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Abstract

We are considering sequential membrane systems and men@guiamics from the view-
point of Markov chain theory. The configuration space of é®gstems (including the tran-
sitions) is a special kind of directed graph, called pselattoce digraph, which is closely
related to the stoichiometric matrix. Taking advantagehef inonoidal structure of this
space, we introduce the algebraic notion of precycle. Aymedeads to the identification
of cycles by means of the concept of defect, which is a set ofngdric constraints on
configuration space. Two efficient algorithms to evaluaexycles and defects are given:
one is an algorithm due to Contejean and Devie, the other mval ibranch-and-bound
tree search procedure. Cycles partition configurationespdo equivalence classes, called
the communicating classes. The structure of the commumicalasses in the free regime
— where all rules are enabled — is analysed: testing for conication can be done effi-
ciently. We show how to apply these ideas to a biological leguy system.
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1 Introduction

In the framework of Molecular Dynamics [12] (MD), chemicahictions in a well-
mixed volume are simulated under simplifying assumptidihe probability distri-
butions of collisions with ensuing reactions between clvahwbjects can be cal-
culated from empirically measured reaction constants tlaraigh stochastic sim-
ulation the time evolution of the system and its behaviourlmastudied. The stan-
dard algorithm used is the Stochastic Simulation Algori®@8A) due to Gillespie
[12]. Recently, important improvements on the simulatipaexd have been gained
through the use of approximate versions of the SSA, in pdarche Poisson or
binomialt-leap methods [13,34] and the efficient implementation efrdaction
rate update process [11]. Yet all these methods suffer frain torbiddingly large
time demands under realistic conditions, i.e. large nusibémolecules (whereas
the number of different chemical species encountered iallysyuite small).

Independently from this research, the framework of membsystems [23,24],
for short P systems, has emerged as a well-studied mode# imatural computing
community. It features parallel, non-deterministic nadtirewriting in hierarchical
reaction volumes (membranes). A special class are sodcB@mamical Proba-
bilistic P systems [26] (DPP) which introduce probabiltien rule applications,
and are increasingly being used to simulate and understataflral processes.
A single-membrane DPP which runs sequentially (1sDPP)psing one rewrit-
ing rule at each evolution step according to some probgbdiv, is equivalent to
a non-deterministic version of a corresponding MD systeommring a stochastic
simulation on a 1sDPP, the resulting trajectory is the sasreraa corresponding
MD system, apart from the fact that there is ignorance aldmuteaction times. In
particular, simulation time is still the main problematssile for realistic applica-
tions.

Many efforts in the membrane system community are devotedddelling and
simulating biological systems, but there is relatively f@search on analytic prop-
erties of such systems. Chemical Reaction Network TheoRNT [15] deals
with corresponding continuous systems of ordinary difitied equations and is
able to make strong statements about dynamic featuredixed points. Although
there are some attempts [29,2], a similar theory for theréisccase has yet to be
developed (see [22] for further possibilities and othenéssof relevance).

Here we are studying 1sDPP systems in the context of Markainaheory. The
first step will be to understand the structure of the stateespaterms of commu-
nicating classes (and a full probabilistic treatment cdabih be undertaken in the
future). This characterization leads to a partition of ogumation space and makes
it possible to recognize dynamical patterns of the analgystems without per-
forming simulations. For generic Markov chains the commating classes can
be computed by generating the state set and checking foraimatachability, i.e.



cycles in the evolution digraph. Algorithms exist for bosisues, but tend to focus
mainly on storage efficiency [19] and on reachability iss|4£%8]. In this gen-
erality, the known algorithms are relatively inefficiem. this paper we take into
account the monoidal structure of the rewriting rules tavdemore efficient and
adapted algorithms.

Two problems arise when the system is observed near thenaigionfiguration
space: the first one concerns the possibility to find the mahconfigurations that
allow to apply a given sequence of rules. The second one ootee possibility
to find the minimal configurations that allow to apply a setiwbrdered rules. Both
guestions are answered by introducing the concegéfigictin Section 3.7. We give
a novel branch-and-bound tree search algorithm to effigi@alculate defects in
Section 3.8.

All the topological information of a membrane system is eaméd in the stoichio-
metric matrix. This information is exploited to find the regng rule sequences, i.e.
the cycles, of the system. This is done by applying an increat@lgorithm due
to Contejean and Devie [6] with the stoichiometric matrixrgsut, to find thepre-
cycles i.e. multisets of rules which lead to cycles when applieafbhe precycles
are then used as input to the tree search algorithm whichilesds their defects,
from which we can identify the cycles. This scheme is paldidy interesting for
systems involving a small number of different kinds of olbge@ common case in
Systems Biology.

It is also possible to consider the system far from the ongithe so-calledree
regime. This simplifies the analysis, since in this regimicis play no role and
all rules are always applicable. Section 4 aims to answegulestion of how many
communicating classes exist in the free regime. It is show®ection 4.2 that test-
ing for communication can be done efficiently. Finally, soshthe ideas developed
are tested in Section 5 on a biological regulatory netwdri LtacZ-LacY operon.

2 Background

General knowledge of molecular dynamics [12] and membrgatess [24] will
be necessary for understanding the paper. Therefore wagivert review of these
topics in Section 2.1 and 2.2, respectively. The specia chDynamical Proba-
bilistic P systems is addressed in Section 2.3. In some oéxthaenples we use a
graphical representation by place-transition Petri n&fs20] for illustration. Rel-
evant notions from graph theory and Markov chain theory eveewed in Section
2.4 and are based on the monographs [8,1] and [3], resplgctive

At a few points we will use basic notions from convex analgsid linear program-
ming, which can be gleaned from [32], if necessary. Readdesiliar with partial



orders might find [7] another useful reference.

2.1 Molecular dynamics

The standard approach to simulating a chemical system idal@llespie [12]
who derived the relevant methodology and algorithms. Thoegl@his based on the
following assumptions: (i) a well-mixed single reactionlwme, populated with
spherical objects, (ii) instantaneous chemical reactiaagollisions of particles.
Reaction rates have to be given as parameters, e.g. frontieahpheasurements
or theoretical arguments, with underlying exponentialtingi time distributions.
Other approaches include Green'’s function reaction dyosup3i6] and analytical
treatment based on the master equation [35].

2.2 Membrane systems

Membrane systems [23] (P systems, for short) are a formapatational model
for biochemical reactions in several hierarchically cartad reaction volumes. The
structural part of a P system consists of a nestennbrane structureformally
represented (usually) as a tree. To each membrane corgssgsr{inner)region,
which can contain other membranes and a multiset of objeetshemical species,
which can undergo reactions. The outermost membrane, tiidrrdhe tree rep-
resentation, is called thekin membranesince it separates the system from the
environmentwhich is an assumed outer region in which the system resides

The dynamical part is given by rewriting rules on the objeotsresponding to pos-
sible biochemical reactions, which are associated withr&aiceregion. Since we
are dealing with multisets, it is important to differenédietweerobject species
(for shortspecie}, which are the different chemical species modelled by i s
tem, andobject representativedor shortobjectg; such that different objects can
belong to the same species.

Since rules are associated with regions, objects couldrgogmtentially different
reactions in different regions. In the standard mode of bela the rewriting rules
are applied in anaximal parallelfashion, i.e. a global clock is assumed, and at
each time step a set of applicable rules is chosen nondeiistioally for each
region, using up the available objects, such that no moesrcén be added to the
applicable set of rules at that time step. This can be thoofgdg modelling parallel
biochemical reaction channels, and is a powerful compartatifeature (as well as
a convenience for analysis). The products of the reactiohbevavailable without
delay in the following time step for new reactions. Note dlsat a rule can specify
a possible transportation of product objects by one stepamtembrane hierarchy,
i.e. each product can move up to the parent region, go downoimé¢ of the child



membrane regions (given they exist), or stay put. Formalildetan be found in
the monograph [24].

The maximal parallelexecution of rules has led to some controversy [21]. It fa-
cilitates analysis, but seems unnatural with respect tonamical reality. In fact,
simulations in molecular dynamics are done sequentialygfnd reasons and
apart from very specialized applications, e.g. in periallijcinduced chemical re-
actions, maximal parallelism has to be considered an uredaattifact in most
biochemical applications.

2.3 Dynamic probabilistic P systems

The nondeterminism in the definition of membrane systemsdias replaced with

some probability law, if we are to consider statistical @xes of such a system,
and not only topological ones. Although we do not considesghissues in this
paper, we give some background information here, sincaléfises our long-term

motivation and leaves room for future research.

The recently introduce®ynamical Probabilistic P Systenj26,25] modify the
definition of membrane systems by introducing a rate con&taiR ™ to each rule,
which dynamically determines a probability law. More pssty, this is done by
considering a combinatorical factoffor all possible choices of the needed objects
from the available ones — as prescribed by mass-actioni&geimultiplying this

by the rate constant, normalizing the resulting numbersobabilities and then
randomly choosing reactions according to this probabidity. The details can be
found in [26,25] but are not needed for our presentation.here

Note: A similar approach based on arbitrary reaction maps,niot restricted to
mass-action kinetics, has been developed independentlisanentioned here for
the interested reader. Its key element is the so-caflethbolic algorithnj2].

