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Abstract. We consider a nonlinear fourth order parabolic equation with a nonlocal
term which describes the time evolution of a flame front. After having established
the existence of a global attractor for a corresponding boundary value problem, we
prove the existence of inertial sets.

1. Introduction. The premixed gas flame (a self-sustained wave of an exothermic
chemical reaction) is frequently situated in a nonuniform flow field and subjected
to large-scale flame stretch [7]. The latter, apart from affecting the burning rate
intensity, may also have a significant impact on the flame stability. It has long been
observed that wrinkled structures, occurring spontaneously in freely propagating
flames, may easily be suppressed in a stagnation point flow provided its intensity
is high enough [6].

To study the dynamics of an intrinsically unstable flame held in a stagnation
point flow, two model equations for the flame interface dynamics have recently
been proposed. The first model [9] deals with diffusively unstable flames while the
second model [8] deals with hydrodynamically unstable flames. These models may
easily be combined to describe the situation where the flame is subject to diffusive
and hydrodynamic instabilities occurring simultaneously. One thus ends up with
a unified formulation which in appropriately chosen units results in the following
initial-boundary value problem

1
Ut = —Uggge — Ugz — 5(’“@)2
(P) +vI(u) — a(zu), for (z,t) € Q, (1.1)
Uy =0, Ugge =0 for z=4¢ teR",
u(x,0) = up(x) for x € (—¢,0),
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where Q = (—/,/) x R and

I(u) = ni_o:l %{/_Z u(y,t) cos (%y)dy} cos (%x) (1.2)

The differential equation in Problem (1.1) is a generalisation of the classical Kuramoto-
Sivashinsky (KS) equation

1
Ut + Upgas + Ups + i(uw)2 =0. (1.3)

In these equations, u(z,t) denotes the profile of the flame interface. The negative
diffusion term —u,, represents the diffusive flame instability occurring in premixed
gas flames with sufficiently light deficient reactant (e.g. lean hydrogen-air mix-
tures). The term wy.., models the dissipation of small-scale disturbances, and the
nonlinear term %(um)2 controls saturation of the growing large-scale disturbances.

Of the two terms in Problem (1.1) that have been added to the Kuramoto-
Sivashinsky equation (1.3):

+vI(u) — a(zu),,

the nonlocal term I (u) is caused by the hydrodynamic flame instability induced
by the thermal expansion of the burnt gas, v being the thermal expansion intensity
(0 < ¥ < 1). The term involving a describes the stabilizing effect of the stretch

induced by the flow, a being the stretch intensity (o > 0).

Rather than directly working with the unknown function wu, it is more convenient
to work with its spatial gradient, v = u,. It satisfies

UVt = —VUggaax — Vza — Vg
+vJ(v) — azv, — 200 for (z,t) € Q,
(P) B _ B N (1.4)
v=0, Uz=0 for ==+, teR™,
v(z,0) = vo(x) for z e (—4,0),
where ,
n . /nm . /nT
J(v) ;z{/Zv(y,t)&n(Ty)dy}sm(Tx). (1.5)
We assume that
vy € L2(—1,0). (1.6)

Problem (P) is known to have a global solution in the distributional sense [5],[12];
for the precise definition we refer to Section 2. Specifically, we have the following
proposition:

Proposition 1.1. Let T be an arbitrary positive number. Then there exists one
and only one weak solution v € L°(0,T; L?(Q))NL?(0,T; H?(Q)) of Problem (1.4).
In addition, v € C([0,T]; L*(Q)) N L?(6, T; HX(Q)) for any § > 0.

Here 2 denotes the spatial domain: Q = (—¢,¢), || - || denotes the norm in L?(f),
H2(Q) = H?(Q) N H () and HA(Q) = H*(Q) N HZ(Q).

In this paper we are interested in the large time behaviour of solutions of Problem
(1.4), and in the existence of a Global Attractor and of Inertial Sets. For the KS-
equation such questions have been taken up in [10], [3], [13] and [14]. In these
papers the size of the domain (2¢) proved to be an important parameter. In [2]
analogous questions were discussed for the Cauchy Problem of the KS-equation
with the additional damping term a(zu),. In the present paper we study the effect
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of this damping term, as well as the destabilizing nonlocal term vI(u). Thus, two
new parameters have entered the problem: a and . In fact, we find that rather
than v, the parameter

vl

will play a central role in the analysis of Problem (1.4). If « is sufficiently large,

the asymptotic behaviour of solutions is particularly simple. We find the following

critical value: )
ap ¥ S+ 7). (1.8)

Theorem 1.2. If a > «g, then there exist positive constants v and M such that
the solution v(t) of Problem (1.4) satisfies
lo@®)| < Me ™" for t>0. (1.9)

Thus, if a > «g then the trivial solution v = 0 is the unique global attractor.

For smaller values of «, no such simple statements are available, and the large
time behaviour may be more complicated. We shall study this case for odd solutions
of Problem (1.4), i.e. for solutions in the space

H={weL*Q):w(-z)=—w(), € Q}.
Plainly, if vg € H, then so is v(t) € H for every ¢t > 0 and therefore this subspace

of L?(f2) is invariant. Henceforth we shall mean by {S(t) : t > 0} the semigroup
defined by Problem (1.4) on the space H.

Whereas the term involving « is stabilizing, we find — as expected — that the
term involving v is destabilizing, and in the results we prove below we need to
restrict it. Specifically we need to assume that

1
K< W(1+3a)3/4. (1.10)

In addition, we assume throughout that ¢ > 2. In the following theorem we give
two global bounds, one in L?(Q2) and one in H*(f2). Below, and throughout the
paper, we write

p=—.

Theorem 1.3. Let { > 27, and let o and k satisfy (1.10). Then

(a) The semigroup {S(t) : t > 0} possesses an absorbing set in H, and there exists
a constant co and a nondecreasing function 1o(-) such that

[S(t)voll < col if t > To(||voll)-

(b) The semigroup {S(t) : t > 0} possesses an absorbing set in H N H(Q) and
there exists a constant ¢y and a nondecreasing function 71(-) such that

1S (t)voll iy < c1l/® if t > 11 (||vol).-

It follows from Theorem 1.3 that the set
B={ve HNHYQ) ; ||v]| < col" and |jvg|| < c1£°*/3}
is absorbing for all bounded sets of H.

