value of � . We deducefrom the di�erential equation (24) that:

�
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0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
t

Figure 8: The nullcline � (dashed) and four orbits for model I I I, when D = 4, � = 2 and
� = 0:5 (bottom) , 1; 2; 4 (top)

Below � , orbits moveup and above � , orbits movedown

It follows from the Chain Rule that

d'
dt

=
dS
dC

dC
dt

(26)

Hence,becauseS(C) { as de�ned by Eq. (14a) or Eq. (14b) { is increasingi.e.,
dS=dC> 0, the sign of d'=dt is the sameas the sign of dC=dt. Thus, for the drug
function de�ned by Eq. (23),

d'
dt

< 0 (27)

We now follow the orbit which starts with initial value R(0) = 1, i.e., at the
point (t; R) = (0; 1) in the (t; R)-plane. Because

' (0) = S (C(0)) = S(D) > 1;
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the orbit starts at a point which lies below �. Therefore,initially the orbit goesup.
It will continue to do soas long as it lies below �, and soeventually it must hit the
nullcline �, and crossit, say at time t = T. Once it lies above � it will go down
again, and the question is: can it cross� a secondtime? The answer is no.

Suppose,by way of contradiction, that it doescross� again at somelater time
t0. Then

R(t) � ' (t) > 0 for T < t < t0 and R(t0) � ' (t0) = 0

This meansthat
d
dt

f R(t) � ' (t)g
�
�
�
t= t0

� 0

BecausedR=dt = 0 on � and henceat t0, this implies that

�
d'
dt

(t0) � 0

This contradicts Eq. (27), and we may concludethat the orbit doesnot intersect
the nullcline � a secondtime. Thus, it has to stay above � forever. We conclude
that

The graph of R(t) �rst goesup and then comesdownagain and decreasesmonoton-
ically as t ! 1 ;

Thus, we have shown that there exists a time T > 0 when the orbit crosses�
and that for all t > T, the orbit will be decreasing.Sinceit is boundedbelow by
the line R = 1 it follows that R(t) tends to a limit, say L, i.e. R(t) ! L as t ! 1 .
It is clear that L � 1. Supposethat L > 1. Then Eq. (23) implies that

dR
dt

(t) ! � (1 � L) < 0 as t ! 1

which, in turn, implies that R(t) ! �1 as t ! 1 , a contradiction. Therefore,
L = 1, and we concludethat

R(t) ! 1 as t ! 1 (28)

Conclusion: There exist a time Tmax > 0 suchthat R(t) increaseson (0; Tmax) and
decreaseson (Tmax ; 1 ), and R(t) ! 1 as t ! 1 .

This establishesthe Properties A and B for the drug function given by Eq. (6).

A di�erent proof of the above Conclusionwas given in (12).

Bounds of the response

We derive bounds for the responseR(t). Since the nonlinear drug mechanism
functions I (C) and S(C) level o�, and saturate, whilst the linear drug mechanism
functions are unboundedfor large doses,we obtain di�erent typesof bounds.
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I. Nonlinear drug mechanism functions. In this casewe obtain boundswhich
are independent of the drug doseD. We considermodel I I I in somedetail and quote
the bounds for the other models. In model I I I, the responseR is governed by the
equation

R0 = � f S(C) � Rg where R0 =
dR
dt

Since

S(C) = 1 + �
C

1 + C
< 1 + � for all C > 0

it follows that
R0 < � (1 + � � R)

Let R(t) be the solution of the problem

R0 = � (1 + � � R); R(0) = 1

Then, by a standard comparisonlemma (17) (seealsoAppendix B),

R(t) < R(t) = 1 + � (1 � e� �t ) for t > 0 (29)

In Figure 9 we show a family of responsecurvesfor di�erent drug doses,as well as
the upper bound R(t).
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Figure 9: ResponsecurvesR(t) for model I I I for � = 2, � = 2 and D = 1; 10; 100; 1000,
and the upper bound R(t) (dashed)

The corresponding boundsfor the models I, I I, IV are

R(t) > 1 � � (1 � e� �t ) model I (30)
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R(t) <
1

1 � �

�
1 � � e� (1� � )�t

	
(0 < � < 1) model I I (31)

R(t) >
1

1 + �

�
1 + � e� (1+ � )�t

	
model IV (32)

In model I I we have assumedthat 0 < � < 1 and usedthe inequality

1 � �
C

1 + C
> 1 � � :

When � = 1, then in model I I we can only say that

R0 < � and R(0) = 1

which meansthat
R(t) < 1 + �t for all t > 0 (33)

Similar boundswere given by Krzyzanski and Jusko (12).

Remark. Note that in the derivation of thesebounds the particular form of the
drug function hasplayed no role.

I I. Linear drug mechanism functions. If I (C) or S(C) depend linearly on C,
the responsein the modelsI and I I I dependslinearly on D. To seethis, we introduce
a new dependent variable r (t):

R(t) = 1 + � Dr (t) (34)

We �nd that r (t) is a solution of the problem

r 0 = � (e� t � r ); r (0) = 0

which can be given explicitly by

r (t) =
�

� � 1
(e� t � e� �t ) if � 6= 1

Hencethe responseR(t) is given by

R(t) = 1 + � D
�

� � 1
(e� t � e� �t ) if � 6= 1

It is clear that in thesemodels the peak time doesnot depend on D. In the next
sectionwe shall show that

Tmax =
log�
� � 1

if � 6= 1 and Tmax = 1 if � = 1 (35)

Remark. The analysisabove revealsthat in modelsI and I I I Tmax doesnot depend
on � either if the drug mechanism functions are linear.
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For the models I I and IV we can establishboundsfor R(t) as before;they are:

R(t) <
1

1 � � D

�
1 � � De� (1� �D )�t

	
(� < 1=D) model I I (36)

R(t) >
1

1 + � D

�
1 + � De� (1+ �D )�t

	
model IV (37)

Note that theseboundsdepend on the drug doseD.

