Three approaches to extend the Heston model

Michael Muskulus®

1 Introduction
The stock price in the Heston model [8] is given by the following stochastic differential equation
ds, =rSdr+ WS, dWy,, So>0,

where r > 0 denotes the risk-free interest rate, which is assumed to be constant in time. Since S,
follows a geometric Brownian motion, it is advantageous to consider X; = InS, instead. By the
It6—Doeblin formula one then has

1
dX; =dInS,; = (r- Ev,)dt + v dWy,.
The volatility of the instantaneous stock returns dS,/S, follows the process
dv, = k( — v)dr + AV dWo,,  vo >0,

in which ¥ > 0 determines the speed of adjustment of the volatility towards its theoretical mean
n > 0, and 4 > 0 is the second-order volatility, i.e., the variance of the volatility. Note that this has
exactly the form as the Cox-Ingersoll-Ross (CIR) [6] interest rate process.

The money-market account evolves according to the ordinary differential equation dM; = rM,dt
with solution M, = Mye™. The importance of the Heston model comes from the fact that it allows
for a semi-analytical solution in terms of characteristic functions (see Section 3).

2 Extension of the Heston model

Although the Heston model incorporates stochastic volatility, the fixed interest rate is an unrealistic
assumption. Let us therefore consider (following [14]) a generalized Hull-White process [9] for the
interest rate,

dr, = (6, — ar,)dt + ocodWs,,

where 6, > 0, ¢ € R, is a nonconstant drift term. Usually, stock rate, volatility, and interest rate are
correlated; a phenomenon known as the leverage effect [2, 3]. Assume that

deJdeJ = p,'jdt,
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where
1 pi pi3
C=@pi<ijs=|pn 1 px
31 P2 |

is a constant! covariance matrix, and therefore positive semi-definite. In fact, for the application in
finance, we can assume that C is nonsingularz.

From the spectral theorem of linear algebra we see that C, being positive definite and symmetric,
has a unique matrix square root A = (a;;)1<;, j<3» such that

C = UXU' = (UZ'?)(UZ'?) = AA', 2.1

where UXU" is the singular-value decomposition of C. Explicitly, we have

3

Zaikajk =p;j, foralli,j=1,2,3.
k=1

There now exist adapted, independent Brownian motions B, i = 1,2, 3, such that

3
dWi,l = Z aij dBj’f,
j=1

and the general model we consider here is the following:

1
ds, = r,S,dt + VS, a;,dB;; or dX,=(r,— V0di + VviaidBi, (2.2)
dv, = k(n — v,)dt + A\v; a,;dB;, (2.3)
dr; = (6, — ary)dt + 0 asdBy,, 2.4

where the Einstein convention for summation of repeated indices is used. The money market account

develops according to
!
M; = My exp (f rsds).
0

In this generality, the model is probably not solvable (semi-) analytically. Therefore three differ-
ent constraints, arising from different strategies are discussed that lead to partial solutions.

3 Independent interest process

The first simplification is to assume that the interest rate process r; evolves independently from the
stock price and volatility processes S, and v,, keeping the correlation between the latter two,

dWl,tdWZ,t = pdt
dW1JdW3’, = szJdW?,J = O

'The decomposition of correlated Brownian motions into independent ones we are about to describe is also possible if
C = C(1) is an adapted process in time.

2This is possible since we will never have a perfectly linear relation between the driving Brownian motions of stock price,
volatility, and interest rate — this would be rather contradictory to the assumption of stochasticity, and in such a case we
could do with a simpler model than the one considered.
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The first relation can be rewritten® as
dW]J = deZ,[ + 1 _pdeil,

where W) | is another Brownian motion, independent of W5;.

Define the integrated interest R; = foz r.dt. We want to find the European call option price at
maturity time 7, given an initial stock price S, volatility vy and interest rate ry (and initial time
1=0),

Cr(So,vo, 7o) = E[e ™™ (S = K)* | So, o, ro]
=E[e™S7 lans,simni] — KE[e ™™ - Lans,smk)]

Ele ™St Lans,>mi)]
Ele RS 1]

e ™R Luns > k)]

E
- —Ry
KE[e™ | = s,

=Ele S ]

where x* = max(0, x) denotes the positive part of x, and 1, is the indicator function of the event A.
Note that under the risk-neutral measure the process (e RS )soisa martingale, such that Ele®S,] =
So.