In view of [13], Theorem I.1, Theorem 1.3 immediately implies the existence of
a global attractor.
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Theorem 1.4. The semigroup {S(t) : t > 0} possesses an attractor A which is
compact, connected, and mazximal in H. In addition, it attracts the bounded sets of
H and is also maximal among the functional invariant sets bounded in H.

In order to characterize the global attractor we prove the existence of an inertial
set, namely a compact set which contains the attractor, is positively invariant by the
semigroup, has finite fractal dimension and attracts all solutions at an exponential
rate. More precisely, we define the compact, connected set

Y = UtZTl‘S(t)Ba

where 71 was introduced in Theorem 1.3, and we note that the semigroup {S(¢) :
t > 0} leaves Y invariant.

Theorem 1.5. The semigroup {S(t) : t > 0} restricted to Y admits an exponential
fractal attractor M in'Y whose fractal dimension is estimated by

dp(M) < Op+Cn/3), (1.11)

where C is a positive constant which does not depend on £.

It was established in [5] and [12] that the global attractor is quite regular. For
completeness we formulate this result in the following theorem.

Theorem 1.6. The global attractor A of the semigroup {S(t) : t > 0} is bounded
in H*"2(Q) for any n > 0 and consequently, A is contained in C*°(Q).

The plan of the paper is the following. In Section 2 we introduce the notion of a
weak solution which we shall use in this paper. We derive a few calculus inequalities
involving the linear elliptic operator in the parabolic equation in Problem (P) and
prove the asymptotic estimate given in Theorem 1.2. In Section 3 we obtain uniform
bounds in L?(Q2) and in H'(2). The main ingredients here are a variation on a
Coercivity Lemma established in [3] and the estimates obtained in Section 2. In
Section 4 we use a result of [4] to prove the existence of inertial sets. Finally, in
the Appendix we prove the Coercivity Lemma (Lemma 3.2) that is used to obtain
the attractors.

2. Preliminaries. Before turning to the proofs of Theorems 1.2-1.5 we introduce
some notation, give definitions, and present — for easy reference — a few technical
lemmas which will be used throughout the text.

The analysis of Problem (1.4) will be carried out in the spaces L?(€2), HZ(Q)
and H?(Q) = H?(2) N H(Q). Their norms will be defined by

[ollg = llvall and Jlvllze() = [[vazll, (2.1)

where || -|| denotes the norm in L?(€2), and Q = (—¢, ¢). The pairing between H?(Q2)
and its dual (H?(£2))’ will be denoted by (-,-). We also introduce the linear second

order operator
Lw ™ —w,, + vJ(w) — azwy, — 20w, (2.2)
so that the equation for v can be written compactly as

V + Vgppoe = LU — VU,. (2.3)
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Definition 2.1. Let T be an arbitrary positive number. A function v is called a
weak solution of Problem (1.4) on (0,T) if

(i) v € L*(0, T H*()) N L>(0,T5 L*(Q2));
(i) ve € L*(0,T; (H*(Q)));
(iil) Fquation (2.3) is satisfied in the sense of distributions in Qr, i.e.

(v, 0) + / (Vez e — LV + vv,0) =0
Q
for all p € L*(0,T; H?*(Q)) and for a.e. t € (0,T);
(iv) v(0) = vo.

With the eigenvalues \,, and the corresponding odd eigenfunctions ¢, of the
Laplacian —d?/d?z on (2, with Dirichlet boundary conditions, the nonlocal term
J(v) can be written more transparently as

w) = 3 ()G = = 30 A w0, G (2.4)

n=1 n=1

where nm 2 1 nm
An = (7) and (,(x) = 7 sin(Tx) n=1,2.... (2.5)

Lemma 2.1. The functional J : H*(Q)) — L?(2) is well defined and
1
1T ()l < —llwel| - for we H'(Q). (2.6)
If w is odd, then equality holds.

Proof. Because the sequence {Cn} is orthonormal, we have
”'] H2 2 Z )\n w Cn for any w € Hl(Q)

If w is odd, we can write w = ZZO 1(w, ¢n)Gn. Therefore,

e}

Hw»L”Q = Z(w Cn) ” Cn)a ”2 Z/\n w Cn )

n=1

so that p
17 (@)l = —llwall. (2.7)

Let w € HY(Q2). Then we can write w = w; + ws, where

wy(x) = %{w(x) —w(—x)} is odd
and )

wy(z) = §{w(x) + w(—=x)} is even.
Since wsy is even and (, is odd, it follows that (ws,(,) = 0 for every n > 1, and
hence

J(w) = J(wy) for we HY(Q). (2.8)
Because wy is odd, it follows from (2.7) and (2.8) that

@)l = 1) = Sl (29)
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From the fact that (wi,,wa;) = 0, we deduce that
[we[|? = [[wriz]* + lwae||? > [lwie .

Combining this with (2.9) we obtain

[T (w)] < ;szH for any w € Hl(Q)

O
The following two estimates involving L will prove very useful.
Lemma 2.2. For any w € H*() and any s € RT we have
(w, L) < (14 ) e 4+ (5 = 220 o (2.10)
and
[Lw]| < lwae | + (26 + al) |we || + 2al|w]]. (2.11)

Proof. We multiply Lw by w and integrate over ). When we integrate by parts,
and use the bound for J(w) of Lemma 2.1, we obtain

(w, Lw) = —(w, wyz) +7(J (w), w) — alzw, wy) — 20]w]®

3o
< wel* + 2wy ||| w]| - —||w||2

K 3a
< Jw 21+ k8) + (5 = 5 ol (2.12)

as asserted.
From the definition (2.2) of L we deduce that

[1Lw]] < fwae || + ([T ()| + eflzws || + 2ajw]].

Because ||zw,|| < £||w.]||, the second assertion follows. O

Lemma 2.3. Let v be the solution of Problem (1.4). Then
d
ZIvl? + Allvea|* < Bjo]%, (2.13)
where 5
A=1—ks and le—Sa—i—&s—i——H, (2.14)
S
and s is an arbitrary positive constant.

