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Khintchine inequalities

• A Rademacher sequence is a sequence (εk)k≥1 of independent

{−1, 1}-valued random variables on some probability space (Ω, dm),

such that m
(
{εk = 1}

)
= m

(
{εk = −1}

)
= 1/2 for any k ≥ 1.

For instance, consider the Cantor group Ω = {−1, 1}∞ with Haar

measure dm and set

εk(θ) = θk, θ = (θk)k≥1 ∈ Ω.

Then for any k 6= j,∫
Ω

εkεj dm =
(∫

Ω

εk dm
)(∫

Ω

εj dm
)

= 0

and (εk)k is an orthonormal sequence in L2(Ω). Hence∥∥∥∑
k

αkεk

∥∥∥
2

=
(∑

k

|αk|2
)1

2
, α1, . . . , αn ∈ C.

• Inequalities (K). For any 1 ≤ p < ∞, there exist constants

Ap, Bp > 0 such that for any α1, . . . , αn ∈ C,

Ap

(∑
k

|αk|2
)1

2 ≤
∥∥∥∑

k

αkεk

∥∥∥
p
≤ Bp

(∑
k

|αk|2
)1

2
.



3

Hilbert spaces

• For any Banach space X and x1, . . . , xn in X , set∥∥∥∑
k

εk ⊗ xk
∥∥∥

Radp(X)
=
(∫

Ω

∥∥∥∑
k

εk(θ)xk

∥∥∥p
X
dm(θ)

)1
p
.

Equivalently,∥∥∥∑
k

εk ⊗ xk
∥∥∥

Radp(X)
=

(
1

2n

∑
θk=±1

∥∥∥ n∑
k=1

θkxk

∥∥∥p
X

)1
p

.

The basic question is: how to estimate these norms?

• Assume that X = H is a Hilbert space. As in the scalar case,∥∥∥∑
k

εk ⊗ xk
∥∥∥

Rad2(H)
=
(∑

k

‖xk‖2
)1

2

that for x1, . . . , xn in H .

Theorem (Kwapien, 1972). Let X be a Banach space. If there

exist constants 0 < C1 < C2 such that for any n ≥ 1 and any

x1, . . . , xn in X , we have

C1

(∑
k

‖xk‖2
)1

2 ≤
∥∥∥∑

k

εk ⊗ xk
∥∥∥

Rad2(X)
≤ C2

(∑
k

‖xk‖2
)1

2
,

then X is isomorphic to a Hilbert space.
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Khintchine inequalities on Lp

• Let (Σ, µ) be a measure space, let 1 ≤ p < ∞, and consider

X = Lp(Σ). Then we have an equivalence∥∥∥∑
k

εk ⊗ xk
∥∥∥

Rad1(Lp(Σ))
≈
∥∥∥(∑

k

|xk|2
)1

2
∥∥∥
Lp(Σ)

for finite families x1, . . . , xn in Lp(Σ).

Here the symbol ≈ means that there exists two constants 0 < C1 <

C2 such that for any n ≥ 1 and for any x1, . . . , xn in Lp(Σ), we have

C1

∥∥∥(∑
k

|xk|2
)1

2
∥∥∥
p
≤
∥∥∥∑

k

εk⊗xk
∥∥∥

Rad1(Lp)
≤ C2

∥∥∥(∑
k

|xk|2
)1

2
∥∥∥
p
.

Proof. By Khintchine’s inequality, we have

A1

(∑
k

|xk|2
)1

2≤
∫

Ω

∣∣∣∑
k

εk(θ)xk

∣∣∣ dm(θ)

on Σ. Applying the Lp-norm and convexity, this implies

A1

∥∥∥(∑
k

|xk|2
)1

2
∥∥∥
p
≤
∥∥∥∫

Ω

∣∣∣∑
k

εk(θ)xk

∣∣∣ ∥∥∥
p

≤
∫

Ω

∥∥∥∑
k

εk(θ)xk

∥∥∥
p
dm(θ) .
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On the other hand, by Hölder and Fubini, we have∫
Ω

∥∥∥∑
k

εk(θ)xk

∥∥∥
p
dm(θ) ≤

(∫
Ω

∥∥∥∑
k

εk(θ)xk

∥∥∥p
p
dm(θ)

)1
p

=
∥∥∥(∫

Ω

∣∣∣∑
k

εk(θ)xk

∣∣∣p dm(θ)
)1

p
∥∥∥
p
.

