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Chapter 1

This chapter is just to warm up, although there may still be some material in it
which is lesser known, such as the results in Section 1.5 about distances to linear
subspaces in terms of Gram determinants which is only rarely included in linear
algebra courses. Note that the argument on page 11/12 can be simplified (avoiding
cofactors) by writing the last column in the matrix as (〈−y, y1〉, . . . , 〈−y, yn〉)t +
(0, . . . , 0, d2)t and writing the determinant as the corresponding sum of only two
terms. (Likewise in the final paragraph of the proof of Theorem 9.1). The results
in Sections 1.9-1.10 are of course closely related to this Section 1.5. The Szegö
polynomials and Legendre polynomials are just the tip of the iceberg: there is a
long and well-established tradition of research in orthogonal polynomials. It seems
that the proof of Theorem 10.3 can be simplified, since a reference to equality 10.10
(and hence an appeal to these Gram determinants) is not necessary. It is obvious
that the orthoplement of Pn−1 in Pn is one-dimensional, and picking any non-zero
element pn in this orthoplement will therefore do the job.

Although it is innocent, to be entirely correct the weight functions in the exam-
ples 1 and 2 in Section 1.10 should be divided by 2π (otherwise one does not get
integers in the Toeplitz matrices). The weight function in example 2 on page 23 is
then equal to |z − 2|2/(2π).

The exponents of 2 in the system in equation (10.13) should be replaced with
their negatives. The solution is then

β0 = 0, . . . , βn−2 = 0, βn−1 = −2
3
, βn =

4
3
,

and the polynomial ϕn changes correspondingly, so that its zeroes are equal to 0
and 1

2 . (Note that the polynomial in the text has 2 as a zero, which contradicts
Theorem 10.3.)

My own solution to the recurrence on page 23 is dk = 1
3 (4k+2 − 1).

Note the nice application at the very end of Section 1.11. This works of course
for any weight function: the leading coefficient of the n-th element in the sequence
of orthonormal polynomials gives a lower bound for the L2-norm of any polynomial
of degree n in terms of its leading coefficient.

The strategy to prove completeness in Sections 1.13-1.14 is a standard one and
good to remember. The first step is to cite a sufficiently general theorem about
density of continuous functions in Lp-spaces which can be obtained by peeling off
the various layers of definitions in measure- and integration theory. The second
step consists of applying a version the Stone-Weierstraß theorem, which guarantees
that certain algebras of functions are dense in the continuous functions, but now
in the maximum-norm. Since this implies density of this algebra in the continuous
functions in the L2-norm, the proof is finished.

Theorem 17.1 is best understood by noting that a subset of a separable metric
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space is itself a separable metric spaces, and then applying the theorem in Ap-
pendix 1.

The reference to Theorem 12.3 on the first line of page 37 should be to Theo-
rem 12.2.

Chapter 2

This chapter contains some basic general theory of linear operators, part of which
you are probably familiar with, and also some basis examples which you may find
illustrative – especially as Schechter’s book does not contain too many examples.

In example 5 on page 55 you find the archetypical compact operator (apart from
the finite rank ones): an integral operator with square integrable kernel. (These are
precisely the Hilbert-Schmidt operators on L2, if you should be familiar with the
terminology and definitions.) In a very precise treatment of this theory one really
has to take care of subsets of measure zero in a concise manner (look at Fubini’s
theorem), but the authors made the wise choice not to do this in all detail. I suggest
we follow them in this: we could fill in all details, but the only thing we would learn
from this is that it can all be made precise. You won’t impair your understanding
much by thinking of the kernel as a continuous function.

On the fourth line of example 3 on page 59 it should read Φij(s, t) = φi(s)φj(t).
In Theorem 7.1 it may seem odd that the invertibility of I − K in an infinite

dimensional space can be decided by computing a finite determinant, but if you are
familiar with Fredholm theory this is obvious. Indeed, I −K is Fredholm of index
zero, so injectivity, surjectivity and invertibility are all the same thing. However, if
(I −K)x = 0, then x is in the range of K, which is a finite dimensional subspace.
Therefore, to decide whether I−K is invertible one can simply look at the injectivity
of I−K as an operator of the range of K into itself – and this is a finite dimensional
problem. The answer is then immediately clear if the ψj are linearly independent,
and the only not-so-evident fact is that this determinantal condition still works if
they are dependent.

In Corollary 8.3 it should read L(H) instead of L(H1,H2) (twice).
Theorem 9.1 is the first of a kind, all guaranteeing that solving an infinite sys-

tem can be done by approximating with solutions of systems in smaller subspaces
(in this case: finite dimensional subspaces). Corollary 17.2 is another one which
almost implies Theorem 9.1 (why not precisely?); other results in this vein are The-
orem 17.4, Corollary 17.5, Theorem 17.6, Theorem 17.1 and Theorem 18.1. Note,
however, that none of these later results require that the smaller spaces are finite di-
mensional (although in computer implementations of such approximating methods
this will generally be the case).

