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Abstract. In this paper we analyze the monotonicity of the time to
peak response Tmax with respect to the drug dose D for the four differ-
ent turnover models I - IV, as introduced by Dayneka et al. [2]. We do
this for the situation when the drug is supplied through an initial bolus,
and eliminated according to a single exponential function and stimula-
tion or inhibition takes place through a Hill function. We show that in
Models I and III, in which the drug impacts the production term, the
function Thax(D) is increasing for all values of the system- and the drug
parameters. For Model II (inhibition of the loss term) the situation is
more delicate. Here we prove monotonicity of Tmax(D) for a substantial
range of values of the rate- and drug constants, but leave the question
of monotonicity open for some values. Finally, in Model IV (stimulation
of the loss term) the function Tmax(D) is known not to be monotone for
some values of the rate constants and Imax [12].

1. INTRODUCTION

Turnover models provide an important instrument for pharmacodynami-
cistsin gaining an understanding of the dynamics of the physiological elects
of drugs (cf. Ackerman et. al. [1], Dayneka et. al. [2], EKblad et. al. [3]
and Nagashimaet. al. [11]). They are basedon a simple balance equation
for the response R(t) involving a zeroth-order production term (k;,) and a

prst-order lossterm (ko R), resulting in the equation
dR

= kin - kou . 11

- R (1.1)
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This equation also forms the basisfor a scalaof feedba& models.

In thesemodelsthe impact of the drug takesplacethrough changesin the
rate constants k;, or kot Or in both these constarts. Since these changes
may be inhibitory or stimulatory, this yields four di'lerent turnover models.
Following Dayneka, Garg and Jusko [2], we number thesemodelsl, 11, 111 and
IV, asexplainedin the schematic picture shavn in Figure 1. In this paper

Ficure 1. Sdcematic illustration of the four turnover mod-
els. Model | and Model I11 represert inhibition I(C) or stim-
ulation S(C) of the turnover rate k;, (production), respec-
tively. Model Il and Model IV represent inhibition I(C) or
stimulation S(C) of the fractional turnover rate £, (l0ss),
respectively.

we shall always assumethat the drug medanism functions for inhibition
I(C) and stimulation S(C) are given by the standard functions

C C
TCo+ C and S(C)=1+ SmaxSCf)() s (1.2)
in which I,.x, ICs50, Smax and SC5y denote the maximum inhibition, the
potency of the inhibitory elect, the maximum stimulation and the corre-
sponding potency.

Turnover models, also referred to asindirect responsemodels have been
successfuln modeling a diversity of pharmacologicalresponses(cf. Gabriels-
son et al. [4] and the review paper by Mager et al. [9]). They have been
the subject of detailed mathematical studies. In particular, we mention the
papers by Sharma and Jusko, [13], Krzyzanski and Jusko [5], [6] and [7],
Krzyzanski [8], Majumdar [10] and Peletier et al. [12].

An important feature of turnover modelsis that they incorporate a delay
of the response;i.e., after the administration of the drug, sometime elapses

I(C) = 1— Ihax
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beforethe response R builds up to its maximum value Riax. It is generally
perceived that this delay, the Otimeto peak responseQl},.y, increase with
the drug dose. This delay of the responseplays a role in model selection(cf.
Wakelkamp [14]).

In an earlier study [12], analytical and numerical argumerts were used to
obtain insight into the behavior of T;,.x With respect to the drug dose when
the kinetics is that of an instantaneousinfusion into a single compartmert.
The plasma conceriration C(t) is then given by

C(t) = CyDe ket (1.3)

where Cj is a positive constart which depends on the model, D the drug
doseand k. the elimination rate. In Figures 2 and 3 we give typical sample
curvesfor the four models.

4. Tmax 4., Tmax
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FIGURE 2. Peaktime Ti,ax versus drug dose D for Models |
and I11. Here k = kou/ke takesthe values0.5 (top), 1, 2 and
3 (bottom). The graphs are the samein both models and
independert of «.

In [12] it is shown that in Models | - Ill, regardlessof the parameter
values, the graph of the function T,,.x(D) is increasingwhen D is small and
when D is large. Numerical studies warrant the conjecture that this is so
for all valuesof the parameters. In contrast, it is proved that in Model IV
there exist rate constarts for which Ti,.x(D) is decreasingfor small D and
increasingfor large D. In this paper we prove someof these conjectures.

We shall show that in generalthe peaktime Ty,.x dependson three pa-
rameters: the drug dose D, the pharmacokinetic parameter I;,.x OF Smax,
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FiGURE 3. Peak time Ti,.x versus drug dose D for Models
II'and IV. In Model Il we have taken k = kout/ke) = 2, 4,
6 and 8 (going down) and o = 0.5. In Model IV we took
k= kout/kes = 1and a = 2, 3, 6 and 8 (going down).

depending on the model, and the ratio « of the lossrate k. and the elimi-
nation rate of the drug k.;:

_ kout
- kel .
We here recall the well-known facts (e.g. see[12]) that
Tmax(D) Mol 1 max(D) Model 111 forall D >0 (1.4)
and that in these models T,,.x doesnot depend on I, (Model ) or Shax
(Model I11).