1 It can be argued that nature works sequentially almostys(irethe sense of probability
theory, i.e. with respect to a set of exceptions with measere). When considering kinetic
particle models, for example, the probability of two cadiss taking place at the same time
is zero. The same applies to a quantum-mechanical treatfoierii6]). If reactions are
considered not to be instantaneous, but take a finite timén(tdee binding of reactants
to a reaction complex, for example, or in the decay of metdeststates), reactions can of
course occur in parallel. The important point is, thoughj theinitiation of reactions has
to be considered in a sequential manner, and not in a syrigktbway as exemplified by
maximal parallelism.

2 Note: In a quantum mechanical application of membrane sys(eee [16] for a possible
approach) this factor equals one, since quantum mechpndtitierent copies of the same
objectcannotbe distinguished.



2.4 Markov chains and digraphs

Molecular dynamics and membrane systems can be studied mdhe general set-
ting of Markov chain theory [3], where (sequential) memlaragstems correspond
to topological Markov chains, and sDPP systems and MD systrespond to

Markov chains.

A (generalized) matrix P with entries inR, i € I, j € J, for some countable index
setsl, J, is a functionl x J — R. It is stochasti¢if its row sumsy ; Bj are equal to

unity for alli € I. A Markov chainon a countable set (spadg)is a (generalized)

stochastic matrix #, i, j € E, with nonnegative entries.

In this paper we are mainly concerned with the discrete spige+), for some
m € N, calledconfiguration spacéiroughout, except for Section 4, where this will
be (Z™ +). Elements of configuration space are caltahfigurationsor states
The topological Markov chairof a Markov chainR; is the (generalized) matrix
Fij containing a one everywhere whefg > 0, and a zero whergj = 0, thereby
encoding the information on the possible transitions ohgestwithout their proba-
bilities, i.e. only on the topology of the system’s behavidutopological Markov
chainF; on configuration space corresponds to a funckgiirom configuration
space to subsets of itself, via

Fo:Ng - 2% Fo)= | {c} (1)
Feo=1

This map is denoted theoevolution mamf F;j. It assigns to each configuration
c € Ng'its possible 1-step evolutiofis(c) and can be extended to a set-valued map

Fr:2V% - 2%, Fy(C) = | Fu(0). )

ceC

Its iteratesk,(c) are defined inductively vién,1(c) = F1(Fn(c)). We also define

Fo(c) =c.

A statec’ € NJ'is reachablefrom a state € N if there exists a nonnegative integer
k, such that’ € F(c). We denote reachability by— c’. Theevolution digraplof
the topological Markov chaif;; on configuration spads(' is the digraph (directed
graph)D = (V,A), with vertex seV = Ng', and arc seA = {(v,V) |,V € V,V €
F1(v)}, and is usually an infinit& graph.

A walk of size ke Ng in a digraphD = (V, A) is a sequence of verticéso, . .., Cy),
such that(ci,ci+1) € Afor all i < k. We also say that the walk feom ¢ to . A
pathis a walk where all vertices are distinct; consequently ad§are distinct. In

3 The properties of graphs we use and the theorems we statalatéor infinite graphs,
too, unless explicitly remarked. See [8] for an introductinto infinite graph theory.



a digraph, a wallc = (co,...,cx) forms acycle if co = ¢, k > 0. If the vertices
Co,---,Ck_1 Of the cycle are distinct, we speak ofsanplecycle. Note that we
deviate from the usual definition where cycles are alwaysicaned to be simple.

Clearly, ¢’ is reachable front iff there is a walk fromc to ¢’ in the evolution di-
graph. Two states ¢’ € N§j' arecommunicatingif both ¢ — ¢’ andc’ — c. We write
this asc ~ ¢’. This is equivalent to the existence of a cycle which cortdiothc
andc’ (see below). The communicating relation is an equivaleetaion, giv-
ing rise to a partition of configuration space immmmunicating classewhich by
definition are thestrongly connected componermisthe digraph. Therivial com-
municating classes, consisting of only one element, aesrnaxt to in their totality

as thetransient seffrans C Nom. Two or more communicating classes are said to
be independenof each other if no element of one such class is reachable Yy an
element of the others, and vice versa. A digraph is said tstieag if it has only
one communicating class.

We can characterize communicating classes by the cyclée @violution digraph:

Proposition 1 A cycle c= (cp,...,ck) of length k in the evolution digraph lies
in exactly one communicating classCN{, i.e. with ¢ € C for all 0 <i <k.
Vice versa, each nontrivial communicating class C contairleast one nontrivial
simple cycle c.

We call the communicating clag3in the above proposition the communicating
classof the cyclec and denote this bic|.

Given two transient configuratiorisc’ € Trans, they aretransient-equivalenif
one can be reached from the otlethe transient set, i.e. by a walk that does not
leaveTrans. We denote this bg ~ ¢’. Denote by(N{'). the quotient of configu-
ration space under the two equivalences above, cadlieced configuration space
such thatNg') . = (Ng',+)/ ~ / ~t. The nontrivial communicating classes are re-
duced to single points and the transient set is reduced ghesantry/exit points,
such that(Ng'). has the structure of a directed acyclic graph (DAG). Giving a
initial configurationcy, the set of all reachable states fragin (N7'). forms a
subdigraph of the reduced configuration space, the soda@itkiced evolution di-
graph with rootcop. This digraph is infinite, if the number of communicatingsdas
reachable frontg is infinite. Its leafs are the communicating classes in wiineh
system eventually ends, i.e. where its long-term behavidgakes place. If there is
more than one leaf, one has different disconnected lomg-tlgtnamical regimes,
a situation usually considered unrealistic. Note that watkthis graph need not
be unique, i.e. a certain communicating class can be redobvadhe same initial
condition via walks through different transients and/omoounicating classes.

4 There is a further subtlety involved, since the transietteald be potentially infinite.
An exact study of these issues requires the use of probesilthough.



We recall the following fact about digraphs [1], which guateses the existence of
at least one leaf and root:

Proposition 2 Every nonempty, acyclic digraph has a vertex of in-degree ae
well as a vertex of out-degree zero.

3 Reaction cycles

In Section 3.1 we formalize the type of system we are study@&gtion 3.2 in-
troduces the stoichiometric matrix and states the two mianblpms of this paper.
Sections 3.3 and 3.4 are a slight detour in which we disclespditicular aspects
of open systems and the interesting idea of consideringdeft right-hand sides
of rules as single objects, so-called compounds. The agehotion of precycle
is introduced in Section 3.5. A precycle gives rise to a sgsefudo-cycles at each
point of configuration space. These are cycles, when theg@pkcable. The no-
tion of defect, introduced in Section 3.7, allows to decideewthis is the case. The
algorithm of Contejean and Devie is explained in Section §irtce our algorithm
for the calculation of the defects in Section 3.8 is based.dfimally, Section 3.9
discusses mass-conservation in membrane systems, siagdetéresting theoreti-
cally and the algorithms discussed before can be used t& ¢beit in the special
case of rational masses.

3.1 Systems, traces and application vectors

We begin the study of sSDPP systems by simplifying the natalids easy to show
that (sequential) multi-membrane DPP systems are equivalent to (sequiatial
membrane DPP systems with each object species being rdgsice number of
species, one for each membrane region in the original syR2éin To be more
precise: There exists a bijection from one sDPP sydtetn a 1sDPP systefi’
such that the objects @1 are mapped bijectively to the objectslaf, the rules of
M are mapped bijectively to the rules @f (and such that this is compatible with
the mapping on the objects), and the (initial) multisetshgéotsMg, M1, ..., Mn_1
are mapped to a corresponding multilskt

We therefore exclusively study 1sDPP systems, which caed® as normal forms
of sSDPP systenfs. This has the advantage that we have to deal with rewrititegru

5 By sequential we mean that at each time step only one apjgicale is chosen nonde-
terministically.

& Note: In the original definition of membrane systems, it isoapossible for rules to
dynamically dissolve a membrane. But in the context of DPfeesgs we only consider the
staticcase where this is not allowed.



only, and no unnecessary complications due to transpamtafithe products is en-
countered. Furthermore, all finite setsoélementsig-sets, for short) encountered
in the definition will be canonically identified with lowertervals{1,...,n} of the
non-negative integefs. Thus, a multiset : 0 — Ng over am-seto will be identi-
fied as a vectoc € N instead. By an abuse of language we still talk of multisets,
though. For convenience we will also use canonical symAdgC, ..., in place

of object species,P, 3, ..., where we see fit.