On page 73 the notion “integral equations of the second kind” is introduced.
These are the equations of the form (I −K)f = g where K is an integral operator.
Questions about non-zero elements of the spectrum, i.e., questions about the equa-
tion (λ −K)f = g can all be cast as such an equation of the second kind: simply
divide by λ. The equation Kf = g is of the first kind. There is a huge difference
between the two equations, since I −K is “almost invertible” (it is Fredholm) and
the compact operator K is very far from being invertible (if the space is infinite
dimensional).

On page 75 it is argued that the series
∑∞

n=0(K
ng)(t) converges absolutely and

uniformly on [a, b] and that the sum is equal to (I − K)−1g almost everywhere.
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The point here is that the series
∑∞

n=0(K
ng) converges to (I − K)−1g in L2 (by

construction), but this does not imply that there is pointwise convergence almost
everywhere. It implies only that there is a subsequence of the sequence of partial
sums that converges pointwise almost everywhere. (Look up the proof that Lp is
a Banach space for 1 ≤ p < ∞: a Cauchy sequence in Lp is convergent, but it is
only a subsequence that is guaranteed to converge to the limit pointwise almost
everywhere.) So the statement that the series (i.e., the whole sequence of partial
sums) converges pointwise is really an extra, and that the convergence is absolutely
and uniformly is even better.

In equation (10.7) on page 76 it should be added that it holds almost everywhere.
In Theorem 15.2 the space A is complemented inH2. The upshot of this theorem

(and likewise for Theorem 15.4) is that, although AL need not be the identity on
H2, it is at least still a projection.

If you are familiar with Fredholm theory (to be covered later in the book), then
you can already recognize from Theorems 15.3 and 15.5 (which are important in
spectral theory, c.f. the proof of Theorems 20.1 and 20.2) that for certain Fredholm
operators a whole neighborhood is also Fredholm with the same index (in fact with
the same α and β, in Schechter’s notation).

Theorem 16.3 is of great practical value when showing that an operator is com-
pact, as is illustrated by the examples following the theorem, as well as by the proof
of Theorem 16.4.

In the proof of Theorem 16.4 the second and third displayed equation on page 95
should read

Dν(x0, x1, x2, . . .) = (0, . . . , 0, aν,0x0, aν+1,1x1, . . .)

and
D−ν(x0, x1, x2, . . .) = (a0,νxν , a1,ν+1xν+1, a2,ν+2xν+2, . . .),

respectively.
The xn in the third displayed equation on page 102 should be

xn = −1
c

(
0, . . . , 0, 1,

1
c
, . . . ,

1
cn

)
.

The displayed equation between (17.19) and (17.20) on page 104 should read

(PnAPn)−1x→ A−1x, x ∈ H.

and the first line on page 105 should be corrected so as to state that (I+(PnAPn)−1PnK)
maps IPn onto itself.

In Example 1 on page 108 the statement analogous to the one in example 2 is
missing.

In example 1 on page 110 it is assumed that H is infinite dimensional (otherwise
0 need not be in the spectrum).

In Theorem 20.2, strictly left invertible means left invertible but not invertible.

Chapter 3

The best way to think of Laurent and Toeplitz operators is not in terms of
matrices, but in terms of multiplication operators in an L2-space. More specifically,
consider the measure dθ

2π on the unit circle and let L2 denote the corresponding
Hilbert space. Then the powers zn form an orthonormal basis, and under the
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resulting isomorphism between `2(Z) and L2, `2 corresponds to those L2-functions
on the circle with all negative Fourier coefficients equal to zero. Denote this space
by H2 (the second Hardy space).

In this picture, Laurent operators are simply multiplication operators in L2.
Toeplitz operators are best defined in the following way. Let P+ denote the

orthogonal projection of L2 onto H2, so that P+ strikes out all powers zn with
n < 0 in a Fourier series development of a function. For f ∈ L∞, define the
corresponding Toeplitz operator Tf in H2 as

Tf = P+Mf �H2 ,

where Mf is the multiplication operator on L2. Then f is called the symbol of
Tf . Note that Tz corresponds to the forward shift on `2 and that the function Tz

corresponds to S∗.
It is then easy to see (prove it yourself or look it up, e.g., on page 106/107 of

Arveson’s “A Short Course on Spectral Theory” that the following holds:

• Tf = T ∗f for all f ∈ L∞.

• for f ∈ L∞ ∩H2 and g ∈ L∞ one has Tgf = TgTf and Tfg = TfTg.