Proof. We take the duality product of (2.3) with v. This yields the equation

1d
5 I+ oaal® = (0, Lo) = (0%, v,).
Applying Lemma 2.2 and using the fact that (v? v,) = 0, it follows that
1d 3
S0l + lowel < (L4 rs)llea? + (5 = 5 1ol

K 3a
< SO+ Joaal? + 1o} + (£ =22 o2, (215)

where we have used the inequality

lve | < {Ilvm\l2+ lvl*}- (2.16)
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With the constants A and B defined as in (2.14), the desired inequality follows
from (2.15). O

Corollary 2.4. If a > «q, then there exist positive constants v and M such that

()] < Me™"* for t>0.

Proof. We use the estimate from Lemma 2.3 and put s = % Then A = 0 and we
obtain
Lol < v ol
dt - ’
where
(o —a0)
v=—(a—ap).
5 0

The critical value o is given by (1.8). One integration now yields (1.9) with
M = [v(0)]- O

The Uniform Gronwall Lemma (see [13], p. 89) will be used in several places
and for convenience we state it here. It applies to the differential inequality

d
d_th <gy+h for t > to, (2.17)

in which g and h are are positive, locally integrable functions on (tg, 00).

Lemma 2.5. Let y(t) satisfy (2.17), and let
t+r t+r t+r
/ g(s)ds < ay, / h(s)ds < as, / y(s)ds < ag,
¢ ¢ ¢

where r, a1, as, and a3 are positive constants. Then

y(t+r) < (% + a2>exp(a1) for t>to.

3. Absorbing sets in L?(Q2) and in H'(Q). In this section we prove the existence
of absorbing sets in L?(Q) and H'(f2). Using these results, we prove the existence
of the global attractor for the semigroup {S(¢) : ¢ > 0}, defined by the solution
v(t) = S(t)vg of Problem (1.4).

We first prove a global bound in L?(£2); we recall that u = 11/5.

Theorem 3.1. Let o, v and ¢ satisfy (1.10). Then the semigroup S(t) possesses
an absorbing set in L*(Q)). More precisely, there exists a constant co which does
not depend on £ and a nondecreasing function 7o(-) such that

[S@vollrzo) < cot if  t =7o(l|vollLze))-

The main idea of the proof is the introduction of a suitably chosen translation
of the dependent variable,

v(z,t) = ¢(x) + w(x, t).

The function ¢ is then so chosen that we can derive a differential inequality for
|lw(t)]] which enables us to obtain a uniform bound for ||w(t)]|.
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Below we present a Coercivity Lemma, similar to one used in [3], that establishes

the existence of a function ¢ which has the required properties. For u,v € X def

HNH?(Q), and w > 0, we define the weighted bilinear form

(1, 0) s S (g Vag) — (U Vg) + w(u v, ¢2), (3.1)

where it is assumed that ¢, € L%(Q). Note that if we set Lou = —Upprs — Use,
then for ¢ € C§°(Q),

(U, 0)wp = — /Q u(Lo — wog)v.

Lemma 3.2. For every ¢ > 27 there exists a function ¢ € X such that for any
w € [i, 1] and any function w € X the following inequality holds:

(w,w)os 2 g lhweall + 1l (32)
The function ¢ can be chosen so that
(6, 0)wep < CLE#! (3.3)
and
gl < Cott and  lga|l < Ca", (3-4)

where Cy, Cy and C3 are positive constants.

Corollary 3.3. For the function ¢ and the constant w chosen in Lemma 3.2, the
bilinear form (u,v)we is an inner product on X.

For the proofs of Lemma 3.2 and Corollary 3.3 we refer to the Appendix.

Proof. (of Theorem 3.1) When we write the solution v of Problem (1.4) as
v(z,t) = o(x) + w(z,t),
where ¢ is the function determined in Lemma 3.2, then w satisfies the equation
W = —Wazzz — Praze — Wer — Yoo — Wy — Wy — Wz — PPy
+yJ(w) +vJ(¢) — azw, — axd, — 20w — 2ad (3.5)
in the sense of distributions in Qr. We first establish a differential inequality for
[w(t)]]:

Lemma 3.4. Let ¢ > 2w, and let

1
K S W(l + 30[)3/4.

Then, there exist positive constants o and C, which do not depend on £, such that

d
T lwll* < —ollwl* + Ce. (3.6)

Proof. Let us take the duality product of (3.5) with w. Since ¢ € H?(£2), we obtain
1d
§Ellwl|2 = —(w,w)14 = (0,9)y +7(J(w), w) +7(J(¢), w)

— a(z, wwy) — az, we,) — 2al|w]|* — 2a(w, ¢). (3.7
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For the first two terms on the right hand side of (3.7) we have
(w5 (6, 6)o
= (1= ) w) ey + 5 (60N (3.8)

where we have used Corollary 3.3 and ¢ is an arbitrary p051t1ve number such that
e< 1.
For the other terms on the right-hand-side of (3.7) we have that

~(w,w)s — (,0)y < ~(w,w)s +

1
(@, wwy) = =3 [[w]?, (3.9)
[ w06,)] < Sl + (3.10)
) xr — 2 26 x b) .
and .
—2(w,¢) < 5||<15||2 + 0w, (3.11)
where 6 and § are arbitrary positive constants, and, in view of Lemma 2.1,
K
NI (w), )| < 26[Jwllwe]| < wnllw]? + EllwacII2 (3.12)
and .
N(T(@), w)| < 26]|wlll|ge]l < wvllw]? + ;||¢>x||2, (3.13)

where 1 and v are arbitrary positive constants, and we recall that k = ¢v/2r.

Substituting (3.8)-(3.13) into (3.7) and setting € = 2 we arrive at the inequality
H I? <

~2(w ,w)i¢+{ﬁ(n+u)+a<0+ eaff)}u 2

2 dt 3
+ E”wﬂfH2+R(¢aa7’17£)7 (314)
where
K 2, 2
Rdvak,6) = $6.0)a + (55 + =) [6:1 + 5 101 (3.15)
Using the coercivity of (v, v)¢/4, established in Lemma 3.2, in (3.14) we obtain
1d 9 5 1 9 K 9
< — = _
3 g0l < = Glhosal = Gl + Sl
+{r (77+u)+a(9+ “o5 7)}||w||2+R(¢,a k0. (3.16)
We now fix n and v so that
Kn=a and KV = Db,

where a and b will be fixed constants. When we use Young’s inequality in the form

—_

K 3K
el < w2+ 5 ol

[=p)

we deduce from (3.16) that

1 3 1 3t )
2dt|| wf? < —{z = (a+b) +a(5 - 0-56) = 35 Hwl* + R(6, a5, 0. (3.17)