In this paper we establish the following monotonicity theorems.

Theorem 1.1. In Models I and III the peak time Tax (D) is an increasing
function of the drug dose D for any kin > 0, kout > 0 and ke > 0, and any
0 < Imax <1 (Model I) or Syax > 0 (Model III).

Theorem 1.2. In Model II the peak time Tmax(D) is an increasing function
of the drug dose D for any kin, > 0 and for any kouwt > 0, ke > 0 and
0< Ihmax <1, if

Imaxkout < keb (15)

Theorem 1.3. In Model II the peak time Tumax(D) is an increasing function
of the drug dose D for any kin > 0 and for any kouy > 0, ke > 0 and
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0< Imax < 1, if
Tnaxkout > kel and  Imax < 3. (1.6)

If (1.5) and (1.6) are violated, we can still prove the following asymptotic
result for large drug doseswhich is valid for all reaction ratesand any I;,ax €
(0,1).

Theorem 1.4. In Model II the peak time Tax(D) is an increasing function
of the drug dose D for any kin > 0 and for any kowy > 0, ko > 0 and
0 < Imax < 1, provided D is large enough.

Apart from being interesting in its own right, Theorem 1.4 supplies an
important ingrediert in the proof of Theorem 1.3.

In order to prove Theorem 1.4 we needto rebPnethe asymptotic estimate
for the peak time Ty,.<(D) asthe drug dose D tends to inbnity, which was
establishedin [12]. This improved estimate is given in the next theorem.

Theorem 1.5. For any Inax € (0,1), kin > 0 and & = kouy/kel > 0 we have
for Model II, as D — o0,

Tmax(D) = ! In(D) + IN[(1 — Imax) {1+ K(1 — Tmax) }]

+ o(1).
1+ "Q(l - Imax) 1+ ”(1 - Imax) 0( )

(1.7)

Thus, for Models | and 111l the peaktime T..x iS always increasing with
drug dose. For Model Il, the situation is more complex and we still need
to imposecertain restrictions on the parametersinvolved. They are showvn
graphically in Figure 4, where we depict the (k, Imax)-plane for this model.

1.5 \
1

0.5

Imax

kappa

FIGURE 4. The (k, Imax)-plane for Model II: Strict mono-
tonicity of T'(D) is provedin regions A and B and conjectured
in Region C.
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We conjecturethat T},,.x(D) is an increasingfunction for all D > 0 for any
pair of valuesof x and I,,x in the entire half-strip {(k, Imax) : £ > 0, 0 <
Iax < 1}.

For notational cornvenience,we shall often write

_ | Imax In Models| and I,
“- Smax In Models|Il and IV.

2. DIMENSIONLESS VARIABLES

The scheme shown in Figure 1 translates into the following modibcation
of the dilerential equation (1.1):
dR

g = Finf1(C) = kou Ha(C) R, (2.1)

where H{(C) and H»(C) are referredto asdrug medcanism functions. H; =
I, Hy = 1 for Model I, H; = 1, Hy, = I for Model Il, H; = S, Hy = 1 for
Model Il, H; = 1, H, = S for Model IV. SinceI(0) = 1 and S(0) = 1, it
follows that for all four models the baselineof (2.1) is given by

kin
kout .

Throughout we shall assumethat, prior to the administration of the drug,
the systemis in the baselinestate; i.e.,

R(0) = Ry. (2.3)

In order to identify the parameterswhich determine the dynamics of the
systems,and also make the equation more transparent, we intro duce dimen-
sionlessvariables. We scaletime with the elimination rate k., the response
with the baselineresponse Ry and the plasmaconcertration with the poten-
ciesIC5y and SC5y. Thus, we introduce the variables

R():

2.2)

* * R kOU
t'=kat, R'=po and k= k:elt’ (2.4)
and the scaleddrug medanism functions become
*0 Ty = cr ) _
I(C)—l—a1+0*, C(t)—IC5O, a = Inax,
o o (2.5)
SCY= v agimn O = ot 0= S

Henceforth we shall omit the asterisk again.
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Substituting these scaledvariablesinto equation (2.1) we obtain

ar _ k{H(C(t)) — R} for Models | and I11
i XS
o k{1— H(C(t)) R} for Models 1l and IV

where H(C) stands for I(C) or S(C), C(t) = De~! and the constart C
hasbeenchosenappropriately. Theseequationsare non-autonomousin that
they depend explicitly on the time ¢, and they contain three parameters: D,
«a and k. The initial value of the responsein these scaledvariables becomes:

R(0) = 1. (2.7

In [12]it has beenshown that the graph of the solution R(t) of Problem
(2.6), (2.7) has precisely one critical point T},.x, where the system reades
its maximal response Ry..x. Thus, for ead of thesefour models the time to
peak responseT . is well dePned.

