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Homework Functional Analysis Seminar 2005-2006
Series 3

1. (Corollary 9.13 in Chapter 9) Prove that Lp and Lq are not isomorphic if

1 < p, q < ∞ and p 6= q.

2. (Easier version of Exercise 4 of Chapter 9). Prove that c0 is not isomorphic

to a subspace of Lp for 1 < p < ∞, but that c0 is isomorphic to a subspace

of L∞.

The original exercise also states that c0 is not isomorphic to a subspace

of L1, a statement for which I fail to see the argument at the moment.

Therefore, a proof of this statement will count as a bonus.

3. (Exercise 1 of Chapter 10) Let the series
∑∞

n=1 xn in the Banach space X be

unconditionally convergent with sum x. We know from Theorem 10.1 that

the series
∑∞

n=1 xπ(n) also converges, for each rearrangement of the series.

What the theorem does not mention is that the sum of the rearranged series

is then still equal to x. Prove this.

4. (Slight extension of Exercise 8 of Chapter 11) Give a direct proof that `p is

strictly convex for 1 < p < ∞. Also, show that a space (X1 ⊕X2 ⊕ · · · )p,

where 1 < p < ∞, is strictly convex if and only if the spaces Xi are all

strictly convex.

5. (Exercise 13 of Chapter 11) Show that the exposed points of the unit ball

in `1 are precisely the elements ek of the canonical Schauder basis of `1.

6. (Exercise 2 of Chapter 12). In this exercise, we will accept the fact that

each element x of the Cantor set ∆ has a unique ternary expression with

digits from {0, 2}, i.e., that it can be written uniquely as x =
∑∞

n=1 an/3
n

with an ∈ {0, 2} for all n.

Let d be the metric on ∆ defined by d(x, y) =
∑∞

n=1 |an− bn|/3n, where the

an, bn are the (well-defined) ternary digits of x, y ∈ ∆ taken from {0, 2}.

(a) If d(x, y) < 3−n, show that the first n ternary digits of x and y must

agree.

(b) Show that d is equivalent to the usual metric on ∆, i.e., that it yields

the usual topology.
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(c) Show that d(x, y) = d(x, z) implies y = z, i.e., that metric spheres for

this metric contain at most one point.

7. On page 127, the space [0, 1][0,1] is given as an example of a separable non-

metrizable space. The proof of the non-metrizability consists of establishing

a sequence in the space that contains no convergent subsequence, i.e., by

establishing a sequence of functions fn : [0, 1] → [0, 1] that does not contain

a subsequence which converges pointwise. As mentioned in the book, the

sequence fn = (1 + rn)/2, where rn is the n-th Rademacher function, is

such a sequence that has no subsequence which converges pointwise. Why

is this so? (Hint: as a starting point, prove that a pointwise convergent

subsequence of (fn) would actually converge in L2).

Aside: this example also shows that a compact space need not be sequen-

tially compact. There are also examples of sequentially compact spaces

that are not compact, so that these notions, although the same for metric

spaces, are unrelated in general.