Setting 0¢ =1 and 6 = 3 in (3.17) results in

d
gll’lﬂll2 < —olwl® +2R(¢, . 1, 0), (3.18)
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where

def 1+ 3a 3kt

Since ¢ is the function constructed in Lemma 3.2, it satisfies (3.2), (3.3), and (3.4),
and thus, there exists a positive constant C such that

K @ o 4 2 2
¢ < CO#+. .
+ —|—2a( ) }H(ﬁzH C (3 19)

The coefficient o will be positive if

R((ba a, ﬁ,ﬁ) S Cléu—i_l + {

1
Kt < §a2{1 +3a —6(a+b)}.
Since we may choose b arbitrary small, it suffices that
1
Kt < §a2(1 + 3a — 6a). (3.20)

We now choose a such that the right hand side of (3.20) becomes largest, i.e. we
set @ = (14 3a)/9. This then yields the condition

1
Kt < 3—7(1 +30)3,
which we have assumed to be satisfied. O
From Lemma 3.4 it follows, using Gronwall’s Lemma applied to (3.6), that
C
|lw()]|? < |lwo|?e™ + =(1 — e~ %)% for all t € R, (3.21)
o
in which C is a positive constant. We now introduce the time
2
70 = — log ||Jwo|-
o
Then o
|w(t)]|? < 14 =02 < Col? for t > 7.
o

Since v = ¢ + w and ||@|| = O(¢*), this completes the proof of Theorem 3.1. O
In the next theorem we prove the existence of an absorbing set in H'((2).

Theorem 3.5. Let £ > 2w, and let a and k satisfy (1.10). Then the semigroup
S(t) possesses an absorbing set in H(Q)). There exists a constant ¢; which does
not depend on ¢ and a nondecreasing function 71(-) such that

1S@)vollm oy < cil®®  if ¢t >71(||vollzzq))-

As a first step we prove a bound for ||v,||.

Lemma 3.6. We have

d 1
%H%HZ + [[vaea]|* < K (e, 5, 0) vz || + 1202]|v]|* + @Ilvllﬁ, (3:22)
in which p
Kok, 0) 2 326+ al)® + 8 + T (3.23)

and ¥ an arbitrary positive constant.
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Proof. Let t be such that v,, € H2(Q) and v; € (H?(Q)). We take the duality

product of equation (2.3) with v,, and integrate by parts. This yields the identity

1d

2dt

To estimate the first term on the right hand side of (3.24), we use inequality
(2.11) and obtain

(L0, Vg )| < Allvaell + (26 + af)|ve || + 2a][v][ }H vz |

”UIHQ + ||Umw||2 = —(Lv,vgz) + (VVz, Vo )- (3.24)

1 1
< S{llvall + (26 + af)[[vel + 20{|0[1}* + 5 [[va

3 1
< S{llvnal® + (26 + @l)?|lva|* + 40 [v]|*} + 3 flvea1®

IN

3 1
{S@r+an?+ E}IIvzHQ +602(|0])% + nllvssal®. (3.25)
Here we estimated ||v.,|| by means of the inequality

1
2||UM||2 = —2(Vg, Voga) < 5”%”2 + 77va;m||2

in which 7 is an arbitrary positive constant.
To obtain a bound for the second term on the right hand side of (3.24), we use
the following calculus inequality:

lwllLaq) < ||wg;H1/4Hw||3/4, for w E H&(Q) (3.26)

It is proved by first integrating the identity (w?), = 2ww, over (—¢,z) to obtain

w?(z) :2/ WW,, §2/ |w]|weg],
—L —£

and then over (z,f) to obtain a similar estimate involving an integral over (z,?).
Adding the two estimates then yields the uniform bound

w?(z) < [lw|| [|wy | for any x € (—¢,¢). (3.27)
Multiplying this inequality by w?(x) and integrating it over (—¢, ), we obtain
(3.26). To bound the second term on the right of (3.23) we integrate by parts, use
Schwarz’s inequality and (3.26):

1 A 1
|(Vvz, Vzz)| = §|(U2avwww)| < ZHUILLHQ + ﬁ”vni‘l(ﬂ)
A 1
< el + <l ol
A

U 1
< levmacll2 + 8—/\||vac||2 + 81T)\HUIIG- (3.28)

Here X\ and ¢ are arbitrary positive constants. When we set n = i in (3.25) and
A =11n (3.28), and substitute the resulting estimates into the right hand side of
(3.24), we obtain the desired differential inequality. O

We complete the proof of Theorem 3.5 by applying the Uniform Gronwall Lemma
to the differential inequality (3.22). We identify

1
y=lvl, g=K(ar () and h=12a"v|*+ @Ilv\l(j’
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and set 1 = ¢*/3. Then there exists a constant C; = C1 () > 0 such that
K(a,k,l) < CLe™/3,

and hence we have a; = Cyrf4/3. Also, from Theorem 3.1 we conclude that there
exists a constant Cy > 0 such that

1
1202 ol + o < CoM47%,

so that we can take ay = Corfl41/3,

It remains to determine az. We do this by interpolating between ||v|| and ||vzz |,
as in inequality (2.16). For ||v||, we use the bound from Theorem 3.1. To estimate
|[vzz|l, we use Lemma 2.3, where we set s = 5-, so that A = . We then integrate
the differential inequality (2.13) over (¢,t+r) for some r > 0 and ¢ > 79, and, once
again, use the bound for |[v||, this time at ¢ and at ¢ + . We thus arrive at the
estimate

t+r
[ ol < o4 e
t

for some positive constant C. If we now integrate (2.16) over (t,t + r), we obtain

t+r def
/ [os |2 < Cs(1 + r)e2e % g
t

It follows that

loalt 4 PP < O~ 4 ptanls) Cor”,
where C' is some positive constant. We choose r = £~4/3_ Then

llve(t +7)|* < Con/3eC
Since £ > 27, we conclude that
vzt +7)|| < COH/3 for t > 7,

and hence

vz (2)]| < CEOF/3 for t > 1 = 70 4 L7473,
This completes the proof of Theorem 3.5.

From [13], Theorem 1.1, p. 23, we can now conclude the main result of this
section.

Theorem 3.7. The semigroup S(t) associated with Problem (1.4) maps H into
itself. It possesses in H a global attractor that is compact and connected.