In the next section we presert some known results about the function
Tmax and in the subsequen sectionswe prove the monotonocity properties
formulated in Theorems1.1- 1.4.

3. PRELIMINARY RESULTS ABOUT Tiax

In this sectionwe cite results about T,,., for small and for large valuesof
the drug dose D which were establishedin [12].

Proposition 3.1. For Models I-1V we have for any admissible value of o
and k that

In(k) ,
1
im To(D) = To= d no1 4 *71 (3.1)
b=0 1 if k=1,
and for the derivative T, . = dTwmax/dD in Models I and III,
1
2(2e*T0 -1) if k2,
fim Th. (D)= "7 ° (3.2)
-0 n2—> if k=2

For the large dosebehavior it was shavn that

Tmax(D) ~ K(a, k) log(D) as D — oo, (3.3)
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where 1
(
Models| and I11,
1+«
1
1

4, MobpELS I AND III: PROOF OF THEOREM 1.1

Since Thax 1S the samefor Models | and |11, we focus on one of them,

Model I11, and considerthe problem
%]f - W{S(C)— R}, RO =1 @.1)
in which
— — —t
S(C)= 1+ s and C(t,D) = De". (4.2)
We write
R(t) = 1+ ar(t).
Then
dr
- = wle(t.D) =1}, r(0)=0, (43)
where .
De™

This problem can readily be solved explicitly, and we bnd that the solution
is given by

t
r(t) = /@/ o(s, D)e"57) ds.
0

SinceT = Tax is the unique zero of dR/dt and henceof dr/dt, we conclude
from (4.3) that

T
o(T, D)e”T = H/ o(s, D)e* ds, (4.5)
0

where, for notational ease,we have written 7' in place of T'(D).

The identity (4.5) debnesthe function T'(D) implicitly . In Appendix A
we shall show that this function is contin uously dilerentiable.

In the following lemma we establish an identit y which involves T'(D) =
dT'/dD.
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Lemma 4.1. We have

oi(T, D)e" ' T'(D) = k /O ! ©p(s, D)e™ ds — op(T, D)e 7, (4.6)
where o = Op/0t and op = dp/0D.
Proof. Dilerentiation of (4.5) yields

T
go(T,D)e“TT’+/ vp(s, D)e"™ ds
0

1 1
= —{@uT, D) + kp(T, D)} T" + ~op(T, D)e™"
or
T 1 T 1 T
| ents. D) ds = oiT. DT + Lpp(T. D).
0
Rearranging the terms we obtain (4.6). O

Next, we give a technical lemmain which we colled a few useful properties
of the function (¢, D) debnedin (4.4):

De™t
ALD) = 1 per
Lemma 4.2. We have
¢(t, D) ¢(t, D)
t,D)= ——"—+—— d tDy= ——~2"7
(pt( ) ) 1+ De_t an ()OD( ) ) D(1+ De_t)
Therefore,

1
(pD(ta D) = _E@t(t7D)
Plainly, we have
oi(t,D) <0 and op(t,D) >0 forall t>0, D >0.

Proof. The proof follows from a simple computation. The details are left
to the reader. O

We denote the right-hand side of (4.6) by X:
T
X = /{/ ©op(s, D)e™ ds — pp(T, D)e"T, 4.7
0

and we prove the following.
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Lemma 4.3. We have
K T
X= D/ o(s, D)e"* L(s,T, D) ds,
0

where
1 1

1+ De=s5 1+ Det

L(s,t, D) = for all s,t,D > 0.

Proof. We write
X=X - XQ, (48)
where

T
X = /@/ wp(s, D)e™ ds and X5 = op(T, D)e""
0

Using Lemma 4.2 we can write X; as

T
X, = /i/o (’O(S’D)eﬁsD(l;LDe—S) ds (4.9)
and X, as
X, = ;QO(T D)erT.
D@+ De-T) ’
When we use (4.5) we can write X, as
K r RS
X2 = D(l-I-DeT)/(; @(S,D)e ds. (410)

Putting the expressions(4.9) and (4.10) for, respectively, X; and X5 into
(4.8), we end up with

T
K 1 1
x== D)e" - d
D/O w5, D)e <1+ De—s 1+ DeT> >

which is the expressionwe set out to prove. O

We are ready to complete the proof of Theorem 1.1.
Proof of Theorem 1.1. Plainly
1 1
<
1+ De=s5 ~ 1+ De T

for O0<s<T.