By Khintchine’s inequality again, we have(∫
Ω

∣∣∣∑
k

εk(θ)xk

∣∣∣p dm(θ)
)1

p ≤ Bp

(∑
k

|xk|2
)1

2

on Σ. Hence∥∥∥(∫
Ω

∣∣∣∑
k

εk(θ)xk

∣∣∣p dm(θ)
)1

p
∥∥∥
p
≤ Bp

∥∥∥(∑
k

|xk|2
)1

2
∥∥∥
p
.

Finally, ∫
Ω

∥∥∥∑
k

εk(θ)xk

∥∥∥
p
dm(θ) ≤ Bp

∥∥∥(∑
k

|xk|2
)1

2
∥∥∥
p
.



6

Khintchine-Kahane inequalities

on Banach spaces

• Let 1 ≤ p < ∞. Then on any Banach space X , we have an

equivalence∥∥∥∑
k

εk ⊗ xk
∥∥∥

Radp(X)
≈
∥∥∥∑

k

εk ⊗ xk
∥∥∥

Rad2(X)

for finite families x1, . . . , xn in X .

• In the sequel, we shall write
∥∥ · · · · · · ∥∥

Rad(X)
instead of any of the

norms
∥∥ · · · · · · ∥∥

Radp(X)
.
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Banach lattices with a concavity

• Let Λ be a Banach lattice, and let 1 < p, q < ∞. We say that Λ

is p-convex if ∥∥∥(∑
k

|xk|p
)1

p
∥∥∥

Λ
.
(∑

k

‖xk‖pΛ
)1

p

for finite families x1, . . . , xn in Λ.

We say that E is q-concave if(∑
k

‖xk‖qΛ
)1

q
.
∥∥∥(∑

k

|xk|q
)1

q
∥∥∥

Λ
.

for finite families x1, . . . , xn in Λ.

Theorem. Assume that Λ is q-concave for some q <∞. Then we

have an equivalence∥∥∥∑
k

εk ⊗ xk
∥∥∥

Rad(Λ)
≈
∥∥∥(∑

k

|xk|2
)1

2
∥∥∥

Λ

for finite families x1, . . . , xn in Λ.

Proof. Similar to the one for Lp-spaces. Use q-concavity instead of

Fubini.
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Khintchine inequalities on non-

commutative Lp-spaces

• Instead of Lp(Σ), let us consider a noncommutative Lp-space

X = Lp(M)

associated to a von Neumann algebra M .

• Recall that on a commutative space Lp(Σ), |x|2 = xx. Thus for

x ∈ Lp(M), which is an operator, one may try to replace |x|2 by the

positive operator x∗x, and hence∥∥∥(∑
k

|xk|2
)1

2
∥∥∥ by

∥∥∥(∑
k

x∗kxk

)1
2
∥∥∥.

We could as well consider xx∗ in the place of x∗x (we are in a non-

commutative context!) and then consider∥∥∥(∑
k

xkx
∗
k

)1
2
∥∥∥

instead.
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Theorem (Lust-Piquard, 1986, Lust-Piquard/Pisier, 1991).

(1) For 2 ≤ p <∞ and x1, . . . , xn in Lp(M),∥∥∥∑
k

εk ⊗ xk
∥∥∥

Rad(Lp(M))
≈ max

{∥∥∥(∑
k

x∗kxk

)1
2
∥∥∥
Lp(M)

,

∥∥∥(∑
k

xkx
∗
k

)1
2
∥∥∥
Lp(M)

}
.