Bounds of the Peak Time

The boundsobtained above also yield lower boundsfor the peak time Tmax . To
seethis, we return to the discussionof model I I I.

Let usdenotethe orbit which correspondsto the upper bound R(t) by 
 . Since

runs from the point (t; R) = (0; 1) to the point (1 ; 1+ � ) in the (t; R)-plane, and the
nullcline � runs from the point (0; S(0)) to the point (1 ; 1), and S(0) > 1, it follows
that the two curvesmust intersect. Sincethey are both monotone,
 increasingand
� decreasing,there exists preciselyonepoint of intersection,say at t = T. Because

 lies below 
 , it follows that

Tmax(D) > T(D) for D > 0 (38)

We�nd that this lower boundalsoholdsfor the other models. In each of thesemodels
T(D) is de�ned as the unique time at which the orbit 
 intersectsthe nullcline �.

By studying the behavior of R(t) and H (C(t)) for largevaluest and D, weobtain
the following limiting behavior of the function T(D) when H (C) is nonlinear:

T(D) �
1

� + 1
log(D) as D ! 1 models I and I I I (39)

Similarly for the models I I and IV, we �nd that asD ! 1 ,

T(D) �

8
>><

>>:

1
1 + (1 � � )�

log(D) in model I I (0 < � � 1)

1
1 + (1 + � )�

log(D) in model IV
(40)

Thus, we readily obtain lower bounds for the behavior of Tmax (D) as D ! 1 . In
the next sectionwe shall seethat theseboundsare actually sharp.

A wave phenomenon

The solution graphsdepictedin Figure 3 exhibit a wave-like phenomenon:when
the drug doseis increased,the decreasingpart of the responsecurve translates to
the right but essentially preserves its shape. The shift appears to be proportional
to log(D).
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To explain this phenomenonwe inspect the equation for the responsein model
I I I:

R0 = �
n

1 + �
De� t

1 + De� t
� R

o
; 0 < t < 1 (41)

The observations of Figure 3 and Eq. (41) suggestwe introduce a new temporal
variable s which shifts with increasingdrug doseD:

s = t � log(D) and � D (s) = R(t; D)

In terms of thesevariables,Eq. (41) becomes

� 0
D = �

n
1 + �

e� s

1 + e� s
� � D

o
; � log(D) < s < 1 (42)

One can prove that in the limit as D ! 1 ,

� D (s) ! �( s) as D ! 1 (43)

for every �xed s 2 (�1 ; 1 ), where� is the solution of the problem
8
<

:
� 0 = �

n
1 + �

e� s

1 + e� s
� �

o
; �1 < s < 1

�( �1 ) = 1 + � and �(+ 1 ) = 1
(44)

The details of the proof of this result are given in LemmaD.1 of Appendix D. There
it is alsoshown that �( s) is a decreasingfunction i.e.,

� 0(s) < 0 for � 1 < s < 1 (45)

The fact that �( s) is decreasingcan be shown to imply that

Tmax (D) � log(D) ! �1 as D ! 1 (46)

For the proof of Eq. (46) we refer to Lemma D.2 of Appendix D.

The limiting behavior for R(t; D), obtained in (43), enablesus to determinehow
the Area Under the Curve, AUCR , which is de�ned by

AUCR (D) def=
Z 1

0
f R(t; D) � 1gdt

grows as D ! 1 . Figure 3 suggeststhat AUCR expands on the right where
the responsecurve shifts to larger values of t, and this part of the curve is well
approximated by the function �( t � log(D)). Using this property onecanshow that

AUCR (D) � � log(D) as D ! 1 (47)

The details of the proof can be found in Lemma D.3 in Appendix D.
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In the other models we encounter similar wave phenomena. They involve the
following transitions:

R = 1 � � % R = 1 model I

R =
1

1 � �
& R = 1 model I I (0 < � < 1)

R =
1

1 + �
% R = 1 model IV

(48)

The corresponding behavior of the Area Under the Curve, is given by

AUCR (D) �

8
>>><

>>>:

� � log(D) model I

+
�

1 � �
log(D) model I I (0 < � < 1)

�
�

1 + �
log(D) model IV

as D ! 1

(49)
A special caseis model I I with � = 1. As we saw in Figure 4, there is also a

wave like phenomenonhere, but it is di�erent from what we saw in Figure 3. In
particular, we seethat

Rmax (D) ! 1 as D ! 1

We �nd that in this casethe shape of R(t) tends to that of a triangle which grows
like log(D) as D ! 1 . From this limiting behavior of the responsepro�les we can
concludethat in this case

Tmax (D) � log(D) and Rmax (D) � � log(D) as D ! 1 (50)

and that
AUCR (D) �

1
2

� f log(D)g2 as D ! 1 (51)

The proofs of theselimits are given in the �nal part of Appendix D.

Conclusion. In the four nonlinear models,I, I I (0 < � < 1), I I I and IV, AUCR (D)
grows linearly with log(D) whenD is large,and when � = 1 in model I I, AUCR (D)
grows quadratically with log(D). From the expressionsabove we seethat we can
determinethe valueof � from the rate of growth of AUCR (D), i.e., from the limiting
slope of the graph of AUCR (D) versuslog(D), (when 0 < � < 1 in model I I) . These
results were alsoestablished,by di�erent meansin (12) and (14).