Therefore,
L(s,T,D) <0 for O0<s<T.
Thus, since ¢(s, D) > 0, it follows from Lemma 4.3 that X < 0 and hence,
by Lemma 4.1, that
(T, D)e"I'T'(D) < 0.
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Remenbering from Lemma 4.2 that ¢; < 0 we concludethat 7"(D) > 0 for
any D > 0. g

5. MoDEL II: PROOF OF THEOREM 1.2

We considerthe problem

% - w{1-I(C)R}, RO =1 (5.1)
in which
I(C) = 1—05% and  C(t,D)= De ' (5.2)
We write
R(t) = 1+ r(t).
Then ;
di; = w[{1—i(t, D)} —i(t,D)r],  (0) = O, (5.3)
where
Det
o(t,D) = T Dot and  i(t,D) = 1— ay(t,D). (5.4)

This problem can be solved explicitly, and the solution is found to be
t .
r(t) = K / {1—i(t, D)}e s &P g (5.5)
0

Therefore, when the responseis maximal, i.e., whent = Ty, and dR/dt = 0
and hencedr/dt = 0, then we deducefrom equation (5.3) that

T , T 1—4(T, D)
_ K [1i(€D)dE g, = -

/0 {1—i(s,D)}e "/ ds T T = Toax(D). (5.6)
Since0 < a < land ¢(T,D) < 1forany T'> 0and D > 0, the right-hand
side of (5.6) is well debned.

This identit y debPnesthe function T'(D) implicitly . We shall showv in Ap-
pendix A that it is continuously dilerentiable.

We proceed as in the previous section and brst derive an intermediate
identit y which is comparalde to the onein Lemma 4.1.

Lemma 5.1. LetO< a <1 and x > 0. Then
it(T7 D) iD(T, D)

2 PV = 27 by

+Y+ YQ, (57)
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where

T .
Y, = / iD(s,D)e_”fs U&D)dE g g
0

T
Y, = / {1—i(s,D)}e™" fD)df( / ip(&, D) dg) ds
Proof. When we dilerentiate (5.6) with respect to D we obtain

T
{1—i(T,D)}T’—/ ip(s, D)e~"Js 1ED)dE g
0

/ {1—i(s,D)}e " )s H&D)de <m(T D)T' + H/STiD(f,D) df) ds

1
= ————Li(T,D)T" + ip(T,D)} .
A Dy (T DIT'+ ip(T. D)}
Thanks to the identity (5.6), two terms canceland we are left with

T
/ ip(s,D)e” w T iED) dg g
0

T
/{1—2(5 D)}e " EDW( / iD(f,D)d§> ds

1 . /o
= D) {il(T, D)T" + ip(T, D)} .

Rearranging the terms we obtain (5.7).

Before stating the Pnal expressionfor 7"(D), we list a few properties of
the function i(¢, D).
Lemma 5.2. For any D > 0 and any t > 0O,

ae”t _ 1—i(t,D)

in(t.D) = G b2 = " DA+ Deh
and
. . 1—i(t,D
it(t, D) = —=Dip(t, D) = l-l-(De—t)'

In particular,
iw(t,D) >0 and ip(t,D) <0 forallt>0, D >0.

We use theseproperties of the function i(¢, D) to rewrite the integrand in
Y7 and Y; in terms of i(¢, D) only. This results in the following lemma.
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Lemma 5.3. LetO0< a<1and k > 0. Then

D)= & [ @it D S P, T D) b, 69
where
_ 1 1 . .
Mis,1, D) = (De=t+ 1)i(t,D) De—s+1 rit, D) + ri(s, D)

for any s, T, D > 0.

Proof. Using the expressionfor ip(t, D) from Lemma 5.2 we can write Y}
as

T1- 1-1i(s, D)
= — —f Ki(€,D) d¢
Y1 / 1+ o—s ds. (59)

In order to eliminate ip(¢, D) from Ys, we usethe identit y
. 1.
ZD(t’ D) = _Ezt(tv D)

from Lemma 5.2 and write

T T
[ inte.Dyds =~ [ ie.D)de = ~S{i(T. D) - i(s, D))

Putting this into the expressionfor Y; we obtain
T
Ys = 11)/ {1—i(s, D)}e  J< #EDIEr i D) + wi(s, D)} ds. (5.10)
0

Finally, by Lemma 5.2 we can write the prst term on the right-hand side
of (5.7) as
ip(T,D) _ 1 1—4(T,D)
ki2(T,D) ~ D ri%(T, D)1+ De-T)’
Using the identit y (5.6) this yields
ip(T,D) _ 1 1
wi2(T,D) ~  Di(T,D)1+ DeT)

T .
/ {l—i(s,D)}e_fs Ri(&D) A€ g
0

(5.11)
Putting (5.9), (5.10) and (5.11) into (5.7), we obtain the desired expression
(5.8). O

Proof of Theorem 1.2. The proof of Theorem 1.2 is a consequenceof
Lemma 5.3. Indeed, obsene that sincei(7, D) < 1,

M(s, T, D) > —rI(C(T))— +kI(C(9)), c(t) =

1 1
1+ C(1) 1+ C(s)
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Write 1
F(C) = 0 kI(C).
Then 1
/ aR —
o) = 1+ 0)2