So, if f1, f2 ∈ L∞ ∩H2 and g ∈ L∞, then

Tf1gf2
= T ∗f1

TgTf2 .

This identity (of which rudiments can be found in the paragraph preceding the
proof of Theorem 3.2 on page 145) is used a couple of times in the book, and at
important points. A good example is e.g. the right hand side in the displayed
eqution following (3.8) on page 146, which I personally read as

ω(λ) = cf1λ
`−rf2,

with f1 and f2 in L∞∩H2. I have no use for an ω: I simply look upon this equation
as a convenient factorization of the symbol of T . Application of the identity above
shows how T = Tω can be factored, and it is clear what Tf1

and Tf2 are. However,
what Tλ`−r will be depends on the exponent of λ. If this exponent is negative, then
this function is of the form f with f ∈ L∞ ∩H2. If it is non-negative then it is in
L2 ∩H2. In the first case the corresponding Toeplitz operator will involve S∗ and
in the second case S. A similar remark applies to the displayed equation following
(4.9) on page 154. The right hand side is simply ω, so the corresponding Toeplitz
operator is Tω = T . But how it can be factored depends on the exponent of λ again.
If this is negative, one incorporates λ`−r into the f1-part in the basic identity; if it
is non-negative one incorporates it into the f2-part.

More detailed remarks:
In (1.2), Theorem 1.2 and (2.4) it should read 1

2π .
On page 140 both b(t) and the matrix for A−1 should be multiplied by 81/100.
In the proof of Theorem 2.1 the order of the indices for the matrix entries should

be reversed.
In (3.7) the factor preceding the matrix should be −β−1.
In (4.7) the inverses should be removed in the product expression for T̃1.
Sections 3.5 and 3.6 are more specialistic, we leave them for what they are.
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Chapter 4

In functional analysis compact operators are the closest thing to linear maps in
linear algebra. For compact self adjoint (even for normal) operators on a Hilbert
space there is a spectral theory which strongly resembles its analogue in linear
algebra, and the present chapter develops this theory.

Note that the results in Section 4.9 also apply to self adjoint operators in finite
dimensional spaces, where compactness is automatic. There are many more of such
inequalities known as in this chapter, just have a look at the exercises for a few of
them.

More detailed remarks:
In the example starting on page 172 the argumentation is noet entirely complete.

If λ 6= 0 then, since the left hand side in (2.1) is clearly continuous (by the dominated
convergence theorem), we see that φ is continuous, so that we can then apply
the main theorem of integral and differential calculus to conclude that (2.2) holds
everywhere. If λ = 0 one has to be more careful, but one can then still conclude that
(2.2) holds almost everywhere (so that φ = 0 in L2 and 0 is not an eigenvalue). This
step follows from the theory of absolutely continuous functions: you can find the
relevant theorem, e.g., as Theorem 8.17 in Rudin’s “Real and Complex Analysis”
(note that Theorem 8.18 in loc.cit. completes the picture, although we will not
need this result: every absolutely continuous function has an L1-derivative almost
everywhere from which it can be retrieved in the usual way).

In Theorem 5.1 and beyond, the authors refrain from stating that a compact
adjoint operator is diagonalizable. Yet this is the way to think about these opera-
tors: there is an orthonormal basis (though perhaps not a countable one) consisting
of eigenvectors. Indeed, from Theorem 5.1 it is clear that the orthocomplement of
the span of the φk is in the kernel of K. Hence adding an orthonormal basis of this
eigenspace of eigenvalue 0 to the φk gives the required basis.

In Theorem 9.1 and the rest of Section 9, one should use the convention that
λ1 ≥ λ2 ≥ . . . ≥ 0 is an ordered enumeration of the eigenvalues of K (multiplicities
counted), with the possibility that λn = 0 for all n from a certain point onward.
This happens iff there are only finitely many nonzero eigenvalues. Without this
convention the theorem makes no sense for such operators, because the basic eigen-
values are nonzero by definition and the λn would not be defined for large n.

Chapter 5

Compact selfadjoint operators which arise as integral operators are particularly
important and have many applications. If you glance ahead ad Section 6.5 you will
see in Theorem 5.1 and Corollary 5.2 on page 213 that quite a lot can be said about
eigenvalues and eigenfunctions of general Sturm-Liouville problems; this all rests on
the material of Chapters 4 and 5.