Remark. When in model I I I, the drug mechanismfunction is linear, then it follows
at oncefrom Eq. (33) that AUCR (D) increaseslinearly with D.

Dep endence on � and �

Although the prime focusin this paper is on the dependenceof Tmax on the drug
doseD, we make a few observations about the dependenceof Tmax on the ratio �
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of the fractional turnover rate kout and the elimination rate k in the drug function,
and how it dependson the parameter � , which standsfor I max or Emax .

Dep endence on � . We seefrom the fundamental equations(13a) and (13b) that if
� is small, then R(t) will vary slowly with time. This implies the following property:

Prop ert y G1: Let D and � be �xed. Then

Tmax(� ) ! 1 as � ! 0

To seethis we considerEq. (13a) for model I I I, i.e., with H (C) = S(C). Since
R > 1 it follows that

R0(t) < � f S(C(t)) � 1g < � f S(D) � 1g

and hence
R(t) < 1 + � f S(D) � 1gt

At t = T = Tmax we thereforehave

S(C(T)) = R(T) < 1 + � f S(D) � 1gT

so that

T >
1
�

S(De� T ) � 1
S(D) � 1

which implies that T ! 1 as � ! 0, as asserted. �

On the other hand, when � is large we have:

Prop ert y G2: Let D and � be �xed. Then

Tmax(� ) ! 0 as � ! 1

We explain this for the models I and I I I, and write Eq. (13a) as

"R 0 = H (C(t)) � R; where " = 1=�

Note that initially , the right hand side is given by

H (C(0)) � R(0) = H (D) � 1 < 0 (model I) and > 0 (model I I I)

When " = 1=� is small, this implies that R(t) jumps quickly from its initial value
R(0) = 1 to the value H (D) and then follows the monotonegraph of H (C(t)). This
meansthat Tmax will be small when � is large, and tends to 0 as � ! 1 . �

For the models I I and IV the argument is similar.

Dep endence on � . We have seenthat in the models I and I I I, Tmax does not
depend on � .
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As to the models I I and IV, if H (C) is linear, then � appearsas a factor of D.
Hence,in this case

Tmax (D ; � ) = Tmax (� D ; 1)

This meansthat if � increases,then the graph of Tmax (D ; � ) shifts to the left, i.e.,
for a given value of D, the peak time Tmax will becomelarger when the graph of
Tmax is increasingand it will becomesmaller when the graph of Tmax is decreasing.

If H (C) is nonlinear, the in
uence of I C50=EC50 or � on Tmax is more complex.
However, we seefrom Eq. (17) and Eq. (18) that when � increases,then Tmax will
becomesmaller, both for small and for large valuesof the doseD.

ASYMPTOTIC ANAL YSIS

Whereasin the previoussectionwe discusseda seriesof mainly qualitative prop-
ertiesof the responsecurve R(t) and the peaktime Tmax , in this sectionwe establish
quantitative results about the peak time, for small and large drug doses.For small
dosesD, we use a standard perturbation argument (26), expanding R(t; D) and
the drug mechanism function H (C) in a seriesof increasingpowers of D, while for
large doses,we usean asymptotic analysisof the explicit solution of the di�erential
equationsunderlying the di�erent models.

Throughout this section we use the dimensionlessvariables introduced in Eq.
(11) and we assumethat the drug function C(t) is given by Eq. (6).

Small doses

We have seenthat for all the models I { IV, nonlinear as well as linear,

T(D) ! T0(� ) =

8
<

:

log(� )
� � 1

if � 6= 1

1 if � = 1
(52)

We give a proof of this limit for the nonlinear model I I I. For the other models the
proof can be given in a similar manner.

We expand the function R(t; D) and the function S(C) in increasingpowers of
D. Sinceif D = 0, then R is given by the equilibrium state R = 1, this expansion
must be of the form

R(t; D) = 1 + Dr 1(t) + D 2r2(t) + : : : (53)

For the drug mechanism function (see(3.4a)) we obtain

H (C(t)) = S(C(t)) = 1 + � De� t � � D 2e� 2t + : : : (54)

We substitute theseexpansionsinto Eq. (2a) for R:

Dr 0
1(t) + D 2r 0

2(t) + � � � = � f � De� t � � D 2e� 2t + : : : g � � f Dr 1(t) + D 2r2(t) + : : : g
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or
Df r 0

1 + �r 1 � � �e � t g + D 2f r 0
2 + �r 2 + � �e � 2t g� � � = 0

whereprimesdenotedi�erentiation with respect to time t. Equating the coe�cien ts
of D and D 2 to zerowe obtain

r 0
1 + �r 1 � � �e � t = 0

r 0
2 + �r 2 + � �e � 2t = 0

(55a)
(55b)

Remembering that R(0; D) = 1, and hencer 1(0) = 0 and r 2(0) = 0, we �nd for r 1

and r2:

r1(t) =
� �

� � 1

�
e� t � e� �t

�
if � 6= 1 and r 1(t) = � te� t if � = 1 (56a)

and

r2(t) = �
� �

� � 2

�
e� 2t � e� �t

�
if � 6= 2 and r 2(t) = 2� te� 2t if � = 2

(56b)
At the time Tmax of maximal response,we have

R0(Tmax (D); D) = Dr 0
1(Tmax ) + D 2r 0

2(Tmax ) + � � � = 0 (57)

Hence,in the limit asD ! 0, wehave r 0
1(Tmax (0)) = 0. Wecanuse(56a) to compute

Tmax (0), and we �nd that Tmax (0) = T0, whereT0 is given in (52).