Hence, if ax < 1, then F/(C) < 0 for C > 0 and it follows that, since
C(T)<C(s)if0<s<T,

M(s,T,D) > F(C(T)) — F(C(s)) >0 for 0<s<T. (5.12)
Thus, if ax < 1, then (5.12) holds, and the integral in (5.8) is positive.
Remenbering that (¢, D) > 0 for all ¢ > 0 and D > 0 we concludethat, if

ax < 1, then T'(D) > 0 for all D > 0.
This concludesthe proof of Theorem 1.2. O

6. TWO TECHNICAL LEMMAS

In this sedion we derive a conveniert expressionfor 7"(D) and a necessary
and su'cien t condition for 7" (D) to be postive when 7"(D) = 0.
Lemma 6.1. Let 0< a <1 and k > 0 in Model II. Then
ki%(T,D) ( (T, D)
Di(T, D) \ ki2(T, D)
Proof. We start from the expression(5.7) in Lemma5.1. Using Lemma 5.2
we write

(D) =

— {1-i(0, D)}e~ Jo HiED) dﬁ) :

Y1 = —/ it(s, D)e " "iED) dE g

and integrate by parts. This yields

Ly : T [T i(e.D) de
Y, = ——{z(T, D) —i(0, D)e™ " Jo "&: (s,D)e™ " ds}
D 0
(6.1)
For Y5 we obtain, invoking the identity (5.6) along the way,

/{1—2(3 D)le* €D>d5( /sTit(g,D)dg)ds

/ {1 —i(s, D)Ye~" S {EDVAE G DY (s, D)} ds.

— (T, D)
ki(T, D)

—Ei(T, D) / i(s, D){1 —i(s, D) }e™rJs H&D)AE g,
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Thus, we obtain the expression

Y, = _i_,_ iZ(T D) + K/Ti(s D){l—i(S D)}efﬁfSTi(é,D)dfds (6.2)
D D s D 0 5 ) . .

Putting the new expressions(6.1) and (6.2) for respectively Y; and Y; into
(5.7) we obtain

Di(T,D),., . _
ki2(T, D) (D)=

T T .
+ / ki%(s, D)~ Ja HED)dE g
0

(T, D)

-’ 7 g ) —leii(f7D)d§
<2(T. D) (T, D) + (0, D)e™ Jo

T
—1+4(T,D)+ / ri(s, D){1—i(s,D)}e” JI ri(e,D) d¢ g
0
=——+ D RS — 1+ D s Ki(§, )
w2, ) T 0D | wils D)e ds
On the other hand,

T T
/ /<;7,'(57 D)ef fsT ki(¢,D) dg ds = / d (e, fsT Ki(€,D) dg) = 1— foT xi(€,D) dg'
0 0

Hence,

Dit(Ta D)
ki2(T, D)

This implies that

ki%(T, D) ( (T, D)
Diy(T, D) (m?(T, D)

asrequired. O

’L't(T7 D)

M Y) g _ e Jo miED)dE
F2(T. D) {i(0, D) — 1}e ™ Jo

T'(D) =

T/(D) = + {i(O,D) _ 1}6_ f(;f ki(€,D) d{) 7

Lemma 6.2. Let 0 < a <1 and let k > 0. Assume that T'(D) = 0. Then

1 2(1 - a)e T ka(l — e T)
D+1 1+ (1—a)DeT (D+ 1)1+ DeT)

T"(D) >0 <= > 0.
(6.3)
Proof. Using the expressionfor 7'(D) derived in Lemma 6.1 we write

T'(D) = g(T, D) /(T D),
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where

Ki2(t, D)

“i(t, D)
t t .

f(t,D) = %(D + 1) —[1+ (1 — a)De e Jo wil€) dE

_y aD

[1+ (1 —a)De™!] 511

g(t,D) =

This factorization has been chosenso that ¢(¢,D) > 0 for all ¢ > 0 and
D > 0. Thus, T'(D) = 0if and only if f(7,D) = 0. It follows that, if
T'(D) = 0, then

"= (gf)T'+ (9f)p= (9f)p= 9pf+ 9fp= 9fD (6.4)

sothat it su'ces to determine the sign of fp(7T, D).
Plainly,

—t

Ip(t,D) = % —2(1— a)e 1+ (1 — a)Detle Jo Fi©) d

t . t
# wlL+ (1 - o)De'Pe li % ( [Cine, D) ).
0
SinceT’(D) = 0, it follows from Lemma 6.1 that

o ST i(e.D) de _ (D+ 1)e ™
k[1+ (1 —a)De TJ2’

and since,by Lemmab5.2,ip = —i;/D we have

t
[ inte.Dydg = ~ (it D) - 0. D))
0

Using these expressionswe can write fp(T, D) as

— e_T -T T (D+ 1)€_T
fp(T,D) = - 2l-—a)e " [1+ 1 —a)De ]/-@[l+ (1— ) D]

(D+ 1)e T
k[1+ (1 — a)De~

- %[1 + (1 - a)De TP rp i1 D) = i(0, D)},

which can be simpliPed to

1 2(1—a)e T
D+1 1+ (1 —-a)De T

wel fp(T, D) = - %{i(T, D) —i(0, D).