Detailed remarks:
In Theorem 1.1 one should really take an eigenfunction φn of K, so that the

displayed equation following (1.2) holds everyhwere (this is used in the sequel).
Starting with an eigenvector in L2 this is of course possible by redefining a repre-
sentative on a set of measure zero. The meaning of the theorem is then as follows:
of course on has Kf =

∑
k〈Kf, φk〉φk in L2 (this is true for arbitrary compact

selfadjoint operators), but in this particular case and with this “pointwise” choice
for the φk, the series

∑
k〈Kf, φk〉φk(t) is absolutely and uniformly convergent on
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[a, b]. The sum of the series is then almost everywhere equal to Kf . So, for an
element in the range of K one has pointwise control over the convergence of its
Fourier series, not just over convergence in L2. See also page 279.

Note that it follows from (1.6) and (1.7) that k(t, s) =
∑

i λiφi(s)φi(s) (conver-
gence in L2).

In Theorem 3.1 it should be added that the φj are to be chosen continuous
(which is possible by Lemma 2.2).

Chapter 6

We are now ready for the first serious application of the results in Chapter 5,
namely Corollary 5.2. This result states, amongst others, that the eigenfunctions
for general Sturm-Liouville operators yield an orthonormal basis of L2. This re-
markably general result rests on the general spectral theory for integral operators.
The crux of the argument is that, if L is such a differential operator (and injective),
one can find a selfadjoint integral operator K such that LK = 1 on L2[a, b] and
KL = 1 on the domain of L. The eigenfunctions of K are then precisely those of
L (this is trivial!), and the spectral theory for K gives all the results needed. One
has to be careful about domains for unbounded operators, and this shows in the
technicalities of the proofs, but in the end the result is quite rewarding.

Some detailed remarks:
In the example on page 203, it is meant that the domain of A consists of those

equivalence classes which contain a (unique) absolutely continuous representative,
and this representative is then used to define A. The technical part of Section 6.2
is redone in more detail in Section 6.5.

Section 6.3 more or less explains why closed operators between Banach spaces
are still manageable: their domain becomes a Banach spaces in the graph norm,
and with this new norm the operator becomes bounded. So it is “business as usual”
– more or less.

Section 6.4 is typical: it is usually not immediate how to describe the domain
of an adjoint and its action. For differential operators in one variable, absolutely
continuous functions occur naturally.

Two lines above (5.1): can you figure out how it follows from the injectivity of
L on its domain why pW is nonzero?

On page 212, the strategy in showing that (5.4) holds everywhere is to show that
y = ỹ everywhere and to use that ỹ′ = h everywhere. (An absolutely continuous
function can be retrieved pointwise from its derivative, even though the derivative
may exist only almost everywhere). This argument is missing in the example in
Section 6.2.

The argument on page 213 showing that the spectrum is simple can be improved.
To wit, it follows from Lemma V.2.2 that each eigenfunction of K, and hence each
eigenfunction of L, is continuous. But then it follows from the equation Ly = λy

and the conditions on p and q that y ∈ C2[a, b]. Now the kernel of L−λ in C2[a, b] is
two dimensional, and imposing one of the boundary conditions in (ii) on page 211
leaves a one-dimensional solution space. So, clearly, the eigenspaces of L on its
domain are at most one dimensional. Note that this argument also shows that the
eigenspaces of L on its domain consist of C2-functions, even though the domain
itself is strictly larger than C2[a, b].

To make Corollary 5.2 more complete one should add that the eigenfunctions
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are in C2[a, b] and that the spectrum is simple. Part of the proof of this Corollary
is redone in Section 6.6.

Chapter 7

This chapter proposes a way to ultimately derive in Section 7.3 the dynamics of
a string under an external force which depends on both position and time.

Though the outcome is undoubtedly correct, I am having trouble verifying for
myself that the derivation itself is completely convincing. In Section 7.1 the goal
is to derive equation (1.4), which describes the displacement of the string in terms
of the force density, but this is done by making a limit transition, starting from
the assumption that the displacement by plucking the string at a number of points
all at once can be obtained by simply adding the displacements which would have
occurred if the string had been plucked at each of these points separately. The
evidence of the validity of this assumption may be open to dispute. Also, as I
read this section, equation (1.4) is derived for a string in which there is no vertical
movement, i.e., the situation is static (cancellation of vertical forces in the equation
at the end of page 219). In Section 7.2, however, this equation seems to be used for
a dynamical situation where there is vertical movement and acceleration.

Personally, in these situations I prefer the usual derivations which lead to a
partial differential equation, after which separation of variables leads to a formal
solution as a series. If the initial position of the string is sufficiently regular, then the
last statement in Theorem 6.5.2, combined with information about the eigenvalues,
is usually enough to conclude that the formal solution is an actual solution.