To determine whether Tmax (D) increasesor decreaseswhen a small doseis ad-
ministered, we expandTmax (D) in powers of D, writing

Tmax (D) = T0 + DT1 + : : : (58)

Plainly, if T1 > 0 then a small doseincreasesTmax and if T1 < 0 a small doseleads
to a drop in Tmax .

We continue with the analysis of the nonlinear model I I I and substitute the
expansionEq. (58) into Eq. (57). This yields

Dr 0
1(T0) + D 2T1r 00

1(T0) + D 2r 0
2(T0) + O(D 3) = 0

Sincer 0
1(T0) = 0, this implies that

T1r 00
1(T0) + r 0

2(T0) = 0

From (56a) we deducethat r 00
1(T0) 6= 0, so that we may concludethat

T1 = �
r 0

2(T0)
r 00

1(T0)
(59)

With the expressionsfor r 1(t) and r2(t) from (56) we can now computeT1, and we
�nd that

T1 = L1(� ) =

8
><

>:

1
� � 2

(2e� T0 � 1) if � 6= 2

log(2) �
1
2

if � = 2

25



where T0 = T0(� ) has been de�ned in Eq. (52). We �nd that L 1(� ) > 0 for all
� > 0, so that irrespective of the value of � , the responseis delayed when a small
doseis given. For the nonlinear model I we �nd the samevalue of T1.

For the nonlinear models I I and IV we �nd

T1 = L1(� ) � � L2(� ); where L2(� ) =

8
><

>:

�
� � 2

�
� + 2
� � 2

e� T0 if � 6= 2

3
2

� 2 log(2) if � = 2

Herethe plus sign appliesto model I I and the minus sign to model IV. We �nd that
L2(� ) > 0 for all � > 0.

For the linear models I and I I I, T1 = 0, and for the linear models I I and IV we
�nd exactly as in the nonlinear models,

T1 = � � L2(� )

the plus sign for model I I and the minus sign for model IV.

Large doses

We �rst discussthe casewhen H (C) is nonlinear, and then when it is linear.

I. Nonlinear drug mechanism function. We recall from the lower boundsde-
rived in Section5.3 that in all four models

Tmax(D) > K log(D) if D > D0

for somepositive constants K and D0. However, in Section5.4, and in Lemma D.2
in Appendix D, we saw that

Tmax (D) � log(D) ! �1 as D ! 1 (60)

This meansthat K � 1.
In this subsection,we derive more preciseestimates,and we �rst considermodel

I I I. We usethe explicit expressionfor the solution, which is found to be

R(t; D) = e� �t + �e � �t
Z t

0
e�s S(C(s)) ds

= 1 + � �e � �t
Z t

0

e�s ds
1 + "es

; " =
1
D

SinceR0(Tmax ) = 0, we obtain upon substitution into the di�erential equation

e�T

1 + "eT
= �

Z T

0

e�s ds
1 + "es

(61)
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wherewe have written T = Tmax . In what follows we shall often omit the subscript
"max". Becauseof our preliminary estimate Eq. (60), we have

"eT (D ) = eT (D )� log(D ) ! 0 as D ! 1

Therefore,we may expandthe integrand in Eq. (61) to obtain

e�T

1 + "eT
= �

Z T

0
e�s

�
1 � "es + O

�
("es)2

�	
ds (62)

Expanding the left hand sideas well, we end up to leading order,

"e(� +1) T = 1 +
"�

� + 1
e(� +1) T

Thus
1

� + 1
e(� +1) T �

1
"

as " ! 0

or, sinceD = 1=",

Tmax (D) �
1

� + 1
log(D) as D ! 1 (63)

In model I the function Tmax (D) is the sameas in model I I I (cf. Section4).

In models I I and IV the line of reasoningis the same,but the formulas are a
little more complex. For thesetwo modelswe �nd that as D ! 1 ,

Tmax (D) �

8
>><

>>:

1
1 + � (1 � � )

log(D) in model I I (0 < � � 1)

1
1 + � (1 + � )

log(D) in model IV
(64)

I I. Linear drug mechanism function. Since in the caseof inhibition, when
H (C) = 1 � � C, the concentration is boundedabove by 1=� , we needonly discuss
model IV. In this model we have

R0 = � f 1 � (1 + � De� t )Rg; R(0) = 1 (65)

We scalethe variablesand write

s = � Dt; � (s) = � DR(t); " =
1

� D
(66)

Equation (6.14) then becomes

� 0 = � f 1 � (" + e� "s )� g = 0; � (0) =
1
"

(67)
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This initial value problem can be solved explicitly, and we �nd that

� (s) = e� �A (s)

�
1
"

+ �
Z s

0
e�A (t) dt

�
(68)

where

A(s) =
Z s

0
a(t) dt and a(s) = " + e� "s (69)

We write S = � DTmax . Since� 0(s) = R0(t) it follows that � 0(S) = 0, and hence,
by (67), that

a(S)� (S) = 1

or

1 + "�
Z S

0
e�A (t) dt = "

e�A (S)

a(S)
(70)

Expanding both sidesof Eq. (70) in powers of " , we �nally end up with

1 = "2e�S + O("3) as " ! 0

which implies that

S(") �
2
�

log
�

1
"

�
as " ! 0

Returning to the original variableswe �nd that

Tmax (D) �
2

� �
log(D)

D
as D ! 1 (71)

Thus, in the linear model IV, in contrast to the other models, Tmax(D) ! 0 as
D ! 1 .

GENERALIZA TIONS

We present two generalizationsof the turnover model discussedin the earlier
sections.