In stating the rewriting rules of the system, we allow thré&etent notations, de-
pending on which is more convenient. A rulés specified either as a tuple of mul-
tisetsr = (g, p), g, p € Ng' or via an arrow notation as in: g — p. Furthermore,
in the latter case the multisets will be written out addigysuch that a multiset
(2,0,1) is written as A+ C, for example. A third type of notation as a difference
vector is introduced below.

We do not allowcatalyticrules of the formMa +C — Mg +C, whereMa, Mg are
multisets overo, andC € 0. Rules of this form, i.e. where one or more objects
appear simultaneously on both sides of the rule, will alsocdieddegenerateEn-
forcing nondegeneracy is no restriction: Since we are artgrested in topological
properties, i.e. in the reachability of states, we can acadtate for degenerate rules
by using two rules and an intermediary state (a new objeatispe which seems
the more realistic behaviour in biochemistry anyway, cgponding to (1) a bind-
ing action of reactants into a so-calledmplexand then (2) the chemical reaction
and dissociation of the complex into the products.

Example 3 Instead of the (invalid) rule AC — B+ C we would consider the two
rules A+C — D and D— B+C, where D is a new object species that does not
occur in any other rule.

Lemma4 A rule r, = (qg;, pi), with g, pi € N is nondegenerat#éf (p;,q) =0,
where(p;,0i) = pi.1-0i,1+ -+ Pim-0imiS the standard scalar product iNg'.

PROOF. Since all entries irg; and p; are nonnegative, the scalar product will
only be zero ifg; j and pj j are not both positive for all ¥ j < m. This means
that no object will appear on both sides of a rule, provingessity. Sufficiency is
trivial. [

The previous lemma allows the specification of a rule dffarence vector &= p—
q € Z™, since we can recover the multisgts) € Nij' from their vector difference
via:
p= max(O, I’) (3
g= —min(0,r) 4)
where Oc Z™M is the null vector, and the maxima and minima are taken compon
twise, i.e. max0,r) = (max0,r;))1<i<m, for example. In principle, there could be



confusion between this notation and the writing @fs a tuple of multisets. It will
be clear from the context though, what is meant.

Definition 5 A topological membrane systefior shortTM systemn)

M= (mR®,Co)

of type (m, n) consists of

e a positive integer m,

e a n-tuple of distinct, nondegenerate rewriting rules= (rs,...,rn) of the form
riezZm,

e and @ ¢ N(T.

In the following, a reference tm, n always refers to the above constants of a par-
ticular TM systeni1 under consideration.

A TM system[T corresponds to a topological Markov chdip on configuration
space, wher&;; = 1if j is reachable from configurationn a single evolution step
by some applicable rule, artgi = 0 otherwise. This identification allows to use the
tools of Markov chain theory for TM systems.

Note: A TM system is the same as asynchronous multiset rewritingystem,
introduced in [21], except that in the latter one also allawsbitory rules. Ina TM
system we are also given the rules in the form of a tuple, austé a set, such that
there is an implicit ordering of rules. This is only a notatdconvenience allowing
for easy statement of sequences of rules. Therefore thershduld keep in mind
that we tacitly assume that all properties of a TM system dodepend on this
ordering.

The integem specifies the number of different object species of the TMesys
M, and the multisety € Nj' is interpreted as thinitial configurationof M. The
system evolves in discrete time by sequential applicatfomiles, and we denote
byc,t=0,12, ..., theconfigurationof a TM system at time, i.e. the multiset
of objects in the system at that time. Tbenfiguration spacef I is the monoid
(Ng',+), where addition is the usual vector addition. In fact, susiisiem is a kind
of vector addition systerf28], with an initial non-negative vector affixed to it and
the restriction that the rules are nondegenerate.

The application of a rule= p—q s interpreted as the removal of treactants o¢
Ng' from 1, followed by the appearance of theoducts pc N\, and corresponds
to the translation of a configuratian € N' by the difference vectar, i.e.cy1 =
C+r.

Starting from an initial configuratiogy € N7, a TM system evolves by sequentially
applying reaction rules. These can only be applied if thezeeaough reactants for
each rule to be consumed:

10



Definition 6 A rule r € Z™ is enabledn the state e N'if r +-c € N7

This condition is equivalent te- min(0,r) < c, where< refers to the usual (inclu-
sion) ordering of multisets.

The following definitions are used to characterize the iteoms between two con-
figurations, keeping count of the rules that are applied gqusace. In fact, it might
be possible to move from one configuration to the other jusinkng what rules
and how many time each of them is applied, without the neegéoify a particu-
lar order. This leads to the definition of an application wecwhich will be used in
Section 3.5 for the definition of precycles.

Definition 7 Atrace sequendgrace for short) inl1 is afinite sequence= (11, ..., k),
Ti€{1,2,...,n}.

Atrace’ 1 of lengthk will be called ak-tracefor short. It corresponds to a sequence
of rulesr (1) = (ry,,...,r), where we use the implicitly given ordering of the rules.

Definition 8 A k-tracet = (11,...,Tk) is enabledor a configuration g € Ng'if ry,
is enabled in gand eachrule4, 1 <i <k, isenabledinici =c_2+ry ;.

In order to calculate the cumulative effect of a trace on thksystem, the follow-
ing notion is useful:

Definition 9 Given ak-trace, the correspondingumulative vector tracis V(1) =
(Vo,Va,..., V), where y =0, vj = 3! _, &, € N§ and the canonical unit vectors e
are zero everywhere, except at the j-th coordinate, whicmes

Note that there is a one-to-one correspondence betweassirand their cumu-
lative vector traces(t). Therefore, we define a cumulative vector trace to be en-
abled, iff its trace is enabled. We calk Nj anapplication vectorin this context
and (v(1) )k € Nj the application vector ofthe k-tracet. The latter is denoted by
|T|, for short, and counts how often each rule has been applidteik time steps
that have been traced by

Definition 10 The trace set of an application vectoexNj is =(x) = {1 | [1] = x}.

The trace set consists of all permutations of the elements application vector,
which is a multiset of rules. Its elements are thereforeedaihultiset orderings.
The following lemma gives a formal description:

Lemma 11 Given a multiset x N of size||x|| = ¥, amultiset orderings € =(x)

" In computer science this is often called@ntrol sequengebut we prefer the name trace,
since we usually observe the system’s behaviour (in agitsto biochemistry) instead
of prescribing it.

11



of x is a sequenceoy, ..., 0| ), with g € {1,...,n}, 0 <i < [|x]|, such that

5& = X; (5)

1<i<n

forall j <n, Wheretﬁgji denotes the Kronecker delta, which is zergiit£ |, and
has value one otherwise.

In particular,t is a multiset ordering oft|, and al|t||-trace®. The trace set contains

2% = < ] ) _ ! ©)

X1, X2, ., [XIn/ X! [X|2! - X!

multiset orderings in total.
Example 12 Given x= (2,1,2)! we get
E(X) = {(17 17 27 37 3)t7 (17 27 17 37 3)t7 R }7

such that=(x)| = (,3,) = 30.

3.2 The stoichiometric matrix

The notion of stoichiometric matrix [9,29] is given in thentext of membrane
systems as follows:

Definition 13 Thestoichiometric matribof a TM systenfl is

R=(r1rz---rn) (7)

This is a(m, n)-matrix of integer entries, such that thth ruler; corresponds to the
i-th column, and thg-th row corresponds to the possible changes in object specie
j by all n rules. Note again: The stoichiometric matrix depends oninfdicit
ordering of the rules, but we are only interested in propsrivhich are invariant
with respect to the ordering.

Since the stoichiometric matrix contains all the topolagjinformation abouta TM
system, it can be used to define all other quantities of iatere

Example 14 Considefllg = (m, R ,Cp), where m= 3, and® = (ry,...,r4) is given
byri:A— A rn:A—B,r3:2A+B—C, ry:C — 3A, whereA designates the
empty multiset (and can be interpreted as the effect of thiecerment, modelling

8 Here the nornj| - || indicates that we take the modulus of the application vectojt|.

12



Figure 1. Petri net representation of Brusselator exaniflbces (object species) are de-
picted as circles, transitions (rules) are depicted asingtts. The numbers on the arrows
specify how many tokens (objects) are necessary in theai@ig@lace before the transition
becomes enabled. The inflow transition is shown in a lightéow.

some inflow of the TM system). The initial configuratignscleft unspecified for
the moment. This system has the following stoichiometrtoxna

1-1-2 3
Re=[01 -1 0 (8)
00 1 -1

This example will be further analyzed in the following secs. It is the equivalent
of the Brusselator [25], a discrete model for the Belousbedabtinskii chemical
reaction, formulated as an open system (see Sect. 3.3).rAreetrepresentation
(as a place-transition net) is given in Fig. 1.

Note that we can decompose the stoichiometric matrix uhjoaeR = Rt — R,
with R",R~ > 0 and(R",R") = 0 for all i columns. This decomposition is the
main reason why we require the rulesioto be nondegenerate.