Chapter 8

For a normal operator on a Hilbert space there exists a Borel functional calculus,
which assigns a bounded operator to each bounded Borel measurable function on
its spectrum. In Section 8.1 it is described how this works for compact self adjoint
operators: this is basically linear algebra with infinite diagonal matrices. If you
think as compact self adjoint operators as diagonalizable operators, then you are
on the safe side and you won’t find very surprising results in this chapter. The
only really substantial result is in Section 8.4, where the Hilbert-Schmidt theorem
is invoked to show that a solution in L2-sense is in fact a pointwise solution. This
step is of course a recurring theme when formulating a pointwise problem as a
problem in a Banach space, solving it there and then taking the pointwise version
of the solution: one has to check that the Banach space solution does give a solution
of the pointwise problem as well. People taking the semigroup course will recognize
this.

Detailed remarks:
Theorem 2.1 is deceptive, in the sense that the solution of problem (2.2) is of

course always given by etAx, for any bounded A. This is almost obvious – convince
yourself! Hence the problem in Section 8.3 can also be solved in this fashion as
long as the matrix represents a bounded operator in `2. One does not need that it
represents a compact self adjoint operator, bounded is enough.

In Section 8.3 and 8.4 no mention is made of uniqueness of solutions. In these
sections a solution is constructed for a pointwise problem with the aid of Hilbert
space techniques, but it is not shown (or clear, for that matter) that this solution
is the only one.
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In Section 8.4 it is assumed that the kernel is continuous. Can you figure out
why this is necessary?

Chapter 9

This is a more specialized Chapter. The advise is to take a thorough look at
Theorem 1.1 and appreciate that it gives you a numerical scheme to approximate a
solution of (1.3) once you have an explicit upper bound for ||K||, so that you know
how small α should be taken.

If you want to verify the details – which is not necessary – you can save yourself
some time by noting that Theorem 2.2 is obvious once you realize that βI +K is
diagonalizable and that the only possible cluster point of its eigenvalues is β (this
explains why the condition |β| < 1 comes in). There is no need to read Section 9.1
as it only writes out what the main theorem states in the case of integral operators.

Chapter 10

Much of this chapter will be familiar by now, but the material in Sections 10.4
may be new. The material in Section 10.5 combines previous results about integral
operators with the results in Section 10.4. At this point it is good to mention
that the trace class and Hilbert-Schmidt operators are special cases of the Schatten
p-classes Sp, which are defined for 1 ≤ p <∞ by

Sp = {A ∈ K(H) |
∞∑

j=1

sj(A)p <∞}.

Then S1 equals the trace class operators and S2 equals the Hilbert-Schmidt opera-
tors. It can be proved that Sp is a two sided *-ideal of L(H), that it is a Banach
algebra under the norm

||A||p =


∞∑

j=1

sj(A)p


1/p

(A ∈ Sp),

and that the finite rank operators are dense in (Sp, || . ||p). Moreover, for A ∈ Sp

one has ||A||p = ||A∗||p, ||A|| ≤ ||A||p and if B ∈ L(H) then ||BA||p ≤ ||B|| ||A||p
and ||AB||p ≤ ||B|| ||A||p.

One can think of the Schatten classes Sp as analogues of the `p-spaces. Note that
Sp contains an isometric copy of `p. For details (and much more) see “Traces and De-
terminants of Linear Operators” by Gohberg, Goldberg and Krupnik (Birkhaüser,
2000, ISBN 3-7643-6177-8).

Chapter 11

This should all be familiar, with the possible exception of Theorem 2.5 and
Theorem 5.7. These are results worthwhile noticing.

The question which closed subspaces M are complemented (i.e., for which there
exists a closed subspace N such that X = M ⊕ N) is a delicate one. In Hilbert
spaces such N always exists and it has been proved that a Banach space in which
each closed subspaces is complemented must be linearly homeomorphic to a Hilbert
space, so that this property characterizes the Hilbert spaces. In arbitrary normed
spaces, all closed subspaces of finite codimension are complemented (this is trivial)
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and the same holds for all (automatically) closed subspaces of finite dimension (this
it Theorem 5.7, which rests on Hahn-Banach).

Chapter 12

Again a not too difficult chapter: you will have seen much of the theory before
but perhaps not the examples.

Some detailed remarks:
Contrary to the `2-case it is easy to see which infinite matrices correspond to

bounded operators on `1: this is done on page 277.
On page 278, I find it not too easy to see how the existence of a sequence of gn

with the required properties follows from the density of Cc[a, b] in L1[a, b]. However,
the following is true: if µ is a regular Borel measure on a compact Hausdorff space,
if f is Borel measurable and such that |f(x)| ≤ 1 for all x ∈ X, then there exists a
sequence gn ∈ Cc(X) such that |gn(x)| ≤ 1 for all x ∈ X and all n and such that
f(x) = limn→∞ gn(x) almost everywhere. This clearly yields the sequence in the
text (use the Dominated Convergente Theorem to conlude L1-convergence). You
can find this result in, e.g., Rudin’s “Real and Complex Analysis” as a Corollary
of Lusin’s Theorem. On the last line on page 278 there are some absolute values
missing.