D+1
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Using the formula for i(¢, D) this results in
1 21— a)e T B rka(l —e™T)
D+1 1+ (1 -a)De T (D+1)A+ DeT)
(6.5)

By (6.4) and the positivit y of ¢(T', D), we have sign(7") = sign(fp), sothat
we may concludefrom (6.5) that

T —
D+ 1H6 fD(Tv-D) -

1 2(1—a)e T rko(l —e™T)
T"(D — - — 0
(D) >0 D+1 1+ (1-a)De? (D+ 1A+ DTy >
which is what we set out to prove. O

7. THE CASE ax > 1 - PROOF OF THEOREM 1.3

The proof of Theorem 1.3 proceedsin steps. We brst provethat 7/(D) > 0
for D > 2/(1 — «) and « large enough. Then we expand this result to all
D > 0, but still for  large enough. Finally, by a contin uation argumert we
extend the valuesof « and « to the regionax >1and 0 < a < %

Lemma 7.1. For any o € (0, 1) there exists a constant ko > 0 such that, if

K > Kq, then
2
T'(D) >0 for all D> 1 .

—

Proof. Fix a € (0,1). Supposeto the cortrary that there exists a sequence
{k;} tending to inPnity as j — oo sud that for ead j > 1 there exists a

drug doseD; > 2/(1 — a) such that T"(Dj, x;) < 0. Becausewe know from

Theorem 1.4that, for ead x;, T'(D) > 0 for D large enough,we may choose
the sequence{D;} sud that

T'(Dj,k;)=0 and  T"(Dj,k;) >0  forevery j>1.
From Lemma 6.2 we deducethat
1 2(1—a)e T
D+1 1+ (1—-a)De T

rka(l —e 1) -0
D+1 (D+ 1)(DeT+1) — 7

(7.1)
where we have dropped the subscript 7 and T' = T(D). Theseinequalities
can be simplibed to, respectively,

el >DA—-a)+2(1—a) (7.2)

>0 and

and
D+ el > ka(el —1). (7.3)
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Eliminating D betweenthem, we obtain

<1+ 1 i- a)eT > ra(el —1)+ 2. (7.4)

SinceD > 2/(1—a) it follows from (7.2) that e’ > D(1—a) > 2. Therefore,
for j, and hencex;, large enoughwe obtain a cortradiction. O

Lemma 7.2. Fix o € (0,1). Then, for every D > 0, we have
@) T(D,k) — 0 as k — oo and
(b) KT(D,K) — 00 as k — 0.
Both limits are uniform with respect to D > 0 on compact intervals.

Proof. The starting point of the proof is (5.6):
T T, 1— (T, D)
1—i(s,D)}e s &P A gg = =~ 22020 T = Tmax(D, k). (7.
| it ye ds= S (D.%). (75)
Part (a): T(D,k) — 0 as k — oo. Let Dy > 0. Then we have, for
0<D<Dypand0<s<T,
1—i(s,D) D+el

1—i(T,D) D+ e (7.6)

and it follows that

1 1 T,
. —nfs i(¢,D) d€
1 (T D) (T.D) /0 {1—i(s,D)}e ds (7.7)

T ! —r [Ti¢,D)d
=(D+¢e") Dt o€ o &P dE g g
0 €

Moreover, becausei;(t, D) > 0, by Lemma 5.2,
i(t, D) < i(T, D) for O<t<T,
sothat

T -k [1i(&D)d¢ g T —ri(T,D)(T=5) 4
 Dre’ 2 ), D+ e S

Integrating by parts, one has

T 1 )
/ 1 m@D) 19 gy
0 D+ e

—wi(T,D)T [ ki(T,D)T 1 T ki(T,D)s s

e

= - +f ST s,
wi(T, D) <D+eT D+1 J, (D+e9)? 3)
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This implies

T 1 o
/()Me ’ ds (78)

1 e—Hi(T,D)T T ori(T,D)s os p 1
= + — .
)i(T,D)(D+ eT) . wi(T,D) \Jy, (D+e)2 ™ D+1

Combining (7.5), (7.7) and (7.8), we obtain the inequality

T oki(T,D)s s p 1
/0 (D + e%)? SSD+1
from which we concludethat
lim T(D) = 0.
K—00O

Moreover, the limit is uniform with respectto D < Dy.
Part (b): kT(D,k) — o0 as k — oo. Since