From the definitions follows directly:

Lemma 15 A cumulative vector k-tracgv) = (vo, ..., V) is enabledor a config-
uration g iff co+ Ry € N forall 0 <i <k.

A pseudo-trajectory(ico, ) = (Co, . . ., Ck) Of @ TM system, given &-tracet and an
initial configurationcy, is defined as follows:

Cip1=GCi+Iy, (single evolution step) (9)
which is equivalent to

Ci = Co+ Rv (cumulative evolution step) (20)
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where(vp,...,Vk) = V(T). It is atrajectoryif T is enabled forcg. The application
vectorof a (pseudo-) trajectory i$(co,T)| = |T/.

We are interested in the following two problems:

Problem 16 Given a k-tracet = (11,...,Tk) in I, characterize the set of all con-
figurations off'1 for whicht is enabled.

Problem 17 Given an application vector & Njj, characterizeefficiently the set of
all configurations of1 for which there exists an enabled k-tracevith |1| = x.

The first problem is easy, giving rise to the notiondeffect(see Def. 35 below).
The second problem is challenging: of course we could coenallijpossible per-
mutations of the rules in the application vector and thefedks (see Def. 36), but
this would be too inefficient for practical use with large Bggtion vectors. An

efficient algorithm for the second problem is presented ctiSe 3.8.

3.3 Open systems

In Example 14 we used a rule with reactant multiset emptyptéshby the symbol
A on the left-hand side of the rule. This was used to model saorih@w. In this
section we discuss the general use of in- and out-flows.

e Rules ofthe formr : A — p, p € NJJ', modelinflowof some molecular species into
the system, i.e. therewith it is possible to model some entfénergy supplies.

e Rules ofthe formr: q— A, g € Ng', modeloutflowof some species of the system,
i.e. the removal of some product or waste, or random degmagate. a turnover
effect.

We call a system with at least one in- or outflow rulecgrensystem, since there is
the possibility of interaction with the environment, in ¢t@st to aclosedsystem.
Inflows (outflows) where the products (reactants) are of thmfp = g (q = &),
for some unit vectog € Ng, i € {1,...,m}, are calledegular.

Object species which partake both in a regular in- and outfibihe system, are
calledbuffered(for details of buffering in continuous modelling see [30])

With the following rules it is possible to reduce systems grapler form, retain-
ing the essential dynamics. Topologically, i.e. with retge the communicating
classes, buffered species do not constrain the system. fmkeeprecise, if an ob-
ject specie® is buffered, the number of objedDsin the system can be increased or
reduced (minimally to zero) by in- and outflow almost arbityaGiven a configu-
rationcy, the communicating class this belongs to is the same as fanfggaration
with a different number of object, but otherwise identical tog. The number of
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objects ofO therefore contains no information about the communicatiags’,
and we can remove this species from all rules, i.e. replasghtA and eliminate
all redundant rules created in the process.

Criterion 18 (Rule of buffering) Buffered species can be removed from a sys-
tem’s definition.

Furthermore, we can demand from the in- and outflow speceggstiiey interact
immediately with the other species. Denote an object speé@ach that the—th
row of R contains only nonpositive (nonnegative) entriesoarce(sink).

Criterion 19 (Rule of self-buffering) Inflow or outflow speciewhich act only as
sources or sinksespectively, can be removed from a system’s description.

Example 20 Consider the systeig with m= 6 and (invalid) rules

ri:A—B, r,:B4+C—D+E,
r3:2B+D — 3B, rs.C—F.

This is a discrete version of the Brusselator model, takemf[25]. It is usually
assumed that this system has continuous inflow of speciesl £ atinerefore we
need the following additional rules;r A — A, rg : A — C. Furthermore we can
assume continuous removal of the species E and F from thensygiving rise to
additional rules v : E — A, rg: F — A. Rewriting the third rule according to our
requirement of nondegeneracy (introducing a new objeatisgds, making m=7)
and reducing the system by applying Criterion 19 to specigs And F, we thus
arrive at the following rule set:

ri:\—B, ry:B+C— D,
r3:2B+D — G, rp;:C—A,
rg: G— 3B, re: A —C.

Since C iduffered we can apply Criterion 18, leaving us with

ri:A— B, ry:B—D,
r3:2B+D — G, ry:G— 3B,

which is the system studied in Example 14, albeit with diffenames of the objects.

9 This is a symmetry argument: If two communicating configoratc, ¢ € Ng' are identi-
cal up to one object, i.e; = ¢, Vi # |, for somej € {1,...,m}, itis uninformative to know
the amount; of this object. Note that this argument does not hold if theatin question
partakes in other rules, and its amount is close to the anmmmeted for some such rule. In
practice, this case of limiting inflow is seldomly studied.
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3.4 Compound space

Sometimes it is advantageous to rewrite a systetn an “equivalent” systerfl®
which simplifies the original dynamics, but increases theber of rules. We need
the following definition:

Definition 21 A compounds any non-empty multiset appearing on either the left-
or right-hand side of a rule.

The set of all compounds is then= Uj<,{max0,r;i), —min(0,r;)}. A compound
is trivial,, if it consists of one object species, with multiplicity qQroaly.

Example 22 Continuing Example 14, we have the following compoungs=c
(1,0,0)', ;= (0,1,0)', c3 = (0,0,1)!, cs = (2,1,0)%, cs = (3,0,0)!, corresponding
to A, B, C,2A+ B and3A, respectively. The compounds ¢, and ¢ are trivial.
Compound gis not trivial, as is compound,c

Note: The set of compounds is precisely the set of all coluofrthe matrices
{R*,R™} in the unique decomposition of the given stoichiometricnranto two
non-negative matriceR™,R~ > 0, where(R",R") = 0 for all i. (This correspon-
dence is another reason why we require nondegenerate.rules)

The idea to study compounds originates in CRNT [15], wheeectincept otom-
plex spacédias been introduced, carrying the same linear structurerdggaration
space, albeit on a higher level of abstraction and with g8y rule applications.
Since the name “complex space” is prone to confusion, welaaldifferently:

Compound spacis the spacgeneratedby the compounds of the original system
M by nonnegative integer linear combinatio($ILC, for short), i.e. the set of all
sums5 - NcC, Wherene € No. In general, this space is smaller than configuration
space.

Proposition 23 Given a systerfl, its set of compounds = {cy, ...,Cs} generates
all of M’s configuration space iff it contains all unit vectors, ii&.all original
objects occur as compounds.

PROOF. Sufficiency is trivial, since the unit vectors are part of figuaration space.
Necessity follows, since the set of all unit vectors geresyat| of configuration
space. [J

Since this condition is not always fulfilled, we have to ird#uthe original ob-
ject species as trivial compounds. This is callegymentinghe compounds and
leads to the notion chugmented spacevhich is generated by nonnegative linear
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combinations of the union of compounds and original objpetges. It is equal to
configuration space by Proposition 23.

Example 24 Consider a systerfl of type(2,1). The single rule is given as=+
(—2,1)!, solM’s compound setis = {(2,0)!, (0, 1)}, and does not contaiftL, 0)".
Therefore, a configuration of the for(@k; + 1,k»)!, ki, k> € Np cannot be mapped
to a configuration in compound space.

Given a systenfll, we can consider its (augmentezmpound systef®, which
is itself a TM system, where the rules are given by (1) tridghamical rules only
acting on the compounds, and (2) nontrivial conversions;uieansforming each
compound into its constituent trivial compounds and vicesae

Example 25 Writing Example 14 as an (augmented) compound sySfem (mc, ®c, Co),
we find ng = 5, the following dynamical rulesjr. A — c1, r5: €1 — Cp, I5: C4 — C3,

r, : c3 — ¢s, and the following conversion rules (and their inverseg): c4 =

2C1 + Cy, r’2’ : c5 = 3cy. Together they form theompound-stoichiometric matrix
denoted by B

1-10 0[2 3 -2-3
01 0 0/1 0-10
Re=|00 1-10 0 0 O (11)
00-10(-10 1 0
00 0 1|0 -1 0 1

The horizontal line in the matrix separates the trivial caapds (first three rows)
from the nontrivial compounds (last two rows). The verticad separates the dy-
namical rules (first four columns) from the conversion rylast four columns). As
usual, the order of the rows and columns gf #es not matter.

All equivalences between nontrivial compounds and theiralrconstituent com-
pounds are given by the communicating relatioflfn

3.5 Precycles and recurring configurations

Definition 26 A pseudo-lattice digrap{PLD, for short) withlocal matrixR is a
pair (R,D) such that:

e R=(r1---rp)is a(mn)-matrix with n columnst,...,rn, having entries irZ,
forsome mn € N,

e D= (V,A) is a (finite or infinite) digraph, where

e VCZM and
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e AC{(uu+rj) |ueV,1<i<n}, such that each column is used in at least
one arc(u,u+r;) € A forsome e V, and all i< n.