4. Inertial sets. The object of this section is to prove the existence of inertial sets,
namely compact sets which contain the attractor, are positively invariant by the
semigroup, have a finite fractal dimension and attract all solutions at an exponential
rate. We also obtain an upper bound for the fractal dimension of the attractor.

In Section 3 it was proved that the set

B={veHNHYQ): o] < po and lu]| < p1}. (4.1)

where

po = col? and pL= e 0OM/3 (4.2)
where p = 11/5, is absorbing for all bounded subsets of H, the set of odd functions
in L2(Q). A direct consequence of these estimates and (3.27) is that for v € B,

ol @y < oll2llvs|'/? < eger e /2. (4.3)
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We define the positively invariant set
Y =U>n S(t)B, (4.4)

where 71 = 71(||vg||) was introduced in Theorem 3.5.

To prove the existence of an inertial fractal set for ({S(¢)}1>0,Y) we use a result
of [4] (see Theorem 3.1 on p. 32 of [4]). To apply this theorem it is required to
show that there exists a time ¢, > 0 such that the map

S, ' s(t,) (4.5)

has the following properties:
(A) S, is Lipschitz continuous on Y;
(B) S, satisfies the squeezing property defined below:

Definition 4.1. Let G be a Lipschitz continuous map from Y to itself. Then G
is said to have the squeezing property in Y if for some § € (0, %) there exists an
orthogonal projection P = P(§) in H of rank equal to No(9) such that for every v,
and vo in H which satisfies

[(I = P)(Guvy — Gua)|l > ||[P(Gur — Go2) ||
the following inequality holds:
1(Gvr — Gua) ||l < 6oy — vl

In Lemma 4.1 we prove the first property; in fact we show that S(t) is Lipschitz
continuous for any t € [0,T] where T is an arbitrary positive constant.

Lemma 4.1. For any t € [0,T], the semigroup S(t) : Y — Y associated with
Problem (1.4) is Lipschitz continuous on H.

Proof. Let vq(z,t) and vy(z,t) be two solutions of Problem (1.4) with the initial
values v19 and vy respectively in X. Their difference
w(:z:,t) = Ul(xat) - UQ('rat)
satisfies the equation
Wi + Wepee = Lw — (Tw),, (4.6)
where ¥ = 1(v; + v2) is an element of B as well. When we multiply equation (4.6)
by w and integrate over 2, we obtain
1d
5 ol + sl = (L, w) + (0, w,). (17
The first term on the right of (4.7) can be estimated by means of Lemma 2.2. To
estimate the second term, we write
(@, wwg)| < [0]| Lo (o [[w [l wa |-

Thus, since |Jw,]|? < [Jwl|||[wss|, we obtain

(@, wwz)| < (18]l L@ |w]*? || wae |2
3., 4/3 9 1 9
< 2112 gyl + % e 2, (45)

where we have applied Young’s inequality
1 1 1 1
ab < ~aP + ~bY, -4+ -=1, a>0,b>0,
p q P q
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|3/2 1/2

with p = 3, ¢ =4, a = [|7]| < (q)||w|
that

and b = ||wgz]*/%. From (4.2) we know

—14/3
11132 ) < (coer)?/30101/°,

and thus, (4.8) can be written as
1 3
(@, ww, )| < Col /9 ||w]|? + ZHU}MHQ’ where  Cy = 1(0001)2/3. (4.9)
When we use (2.10) and (4.9) in (4.7) we obtain the estimate

1d 1 1 K
5 g I + (U= 268)lwas|* < o (1+ hs + 2+ 200%4/) a2,

2dt
Choosing s = 1/(4k), this inequality becomes
d 1 )
Zlwll® + 7 llwas]|* < {Z + 87 + 202616”/9} [l

Since k is bounded we conclude that there exists a constant C3 > 0, which does
not depend on /¢, such that

Sl + el < 20562979 . (410)
This yields the estimate
(@)l < e (0)]] (4.11)
so that the Lipschitz constant £ is given by
L(T) = &7 (4.12)
Thus we have shown that S(t) is Lipschitz continuous for every ¢ > 0 and so satisfies
condition (A) for every ¢ > 0. O

Next we turn to condition (B) and show that for some ¢, the operator S(t.)
possesses the squeezing property. We introduce some notation and write

AV = Vppoe, D(A) = H4(Q), (4.13)
where we recall that H*(Q) = {w € H?(Q) : wye € H?(Q)}. It is readily verified
that A is a positive self-adjoint linear operator. Since the injection D(A) C H is
compact, A~! can be considered as a self-adjoint compact operator on H, and we
can use the spectral theory of self-adjoint compact operators in a Hilbert space (see
[13], p. 56).

We are now allowed to define the powers A® of A for s € R. Setting

V = D(AY?) = H?(Q), (4.14)

it is clear that V' is compactly imbedded in H. For the rest of this section we write

[vlle = l[vll2@) = lloll and [[o]lv = [AY20]li = [[vzallm = [0llrz)  (4.15)

There exists a complete set of eigenvectors {(,}52, in H corresponding to the
positive eigenvalues {0, }52; of A, that is

4
A, =0,(, forall neN and On = (%) . (4.16)

We write H,, = span {(1, (2,.., (»}, denote by P, the orthogonal projection of H
onto H,, and set Q,, = I — P,. Plainly, @, is the orthogonal projection of H onto
the orthogonal complement of H,.
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Lemma 4.2. There exists a time t, such that the operator S, = S(t.) satisfies the
squeezing property.

We first give an auxiliary result:

Proposition 4.3. Suppose that for some n > 1,

1Qn()ll > 1Pa(2)I| for = € HA(Q). (4.17)
e [ES R ETT
z =y 1
EERNE i (41%)

Proof. From the choice of the orthogonal projections P,, and @, it follows that P,z
is orthogonal to @,z with respect to the inner products both in H and V. Hence,

215 _ 120 (z) + @u(@F _ PG+ 1@n(IY 1 1Qn(2)IIF
1217 1Pa(2) + Qu()IE  1Pa()H +1@u(2)IF ~ 21Qu()IF’
where we have used the fact that |Q,(2)|| > ||Pn(2)]]. Now we can go back to the

operator A to obtain

1Qn(2)IF = 142(@u())IIE = (A(Qn(2)), @u(2)r = TnrallQn ()1,

where the last inequality follows from the fact that o, is the smallest eigenvalue
of A over Q, H.