On page 279 a shorter proof of the statement in Theorem 1.1 on page 194 is
given. The proof on page 194 itself, however, gives you more than just the statement
about uniform and absolute convergence: the inequality on the last line of page 194
implies absolute convergence and uniform convergence, but is stronger than that.

In Example 1 on page 280 the domain of A should be C1[0, 1].
In Theorem 4.5 one does not need that X is Banach.
In Section 12.5 a one-to-one correspondence is established between continuous

projections in a Banach space X and decompositions X = L ⊕M with L and M

closed. The example on page 286 shows how delicate things are: even in a Hilbert
space the direct sum of two closed subspaces need not be closed.

In Theorem 6.2 it should read I −D(−1)A.
The space in Example 4 on page 291 is canonically isomorphic to `1. With which

operator does the backward shift on `1(q) then correspond? This observation shows
that the computations in this example can be avoided.

Chapter 13

In this chapter some basic results about compact and Fredholm operators are
developed, most of which you are probably familiar with. The examples in Section 1
are probably new; note the nice application of the Stone-Weierstraß theorem to
conclude that the operators at hand are obviously the limit of operators of finite
rank, hence compact. These examples underline the rule of thumb that integral
operators tend to be compact. But caution: this is not always true, see the remark
at the end of Example 4.

The approach in this chapter is basically through approximation of compact
operators by operators of finite rank, with the obvious drawback that, since such
approximation is not always possible, the development of the theory has to be
redone later in Chapter 15.

Some detailed remarks:
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In Corollary 3.4 one has to assume that supk

∑∞
j=1 |ajk| < ∞, since otherwise

the matrix does not even necessarily define a linear map (take the first row as
1 2 3 . . . and all other rows zero).

The claim at the end of page 312 that Theorem 6.1 has now been proved using
complex function theory is not correct. It only proves that there are only finite
many eigenvalues exceeding a given ε in absolute value, but it does not show that
non-zero elements in the spectrum are eigenvalues.

Chapter 14

This chapter is concerned with two natural questions related to compact opera-
tors: can one find some kind of determinantal condition to decide whether a given
complex number is an eigenvalue of the operator, and can one assign some kind of
trace which is related to eigenvalues in a natural way? In this chapter, the theory
surrounding these questions is developed for Poincaré operators: these are opera-
tors with “small” matrix coefficients with respect to some orthonormal basis. The
resulting determinantal condition om terms of the zeroes of an entire function can
then be found in Corollary 4.2, and the statement for the trace (the main result of
this chapter) is to be found in Theorem 5.6. There are similar results for so-called
trace class operators.

Of course one has to be creative (and careful) here: it is not evident how deter-
minants can be defined in a meaningful way, so this is done via a limit process. It
is then not even clear – although in the end it is true, by Theorem 5.6 – that the
determinant as defined is independent of the particular orthonormal basis.

It is important to realize how summations as
∑
λj(A) in Theorem 5.6 are to

be read, where the λj(A) are the nonzero eigenvalues of A, repeated according to
algebraic multiplicity. It is a basic fact (which is not mentioned in the book) that,
for any compact operators A and for any nonzero λ, the kernels of the operators (λ−
A)k, which a priori increase with k, become in fact stable from a certain k0 onward.
There are no infinite Jordan blocks for nonzero λ, so to speak. The dimension
of this stabilized kernel is called the algebraic multiplicity of the eigenvalue λ.
This dimension is automatically finite dimensional, as follows immediately from
the compactness of A. It is, however, by no means obvious that the sum of all these
eigenvalues (with multiplicity taken into account), should be convergent, nor that,
if it should be finite, this sum is equal to a trace as it can be defined in a natural
way with the aid of a matrix representation. However, for Poincaré operators this
is all true, as is seen from Theorem 5.6.

This chapter is technically more demanding than previous chapters. Two results
(the statement about multiplicity in the proof of Corollary 4.2 and the approxima-
tion property in Theorem 5.2) are not proved in this book, even though they are
essential to the proof of the main result in this chapter: equation (ii) in Theorem 5.6.
In Section 4 material about operator valued analytic functions is used without fur-
ther justification or explanation. So, in order not to get lost in technicalities in a
presentation which is not complete anyhow, I suggest that you concentrate on the
main line of development and make sure that you understand the relevant defini-
tions and the meaning of the statements and get the flavour of the relevance of
complex analysis in this field (note its essential role in the proof of the main result
of this equation (ii) in Theorem 5.6).