Define an (analytic) function

¥(z) = E[e Rr+<Sr) 0 zeC,

such that
P(0) = E[e*"] = P(ro, T)

is the discount price function, i.e., the price of a zero-coupon bond at time 7.
Consider now the two (scaled) characteristic functions

_ Y(1 +iz) B E[E_R7'STeiZIHST']

Di(z) = ¥ — P
_ \IJ(ZZ) _ E[e_RTeizlnST]
Dy(z) = O = B

for two distribution functions Fy, F5.
The particular form of these functions is a consequence of the generalized Bayes theorem [12,
pg. 231] for conditional expectations, when we require

00

Cr(So,vo,70) = Sof

dF(x) — KP(ry,T) fw dFy(x). 3.1
InK InK

Fourier inversion* then allows to numerically evaluate the probability distributions [4], such that

3This is nothing else than the two-dimensional analogue of the matrix square root decomposition, Eq. (2.1).
4The inversion formula goes back to Gurland [7], who showed that

F()c)+F(x—0):1—lj‘Do wdu,

T Jos iu
where the integral has to be interpreted as a Cauchy principal value. For (left-) continuous F(x) this reduces to

1 1 © D(—u)e* — O —iux
PX<x)=F)= 2+ [ QW -Pwe™
2 21 o iu

such that ) )
1 1 00 (D(_u)em]nl( _(b(u)e—m]nk'd
- u

PX>InK)=1-F(InK)= - - —
2 2rn )y iu
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the option pricing function at time 7 is

1 1 D, (= iuln K _ ) —iuln K
Cr—(Su,vi,r) =8|35 — == f 1(zue 1{u)e du
2 2 0

iu

1 1 Dy (— uln K _ ) —iuln K
_KPr.T - t)(E 3 _f h(—u)e . »(u)e du).
0

2w iu

The remaining work is to find an expression for W(z). This method is due to Scott [11], and we
just follow his calculations (see Appendix for details), to arrive at

W(z) = e {0+ L Bl DR B[e"Vrteiv, (3.2)

where we used the integrated volatility V; = fot v,dt, and

1 P 1
=(z—- Dz=(1 = p? “k—=p?|.
w=(z )12( p)+z(/l/< 2p)

From the theory of Bessel bridges [10, 5] we have the following closed form for the second
expectation:
Ele™ V7752V | yo] = €770, Res; >0, i=1,2,

where
zye%(K—y)T
2ye T + (k+y + s5)(1 — e7T)

b = (1 —e Y251 — ks2) +yso(1 +e77T)
T 2y T+ (k+y + s)(1 —eT)

ar =2«n-In

and y = 4/k? + 2s1. The parameters « and 7 are taken from the volatility process:
dv, = k(g — v)dr + AV dWs,,  vo > 0. (3.3)

This almost solves the problem, since we still need to find an expression for the first expectation
in Eq. (3.2).
If we now replace’ the generalized Hull-White interest rate process with a CIR type interest
process,
dr; = (0 — arp)dr + o \rdWs,,

then this is also of the above form (3.3) (replacing « by a, and 1 by 6/a), giving us a semi-analytical
solution.

4 Constrained correlations

We now present an alternative method. Consider the model (2.2-2.4) again.
The change of variable S, = exp(X;) leads to G/(X;,-,",:) = C/(S4, -, ", ), such that (¢ ®G,) is a
martingale (under the appropriate, equivalent risk-neutral measure). Following the strategy of the

SIn fact, it should be possible to arrive at a similar expression for the (standard) Hull-White interest rate process, too, by
following the lines of the proof of above formula in [10, 5]. This is one possible direction for future research.
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multi-dimensional Feynman-Kac theorem for independent Brownian motions [13], we expand the
differential d(e"®G,) in dt and dB;, terms (i = 1,2, 3), and set the df term equal to zero, leading6 to
the following PDE:

oG 1 0G; 0G; oG
a—;+(r, )ax,”(”_v’) +(6, - arr)a—:

rG, =
L 62G, 1, #G, 1 ,0G,
T3 " ox2 2 Tty v? T2 ar?
%G, 0*G,
A A
+ pl2Vz0Xa Pla\/_axa + 0923\/_8 or

The ansatz’
Gt — eA(T—t)+v,B(T—f)+r,C(T—t)+ \/WD(T—z)+iuX,

now gives® the following system of equations:

dA 1 1 1

i 6,C(t) + —0'2C2(t) + knB(1) + —/lO'ngD(t)C(t) + g/lzDz(t)

dB iu u2 20

E = —3 - 7 — kB(t) + /lplle/tB(t) + = /l B (t)

d

E =iu— (JC([)

d , 1 1 1,

n =iuop;3C{t) — EKD(I) + mz/lplzD(t) + AopB()C(t) + z/l B(t)D(t)

0 = 8D(r) (4kn - %)
which is a system of ODEzs, either (i) if we set

A =24/kn (Forced volatility variance),

or (ii) if we set D(t) = 0. The latter is possible, if we let B(f) = — u/’;—% which gives us two
constraints on the parameters (from =0):
2 4> + 22 . .
023 = —Kp13, P2 = l (Forced volatility correlation).
A 4kd

In this case, the equation in A(#) can be integrated easily, since C(¢) is readily available,
iu
C(t)=—(e" - 1), when C(0)=
a

Furthermore, if 6, is assumed constant, the solution is given analytically by the characteristic function
of Gy, as in the solution of the Heston model.

