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Reading guide

The chapters to be read are the chapters 12–16, which are concerned with approxi-
mation problems in certain function spaces. The type of general problem considered
is the following: In a concrete Banach space an element x and a closed linear sub-
space L are given and we have the task of describing the distance between x and
L in a useful way other than by its definition, as well as deriving results about the
existence of an element in L which realizes this distance (a best approximation),
and results about the uniqueness of such a best approximation if it should exist.
In a Hilbert space this is all easy enough: simply take the orthogonal projection
of x onto L, then this answers all questions. In non-Hilbert spaces things can be
far more complicated. In general, best approximations need not exist and if they
exist they need not be unique. Problems of this type tend to be rather hard and
often a satisfactory answer is not known. In the cases these chapters are concerned
with, however, the results are rather complete, but the proofs are non-trivial. The
type of results the book is after are the Theorems 15.14, 15.16 and 16.141. If you
look at these results you will see that there is a distance figuring and/or a best
approximation (this is the approximation part), but also a symbol Hϕ, which is an
operator depending on the function ϕ to be approximated. This reflects the general
flavor of these chapters: the problems are approximation problems, but the answers
are in operator theoretic terms, in terms of Hankel operators to be precise.
In the optional Chapter 14 a sketchy motivation is given why one should be in-
terested in such approximation problems: they arise in control theory, where one
wants to stabilize systems without knowing the precise parameters governing the
system. A more detailed explanation would not have been superfluous, but we can
simply accept as a fact that there is a good practical reason to be interested in such
problems.
The global organization of the chapters is as follows:

• In Chapter 12, the items 12.1-12.9 contain useful material about contractions.
This is then applied and extended in the items 12.10-12.23 where, for reasons
which are unclear at that moment, operator matrices are considered. The prize
the author is after in this part on operator matrices is Theorem 12.22 (Par-
rott’s theorem), which will play a crucial part in the proof of Theorem 15.14
and which has Corollary 12.23 as a nice consequence. If you understand 12.1-
12.9 and Parrott’s theorem and its corollary, then you can rest assured.

• In Chapter 13 the scene is set and the players are introduced for the approx-
imation problems later on, where we will e.g. want to approximate elements

1In 16.14 the situation is slightly different: for k > 0, the distance to a closed set which is not

a subspace is calculated.
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in L∞ by elements in H∞. Below you will find some more remarks on these
Hardy spaces, giving a more complete picture. A key result (which does not
need Hardy spaces for its proof) is Theorem 13.15: Hankel operators on `2(Z)
come from L∞-functions.

• Chapter 14 is optional, as already said above.

• Chapter 15 can be considered as the heart of the Chapters 12-16. The Ne-
hari approximation problem is stated in 15.6. Theorem 15.14 shows that the
distance in the problem is equal to the norm of the corresponding Hankel
operator (on `2) and also that there is a best approximation. If this Hankel
operator has a maximizing vector (which is, e.g., always the case if ϕ is contin-
uous), then Theorem 15.16 asserts that there is a unique best approximation
and even gives an explicit expression for it in terms of a maximizing vector.
Parrott’s theorem 12.22 is used in the proof of Theorem 15.14 to complete a
bounded Hankel matrix on `2 to one on `2(Z), so that Theorem 13.15 can be
applied: Theorem 15.14 is rather deep.

• Chapter 16 is concerned with a generalization of the Nehari problem: one
now seeks to approximate an element of L∞ by functions having at most a
certain number of poles. If no poles are allowed the Nehari problem appears
again and the proof of the main result of the chapter, Theorem 16.14, is in
fact based on the results in Chapter 15 for the Nehari problem. The proof of
Theorem 16.14 is not to be recommended, but the statement of the theorem
is worth understanding, as is the material in the items 16.1-16.4 and 16.13.
(Note how 16.1, 16.2 and 16.4 show how one can extend the notion of singular
values to non-compact operators).

Some additional remarks:

• A word on notation: if H is a Hilbert space and L is a closed subspace, so that
H = L⊕L⊥, then the author adheres to the convention to write H	L for L⊥.
This convention has an obvious notational motivation and also makes it clear
in which Hilbert space the orthocomplement is taken, preventing confusion it
there are more spaces around.

