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Homework Functional Analysis Seminar 2005-2006
Series 1

1. (Exercise 14 of Chapter 1) Let H be a separable Hilbert space with or-

thonormal basis (en) and let K be a compact subset of H. Given ε > 0,

show there exists an N such that ‖
∑∞

n=N〈x, en〉en‖ < ε for every x ∈ K.

That is, if K is compact, then these “tail series” can be made uniformly

small over K.

2. (Exercise 13 of Chapter 2) Let M be a finite-dimensional subspace of a

normed linear space X. Show that there is a closed subspace N of X with

X = M ⊕ N . (Hint: Given a basis x1, . . . , xn for M , find f1, . . . , fn ∈ X∗

with fi(xj) = δi,j).

3. (Exercise 15 of Chapter 2) Let M be closed finite-codimensional subspace

of a normed space X. Show that there is a closed subspace N of X with

X = M ⊕ N .

4. Let X be a Banach space with a Schauder basis (xn), so that according to

Theorem 3.2 it is meaningful to consider

K̃ = inf

{
K | ‖

n∑
i=1

aixi‖ ≤ K‖
m∑

i=1

aixi‖ for all scalars (ai) and all n < m

}
.

Of course, the infimum is trivially a minimum. Prove that K̃ = supn ‖Pn‖,
where the Pn are the natural projections associated to the basis (xn). Thus,

the minimal constant that can figure in Theorem 3.2 is precisely the basis

constant of the basis (xn).

5. (Exercise 10 of Chapter 3) Let X be a separable normed linear space. If

E is any closed subspace of X, show that there is a sequence of norm

one functionals fn in X∗ such that d(x, E) = supn |fn(x)| for all x ∈ X.

Conclude that E =
⋂∞

n=1 ker fn. [Hint: Given (xn) dense in X, use the

Hahn–Banach theorem to choose fn so that fn = 0 on E and fn(xn) =

d(xn, E).] Thus, in a separable Banach space, a closed subspace is always

a countable intersection of closed hyperplanes.

6. On page 41 it is stated in the “Notes and remarks” that it is a simple

application of the principle of small perturbations that C[0, 1] has a basis
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consisting entirely of polynomials. I don’t think that this follows from

Theorem 4.7 as formulated, but nevertheless the statement as such is true.

Why? How does the result generalize to arbitrary Banach spaces with a

Schauder basis in the obviously meaningful way?

7. Every separable Banach space embeds isometrically into C[0, 1]. In par-

ticular, this is true for c0. Instead of appealing to this general abstract

result, can you construct a concrete isometric embedding using a disjointly

supported sequence in C[0, 1], along the lines of pp. 35-36?