Remark. Suppose that (4.17) is satisfied for n = Ny at some t.. Then, putting

2 =w, ¥ w(t,) = St — S(tu)ve,

it follows that

[
> ZONy41- (4.19)
lwllf = 277

We have to show that (4.19) implies that
1

[lwi|l < 8|l — va| for some § € (0, §)

To achieve this, we observe that w = v; — vy satisfies
w¢ + Aw — Rvy + Rvs = 0, (4.20)

where A is the linear operator introduced in (4.13) and R denotes the right hand
side of equation (2.3), namely

Rv = L(v) — vu,. (4.21)
‘We introduce the functions
fy = Oy - s @ OB w0,
Jw(®)|l [[w(®)|I? [w()]|? w1 '
Note that £ : RY — H and n: Rt — R*. Thus,
1
e (®)> =n(t)  and  n(t.) > 30N+ (4.23)

We can now write (4.10) as

d 2 1 2
_ — < .
w2+ { n(®) = K flwl® <0, (4.24)
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where K = 2C3¢*%#/9_ Hence, by Gronwall’s Lemma

1 t
I < exp(=5 [ n(r)ar + 5) w(o) (4.25)
Therefore, putting ¢ = ¢, and writing w(t.) = w, we obtain
[Sxv1 — Siva || = [lwsll < 6(t)[vio — vaolls (4.26)
in which
0 = 0(ts) = ex (—l/t* (T)dT—I—th ) (4.27)

At this point we only know — from (4.23) — that 7(t.) > 30n,+1 and by (4.16)
that on,+1 — 00 as Ny — oo. In the following proposition we obtain a lower bound
for n(t) which will be used to show that if ¢ < t., then n(t) — oo as Ny — oc.

Proposition 4.4. For any given T > 0, and any positive constant 3, the function
n(t) has the following lower bound:

Ko
8(8+1)
Here Ko < C(B3)0*"/3 and C(8) = O(B~1) as f — 0F.

n(t) > n(T)e 8B+HT-1 _ for0<t<T. (4.28)

Proof. We start by differentiating equation (4.22):

1d 1
g ar1(t) = pe (v Aw) = (we,w)n(t)}
= Hwi”(wt, (A=)
B ||17||(*Aw + (Ruy = Rug), (A —n)§). (4.29)
We assert that )
o (A (4= 1)) = (4= )¢l (430)

To prove this identity, note that

2
(n€, (A =)&) = n(&, A) — |l = nllélFz ) —n* = n% —n° =0,

by the definition of 7. Hence,
(A = m)Ell* = (A = )&, (A —n)§) = (A&, (A —n)§) = m(/lw, (A—=n)¢),

from which (4.30) follows. Combining (4.29) and (4.30) we obtain

1d 9 1
31 A =mel” = m(va — Rua, (A —n)§)
va — Rvg
< Pl - g
1 1 HR’Ul - R1)2||2
< —|[(A - 2 =0
Thus, we arrive at the inequality
||R121 — R’U2H2

Sn(e) + (4 = m)é]? < (431)

[[]|?
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From the definition of R, we obtain

- - x x L —
fin = fivn _ Zoitne tvavse L0 ey g (4.32)
]l [[w]] [[w]

Therefore, dropping the nonnegative term ||(4A — 1)&||? on the left-hand side of
(4.31), and using (4.32), it follows that

d _
210 < | = @2 + Le|)®
= || = Tof — 0 + LE|I* < 2|[T,€ + V€| + 2| LI
< 4[7,€I1% + 4|5, |12 + 20| L. (4.33)
We first evaluate
[T2El1° + 11062 1> < NTalPENT e ) + 1Tl Z e 0 1€ 12
< p?llélllIgN + ITlTa €N el
3 1 1
< P2 JlElI2 1l = + poprn(t)?
1 1
< p®n(t)* + popan(t)?, (4.34)
where we have used the Sobolev inequality (4.3) and the bounds for v and £. By
(2.11), we also have
ILENP < 2l|€eall® + 2{(25 + a)[|& ]| + 2a[|€]1}°
< 2[|€xall* + 4(26 + al)?[|€: )1 + 1607 €]

< 2{1+ A2k + a)?}n(t) + 2{8a% + %(QH +al)? e,

where we have used the inequality

A 1
1601 < S ll& I + 51117,

in which \ is an arbitrary positive number. Setting A = 1/(2x + af)?, and remem-
bering that [|£|| = 1, we conclude that

| LE|1? < dn(t) + 2{(2k + al)* + 8a?}. (4.35)
Thus, it follows that
ILENI* < 4n(t) + Cat?, (4.36)
where Cy does not depend on ¢. Substituting (4.34) and (4.36) into (4.33), we arrive
at the differential inequality

d
Z1(8) < 80(t) + 4pr*n(t)' " + 4poprn () + 20t (4.37)

Using Young’s inequality to estimate the two fractional powers of 7 in (4.37), we
obtain after an elementary computation that

271(8) < 8(6+ 1)n(t) + Ko, (4.38)
where X .
_ 8/3 2 2 4
Ko = Wﬁ + 5P + 20,07,
and [ is an arbitrary positive constant. Substituting the bounds for pg and p; from
(4.2), we find that

Ko < C(B)e1/3, (4.39)
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in which C(8) = O(71) as 3 — 0%. By Gronwall’s Lemma, we obtain

K
< BBF(T—1) 0 <t<T.
n(T)<e {T](t)+8(6+1)} for 0<t<T

From the above inequality, the desired lower bound (4.28) for n(¢) follows. This
completes the proof of Proposition 4.4. O

We now put T = t, in (4.28), integrate over (0,t,) and use the lower bound
(4.23) to obtain

t 1 B
A ’I](t) dt Z m[(l — e 8<ﬁ+1)t*)0’]\/‘0+1 — 2K0t*} (440)

Hence, by (4.27),

1 1
6, = 0(t,) < {— —(1 — =8B+t 2Kt —Kt*}.
( )_exp 128(6+1){ ( € )GN0+1+ 0 }+2
‘When we now choose 3 so that
8(B+ Dt. =1, (4.41)
then 1 — e 8+t =1 —e~1 > 1 and we get
1 1 1
0y < exp{—3—20N0+1t* + gKOti + §Kt*}. (4.42)
Let us take
te =053,

Since we assume that ¢ > 27 it follows that t, < (27)~%*/3. According to (4.41) we

have g~! = 1§t8*t*, so that we conclude that 37! < 1. Thus, by (4.39), we obtain

Ko < Cs0101/3,

where the constant C5 does not depend on . Using also the fact that K = 2C5¢'61/9
in which C5 does not depend on ¢, the inequality (4.42) becomes

7T4(N0 + 1)4
(5* S exp {—W + CG} ; (443)

where Cg does not depend on ¢. Hence, if Ny is the smallest natural number such
that

No+1 > Crt+20/3) (4.44)
where

Cr = %{2(1n8+6’6)}1/4, (4.45)

then d, < %. This completes the proof of Lemma 4.2.