(2) For 1 ≤ p ≤ 2 and x1, . . . , xn in Lp(M),∥∥∥∑
k

εk ⊗ xk
∥∥∥

Rad(Lp(M))
≈ inf

{∥∥∥(∑
k

y∗kyk

)1
2
∥∥∥
Lp(M)

+

∥∥∥(∑
k

zkz
∗
k

)1
2
∥∥∥
Lp(M)

}
,

where the infimum runs over all finite families (yk)k and (zk)k

in Lp(M) such that xk = yk + zk for any k ≥ 1.

• Warning! In general,∥∥∥(∑
k

x∗kxk

)1
2
∥∥∥
Lp(M)

6≈
∥∥∥(∑

k

xkx
∗
k

)1
2
∥∥∥
Lp(M)

when p 6= 2.

Indeed, take M = B(`2) with the usual trace, the corresponding

noncommutative Lp-spaces are the Schatten spaces Sp. Then take
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the matrix units xk = Ek1. Then

x∗kxk = E11 and xkx
∗
k = Ekk.

Hence

n∑
k=1

x∗kxk =


n 0 · · ·

0 0

... . . .


whereas

n∑
k=1

xkx
∗
k =



1 0 0 · · ·

0 . . .

0 1

... 0

. . .


Hence∥∥∥( n∑

k=1

x∗kxk

)1
2
∥∥∥
Sp

= n
1
2 and

∥∥∥( n∑
k=1

xkx
∗
k

)1
2
∥∥∥
Sp

= n
1
p .
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Columns, rows, and the duality max/inf

• Let 1 ≤ p <∞ and let p′ be its conjugate number (p−1+p′−1 = 1).

For any x1, . . . , xn in Lp(M),

∥∥∥( n∑
k=1

x∗kxk

)1
2
∥∥∥
Lp(M)

=

∥∥∥∥∥∥∥∥∥∥∥∥


x1 0 · · · 0

... ... ...

... ... ...

xn 0 · · · 0



∥∥∥∥∥∥∥∥∥∥∥∥
Lp(Mn(M))

and

∥∥∥( n∑
k=1

xkx
∗
k

)1
2
∥∥∥
Lp(M)

=

∥∥∥∥∥∥∥∥∥∥∥∥


x1 · · · xn
0 · · · 0

... ...

0 · · · 0



∥∥∥∥∥∥∥∥∥∥∥∥
Lp(Mn(M))

.

Consider the spaces

A =

{
... 0 · · ·

xk
...

... 0 · · ·

 ⊕

· · · yk · · ·

0 · · · 0

... ...

 : xk, yk ∈ Lp(M)

}
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regarded as a subspace of Lp(Mn(M))
∞
⊕Lp(Mn(M)), and

B =

{
... 0 · · ·

x′k
...

... 0 · · ·

 ⊕

· · · y′k · · ·

0 · · · 0

... ...

 : x′k, y
′
k ∈ Lp

′
(M)

}

regarded as a subspace of Lp
′
(Mn(M))

1
⊕Lp′(Mn(M)).

The column and row spaces on Lp(Mn(M)) are 1-complemented.

Since Lp(Mn(M))∗ = Lp
′
(Mn(M)), this implies that

A∗ = B isometrically.

The susbspace Adiag ⊂ A of all pairs of matrices for which xk = yk

is just Lp(M)n equipped with the norm

∥∥(x1, . . . , xn)
∥∥ = max

{∥∥∥(∑
k

x∗kxk

)1
2
∥∥∥
Lp(M)

,
∥∥∥(∑

k

xkx
∗
k

)1
2
∥∥∥
Lp(M)

}
.

Then is dual space A∗diag is isometric to the quotient

B/A⊥diag.

Furthermore, A⊥diag ⊂ B is the space of all pairs of matrices for which

x′k + y′k = 0, k = 1, . . . , n.
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This shows that A∗diag is isometric to Lp
′
(M)n equipped with the

norm∥∥(x′1, . . . , x
′
n)
∥∥ = inf

{∥∥∥(∑
k

u∗kuk

)1
2
∥∥∥
Lp′(M)

+
∥∥∥(∑

k

vkv
∗
k

)1
2
∥∥∥
Lp′(M)

}
,

where the infimum runs over all finite families (uk)k and (vk)k in

Lp
′
(M) such that x′k = uk + vk for any k ≥ 1.
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Symmetric spaces

• For a measurable function f : (0,∞)→ C, let

λf(s) = mes
{
t > 0 : |f (t)| > s

}
s > 0.