Definition 27 A lattice digraphis a PLD (R,D), with D = (V,A), such that A=
{(uu+r))jueV,1<i<n}.

In particular, a lattice digraph is always infinitecally finiteandn—egular, i.e. the
in- and out-degree of all vertices are equahto

The evolution digraplIb is a pseudo-lattice digraph with the stoichiometric matrix
as local matrix and vertices restricted\oC Ng'. In this section we analyze the
relation between cycles in the evolution digraph and thie¥ohg algebraic analog
for pseudo-lattice digraphs:

Definition 28 A precycle(in a PLD (R, D)) is an application vector x Ng such
that Rx= 0.

The precycles are the elements of the nonnegative integeelkkery, R of the
local matrixR. They form a submonoiC in Nj: addition of two precycles is
associative and leads to another precycle. Recall thahthesionordering ofNj
is given for two elements, X' € Njj by x < X' iff X' —x € Nj. It is shown in [5] that
each nonempty subsetif has a finite subset afinimalelements in the inclusion
ordering. Denote the set of minimal precyclesNdiyC.

Proposition 29 Each xe PC can be written as a (possibly nonunique) NILC of
minimal precycles,
X = z ayy, ay€ No. (12)
yeMPC

PROOF. Assume the contrary. The set_ PC of all precycles which do not admit
a representation as a NILC of elementd?C can be ordered by the inclusion or-
dering and has minimal elements. Ixet Sbe such a minimal element. Obviously,
x € PC\MPC. There then exists sonyec MPC with x > y. SinceRy= Rx= 0,
we havey; = x—Yy € PC, andy; cannot be written as a NILC of elementsMPC
either. Sincey; < X, this is a contradiction. [J

The submonoid of precycles is therefdirately generatedy the minimal precycles
via NILCs. The proof of Proposition 29 also shows how to find@resentation as a
NILC for a precyclex (in fact, all of them): Successively subtract minimal preeg

y € MPC with y < xfrom x. This process always stops after a finite number of steps
at the origin, such that the minimal precycles encountel@ugethe way add up to

a representation of
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Figure 2. Two cycles in a pseudo-lattice digraph with the eampplication vector
x=(2,2,2,2)!, where the local matrix has columféL,0)t, (0,1)!,(—1,0)t, (0, —1)'}.

Definition 30 Given a configuration € N\, and a nontrivial precycle x PC, i.e.
x # 0, the set opseudo-cycles atfrom x isPZ(c,x) = {t(c,1) | T € =(X) }.

The set ofpseudo-cycles at is PZ(c) = Uycpc PZ(c,X). A pseudo-cycle at is
acycle at ¢ if it is enabled. Denote the set of all cyclesatrom x by z(c,X).
Denote by|z| the application vector of a (pseudo-) cyalatc, i.e.|z| = |t| where
z=t(c,1). It is obvious thatz| € PC for all z€ z(c). A (pseudo-) cycle with
|zl € MPC is calledminimal Denote the set of minimal cycles@by MZ (c).

Proposition 31 A minimal cycle is simple.

PROOF. Consider a cycleg= (c= cp,C1,...,C = ¢) of lengthk at somec € N'
from x € MPC. Thenz = t(c, 1), for somet € =(x), such thatc; = co + Ry for
i€{1,...,k}, where(vp,...,) = V(1) is the cumulative vector trace of Assume
zis not simple, them; = ¢j for 0 <i < j <k. ThenZ = (c;,...,cj) is a cycle at;
with application vectox’ = v; —v; < vk — Vo = X, andx’ € PC. This contradicts the
minimality ofx. [

Example 32 Consider the pseudo-lattice digraphs withVZ? and where the lo-
cal matrix has columng(1,0)t,(0,1)t,(-1,0)!, (0,—1)!}. The minimal precycles
are x = (1,0,1,0)' and % = (0,1,0,1)!, and obviously give rise to simple cycles.
An example of such digraphs is shown in Figure 2. The cycldemeft is simple,
but nonminimal, arising from the application vec®x + 2x; = (2,2,2,2)!. On the
right, a nonsimple, nonminimal cycle from the same applicavector is shown.

The example shows that the converse of Proposition 31 is,fedgeneral.
In the theory of dynamical systems, the notions of fixed amibde points play
an important role in the analysis of a system. The discretdognare recurring

configurations, i.e. cycles in the evolution digraph.

Definition 33 A configuration c= N{' is recurringif there exists a cycle at c.
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Finding the recurring configurations can be done in two st@pdind the non-
negative, integer kernel KgfR of the stoichiometric matriR, and (ii) for each
such precycle: characterize those configurations for wihiete exist enabled pseudo-
cycles.

Note: If the rules were bidirectional, i.e. if we would comar the underlying
graph'® of the evolution digraph, the precycles would be thteger solutions
ze Z" of Rz= 0. One could then write each precyalaiquelyas an integer lin-
ear combination of a finite set of generators [32, Ch. 4.1thkndirectional case
we consider here, there are usually nontrivial relationsragrthe elements &?C
which make a unique representation impossible, in genseal Example 39). Nev-
ertheless, following Stanley [33, Ch. 4.6] it is possibledeEcompose the monoid
PC into simplicial submonoids with uniquguasi-generators

3.6 The incremental algorithm of Contejean and Devie

As seen in Section 3.5, finding the (minimal) precycles gpoads to the problem
of solving the linear homogenous diophantine equaRar= 0 in terms of appli-
cation vectorsc € Nj. Background information and an effective algorithm for the
determination of the minimal solutions of this equation eéngral can be found in
[6], building on earlier work of Fortenbacher [5] and others

A short sketch of the basic algorithm follows. Consider tseydocode of Algo-
rithm 1. The algorithm starts with the unit step vectpese N" | i < n}, as starting
elements, i.e. tentative solutions. In each iterative #teecks if the elements
solve the equatioRx= 0 (where in our casB will be the stoichiometric matrix of
some TM system). Each of the solutions found is consideredhamal solution,
since the algorithm starts at the origin and continuoustyaments all elements.
Elements which dominate (in the inclusion ordering) anyimal element are re-
moved. All remaining elements are then increased by onesteyi, i.e. the appli-
cation of one additional rule is considered, but only if tlseyisfy the generalized
Fortenbacher’s restrictionThis is a geometric condition on the direction in which
the additional rule moves the system from the current cordigan. This change
has to be in such a way that the system moves closer to the gmgiasured by the
projection on the current configuration vector, using theacproduct). Correct-
ness and termination are proved in [6].

This basic algorithm can be further optimized by introdgcanrefined ordering
on solutions, and Contejean and Devie finally arrive at ariefft stack-based
implementation.

10The underlying graph of a digragh = (V,A) is the graphG = (V, E) with vertex sev
and edge seE = {(u,v) U (v,u) | (u,v) € A}.

20



1: procedure CD(R)

2 P—{ey....en} > Start with unit step vectors, one for each rule.
3 B—0

4 while P #£ 0 do

5: B— BU{xeP|Rx=0} > Found new minimal solution.
6 L— {xeP\B|VseB:x#s} > Guarantees minimality.

7 P—{x+eg|xeL,(Rx-(Rg) <0} > Fortenbacher’s restriction.
8 end while

9: end procedure

Algorithm 1. The incremental algorithm of Contejean & Devie. Input is@dtiometrix
matrix R.

Example 34 Applied to Example 14, the above algorithm finds one minimed p
cycle in = (0,1,1,1)!. This precycle can occur, for example, as the following
trajectory:

30 22a1-BB c 43

3.7 Defects

We introduce the following simple, but crucial concept:
Definition 35 Thedefectof a k-tracet is

def(t) = —min{0,Rw (1), Rw(1),...,RT|} € N{" (13)

The minimum in above definition is taken componentwise, ofse, and the minus
sign has been introduced such that the defect is nonnegatieerationale behind
this definition is as follows: Each componetitof a defectd = def(t) contains
the minimum number of objects of speciaseeded in a configuration to make the
tracet possible, i.e. enabled. A natural way to compute the de$eict start at the
origin of Z™ and then apply each rule of the traceinder consideration, in order
to find the minimal number of objects needed (a poiriZ®) which would makea
enabled. This point is usually negative. See Figure 3 fogdmmetrical intuition.

Definition 36 Given a precycle x N, its defectis the set of minimal elements (in
the inclusion ordering) in the set of defects of all multiseteringso € =(x) of x:

def(x) = min. element§def(o) | 0 € =(x)} C Ng' (14)

21



A #HA

defect

Figure 3. Example illustrating the meaning défect Configuration space is two-di-
mensional, and the pseudo-cycle shown results from thecagph of rules B — A,
A — 2A+B, 4A — 4B, 3B — A. The defect of this particular 4-trace(is, 2)! and its nega-
tion (—1, —2)! has been marked in the figure.