(a) We generalizethe drug function C(t) to a function which is no longermonotone.
Speci�cally we discussthe Bateman function

C(t) = D(e� kt � e� ka t ); ka > k (7)

(b) We investigate a turnover model which involves a nonlinear elimination term
which is bounded:

dR
dt

= kin � kout
R

R50 + R
(10)

as discussedin (21) and (22).
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For both generalizationsweinvestigatethe implications for Property A andProp-
erty B.

The drug function

Sincethe drug function de�ned in Eq. (7) satis�es the conditions of Property A,
we may focus on Property B. We shall show that this property continues to hold.
As with many of our results, this is was known (cf. (13)), but here we present a
di�erent proof. We give it for model I I I, but for the other models it is the similar.

We study the initial value problem

dR
dt

= kinS(C(t)) � kout R; R(0) = R0 =
kin

kout
(72)

The nullcline � is given by

R = ' (t) = R0S(C(t))

SinceC(0) = 0 and C(t) ! 0 as t ! 1 , it follows that

' (0) = R0 and ' (t) ! R0 as t ! 1

Moreover,
d'
dt

= R0
dS
dC

dC
dt

Thus, sincedS=dC> 0 and C(t) increasingand then decreasing,so is ' .
As regardsthe orbit, we have

R(0) = R0 and R(t) ! R0 as t ! 1

wherewe have usedProperty A. An elementary computation shows that

dR
dt

�
�
�
t=0

= 0 and
d'
dt

�
�
�
t=0

> 0

Hence,the orbit starts out below the nullcline �. The vector �eld is such that the
orbit will go up as long it lies below the nullcline. Becausewe know that the orbit
eventually drops down to the initial value again, it has to cross�. This can only
happen at a point where' (t) � 0. Onceit hascrossed�, the orbit must stay above
� and the proof is completedas in Section5. �

Remark. In the proof of Property B given above, we have only usedthe fact that
C(t) �rst increasesand then decreases.Thus, it is clear, that Property B holds for
any drug function, which is either decreasingor �rst increasingand then decreasing.

A nonlinear turno ver model

As an exampleof a nonlinear turnover model we considerthe equation

dR
dt

= kinS(C(t)) � kout
R

R50 + R
(73)
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i.e., we considera nonlinear generalisationof model I I I, where S(C) is de�ned in
Eq. (4). To keepthe analysistransparent we usethe simple drug function de�ned
in Eq. (6).

As a �rst step, we look for a stationary solution. In the absenceof a drug, we
expect the systemto be at a rest state R1. We deducefrom Eq. (73) that R1 must
be a root of the equation

kin � kout
R

R50 + R
= 0

wherewe have usedthe fact that S(0) = 1. An elementary computation shows that

R1 = R0
R50

1 � R0
R0 =

kin

kout

It is evident that R1 needsto be positive. Thereforewe must require that

R0 < 1 (74)

Assumingthat prior to administration of the drug, the systemis at rest, we impose
the initial condition:

R(0) = R1 (75)

Proceedingas in the proof of Property A given in Section 5, we can prove the
following analogueof this property:

Prop ert y A � : Let R(t) be the solution of Problem (73), (75) and let C(t) be given
by Eq. (6). Then

R(t) ! R1 as t ! 1

Next, let us turn to Property B which dealswith the shape of the graph of R(t).
Again, a key role is played by the nullcline �, i.e. the curve alongwhich dR=dt = 0.
Here it is given by the equation

kinS(C(t)) � kout
R

R50 + R
= 0

which yields

R =  (t) def= R0
R50S(C(t))

1 � R0S(C(t))

BecauseR needsto bepositive, the nullcline is well de�ned aslongasR0S(C(t)) < 1.
We distinguish two cases:

Case A: R0S(D) � 1. BecauseC(t) < D for all t > 0 it follows that in this case
R0S(C(t)) < 1 for all t > 0, so that � is de�ned for all t > 0.

Case B: R0S(D) > 1. SinceC(t) ! 0 monotonically, and R0S(0) = R0 < 1, there
exists a unique time � > 0 such that R0S(C(� )) = 1. Then R0S(C(t)) < 1 on the
interval � < t < 1 , on which � is now well de�ned. Note that  (t) ! 1 as t ! � .
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Di�eren tiating the expressionfor  we �nd that

d 
dt

=
R0R50

f 1 � R0S(C(t))g2

dS
dC

dC
dt

< 0 for � < t < 1

becausedS=dC> 0 and dC=dt < 0. Thus the nullcline is a strictly decreasingcurve.

Let us now follow the orbit 
 . At the starting point t = 0, we have

C(0) = D; S(D) > S(0) = 1 and R1 = R0
R50

1 � R0
< R0

R50S(D)
1 � R0S(D)

if R0S(D) < 1. Thus, in CaseA the orbit starts below � i.e., at a point where
dR=dt > 0. As in the linear turnover model, 
 hits the nullcline and will cross
it preciselyonce. In CaseB, any orbit will go up in the interval 0 � t � � , and
eventually hit the nullcline, cross it and drop down without crossingit a second
time. Thus, in both cases
 haspreciselyonecritical point, asassertedin Property
B. �

Remark By similar arguments Properties A and B can be establishedfor systems
of the form

dR
dt

= kinS(C(t)) � kout f (R) (76)

as long as the function f (R) is increasingfor all R > 0.

DISCUSSION AND CONCLUSIONS

Pharmacodynamicanalysiscoupledto the the concentration-time courseof drugs
in plasma, tissuesor urine, has becomea common approach/means in the drug
discovery/development process.Both, industry and regulatorsappreciatethe merit
of not only documenting the pharmacokinetic characteristics of a new compound,
but also the onset, intensity and duration of its response. In certain situations
compounds with non-optimal pharmacokineticscan often be "rescued" by good
pharmacodynamic properties. An example of this is the proton-pump inhibitor
omeprazole, with a plasmahalf-life of lessthan an hour, but a half-life of response
in the rangeof 15-20hours in man (25).