Some detailed remarks:

10



Inequality (1.2) is best understood by first understanding it when just one ujk

in V is replaced by zero: the general case then clearly follows by applying this
one-step-inequality a number of times. The one-step-case itself is easier understood
than written down: start at the left hand side, realize that V and W differ in just
one element, use linearity of the determinant in the corresponding a row and apply
a few estimates. The whole point of the inequality (1.2) is that we can conclude
(1.1) and from this it follows that the det(I−Pn) form a Cauchy sequence. Indeed,
the product

∏∞
j=1 (1 +

∑∞
k=1 |pjk|) converges, so that the

∏
(Pn) form an increasing

bounded sequence, hence are Cauchy.
The motivation for section 2 can be found at the end of that section: for a

finite rank operator there are natural notions of trace and determinant, and it
should of course be investigated whether these notions coincide with the definitions
in section 1 if the finite rank operator is also Poincaré. Fortunately this is the
case (this is the moral of Theorem 2.2) and this enables one to use finite rank
approximations whenever this is convenient. Note that the only relevant property
used is that MF is finite dimensional and that F (`2) ⊂ MF . One does not need
that MF is complemented. The salient point is that it follows immediately from the
fact that F maps `2 into MF that all (generalized) eigenvectors of F corresponding
to a nonzero eigenvalue are necessarily contained in MF . Thus if MF is any finite
dimensional subspace with this property, then the Jordan block structure of F on
this subspace which correspond to the nonzero eigenvalues is completely determined,
and this clearly implies that the trace and det(I−F ) are well defined, and also that
they have the properties on page 322.

In Corollary 4.2 it is stated that ∆ν is entire. This is not proved in the book,
but it follows from the fact that the polynomials det(I − νAn) converge uniformly
on compact subsets of the complex plane, as can be derived from equation (1.1).

The proof of Theorem 4.3 only shows that this analytic function D(G,µ) exists
on a disk around 0. The argument by which it is extended at the bottom of page 335
is not sufficient: in the one-dimensional case it would imply that a power series with
a positive radius of convergence is entire, which is absurd.

Chapter 15

Fredholm operators are operators which are informally speaking “almost invert-
ible”: their kernel is only finite dimensional and their range lacks only a finite
dimensional subspace to be surjective. The national course covered a reasonable
portion of the material in this chaper, though not all. For example, you may find
Corollary 2.4 an illustrative extension of the material in Schechter’s book. Indeed,
with the benefit of hindsight it is easy to construct Fredholm operators from el-
ementary building blocks, the one-sided invertible Fredholm operators and finite
rank operators. Corollary 2.4 states that all Fredholm operators can thus be ob-
tained. Note that it, e.g., implies that the Fredholm operators of index zero are
simply the finite rank perturbations of invertible operators.

The perturbation results are at the heart of the theory. The example on page
358 is a nice application. The differential operator which sends f to f ′ + bf , and
with D(A) as its domain, has index zero. If b is reasonable (say C1) then the kernel
of the operator is zero and so the operator is surjective. Now this latter statement
can of course also be proved by explicitly solving f ′ + bf = g with the aid of an
integrating factor, but this idea of decomposing a (differential) operator into a part
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for which the index can easily be computed and next proving that the remaining
part does not modify the index also works in more complicated situation.

Some detailed remarks:
Theorem 2.6 can also be proved more conceptually using a standard isomorphism

for the dual of a quotient and one (not entirely trivial) general result about operators
in Banach spaces, as follows. First of all, since ImA is closed, we have a standard
isomorphism

(Y/Im A)′ ∼= (Im A)⊥ .

Since the space on the right hand side is trivially equal to KerA′, we conclude
that d(A) = n(A′). Furthermore, since ImA is closed, by Theorem 4.14 in Rudin’s
“Functional analysis” the subspace ImA′ is weak*-closed in X ′. Applying the same
standard isomorphism theorem as above—which is valid in arbitrary locally convex
spaces (see Theorem V.2.2 in Conway’s “A course in functional analysis”—we have

(X ′/ImA′)′ ∼= (ImA′)⊥ .

Now the right hand side is to be read as a subspace of the dual of X ′ when supplied
with its weak*-topology, i.e., of X itself, and hence can be identified with

⊥ (ImA′)

which is trivially equal to KerA. Hence d(A′) = n(A). We conclude that A′ is
Fredholm and i(A′) = −i(A). This proves (a), (c) and (d). As to (b), we note that

(KerA)⊥ =
(⊥ImA′

)⊥
.

The right hand side is simply the weak*-closure of ImA′. However, as we already
noted, A′ is weak*-closed and the first equality in (b) follows. As to the second,
since ImA is closed we have

ImA = ⊥
(
(ImA)⊥

)
= ⊥ (KerA′) .