Theorem 4.5. The flow {S(t) : t > 0} on H that is determined by Problem (1.3)
admits an exponential fractal attractor M in'Y whose fractal dimension is estimated
b
! dp(M) < Col*+@r/3), (4.46)
where Cy is a constant that only depends on the absolute constants cy and c1 intro-
duced in Theorem 1.3. Moreover, there exist positive constants C and IC such that
foranyt >0
dist 120y (S (1) B, M) < Ce Rt (4.47)
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Proof. We have proved in Lemma 4.1 that the map F(t,x) = S(¢t)z is Lipschitz
continuous from [0,7] X Y into Y and in Lemma 4.2 we have shown that there
exists a time ¢, > 0 such that S, = S(t.) : ¥ — Y possesses the squeezing
property.

By [4], Theorem 2.1, p. 14, this implies that the map S, admits an exponential
fractal attractor M, C B such that

dp(M.) < CgNy,

where the positive constant Cg does not depend on ¢. Thus, in view of (4.43),
Ny = Cofrt21/3) " and it follows that

dp(M,) < Cot+Cr/3)] (4.48)

where Cy does not depend on /.
Now we set,
M= UOStSt*S(t)M*- (449)
Then, from [4], Theorem 3.1, p.32, it follows that M is an exponential fractal
attractor for the semigroup {S(t) : t > 0}. Note that M is the image of [0,¢,] x M.,
under F', which is Lipschitz continuous. Since Lipschitz functions preserve fractal
dimension,

dp(M) < dp(M.,) +1 < 2CoF2. (4.50)
Moreover, by [4], equation (5.1.40), p. 44 we have
dist 22 () (S(£)B, M) < CroL(£.)[(6.) 7 ]". (4.51)

By (4.11) we have

C(t*) — LipB(S(t*)) < ngzleu/gt* < 603.
Also using the fact that 8, < &, we deduce from (4.49) that

diStL’Z(Q)(S(t)B,M) < 0105(5*)£8M/3t _ Ceilczsu/e‘t’

where C is a constant which does not depend on /. O

Appendix A. In this Appendix we prove Lemma 3.2 which is similar to Proposition
2.1 of [3], but adapted to the type of boundary conditions we have in Problem (1.4). We
recall that X = H UH?(Q) and

(U‘7 'U)w¢ = (u217v1‘2) - (u17v1) +(A)(’LL'U,¢I), u, v € Q7 w > 0 (31)
where ¢, € L*(Q).

Lemma 3.2. For every £ > 27 there exists a function ¢ € X such that for any w € [i, 1]
and any function w € X the following inequality holds:

(w,w)oo > Pl + 7wl (3.2)
The function ¢ can be chosen so that
(¢, P)ws < Cr"F! (3:3)
and
6l < Cot* and|lga]| < Cat"7, (3.4)
where @ = ?1 and C1, C2 and Cs are positive constants.

Proof. Since ¢ € L?(f) is odd, we can write it as

o(z) = —Qi %wn sin(T). (A1)
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Note that ¢(+f) = 0. We want to choose the coefficients 1), such that the inequalities
(3.2) — (3.4) hold.
For a natural number M, to be chosen later, we define

4, when 1 < |n| < 2M e
vn = 4f<%— ), when 2M < |n|, (A.2)
where f is a non-increasing C'* function with the properties
f(0)=1, f(0)=0, f>0on R*
sup £ <1 [+ R0 Pk < (A3)
0

n%f(n) — 0 as n — oo,
where o > 2. It is readily seen that
n“, — 0 as n — oo.,
and that there exist positive constants K7 and Ks such that

oo [e o]
S wh<KiM o and > n’yn < KoM

n=1 n=1

Since a > 2, the series

3 L cos(72)

= ne L
is uniformly convergent in 2. Hence, because ¥, < Cn~“ for some constant C' > 0, this
implies that

oo
2 Z Un cos(#) converges uniformly on €. (A4)
n=1
It is trivially verified that for x = 0 the series of functions
>/ nrTT
23" —tpsin(“77) | £, A5
;::1 - 1 sin 7 ) 18 convergen (A.5)

We now apply the criterium of differentiability for series of functions:

If { fn} is a sequence of differentiable functions on a bounded interval I, such that Yoo | f7,
converges uniformly on I to a function g, and there exists a point x¢o € I such that
> o2 1 f(mo) is convergent, then > > f, converges uniformly on I to a differentiable

function f and f' = g, i.e.,
() =25
n=1 n=1

In view of (A.4) and (A.5), we may apply this criterium to the series of functions f, =
nLTrwn sin(2%%). We then find that

Po(x) = =2 ij: U, cos(%). (A.6)

We will now apply this criterium again, this time to the series given by (A.6); we set

Jn = n cos(7*). To this end we need to show that

Z %ﬁwn Sin(?) converges uniformly on €. (A7)
n=1

Because o — 1 > 1 the series ) 7, na—l,l sin("7*) converges uniformly on 2, and we can

use the previous argument to prove the uniform convergence of the series in (A.7).
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Because Y o0 | - is convergent, it follows that }_°° | 4, is convergent. Therefore, for
x = 0, the series given by (A.6) is convergent. This, together with (A.7) shows that

e 722 nin(@). (A.8)

We are now ready to prove the inequalities (3.2)—(3.4). By (A.3), (A.4) and (A.6), we

have
- ¢ nwe -
H¢x||2=421/),21/ 0032(7) dmz4€Z¢i§4K1€M,
n=1 J—t n=1
In order to prove (3.3), we observe that