In order to make accurateand precisepredictions of the onset, intensity and du-
ration of the responseoneneedsto understandthe intrinsic behavior of the proposed
model. Knowing the constraints of the model characteristics, it is also possibleto
designexperiments accordingly, in order to challengethe model(s). In an attempt
to elucidate the behavior of the basic turnover model, we have analytically studied
the e�ect of di�erent "shapes" of the drug mechanism functions (I (C) and S(C)) {
both nonlinear (saturating) and linear { on the response-timepro�le.

In particular we studied the e�ect of the drug function on the peak shift. Our
analysiscon�rms that when the drug function I (C) or S(C) is nonlinear, then Tmax
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increaseswith increasingdosesin all the four modelswe studied, with the exception
of model IV. In this model the peak time Tmax drops for small doseswhen Emax is
large enough,and then increasesas the dosesbecomelarger. If the drug function is
linear, Tmax will either be independent of the dose(modelsI and I I I), decreasewith
increasingdoses(model I I) (� D < 1) or decreasewith increasingdoses(model IV).

By a qualitativ e study of the fundamental equation of the Indirect Response
Model, we establish a priori bounds on the response function R(t), on the peak
time Tmax , and on the area under the curve AUCR . We also show that in the
nonlinear models Tmax and AUCR increasewith increasingdoses,in proportion to
the logarithm of the drug dose. In all nonlinear models(0 < � < 1 in model I I), we
�nd that AUCR (D) increaseslinearly with log(D) when D is large. The parameter
� in the drug mechanism function can be determined from the slope of the graph
of AUCR (D) versuslog(D). We also establish how Tmax is a�ected by Emax and
I max and by the ratio of kout and the elimination rate constant k of the drug plasma
concentration.

We �nd that this qualitativ e approach, basedon ideas from the theory of dy-
namical systemso�ers a powerful and conceptuallyattractiv e method for analyzing
the four Indirect ReponseModels and conjecturethat it will be an important tool
in the analysisof more complexpharmacodynamic models.

The overall conclusionwe can draw from this analysis is that the causeof the
peak shift with changing drug doseslies in the drug mechanism function (I (C) or
S(C)), rather than the turnover function in its basic form, such as � kout R. This
may be of somehelp in discriminating betweendrug e�ects and systeme�ects and
for decidingbetweendistributional and turnover models.

Ac knowledgemen t The authors are very grateful for the many detailed comments
and suggestionsmadeby the Referees.They have led to a substantial improvement
of the presentation.

APPENDICES

A Symbols and de�nitions

Pharmacokinetic constan ts and functions:
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C = Plasmaconcentration of the drug
Dose = Amount of drug administered
D = Dose=EC50 (stimulus) or Dose=IC50 (inhibition)
k = Elimination-rate constant of drug in plasma(cf. (2.6))
H (C) = Generaldrug mechanism function
I (C) = Drug mechanism function for inhibition
I max = Maximal drug induced inhibition
I C50 = Concentration at 50 percent of maximal drug induced inhibition
S(C) = Drug mechanism function for stimulation
Emax = Maximal drug induced stimulation
EC50 = Concentration at 50 percent of maximal drug induced stimulus
� = I C50, respectively EC50, in the capacity limited drug mechanism

functions and factor of C in the linear drug mechanism functions

Pharmaco dynamic constan ts and functions:

kin = Production rate of pharmacologicalresponse
kout = Fractional turnover rate of pharmacologicalresponse
� = kout =k; scaled/normalizedfractional turnover rate of

pharmacologicalresponsefor plasmakinetics
R0 = kin=kout ; equilibrium response
t = Time and dimensionlesstime
R(t) = Responseand dimensionlessresponse
Tmax = Time of maximal changein drug induced response;peak time
T0 = Limit of Tmax (D) asD ! 0
� = Superscript indicating a dimensionlessvariable

Mathematical symbols, constan ts and functions:

L1 and L2 = Constants in the limit of dTmax (D)=dD as D ! 0
r1(t) and r2(t) = Terms in the asymptotic expansionof R(t) as D ! 0
s = Scaledor shifted time-like variable
� D (s) = Responsein terms of shifted time coordinate
�( s) = Limit of � D (s) as D ! 1
� (s) = Scaledresponse
0(prime) = Di�eren tiation with respect to t: d=dt
(t; R)-plane = Plane with a coordinate frame in which t is measuredalong the

horizontal axis and R along the vertical axis

 = Orbit in the (t; R)-plane
� = Nullcline in the (t; R)-plane along which dR=dt = 0

Mathematical de�nitions

A def= B = The symbol A is de�ned by the expressionB
f (x) � g(x) as x ! 1 (0) = f (x)=g(x) ! 1 as x ! 1 (x ! 0)
f (x) = O(! (x)) as x ! 1 (0) = There exist constants K > 0 and � > 0 such that

jf (x)j < K j! (x)j as x > � (0 < x < � )

33



B A comparison theorem

We comparesolutions of the following two initial value problems:

R0 = � f S(C(t)) � Rg; R(0) = 1 (B.1)

and
R

0
= � (1 + � � R); R(0) = 1 (B.2)

Theorem B.1 Let R(t) and R(t) be the solutions of respectively (B.1) and (B.2)
Then

R(t) < R(t) for all t > 0

Pro of We denotethe di�erence betweenthe two solutionsby u:

u(t) def= R(t) � R(t)