1+ (1—-a)D
i(t, D) > i(0, D) = % and  1-i(t.D) < ag, 7
for ¢t > 0, we have
T T.
/ (1= i(s, D)}e~r I €D de g (7.9)
0
aD T =)D (g «Q D _l0-a)D
D ds= ——— [ 1-— D )
“1+D), ¢ ST Rir@-—ap\" ¢
Also L
—i(T,D D
(7.D) _ o (7.10)

ki(T,D) kel+ (1—a)D’
Substituting (7.9) and (7.10) into (7.5), we obtain the inequality

« D « D _ =)D
@ <& 1— e 50
kel + 1—a)D kl1l+ (1 —-a)D

or
1+ (1-a)D _ (=)D
<1—e " 14D
el'+ (1—-a)D ¢
or .
T e e =1 g 1 (7.11)

SinceT (D, k) — 0 ask — oo uniformly with respect to D on compact sets,
it follows that the right-hand side of (7.11) tends to zero as x — oo, and
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hencewe conclude that <k T(D, k) — oo as k — oo uniformly with respect
to D in compact intervals. O

Using Lemmas 7.1 and 7.2, one can prove the following.

Proposition 7.1. For any a € (0,1), there exists a constant ko > 0 such
that, for any Kk > K,

T'(D) >0 forall D >0.

Proof. First, by Lemma 7.1, it su“ces to prove that there exists a constart
Ko SUd that
T'(D) >0 foral D€ (0,2/(1-q)), (7.12)

for any k > k. In fact, by Lemma 7.2 there is a constart x; such that

(1+ - _1 a)eT <ka(ef —1)+2 forall De(0,2/(1—a) (7.13)

whenewer « > k1. We prove that (7.12) holds when we choosefor «, the
maximum of x; and the constart x, of Lemma 7.1.

Supposeto the contrary that (7.12) is not true. Then, sinceT'(D) > 0
for D > 2/(1—«a) and k > k, (by Lemma 7.1), there exist valuesfor k > k,
and D € (0,2/(1 — «)) sudh that

T'(D)=0 and T"(D)>0.
Hencewe obtain asin the proof of Lemma 7.1 that

1
<1+ >6T > ra(el — 1)+ 2.
l-«a

This contradicts (7.13) which holds for the value of x which we have chosen.

O

We are now ready to prove Theorem 1.3, which we reformulate in the
following proposition.

Proposition 7.2. Let 0 < a < % and koo > 1. Then
T'(D) >0 forall D >0.

Proof. We prove the proposition by contradiction. Since T7(D) > 0 for
large D (by Theorem 1.4), there exist x > 0 and D > 0 such that

T'(D)=0 and T"(D)>0.
Using Lemma 6.2, one has
[1+ 1—a)De 7)1+ De ) —2(1—a)e (1 + D) + De~T)
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—kal—e D1+ @-a)De T >0,
or equivalertly,
1+ De T+ (1—a)De T+ (1 —a)D? 2T
—2(1—a)e T[1+ D+ De T+ D% 7]
—ka[l—e T+ @A—-a)De’ —(1—a)De ?]>0.
This implies that
1— rkate Tka —2(1 — )] — De Tka(l — @) — o]
+ De T(ka —2)(1 — ) — D?e 21 —a) > 0.
We write this as
X1+ X5 >0, (7.14)
where
X1 = 1—ka+ e Tra—2(1 - a)
Xy = —De Tka(l — a) — o]+ De T (ka —2)(1 — a) — D?e 2T (1 — «).
Sincea < 1 and ka > 1, it follows that
Xi=l-kateTlka—21-a)]=1—-—ra)l—e D+ e Ta—1)<0.

In order to estimate X5, we handle the caseska > 2 and 1 < ko < 2
separately If ka > 2, we have

X5 < —De T[ka(1 — @) — o]+ De T (ko — 2)(1 — @)

< —De Tka(l — ) — a] + De T(ka — 2)(1 — )

= De T(8a—12) < 0.
On the other hand, if 1 < ka < 2, then

X5 < —De Tlka(1 — @) — o]+ De ?T(ka — 2)(1 — ) < 0,
sincexa(l —a) —a >1—2a > 0. Thus,
X1+ X9 <O

This contradicts (7.14) and completesthe proof of Theorem 1.3. d

Remark 1. Combining Proposition 7.2 and Theorem 1.2, we have shown
that 7/(D) > O for any xk > 0and any o < 1/2.
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8. LARGE DOSE ASYMPTOTICS OF T'(D) IN MODEL II
PROOF OF THEOREMS 1.4 AND 1.5

In order to prove the asymptotic results for large drug doses,we Prst need
to rebnethe estimate for the asymptotic behavior of T'(D) for Model |l as
D tends to inbnity, which was established in [12] and formulated in (3.4).
There it was stated that, for Model |1, T(D) ~ ——+——In D as D — oc.

1+k(1—ca)
We prove the following lemma.