5Note that aixdBy; - ajdBy; = apajidudt = ajapdt = p;;de, where 6y, is the Kronecker delta.
TWhich fulfills the necessary boundary condition Gr = eMXT given the initial conditions A(0) = B(0) = C(0) = D(0) =
8Use that
0G
T g, [B(t) + —D(z)]
v,
&G,

> BOPW , L pry- o).
ov;

N e >3/2

=G, [Bz(t) +
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S Volatility-interest coupling

The third method discussed considers an interest rate process that is coupled” to the volatility, via
dr, = (6, — ar,)dt + o \/v;azdBy,.
The Feynman—Kac partial differential equation for the martingale (¢ %'G,) then reads

G, = % +(r - %Vt)g_)c(; + k(= Vt)(;_f; +(6; - art)aa—f:
+ 1V162Gf AL zv,@ + la-zvtazGl
2 0x2 2 M 2 ar?
+ ﬂvtﬁplz + O'Vtﬁpn + ﬂUVzﬁpm-
0X;0v; 0X,0r, 0v;0r;

Following Heston, we make a similar ansatz for the characteristic function:

G = eA(T—r)+B(T—r)v,+C(T—z)r,+iuX,.

Grouping together terms with v;, respectively r;, we get the following system of ordinary differential

equations,
dA
rri knB(t) + 6,C(1)
dB L, 5 1 5 5
v by + b1 B(t) + 2/1 B()” + 20' C(1)
+ Ao pp3 B{)C (1) + iudp1,C(1)
dc
il (iu—1)+aC(t)
where by = —%iu(l —iu), and by = iuopi3 — k.
The initial conditions are A(0) = B(0) = C(0) = 0, and the last equation has solution:

C(t) = %(e—“’ -1).

The second equation is a Riccati equation of form

dB@®) _ l/lzB(t)z +8(0OB(1) + h(r)

dr 2

with coefficient functions

at

g(H)=go+gie”
h(f) = hy + hye™® + hye "

9The form of this coupling is only motivated by the mathematical structure. In fact, whether this coupling is of any value
in the modelling of real-world finance, is quite unclear, though one might expect it not to be.
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where, setting g = (1 — iu),

1 2.2
80 = lUTP13 —K— /10'2,023, ho = —=iug + 17 iuflgplz
a 2 2a? a
2 2
q .. q qo
g1 = Ao —pn3, hy = iud=pr, - —
a a a
2 2
hy=17
2a?

Although the quadratic term B(f)*> makes it impossible to split this equation into real and imaginary
parts, there exists!® an analytical solution of this equation in terms of Whittaker functions [1], such
that it can be evaluated efficiently with tabulated values. Yet the equation for A(¥) makes it necessary
to solve the whole system numerically. Still, this is more efficient than integration of the partial
differential equation or direct (Monte-Carlo) simulation, and makes this approach also interesting.
6 Discussion

In this short note we have discussed three different ways of obtaining efficient solutions to extensions

of the Heston model. Unfortunately, the page limitation in this contribution does not allow for
numerical experiments with these methods.

A The method of Scott

Write

! ! 1 !
InS, = f rods + f \/v_s(degJ + 4/1 —pdeé’S) ) f veds
0 0 0

! 1 !
=R + pf WdWo , — =p? f veds
0 27 Jo
! 1 !
+(,/1 —p2f VsdW; - =(1 —pz)f des)
0 "2 0
=R +n+&.
Since v, develops independently from dW) ., we can calculate
1 2
E[& | Wa,l = —5(1 -V,

Var[¢, | Wa,l = (1 - p*)V,,

where V,; = fot veds.
Furthermore, we now can use /v, dW,, = %(dv, — k(n — v,)d?) to write

1
ne = %(vz —vo —knt +kVy) — zpzvt.

10The commercial software package MAPLE can be used to derive the analytical solution of this ODE.
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Considering ¥(z) = E [e’RT”“‘ST], we see that P(z) = E [e(z’l)RT] -E [esz””T]. Now &7, being an
Itd integral, is normally distributed. Therefore ¢%" has a log-normal distribution, such that

E[e%T | Wa,] = & D202 (conditional on W)

and we arrive at the formula given in the text, Eq. (3.2).
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