Example 37 The precycle xin, from Example 34 has a defect consisting of three
elements:

def(xmin) = {(3,0,0)",(0,0,1)",(2,1,0)'}, (15)
which results from, for example, the followiB8draces:t1 = (2,3,4), 12 = (4,2,3),
andtz = (3,4,2).

Definition 38 Thedefect spacef a precycle x Nj is the cone

ds(x) = def(x) + N§' = {v1+ V2 | v1 € def(x), v, € Ng'}. (16)

Defect space can also be characterized by
ds(x) = {ce Ng'| ¢ >y, for somey € def(x)} (17)

Geometrically, it is the region of configuration space in eththere exists some
multiset orderingd € =(x), such that the system can cycle using the rules from
in the order given by. It is a finite union ofprincipal conesi.e. sets of the form
{ce NJ'| c> co}, co € NY, with the minimal elementsp € def(x) as generators.

Consider an arbitrary precyckes Nj. As seen in Proposition 29, this is a NILC

X= Z ayyi, ayeNp (18)
yeMPC

of minimal precycles. In general, such a representationtsinique.

Example 39 Consider the system of ty2, 3), where the rules are;r= (1, —1)t,
ro=(2,-2), r3=(—4,4)!. Its minimal precycles are ;= (0,2,1)!, m, = (4,0,1)},
mg = (2,1, 1)}, given in some arbitrary order. We see that-mm, = 2mg, such that
the precycle x= (4,2,2)! has two different representations.
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Uniqueness is guaranteed if the minimal precydW2C, considered as a set of
vectors inR", are linearly independeht. In this case we can define tisapport
mpc(x) of a precyclex € PC, which is the set of all minimal precycles in the
above sum representation fewith positive coefficient. In the general case we
can still talk about thesupportmpc(x,a) of the representation of x in terms of
a= (ay)yempc, Wherea is considered a functiobMlPC — No.

Proposition 40 Given an arbitrary precycle x Nj and a representation ¥ yempc ayy
of it, we have

dsx)> (] dsly) (19)

yempc(x,a)

PROOF. Consider two minimal precycleg,y, € mpc(x,a) which occur with
constantsy, ap € N. Itis surely true that dsyy;) © dg(y;) fori = 1,2. Furthermore,
ds(y1 +Y2) 2 dgy1) Ndg(yz). With a standard theorem of set theory it follows that
ds(a1yr + agy2) 2 ds(y1) Ndgy2). The proposition follows now by induction, the
setmpc(x,a) being finite. [

This result is obvious, since the intersection on the rigimichside of Eq. 19 is
the region of configuration space where all minimal precygle mpc(x,a) are
enabled. Therefor& is also enabled, since one can iterate through the minimal
precycles in any order. The question is, can one do bettarttz?

Problem 41 Given an arbitrary precycle & Nj, and a representation y ycvpc ayy
of it, under what conditions is it true that

dsx)= (] ds(y)? (20)

yempc(x,a)

A different formulation of this problem is: When is @s + y2) = ds(y1) Nds(y2)
for all y,y» € PC?

Note: If this holds for a given system, the defect of a genaratycle would be just
the union of all the (pair-by-pair) intersections (i.e. twordinate-wise maxima)
of the elements of the defects of its minimal precycles,ethen

ds(xy +x2) = {c € Ng'| c > max(y1,y2), for somey; € def(x),i = 1,2}, (21)
11 The precycles, being elements of the nonnegative integaekef R, measure the degree
of dependency among the rules. Considered as a nfatthemselves, the nonnegative

integer kernel ofC measures the degree of dependency among the cycles, rogluogs a
notion of “cycles of cycles”.
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2-3 3-1 3-2 v
0.11) (1,0,1) 0,11)

{1,-1,0} {2,1,-1} {1,-1,0}
[2,1,0] [0,0,1] [0,1,1]

Figure 4. Defect tree of Brusselator example for the minipmatyclex = (1,1,1)'. Nodes
show, from top to bottom, (i) trace, (ii) application vegt(ii) configuration, (iv) defect.
Truncated nodes, non-minimal in the tree order, have beanrshn a lighter shade. Levels
are indicated on the right.

such that

defxi+x%) = J maxy.y2) (22)

yicdef(x),
i—1,2

by de Morgan’s laws. The commutativity and associativityhed maximum com-
plete the inductive argument for the claim.

SinceMPC C PC, the following result is also obvious:
Lemma 42

U dsix)c | dsx) (23)

xeMPC xePC

3.8 Efficient calculation of defects

In this section we consider the problem posed in Sectionfhe key to developing
an efficient algorithm for the calculation of defects is theeaduction of a suitable
partial order on traces.

Definition 43 (Tree order on traces) Given two tracesi, Ty, let

11 <71y iff (i) |11 =]t2| and (ii) def(t1) < def(tz). (24)

The first condition guarantees that we are comparing tradgésihe same applica-
tion vector only. Combined with a simple branch-and-boutttesne, Algorithm 2
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1: procedure DEFECTYR x)
2: 10 > Initial trace
3 c— (0,...0) > Initial configuration
4:  d«(0,...0) > Initial defect
5: Q < new(nod€Tt,c,d)) > Nodes contain traces, configuration, defect
6 while Q # 0 do
7 P—{p|p=xq,9€Q} > One more rule application
8 forall (p,p))ePxPandp#p do
9: if p< p’ then > Tree order
10: P—P\{p'} > Remove non-minimal elements
11: end if
12: end for
13: Q < updat¢P) > Calculate new configuration and defect
14: end while
15: return P > Set of minimal elements at last level

16: end procedure

Algorithm 2. The defect algorithm. Input is a stoichiometric matfband an application
vectorx.

then efficiently calculates defects for a known precyctePC. It is basically a hi-
erarchical search, where each level corresponds to adistimber of rule appli-
cations. Starting from the zero configuration, at each stepéxt level is generated
by applying another rule to each configuration at the prdseast, for all (possible)
rules. We use the symbely to denote the&overing relationon traces with respect
to an application vectax, i.e. p <x q only if p arises fromqg by applying exactly
one more rule from the application vector, such thpt< |x|. The configurations
so generated are then compared under the tree order andinonaibranches of
the tree are cut off. If two configurations are equal undetrige order, one of them
is also (randomly) cut off. The remaining configurationshat tast level are the
searched for defects.

Example 44 For the Brusselator system from Example 14 and its minimedysle
x = (1,1,1)! the defect tree is shown in Fig. 4. The precy®e= (2,2,2)! has the
defect tree shown in Fig. 5. As can be seen, the defect of bethigles is the same,
so in this case Equation 20 holds.

3.9 Conservation of mass

Another application of Algorithm 1 is to check a TM system fieaiss conservation.
Chemical systems are usually subject to the constraintrgenying mass in their
reactions. Formally this means that there existsass function z{1,...,m} —
R4 \ {0} which assigns a fixed, positive mass to each object speaesdfve-
nience we identify this function with mass vector z (z,...,zn)! € RT\ {0}.
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[4.0,0] [4.00] [5.10] [3.0.0] [2.10] [2.2.0] 001] [001] [0.02] [121] [0.11] [0.02]
11-22 1-2-31 2311 2323 3112 3113 3121 3123 3131 32:32
(220 (211 (211 022) (211 (202) (211 11.2) (202) 022) L
6,02} 11,0} 11,0} 2,20} {110} .22} {110} 8,01} 4,22} 2,20}
6.0,0] [3.0,0] [2.10] 220] [104] 002] (104] 0,0.1] 0.0.2] [0.24]
12312 23123 31231 31232
(221) (1,2,2) (21.2) (1.2,2) 5
30,1} 1,10} 21,1} {1,-1,0
[3.0,0] [210] 0,01] [0.11]
1-2-3-1-2-3 2-3-1-2-3-1 3-1-2-3-1-2
(222) (222 (222) 6
{0,0,0} {0,0,0} {0,0,0}
[3.0,0] [210] [0.04]

Figure 5. Defect tree of Brusselator example for the precyck (2,2,2)!. Nodes show,
from top to bottom, (i) trace, (ii) application vector, Jiconfiguration, (iv) defect. Trun-
cated nodes, non-minimal or non-unique in the tree ordere leeen shown in lighter
shades. Levels are indicated on the right.

Definition 45 Themassof a configuration &= NiJ'is m(c) = (c,2).

Conservation of mass is enforced by requir{gge) = (p, 2) for each rule : q — p.
Since rules are nondegenerate, this can be written in a noonpact way:

Definition 46 A stoichiometric matrix R isnass-conservinij
ZR=0 (25)

for some nontrivial mass vectorzR', z > 0, where Z denotes théransposef
the vector z.

By transposing the whole expression, we can also write thislition asRiz = 0.
Now it is easy to see if a given TM system can be construed aaliatre model for
biochemical reactions, since above equation has at least@mtrivial solution iff
R has a nontrivial (real) kernel.

Note that apart from transposition and working in the raalstead of the integers,
this is almost the same condition as in the characterizatioime precycles. There-
fore, if we consider the special situation where we resthet mass vector to be
rational, i.e. a positive, integer multiple of some smalteassz € R, \ {0}, we
can use Algorithm 1 to find all solutions.