This is the distribution function of |f |. Then if λf 6≡ ∞, let

f ∗(t) = inf
{
s > 0 : λf(s) ≤ t

}
, t > 0.

This is the decreasing rearrangement of |f |.

• A Banach lattice E ⊂ L1(0,∞)+L∞(0,∞) is called symmetric

if for any f, g as above,[
g ∈ E and f ∗ = g∗

]
=⇒

[
f ∈ E and ‖f‖E = ‖g‖E

]
.

• We assume throughout that E is either separable or is the dual

space of a separable symmetric space.
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Noncommutative symmetric spaces

• We consider a semifinite von Neumann algebra M equipped with

a normal, faithful, semifinite trace τ .

Assume that M ⊂ B(H). For any “τ -measurable” operator x on

H , consider

λx(s) = τ
(
χ(s,∞)(|x|)

)
, s > 0,

where χ(s,∞) is the indicator function of (s,∞) to which we apply

the Borel functional calculus of |x|. Then consider

µ(x) : t 7→ inf
{
s > 0 : λx(s) ≤ t

}
, t > 0.

This is the singular value function of x.

• The noncommutative symmetric space associated to E and

M is

E(M) = {x : µ(x) ∈ E},

equipped with

‖x‖E(M) = ‖µ(x)‖E.
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“Classical” noncommutative Khintchine

inequalities on E(M)

• For any x1, . . . , xn in E(M), set

∥∥(xk)k
∥∥

max
= max

{∥∥∥(∑
k

x∗kxk

)1
2
∥∥∥
E(M)

,
∥∥∥(∑

k

xkx
∗
k

)1
2
∥∥∥
E(M)

}
and

∥∥(xk)k
∥∥

inf
= inf

{∥∥∥(∑
k

y∗kyk

)1
2
∥∥∥
E(M)

+
∥∥∥(∑

k

zkz
∗
k

)1
2
∥∥∥
E(M)

}
,

where the infimum runs over all finite families (yk)k and (zk)k in

E(M) such that

xk = yk + zk, k ≥ 1.

Theorem (Lust-Piquard/Xu, 2006).

(1) Assume that E is 2-concave. Then for x1, . . . , xn in E(M),

∥∥∥∑
k

εk ⊗ xk
∥∥∥

Rad(E(M))
≈
∥∥(xk)k

∥∥
inf
.
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(2) Assume that E is 2-convex and q-concave for some q < ∞.

Then for x1, . . . , xn in E(M),∥∥∥∑
k

εk ⊗ xk
∥∥∥

Rad(E(M))
≈
∥∥(xk)k

∥∥
max

.

General question. Give a equivalent description of∥∥∥∑
k

εk ⊗ xk
∥∥∥

Rad(E(M))

whenever E is q-concave for some q <∞.
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A simple example

Consider E = Lp(0,∞) ∩ Lq(0,∞) with 1 < p < 2 < q < ∞. Let

R be the hyperfinite II1-factor, i.e.

R =
⋃
n

(
M2n, τn

)w∗
,

where τn = 2−ntr : M2n → C is the normalized trace.

Let

M = R⊕B(`2).

We have Sp ⊂ Sq and Lq(R) ⊂ Lp(R). Hence

E(M) = Lq(R)⊕ Sp.

Consider the two subspaces

Y = Lq(R)⊕ (0) and Z = (0)⊕ Sp

of E(M). Then:

(i) For x1, . . . , xn in Z,∥∥∥∑
k

εk ⊗ xk
∥∥∥

Rad(E(M))
≈
∥∥(xk)k

∥∥
inf
6≈
∥∥(xk)k

∥∥
max

;
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(ii) For x1, . . . , xn in Y ,∥∥∥∑
k

εk ⊗ xk
∥∥∥

Rad(E(M))
≈
∥∥(xk)k

∥∥
max
6≈
∥∥(xk)k

∥∥
inf
.