In Theorem 5.1 it is not necessary to assume that T is Fredholm in order to
conclude that T +B is closed. The proof does not use this: small perturbations of
closed operators are closed, it is only used that γ < 1.

In the example on page 358 the term “A-compact” is used. This simply means
that the operator is compact when D(A) is supplied with the graph norm coming
from A, as in Theorem 5.2.

Chapter 16

Much of the theory in Chapter 3 on Laurent and Toeplitz operators in `2 can
be generalized to `p (1 ≤ p < ∞), provided that they have a suitable symbol.
Whereas in `2 these operators have a convenient model as multiplication operators
(or compressions thereof) on L2 on the circle, such a general model does no longer
exist for more general p and the operators have to be defined explicitly in terms of
their action on the standard Schauder basis of `p. This is done in equations (1.1)
and (2.1) for a symbol which is holomorphic in an annulus containing the unit circle:
these are the symbols the chapter is concerned with (with only minor excursions to
continous symbols in the case of `2). This being said about a fundamental difference,
the study of such operators in this chapter gives nevertheless many results which are
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completely analogous to those in Chapter. Laurent operators are relatively simple
again, as in Chapter 3. As to Toeplitz operators: the spectral properties of such
an operator are determined by the (non)-vanishing of the symbol on the unit circle,
and (if it does not vanish) on the winding number with respect to zero of the symbol
on the unit circle, which also determines the Fredholm index. This is completely
analogous to Chapter 3. The basic idea of the proof of the results for Toeplitz
operators is also the same: find a suitable factorization of the symbol which yields
a corresponding factorization of the Toeplitz operator in three parts, two of which
are invertible, and the middle one of which is a power of the left or right shift on
`p. Such a factorization enables one to read off “everything” from this power of
the shift in the middle, since the operators to the left and right of it are invertible
anyway. This power is also related to the winding number with respect to zero
of the symbol, as in Chapter 3. This structure of proof was exmployed in Section
3.3 for band Toeplitz operators and here it occurs again. The basic factorization
of the operator comes from a double application of equation (2.12), provided that
the symbol can be factored as in that Theorem 2.3 (in three factors). That such
a factorization does indeed exists – the last crucial ingredient – if the symbol does
not vanish is asserted in Theorem 2.1 (Wiener-Hopf factorization). From that point
on the setup and arguments in Section 2 are analogous to Chapter 3.

In Section 3 a concrete example is calculated, using the inversion formulas in the
previous section. The spectrum (see Theorem 3.3) is, however, determined in a non-
efficient way. Indeed, it is obvious from Theorem 2.2 that the spectrum consists of
the image of the unit circle under the symbol, united with all points in the complex
plane with respect to which the symbol has non-negative winding number on the
unit circle. This is just as in Chapter 3. So all one has to do is rewrite the symbol
as

c−c−1

2
ζ+ζ−1

2 − c+c−1

2

and note that ζ+ζ−1

2 traces out the interval [−1, 1] twice as ζ moves along the
unit circle. So the image of the unit circle under the symbol is the image of [-1,1]
under a fractional linear transformation, which is in this case a circle segment. As
a consequence, the winding number with respect to all complex numbers not on
this segement is zero and the segment is already the entire spectrum. (Note: the
numerator in (3.19) should be i sin ρ, with corresponding adjustments in the three
points).

In section 4 the results of section 3 are applied to operators on `p(Z) (so two-
sided sequences!) which are built from two parts. The results have the same flavour
as those for Toeplitz operators in section 3 and they generalize those for Laurent
operators in section 1, which are obtained if α = β.

The reason for studying such operators becomes clear in the final section, section
6 (we skip section 5). Here a singular integral equation is considered, see (6.1).
This equation has to be interpreted in the right way, which leads to (6.15). The
nice feature about (6.15) is that it consists of an operator of the type considered in
section 3, plus a compact part (even Hilbert-Schmidt) which does not change any
Fredholm properties. The Theorems 6.2 through 6.4 are then a direct consequence
of the results in section 3.

Chapter 16
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This chapter is for those who like to know a bit more about various fixed point
theorems in existence. The Banach contraction principle (page 401) is commonly
known and has many applications (see section 2). An easy extension is given in
Theorem 3.1. If the metric space is compact then one can relax the requirement on
the contraction, as in Theorem 3.2, and if the space is better still (not only compact,
but also a convex subset of a normed space), then the requirement can be relaxed
even further (Theorem 3.3; one loses uniqueness). The material in this chapter is
just the tip of the iceberg. Results are also available for common fixed points of a
family of maps. There are, in fact, whole books devoted to fixed point theorems.
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