Proposition 47 If two states ¢c’ in a mass-conserving system are communicating,
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they have the same mass+@ = m(c) = m(c/).

PROOF. If ¢~ ¢ there exists a patkhfrom c to ¢'. Its application vectofx| € Nj
fulfills ¢ = c+R|x|, such tham(c’) — m(c) = (R|x|)'z= |x['Riz= 0.

4 Communicating classes

In Section 4.1 the free regime is introduced, where all ralesalways enabled.
Criteria are given which allow to check when there are tramisi or a global com-
municating class. In Section 4.2 we show that testing forroamication in the free
regime can be done efficiently.

4.1 The free regime

In this section we want to consider different questions!| CAI",+) free space
and consider the behaviour of a TM systéhn this space, if all rules are always
enabled a priori, i.e. the system can “borrow” objects ashmag it wants. This
corresponds to considerifigjin thefree regimewhere configurations are far from
the origin, such that all rules are automatically enablegfebts do not play any role
in this regime, and pseudo-cycles are always cycles. Thiseisituation referred
to at the end of Section 3.5. The notions from Section 2.4nidated for(Ng', +)
originally, carry over to the spag@&™,+) easily.

The evolution digraph in free space is, by definition, a datiligraph. It can also
be characterized as follows: Defindranslation by xc Z™ of a subset C Z™ by
S+x = {s+x| s€ S}. Define the translationy(R,D) = (R, 1xD) by x € Z™ of

a pseudo-lattice digrap(ir, D) with D = (V,A) by 14D = (TyV, TxA), wheret,A =
{(u+x,v+X) | (u,v) € A}. A pseudo-lattice digrapfR, D) with D = (V, A) is called
isotropicif it is invariant to all translations along its arcs, wherganslation along
an arc(u,v) € Aiis a translation by — u € Z™. Obviously, a pseudo-lattice digraph
is a lattice digraph iff it is isotropic (since all column®i the local matrix are
used in some arc, by definition).

Problem 48 How many communicating classes exist in the free regime?

We have to distinguish two cases. There might be rules whachad occur in any
cycle of the system. Therefore, these rules lead the systenersibly from one
communicating class to another. Furthermore, they cangeatedly applied (since
the free latticé? of configurations is translation-invariant) and thus thetsts an

12\We use the worthttice here in its geometrical meaning, not in the order-theomssitse.
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infinite number of asymptotically different communicaticlgsses. Looking at the
reduced (free) configuration space, it will be infinite.

Definition 49 A rule istransientif it is not part of any precycle.

Otherwise, a rule is callexkversible since by following the rest of any (permuta-
tion of &) cycle in which the rule under consideration pagtgkve can reach the
origin again. A reversible rule thus has at least one (foymakrse.

Since cycles are equivalent to pseudo-cycles in the freeneegand all pseudo-
cycles are generated by the minimal precycles via theirisatlorderings, we only
need to check this condition on the minimal precycles.

Definition 50 A matrix R isreversibleif its columns, considered as rules, are re-
versible. Otherwise, it ifransient

Proposition 51 If the local matrix of a lattice digraph D is reversible, theramu-
nicating classes of D are independéht

A reversible set of rules guarantees that the communicatasses in the free evo-
lution digraph are independent. It also means that we now hagroup structure
for the rules, since each rule has an inverse; thus readgabiéquivalent to com-

munication. But there is still the second possibility, nm#&at more than one
independent communicating class exists. This would meanthiere are discon-
nected dynamical regimes, which can usually be considereshlistic.

Definition 52 Thereduced free configuration spagka TM systenfl is the quo-
tient (Z™) .. =Z"/ ~ | ~.

Problem 53 Under which conditions is the reduced free configurationcepaf a
TM systent] finite?

This problem is very hard in general, since it correspon@svel!l known problem
in multidimensional crystallography, which has seen noegaln effective solution
so far.

The following special case is the most important one for guliaationst*:

Proposition 54 Reduced free configuration spa@@").. is trivial, i.e., consists of
only one communicating class, iff the origin is equivalemder the communication

Consult [35, Ch. 7] for more on this geometric aspect of MolacDynamics.

13 The existence of two or more independent communicatingetameans that the corre-
sponding topological Markov chaif; has a block structure. Furthermore, this means that
there will not be a unique stationary distribution [3].

14 The existence of exactly one communicating class meanshbatorresponding topo-
logical Markov chairfy; is irreducible, i.e. there exists a positive integauch thaFi'J-‘ > 0.
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relation to all unit vectors and their negative countergart
O~E,UE_, (26)

where B = {+g | 1<i<m}.

PROOF. (Similar to the proof of Prop. 23.)

Sufficiency is shown first: If the unit vectors and their négatopies are equivalent
to the origin, this means they are reachable by cycles irsfpaee. Since free space
is isotropic, we can move the origin to one of these vectbegaling this argument
shows that we can reach all of free space, therefore it besanveal under the
reachability equivalence relation.

Necessity is immediate, since the unit vectors and theinwyparts trivially are
elements of free spacel]

This gives an effective and efficient test for triviality bgliging the 2n inhomoge-
neousdiophantine equatior@x= +g, i < m, which can be achieved by a modifi-
cation of Contejean and Devie’s original algorithm, as alescribed in [6]:

Introduce an extra variabbe) € Ng with ro = ¢ as new first column of the oth-
erwise identical stoichiometric matrRR (note the change of sign). In Algorithm 1,
whenever the coordinate associated witlneaches the value 1, itfezeni.e. not
allowed to be incremented any further.

An application of this criterion can be seen in the examplgeantion 5.2.

4.2 Testing for communication

The aim of this section is to show that one can efficiently testommunication.

The test relies on the reversibility of rules, i.e. it is oalyplicable if the stoichio-

metric matrix is reversible. This is no restriction, thoughnce by using transient
rules one can never realize communication, only reachybilnus, if the stoichio-

metric matrix is transient, one can remove the transieesrirtbm it and then apply
the test described below. We therefore assume a reversdiiexrthroughout the

following.

If the stoichiometric matri>R is invertible (overR), we can use its inverde ! to
check for communication: Two statest’ € Z™ are communicating ifR~1(c’ — ¢

is integral, i.e. iff R"1(c' —c) € Z™. Of course, it is usually not the case tiRais
invertible. To proceed, one would like to (i) remove lingadtkpendent rules, (over
Z), and (i) add enough, possibly none, linearly independdesri, . . ., r,, arriving

at an invertible matrixR (after the example given below we explain why this is
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usually not possible, though). Two stateg’ € Z™ are then communicating iff
(R)~Y(c —c) € Z™, and such that the components Bf)~(¢’ — ¢) corresponding
to the added rules are zero. The latter requirements aedcalhservation laws

Example 55 Consider the stoichiometric matrix of Example 14, with thst fule
removed (for the purpose of this example), i.e. with no inflewce we still have
a precycle x= (1,1,1)!, the rules are not linearly independent ov&r Removing
the last rule (or any other, for that matter), the rank is omyo, so we add an
additional rule ¥ = (0,0,1)!. Now

1
~-1-20 -3 50
R=| 1 —10], withinverse R'=|_-1_10]. (27)
1 1
0 11 3 31

A configuration c= Z2 is communicating with the origin iff Rc = (xq, X2, x3)' is
integral, and such thatx= 0. The latter means that;e+ c; + 3c3 = 0 is a con-
servation law. For example,=< (3,0, —1)! is communicating with the origin, since
R~lc=(—1,-1,0)!. Onthe other hand/e= (4,0, —1)! lies in a different communi-
cating class, since does not fulfill above conservation law; € ¢, +3c; = 1 # 0.

The problem with this method is the removal of the linearlpeledent rules. A
set of rules{ry,...,r¢} is linearly dependent over XX R if Aqrqy+---+Axrk =0
has at least one nontrivial solution € X, 1 <i <k, where not allA; are zero.
SinceZ C R, linear dependence ovérimplies linear dependence oVigr but the
opposite is false in general. In particular, we can havealiyedependent rules over
R, that are independent ov&r In this case, the method fails. Moreover, testing for
linear independence ovéris difficult.

Both problems are overcome by consideringttgemite normal fornof the matrix

R. This is the unique matrixB 0) arising fromR by elementary integer column
operations, wher8 is a nonsingular, nonnegative matrix in which each row has a
unigue maximum entry, which is located on the main diagohd@.d'he Hermite
normal form of a matrixR exists iff R has full row rank (ovemR).

Proposition 56 Two configurations @’ € Z™ are communicating iff

B~1(c —c)ez™ (28)

PROOF. SinceB is nonsingular, its inversB~! exists. Furthermorey = ¢ — ¢
belongs to imR= {Rx| x € Z"} iff B'b € Z™ [32, Ch. 4.1].