• The material in Sections 13.1-13.3 is part of a more general picture, which
we will now sketch. Let 1 ≤ p ≤ ∞ and consider the space Lp on the unit
circle. Since Lp ⊂ L1 it is meaningful to speak about the Fourier coefficients
of functions in Lp. By the continuity of the inclusion of Lp into L1 and the
continuity of the Fourier coefficients as functionals on L1, the Hardy space
Hp, defined as

Hp = {f ∈ Lp | f̂(n) = 0 (n = −1,−2, . . .)}

is a closed (hence Banach) subspace of Lp. Now by the Riemann-Lebesgue
lemma the Fourier coefficients f̂(n) tend to zero as n tends to plus or minus
infinity. Consequently for any f ∈ Hp (in fact for every f ∈ L1) the power
series

f̃(z) =
∞∑

n=0

f̂(n)zn
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has radius of convergence at least 1. Thus we obtain a vector space {f̃ | f ∈
Hp} of holomorphic functions on the open unit disk which – by the injectiv-
ity of the Fourier transform on L1 – is isomorphic to Hp as a vector space.
By transport of structure these spaces are then turned into Banach spaces of
holomorphic functions. The basic theorem about Hardy spaces gives an al-
ternative and direct description of these Banach spaces of functions obtained
above, and we will now set out to explain this.
Let H(D) denote the holomorphic functions on the open unit disk. If 1 ≤ p <

∞, let

H̃p = {f ∈ H(D) | sup
0<r<1

{ 1
2π

∫ 2π

0

|f(reiθ)|p dθ}1/p <∞}.

If p = ∞, let

H̃∞ = {f ∈ H(D) | f is bounded)}.

Then H̃p becomes a Banach space under the supremum norm on the open
unit disk for p = ∞ (this is obvious) and under the norm

sup
0<r<1

{ 1
2π

∫ 2π

0

|f(reiθ)|p dθ}1/p

for 1 ≤ p <∞ (this is less obvious). Moreover, if f ∈ H̃p, then for almost all
z on the unit circle the limit limr↑1 f(rz) exists, and the limit function which
is thus defined almost everywhere is an element of Hp.
Hence we have a map from H̃p into Hp by taking radial limits almost every-
where. In the other direction the statement is that f̃ ∈ H̃p whenever f ∈ Hp,
so that we have a map from Hp into H̃p. The basic result about Hardy spaces
is, then, that these maps of taking radial limits (from H̃p into Hp) and asso-
ciating a power series (from Hp into H̃p) are in fact surjective isometries and
each others inverse. Therefore the moral is that Hp and H̃p are isometrically
isomorphic as Banach spaces via more or less natural maps.
In closing, let us remark that Theorem 13.13 is in fact true for H1, hence for
all Hardy spaces, as they are all contained in H1.

• – In Theorem 5.14 it is better to write that ψ ∈ ϕ+H∞, so that combining
the two equalities makes it obvious that ψ is a best approximation of ϕ
in H∞.

– I did not quite follow the conclusion of the proof of Theorem 15.14 on
page 196. However, if it is noted on the last line of page 195 that
||Hϕ|| ≤ distL∞(ϕ,H∞) (which we now already from Lemma 15.10),
then all becomes clear and the part of the proof on page 196 is no longer
needed.

– Announcing Theorem 15.16 as the solution to Nehari’s problem is too
optimistic. In the Nehari problem as formulated in 15.6 it is asked to
find a best approximation for arbitrary ϕ, not just for those ϕ for which
Hϕ has a maximizing vector. This being said, as a consequence of Exer-
cise 15.5 Theorem 15.16 does solve the Nehari problem for a large class
of functions, including all continuous ones.
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Exercises
due Monday September 3, 2007, at the latest

Chapter 12:
7
8
15: if you find it too troublesome to find a value of a for which the infimum is
attained you can also give two values of a such that for at least one of them the
infimum is attained.

Chapter 13:
9
12
13
14 (Remark: since g/θ is rational, Theorem 16.13 implies that the corresponding
Hankel operator has finite rank, so that Theorem 15.16 shows that there is a unique
best approximation of g/θ in H∞ or, equivalently, that there is a unique inter-
polating function of minimal norm in this exercise. Moreover, since the operator
is of finite rank it is ”just” (numerical) linear algebra to find (or approximate to
arbitrary precision) its norm and a maximizing vector, which implies that not only
the infimum in this exercise can be computed (since it is equal to this norm by
Theorem 15.14), but also that the unique interpolating function of minimal norm
is known explicitly from Theorem 15.16. Hence this Nevanlinna-Pick problem for
finitely many points can be considered to be solved – cf. Exercise 15.13, which you
are not required to solve as computations become awkward very rapidly).

Chapter 15:
3
5
7: you are not required to find the best approximation, the part on the distance is
sufficient.

Chapter 16:
5: here you may use that for each k the set of finite rank operators of rank at most
k is closed in L(H,H).
9: you are not required to find the best approximation, the part on the distance is
sufficient.
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