Then, by subtractiong (B.1) from (B.2) we �nd that u(t) is the solution of the
following problem

u0+ �u = �f (t); u(0) = 0 (B.3)

where

f (t) = 1 + � � S(C(t)) = � � �
C(t)

1 + C(t)
=

�
1 + C(t)

> 0 for t > 0

Problem (B.3) can be solved explicitly, and we �nd that

u(t) = �e � �t
Z t

0
e�s f (s) ds for t > 0

Becausef (s) > 0 it follows that u(t) > 0 for all t > 0. This meansthat R(t) > R(t),
as asserted. �

C Pro of of Prop ert y A

Whereasin Section5, we proved Prop ert y A under the assumptionthat

C(t) = De� kt ; k > 0 (2:6)

herewe shall prove this property assumingonly that

C(t) ! 0 as t ! 1 (C.1)

We shall do this again for model I I I. For the other models the proof is similar.
Supposeto the contrary that R(t) does not tend to R0 as t ! 1 . Since, by

comparison,R(t) > R0 for all t > 0, this implies that there exists a sequenceof
points f tng, tending to in�nit y as n ! 1 , and a constant � > 0 such that

R(tn ) > R0 + � for all n � 1 (C.2)
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On the other hand there must be a sequenceof points f � ng, tending to in�nit y as
n ! 1 such that

R(� n ) < R0 + � for all n � 1 (C.3)

becauseif R(t) > R0 + � for t large enough,the di�erential equation would imply,
in view of (C.1), that

lim sup
t !1

R0(t) � � �

which meansthat R(t) ! �1 as t ! 1 . This contradicts the fact that we know
that R(t) > R0 for all t > 0.

Thus, the graph of R(t) would crossthe line R = R0 + � at a sequenceof points
f � ng which tends to in�nit y. However, if we put R = R0 + � into the di�erential
equation, we �nd that

dR
dt

= kinS(C(t)) � kout (R0 + � ) (C.4)

When we let t ! 1 in this equation we �nd that

lim
t !1

dR
dt

= kin � kout (R0 + � ) = � kout � < 0 (C.5)

so that the graph of R(t) can only cross the line R = R0 + � in the downward
direction. This contradicts our observation that R(t) would be crossingthis line an
in�nite number of times, and so provesthe assertion. �

D Pro ofs of results in Subsection 5.4

Let � D (s) be the solution of the problem
8
<

:
� 0

D = �
n

1 + �
e� s

1 + e� s
� � D

o
; � log(D) < s < 1

� D (� log(D)) = 1 + � and � D (+ 1 ) = 1
(D.1)

We shall �rst prove the following limit:

Lemma D.1 For any �xed s 2 (�1 ; 1 ) we have

� D (s) ! �( s) as D ! 1 ; (D.2)

where � is the unique solution of the equation

� 0 = �
n

1 + �
e� s

1 + e� s
� �

o
; �1 < s < 1 (D.3)

which satis�es the following conditions at s = �1 :

�( �1 ) = 1 + � and � (+ 1 ) = 1 (D.4)

The function �( s) is a strictly decreasing for �1 < s < 1 .
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Pro of Observe that for any D > 0,

1 < � D (s) < 1 + � for � log(D) < s < 1 :

Thus the family of solutions f � D (s) : D > 0g is bounded above and below by
boundswhich do not depend on D or s, and accordingto the di�erential equation,
its derivatives� 0

D (s) and � 00
D (s) aresimilarly bounded. It followsby an application of

the lemma of Arzela-Ascoli (cf. (27), Theorem7.23on page144and (28), Theorem
C on page126) that there existsa sequenceof valuesD j of D such that D j ! 1 as
j ! 1 , and a continuously di�erentiable function �( s), such that for every s 2 R,

� D j (s) ! �( s) as D ! 1 ; (D.5)

and that �( s) is a solution of equation (D.3) with the bounds

1 � �( s) � 1 + � for � 1 < s < 1

Next, let us show that �( s) satis�es the limiting conditions (D.4). Let us denote
the nullcline by

� � (s) def= 1 + �
e� s

1 + e� s

Plainly, if there exists a point s0 such that �( s) < � � (s) for s0 < s < 1 , then
�( s) ! 1 as s ! 1 . However, if there exists a point s1 such that �( s1) � � � (s1),
then

�( s) > � � (s) and � 0(s) < 0 for s1 < s < 1 ;

where we have used the di�erential equation (D.3). Thus �( s) is decreasingand
bounded below. Therefore, it must tend to a limit as s ! 1 , and this limit can
only be 1.

A similar argument canbeusedto prove that �( s) satis�es the limiting condition
at s = �1 . In fact, we �nd that

� � (s) < �( s) < 1 + � for all � 1 < s < 1

Using this inequality in equation (D.3) we concludethat

� 0(s) < 0 for all � 1 < s < 1

It remainsto show that equation (D.3) has at most onesolution which satis�es
the boundarycondtions(D.4). Suppose,to the contrary, that therearetwo solutions,
� 1(s) and � 2(s), and let usdenotethe di�erence by w(s), i.e., w(s) = � 1(s) � � 2(s).
Then we seethat

w0 = � �w for � 1 < s < 1 and w(�1 ) = 0

It is evident that this implies that w(s) = 0 for all �1 < s < 1 , and hencethat
� 1 = � 2.