Lemma 8.1. Let o € (0,1) and v > 0. Then
%e{w(ka)mm = (1-a){1+ k@ —)Y1+ 0o(Q)] as D — oco. (8.1)
Proof. We take as starting point the identity (5.6):

T .
_ 7 rie.yde g - L= T\ D)
/0 {1—i(s,D)}e ds (T D) (5.6)
and we expand the left- and the right-hand side in powers of the small
quartity e = %. Thus, we write

aDe™ «

1—i(s, D) = 1+ De=5  ees+ 1

= a{l—-[1+ o(1)]ee’},
and hence
i(s,D)=1—a+ [1+ o(1)]aece’

for values of s restricted to the interval (0,7). Here o(1) denotesa term
which tends to zeroase — 0. Becauseof (3.4) we have

o
1+ k(1 —a)

Using the expansionfor i(s, D) in the integral in the exponert we obtain

e~ Jo RED)E = o= [ K(1-a)dg {1— [1+ 0(1)]/ ckae df}

= ¢ #(1-a)(T=s) {1-[1+ o(L)]are(e” — e)}.

ee® <eel' = O(7) as ¢ —0; v=1

This implies that

{1 —i(s, D)}e~ Js wil&D)ds (8.2)
= ae "I f1 — ele® + an(e” — e)][1+ o(1)]}.
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We now integrate the expression we computed in (8.2) over the interval
(0, 7). Since

T —k(l—a)T
/ o r-)(T—s) g = 1= € (1=e)
0 K1 —a)
T T _ —k(l-a)T
/ e—n(l—a)(T—s)es ds = € e
0 :‘i(l — a) +1
€T(1 _ effi(lfa)T) el _ e*ﬁ(lfoz)T

T
—k(l—a)(T—-s)(,T _ s — -
/0 c (eh —e)ds k(1 — ) k(l—a)+ 1"

we obtain for the left-hand side (LH S) of (5.6)

a T

- k(- _ cae
LHS = a5 —e 0 A=) =)+ 1}

For the right-hand side (RH S) of (5.6) we obtain

1+ o(1)].

RHS =

1-47T,D) _ « _ Q@ cel
ki(T,D)  rw(l—a+eel) f@(l—a)( B 1—a[l+ 0(1)]>'

Equating the left- and the right-hand side of (5.6), i.e., putting LHS =
RHS, we obtain

O ka7 _ aze’

i L e Y warr g ]
B acel
= —m[l"‘ o(1)],

which yields
%e{HK(l—a)}T(D) = (Q-—a){1+ k(L —a)}[1+ o(1)] as D — . (8.3)
This completesthe proof of Lemma 8.1. O

Taking the logarithm of the expressionin (8.3) we obtain, after some
rearrangemen,
1 IN[(1 — a){1+ x(1 —a)}]

Ty = 1+ k(1 -« In(D) + 1+ k(1 — )

+0(1) as D — oo.

(8.4)
This completesthe proof of Theorem 1.5. O
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We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. Sincei, (T, D) > 0 we conclude from Lemma 6.1
that 77(D) > 0 if and only if

it(Ta D)
ki2(T, D)

Using the explicit expressionsfor i(t, D) and i.(¢t, D) of Lemma 5.2, and
replacing D by 1/, we can write this inequality as

EeTefoT “i(§7D) dg K

{1 —a)+ eel'}2 T 1v e

> {1 (0, D)}eJo xi6.D)dt, (8.5)

(8.6)

We readily seethat
elo K€D = or(1-a)T [1+ 0(1)] as D — co.
Hence,using (8.3) we can compute the left-hand side of (8.6):
ceTelo wil&D)d 1+ k(1 — )
{1 —a)+ eel'}? T T 1-a
For the limit of the right-hand side of (8.6) we obviously obtain

K
1+ ¢

as D — oco. (8.7)

— K as D — . (8.8)

Because
1+ k(1 — )
1-«o
it follows that (8.3) holds for D large enough.
This completesthe proof of Theorem 1.4. O

> K,

APPENDIX A. DIFFERENTIABILITY OF T'(D) IN MODELS I, IT AnND III

For Model 111 we start from the implicit depPnition (4.5) of the function
Tinax(D):

T
o(T, D) = K,/ o(s, D)e* ds, (4.5)
0
and usethe implicit function theorem. Debne
t
G(t, D) def /'é}/ ©(s, D)e™ ds — o(t, D)e™.
0

Then
Gy(t, D) = rp(t, D)e"™ — ko(t, D)e — oy(t, D)e™. (A1)
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Hence,

Gi(T,D) = —p(T, D)e"" >0

becausepy Lemma4.2, ¢.(t, D) < Ofor all ¢t > 0and D > 0. By the implicit
function theoremthis meansthat 7T is di'erentiable with respectto D. Since
T(D) is the samefor Models| and 111, this also provesthe dilerentiability
of T(D) in Model I.

For Model Il we start from the debpnition (5.6) of Ti,.<(D) and proceed
likewise. We omit the details.
Acknowledgement. The authors are very grateful to HaémBrezis for his
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