Example 57 Continuing Example 14, we replace the first column of R, tHewn
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rule ry = (1,0,0)', by r = (2,0,0)! (for the purpose of this example). The rule
r’ is not reversible, so we also assume a corresponding outflow (—2,0,0)!.
The Hermite normal form of the new stoichiometric matrix=Rr' r’ rarzry) is
(B'0), where

100 1 0O
B=|010|, withinverse (B)™*=| 0 1 0 (29)

111

112 T2 722

The configuration ¢= (3,0, —1)! is communicating with the origin according to
Proposition 56, sincéB')"1c; = (3,0,—2)! is integral. The configurationc=
(4,0,—1)t, on the other hand, lies in a different communicating classe(B') "¢, =
(4,0,—3)tis not integral.

Since the computation of the Hermite normal form can be domp®iynomial time
[32, Ch. 5.3], we have an efficient test for communication.

Proposition 58 The communication relation between two states € Z™ can be
evaluated in polynomial time.

From Proposition 56 the following is obvious:

Proposition 59 Reduced free configuration spac@")... is trivial, iff the stoichio-
metric matrix R has Hermite normal for@B 0), where B is the identity matrix of
VAR

Example 60 Considering the open Brusselator system from Example 14eee
that R is a(3,4)-matrix with full row rank. It is not reversible, though, sorf
the purpose of this example we assume that there is a comésppoutflow f =
(—1,0,0)! for the inflow r = (1,0,0). The matrix R= (r} rirarazrs) has Her-
mite normal formt® (B 0), where B=diag(1, 1,1) is the identity matrix irZ3. This
shows that all of free space is reachable from each configpmate Z™, and the
existence of one global communicating class is established

If the stoichiometric matrix does not have full row rank, oten complete the
stoichiometric matrix to a generating mattk R of R™. This can be done easily,
since the calculation of the rank can be done efficiently éiaample by Gaussian
elimination) and by the replacement theorem of Steinit2 @3 needs to consider
the unit vectors frone,. (or any other basis dk'™) as candidates only.

15 The Hermite normal form in the example has been computedtivtitomputer algebra
system Mapl&M.

16 A (m,n)-matrixRis called a generating matrix &™ if it has full row rank, or equiva-

lently if img R= {Rx|x € R"} =R™. It will be a basis ofR™ if all the columns are linearly
independent (oveR), i.e. ifn=m.
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A+B L C |[C & A+B
C % D |D % A+E+F
F = G |G =% H+I
I 5 B
E+J =% K |K = E+J
H+J 2% L L 2% H+J
K 2 E+M|M & o)
L % H+N|N 25 P
E 5 [m [0 & [R]
H 2 X |P 2 [S]
O+U 2 v |V 2 0+[wW]
P 2 uU+Q|Q & P
Table 1
Symbolic rules of the LacZ/LacY system.
Object name |B J O P T X
Biological entity RNAP Ribosome LacZ LacY dgrRbsLacZ dgrRbsLacY
Q W E H R S
lactose product RbsLacZ RbsLacY dgrLacZ dgrLacY
Table 2

Names of corresponding biological entities, i.e. moleswdad protein complexes (Ribo-
some).

An example of such a completion is given in Section 5.2.

5 Biological example: LacZ-LacY regulation

5.1 Precycles of the basic model

We consider the following model for the expressivity of LAcAcY proteins in E.
coli bacteria, taken from [34]. Its rules are shown in Tabldiblogical species
names have been replaced by capital letters. The correspoador the most im-
portant reactants has been given in Table 2.

More information on the biological meaning of these objectd some stochastic
simulation results can be found in [34]. In the equations aeehalready indicated
by bracketing the outflows and introduced an extra varigie ensure nondegen-
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Figure 6. Petri net representation of LacZ/LacY exampletfl@u species (see text) are
shown without places and in a lighter colour.

eracy. In our version of the model the outflows will be repthty rules of the
form O — A,P — A, etc. Figure 6 shows a Petri net representation of the system
which the complicated dependencies of the objects are @epi©utflow species
have been shown without places to make it more readable.

Without outflows, the system will have the following thre¢éaimal cycles, givenin
some arbitrary trace sequence:

A+B L C 2 A+B (30)
E+J B2 KB E+J (31)
Ht+d 2L 3 H 4 (32)

Applying Algorithm 1 to the open system gives us the follogvedditional possi-
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bilities’:

O+P+U 2 P+Vv & O4+P+W — O+P
2 04+Q+U 2B O0+P+U (33)

ArBEc B DY ATELF B ALESG
% AYE+H+1 % A+YB+E+H
2 A+B+H 8 A+B (34)

The first one is the primgdroductioncycle of the system, with object spechs
representing the final product, speci@andP being the LacZ and LacY proteins,
respectively. The second one is the ribosodegradatiorcycle, with specieg, H
representing degraded LacZ and LacY.

5.2 Communicating classes in the LacZ-LacY system

We will check for triviality of the set of communicating ckes in above model.
Since not all rules are part of some cycle, this is an indicetinat the model is not
properly posed. In particular, there might be some inflowssmig. We therefore,
with some biological hindsight, include an inflow for spexcierepresenting Ribo-
some entities that can be used up. With the additionalrleA — J we find the
following additional solutions:

E+J B K2BEIMBETOME ZEL] (35)
Htd DL M H N2 HP B H 2 H4 (36)

These are primary degradation cycles for the LacZ and LaoYeprs, where pro-
teins are disabled by turnover (i.e. they degrade spontestgo

Now the system is reversible and we can test for a global camgating class.
Furthermore, we can concentrate on the internal behaviour:

Criterion 61 (Rule of biological recycling) Assume (for biological systems) that
each inflow and outflow species is part of some further readtiele (in a larger
system).

17 Note: Most reaction cycles in biology are rather small, gitee constant threat of
turnover, i.e. spontaneous degradation of biologicaltivaanolecules.
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In the triviality check according to Prop. 54 we therefordyameed to check the
existence of a solutior € NJ', Rx= +¢, for all i < mwhich do not correspond to
one such inflow/outflow object.

Applying this criterion and running the modified algorithimes no solutiorx € N’
for Rx= ega;. In fact, the following positive unit vectors are all not ceable:

€(a}>&(8}> €(C} €D} E(F}, €(G) andey;.

Due to the symmetry between positive and negative unit veatdree space, their
negative counterparts are also not reachable. The systerhés an infinite number
of disconnected communicating classes. The stoichiomeiatrix has rank 17, so
there are seven linearly dependent rules (®)efrom the 24 in total.

Definition 62 A set S= {rj,,...,r; } of columns from the stoichiometric matrix R
is anindependent blocking sef R, if each columnif € S occurs in exactly one
minimal precycle{x);; > 0 for exactly one x MPC, for all j <k.

An independent blocking set thus is a set of rulesne from each precycle, and
linear dependent (ovet) with R\ S such that removing a rulee Sfrom R does
not destroy the linear dependence of the remainings€t } with R\ S. In other
words, if Sis an independent blocking set Bf thenS\ {r} is an independent
blocking set ofR\ {r}, for all r € S. Note that for a general system one usually
does not expect to have an independent blocking set.

There exists an independent blocking set for the LacZ-Laodeh for example
S={rp,ra,ro9,r11,r12,r19,r22}. These seven rules can be removed from the stoi-
chiometric matrix, which then has rank 17. To make the matarsingular, we
adde; = (1,0,...,0) € Z®ande, = (0,1,0,...,0) € Z'° as columns. Its inverse is
then easily computed (not given here) and has only integeesnThe rows corre-
sponding to the rules; ande; give us two independent conservation laws (where
ca stands for the number of objects from spedés a configuratiorc € Z° under
consideration, etc.):

cat+cc+cp=0 (37)
cg+Cc+Cp+Cr+Cc+¢ =0 (38)

We see that in the free regime each configuratienZ'° is reachable from the
origin, iff it fulfills these two equations.

Of course, these results are just the starting point foh&rrtmore elaborate analy-
sis of this model and its dynamical behaviour.
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6 Discussion

We have seen that cycles in chemical reaction networks amdbmasme systems
can be effectively calculated with standard algorithmgsTiformation is useful

for model checking, as can be seen in the biological examgiere we found the
well-known internal as well as production/degradationleyand had to expand
the model appropriately to find further important cycles ethivere missing in

the original formulation. It can also be checked whether arthere will be es-

sentially disconnected communicating classes, by lookandgransient rules and
then solving for positive and negative unit vectors. Thi®imation is crucial for

a full probabilistic treatment in the context of Markov ahdéneory. The notions of
precycles and their defects, which have been introduced, tie some interesting
mathematical structures and some important open problems.

We hope that the membrane systems community finds this workulsiting for
their own research and will make use of the concepts intredibere .

For completeness we should also mention the related work4jfhich is con-
cerned with finding similar cycle bases for chemical reactetworks, and the
theory of ear-decompositions of directed graphs [17].
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