By a standard argument we can now concludethat � D ! � not just along a
sequencef D j g of valuesof D, but for all D ! 1 . �

The fact that � is decreasingon R can be usedto prove the following limit:
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Lemma D.2 We have

Tmax(D) � log(D) ! �1 as D ! 1

Pro of From Lemma D.1 we know that

R(Tmax (D); D) ! 1 + � as D ! 1

Hence,sinceR is strictly decreasingon (Tmax ; 1 ), and R(1 ) = 1, there exists a
unique time T1(D) 2 (Tmax ; 1 ) such that R(T1) = 1 + (� =2). De�ne

S1(D) = T1(D) � log(D) and Smax(D) = Tmax (D) � log(D):

Then for all D > 0,
�1 < Smax (D) < S1(D)

and we wish to prove that Smax(D) ! �1 as D ! 1 .
Supposeto the contrary that there existsa sequencef D j g which tendsto in�nit y

as j ! 1 , and a constant S� > �1 such that

Smax(D j ) > S� for all j = 1; 2; 3; : : : :

Let � � 1 denotethe inverseof the function �. Since� 0(s) < 0 for all s 2 (�1 ; 1 )
it is well de�ned. It follows from Lemma D.1 that S1(D j ) ! S+ = � � 1(1 + (� =2))
as j ! 1 . Thus the sequencef Smax(D j )g is boundedabove and below. Hence,by
compactness,there exists a subsequence,which we denote by f D j 0g, along which
Smax (D j 0) tends to a limit, i.e., there exists a constant S1 2 [S� ; S+ ] such that

Smax(D j 0) ! S1 as j 0 ! 1

and
� D j 0(Smax (D j 0)) ! � 0(S1 ) as j 0 ! 1

However, � D j 0(Smax(D j 0)) = 0 for all j 0 and � 0(S1 ) < 0. This meansthat we have
arrived at a contradiction, and the assertionis proved. �

Remark. Problem (D.1) canbe solved explicitly, and alternative proofsof Lemmas
D1 and D2 canbegivenby meansof a detailedanalysisof the resulting expressionfor
the solution. In nonlinear generalizationsof Problem (D.1) such an explicit solution
is generally not available. However, for such problemsthe proofs given above still
stand.

From LemmaD.1 wecanalsodeducethe rate of growth of AUCR (D) asD ! 1 .

Lemma D.3 We have

AUCR (D) = � log(D) + O(1) as D ! 1
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Pro of In model I I I we have

AUCR (D) =
Z 1

0
f R(t; D) � 1gdt =

Z 1

� log(D )
f � D (s) � 1gds

=
Z 0

� log(D )
f � D (s) � 1gds+

Z 1

0
f � D (s) � 1gds = I 1(D) + I 2(D)

Plainly,

I 2(D) !
Z 1

0
f �( s) � 1gds as D ! 1

We write
I 1(D) = I 1;1(D) + I 1;2(D)

where

I 1;1(D) =
Z 0

� log(D )
f � D (s) � 1 � � gds

and

I 1;2(D) =
Z 0

� log(D )
f � gds = � log(D)

By an easycomparisonargument,

�( s) < � D (s) < 1 + � for � log(D) < s < 0

Hence
Z 0

�1
f �( s) � 1 � � gds <

Z 0

� log(D )
f �( s) � 1 � � gds < I 1;1(D) < 0

ThereforeI 1;1(D) remainsboundedas D ! 1 , so that

AUCR (D) = � log(D) + O(1) as D ! 1

which we set out to prove. �

Mo del I I ( � = 1): When � = 1 in model I I, it is known thatRmax (D) ! 1 as
D ! 1 (14). Thereforea di�erent analysisis required in this case.Problem (D.1)
now becomes

8
<

:
� 0

D = �
n

1 �
1

1 + e� s
� D

o
; � log(D) < s < 1

� D (� log(D)) = 1 and � D (+ 1 ) = 1
(D.6)

We �rst prove the following upper bounds:
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Lemma D.4 We have

� D (s) < 1 + � f s + log(D)g for s > � log(D) (D.7)

and
� D (s) < � D (s) for s > 0 (D.8)

where

� D (s) = (1 + es)� �

�
1 + � log(D) + �

Z s

0
(1 + e� )� d�

�
(D.9)

Pro of The �rst bound, (D.7), follows from the observation that

� 0
D < � for s > � log(D) and � D (� log(D)) = 1

To prove (D.8) we observe that by a comparisonargument like the one used in
Appendix B, (D.8) holds, if we can prove that � D (s) is the solution of the problem

�
0
D = �

n
1 �

1
1 + e� s

� D

o
; s > 0; � D (0) = � log(D) (D.10)

An elementary computation shows that this is indeedtrue.

Remark Using l'H ôpital's rule, onecan show that for any D > 0,

� D (s) ! 1 as s ! 1

We now perform onemore transformation, and write

s = � log(D) and � D (s) = 1 +  D (� ) log(D) (D.11)

Then the bound (D.7) becomes

 D (� ) < � (1 + � ) for � > � 1

and Problem (D.6) becomes

 0
D = �

n 1
1 + e� log(D )

�
log(D)

1 + e� � log(D )
 D

o
; � > � 1;  D (� 1) = 0 (D.12)

If we let D ! 1 and keep� �xed and negative, then we �nd that

 D (� ) ! 	( � ) as D ! 1 (D.13)

where
	( � ) = � (1 + � ) � 1 < � < 0 (D.14)

On the other and, it follows from Lemma D.4 that for � > 0,

 D (� ) <
� D (� log(D)) � 1

log(D)
! 0 as D ! 1 (D.15)
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We have
Tmax(D) = log(D)f 1 + � max (D)g (D.16)

where� max is the unique zeroof  0
D (� ) where D (� ) reachesits maximum value. It

follows from (D.13), (D.14) and (D.15) that

� max (D) ! 0 and  D (� max (D)) ! � as D ! 1 (D.17)

By (D.16) this implies that

Tmax (D) � log(D) and Rmax (D) � � log(D) as D ! 1 (D.18)
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