(6, 9)ws < llaall”.
By (A.3), (A.7) and (A.8), we have

ol =15 ()" [ () a5 (7)< O e

In Lemma A.2 we shall choose M < 4(%)7/5 +1, so that (3.3) and (3.4) follow. It remains

to prove the inequality (3.2). Since w is antisymmetric in the variable x, we can write it
as

z) =2 Z Wy, sin nwa (A.9)

Using (A.6) and (A.9), we can simplify the expression for (w,w).s. We observe that

¢ ¢

1 2, 8 kT . omm jm

%/w Gz = Y] Z wkwmw]/sm 7 z sin 7 T cos gmd;r:
¢ —L

7>0,E>0,m>0

14

_1 Z wmﬂwﬂl)j/{cos(IC—HWE_‘7)7F:E+COS(k+m+J)7T

) 14
§>0,k>0,m>0 7,
Ccoskmm=—gm - k—m At g)m mﬂ =}ds
¢
20
= ?{ Z WrWmPhtm — Z WEWmWPk—m — Z wkwm¢m—k}
k>0,m>0 k>m>0 m>k>0
k>m>0 m>0 k>m>0
=4 Z wkwm(wk+m — '(/)k—m) +2 Z w?rﬂ/}zm, (A].O)
k>m>0 m>0

Setting E,, = ("’T) —(

T
L

(w7w)w /wzz /wi+w/w2¢x
—¢

—L

732, it follows from (A.10) that

=4/ Z E,w? + 80w Z Wk Wi (Yiem — Yr—m) + 40w Z Wi Yam

n>0 k>m>0 m>0
_ 2 B .
_ 44;(& +wipan )y, + 2w k§>0wkwm(¢k+m Grm)| = 4B, (A1)

We introduce the notation

Tpn = %{(ngr) + 1} and W,, = wnTn. (A.12)
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To prove the inequality (3.2), we claim that with the coefficients 1, defined by (A.2), the
following inequality holds:

1 1 ) 1
B> . f -1 Al
> S (W, W) 2;}% orw € [7,1], (A.13)
where B as defined in (A.11) .
Accepting this claim for the moment, we conclude from the definition of W that

(w, w)we = 4¢B > 20(W, W)
4
=y wr =y {("F) +1}wd
n>0 n>0
_1 2 Ly
= Jlwael® + 7
which completes the proof of the inequality (3.2).
It remains to prove (A.13). We first observe that if w > %, and M > £, then by (A.2),
4
v J () 1) =

Note that the condition we impose here on M is consistent with the condition on M we
make in Lemma A.2. From the definition of B in (A.11) we conclude that

B> 2 7¢k+m ~ Yeom m = .

>y Wotow Y W W (W, (Id + 2wT)W) (A.14)
n>0 k>m>0

in which T' = {Tkm k>m>o0 is an (N, N)-matrix with N = +oco and T, = Phtm —Yhom

TkTm

We now give the definition of a Hilbert—Schmidt [HS for short] operator and define a
norm on the space of HS operators—the Hilbert—Schmidt norm.

Definition A.1. A linear bounded operator T mapping a separable Hilbert space Hy into
Hs is said to be Hilbert—Schmidt if, for some complete orthonormal sequence {en}nzl n
Hy,

Z(Ten, Tey) < oo.

n>1

Lemma A.1. Let T be H.S. Then T is a compact operator and
HT”iIS = Z(T@mTen):

n>1
which is independent of the particular orthonormal basis chosen, defines a morm on the
(linear) space of HS operators—the Hilbert—Schmidt norm.
Proof. See [1].

To finish the proof of (3.2), we shall show that we can choose the constant M in the
definition of the sequence {1y, } so that I" becomes sufficiently small. Specifically, we prove

Lemma A.2. Let M be the smallest integer larger than 4(%)7/5. Then

_ Yeam — Pr-m |21V/2 1
R D D e R § (A.15)
k>m>0
where by || - ||ms we have denoted the the Hilbert-Schmidt norm.

Accepting (A.15), we are ready to complete the proof of (A.13). By (A.14), we have
B> (W, (Id+ 26T)WV) > (W, W) 2 |Tlus (W, W) > & (W, W), (A.16)

as asserted.
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Proof. (of Lemma A.2.) By (A.2), we have for any k > m > 0
[Vktm — Yru—m| = 0 if k+m < 2M,

and

4
[Yktm — Yhem| < ﬁm for all k > m.

Therefore, the following estimate of the Hilbert-Schmidt norm of I" holds

o _ 16 e (= NP
1T 7s < Vel > m’ oo o+ Vel > omin, Tk
m=1 k=2M—m+1 m=M+1 k=m+1
M
2 —2 —2
< Z / T dk+ Z mr,, / dk
m=1 m=M+1 m
M (e
S Z 2 —2 —4M—2 m—lT’,;‘2.
m=1 m=M+1

Taking again integrals as upper bounds for the sums, we obtain

634 M- / (1+¢*m*)~ 2dm + 634 M m (1 +¢*'m*) " dm
M

ITIEs <

128 . 16 q® 6
<—q ‘M~ M~
- 3 Tty 31

We take M the smallest integer larger than 4¢~"/° = 4(%)_7/5. Thus,
M—1<4¢""° < M.

Since we assume that ¢ > 7, we only have to consider the case 0 < ¢ < 1, and we find that

) 11
< e
IPls < oo < -
and so, (A.15) follows. |

Lemma A.3. Let ¢, € L*(Q). Then the bilinear form given by (3.1) defines a scalar
product on X.

Proof. We need to check the following properties: (i) (u,v)we = (v,u)we for all u,v € X.
(i) (ou 4+ T0,W)we = (U, W)we + T(V,W)we for all u,v,w € X and for all o,7 € R.
(iil) (u,u)we > 0 for all u € X and (u,u) = 0 if and only if w = 0 in X. Properties (i) and

(ii) are trivially satisfied.
Lemma 3.1 implies that

¢ 2 ¢ 2 ¢ 2 1 [f 2 1 [f 2
¢ ) .y 4 .y 4 —¢

If w = 0 then ffz ul, — ffe u —l—wffl u?¢, = 0. On the other hand, if
ol Y L
/ ufm—/ ui—i—w/ u2¢x:0,
) ) V)

it follows from (A.17) that
1 /Z 5 1 /Z 5
= Upe + — u” =0
i/, 1/,

so that w = 0 in X, which completes the proof of Lemma A.3. O
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