Indeed, for any m ≥ 1,

Sqm ⊂ Lq(R) completely isometrically.

↪→ Natural question

Assume that E is q-concave for some q <∞. Do we have estimates∥∥(xk)k
∥∥

inf
.
∥∥∥∑

k

εk ⊗ xk
∥∥∥

Rad(E(M))
.
∥∥(xk)k

∥∥
max

for x1, . . . , xn in E(M)?
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Other averages

• For any x1, . . . , xn in E(M), we set∥∥∥∑
k

εk ⊗ xk
∥∥∥
E

:=
∥∥∥∑

k

εk ⊗ xk
∥∥∥
E(L∞(Ω)⊗M)

.

Recall that for any p,
∥∥∑

k εk ⊗ xk
∥∥

Radp(E(M))
is the norm of∑

k

εk ⊗ xk

inLp(Ω;E(M)). Now we are interested in its norm inE(L∞(Ω)⊗M).

↪→ Can we estimate these norms
∥∥ · · · · · · ∥∥

E
?

↪→ Can we compare∥∥∥∑
k

εk ⊗ xk
∥∥∥

Rad(E(M))
and

∥∥∥∑
k

εk ⊗ xk
∥∥∥
E

?

• Let 1 ≤ p <∞ and consider E = Lp. Then

Lp
(
L∞(Ω)⊗M

)
= Lp(Ω;Lp(M)).

Hence in this case,∥∥∥∑
k

εk ⊗ xk
∥∥∥

Radp(Lp(M))
=
∥∥∥∑

k

εk ⊗ xk
∥∥∥
E
.
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Commutative case

•Boyd indices I. We let pE and qE be the lower and upper Boyd

indices of E. In general,

1 ≤ pE ≤ qE ≤ ∞

and for E = Lp, pE = qE = p. These indices measure a certain

resemblance with Lp-spaces.

If E is q-concave, then qE ≤ q.

If E is p-convex, then pE ≥ p.

More information later!

Proposition. Fix a symmetric space E. Then:

(1) qE < ∞ if and only if for any commutative M , we have an

equivalence∥∥∥∑
k

εk ⊗ xk
∥∥∥
E
≈
∥∥∥(∑

k

|xk|2
)1

2
∥∥∥
E(M)

for finite families x1, . . . , xn in E(M).
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(2) E is q-concave for some q <∞ if and only if for any commu-

tative M , we have an equivalence∥∥∥∑
k

εk ⊗ xk
∥∥∥

Rad(E(M))
≈
∥∥∥(∑

k

|xk|2
)1

2
∥∥∥
E(M)

for finite families x1, . . . , xn in E(M).

References: Lindenstrauss/Tzafriri, Astashkin/Braverman, Maurey.

• Consider E = Lr,∞, with 1 ≤ r < ∞. Then qE = r but E is

q-concave for no finite q. Consequently, for some commutative M ,

we have ∥∥∥∑
k

εk ⊗ xk
∥∥∥
E
6≈
∥∥∥∑

k

εk ⊗ xk
∥∥∥

Rad(E(M))

for x1, . . . xn in E(M).

• The question to determine when∥∥∥∑
k

εk ⊗ xk
∥∥∥
E
≈
∥∥∥∑

k

εk ⊗ xk
∥∥∥

Rad(E(M))

in the non commutative case is widely open.

See: P. Dodds, F. Sukochev, Contractibility of the linear group in Banach

spaces of measurable operators, Integral Equations and Operator Theory 26

(1996), 305-337.
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Main results I

The semifinite von Neumann algebra M is now arbitrary.

Theorem 1.

(1) If qE <∞, then for x1, . . . , xn in E(M), we have∥∥(xk)k
∥∥

inf
.
∥∥∥∑

k

εk ⊗ xk
∥∥∥
E
.

(2) If pE > 1 and qE <∞, then for x1, . . . , xn in E(M), we have∥∥∥∑
k

εk ⊗ xk
∥∥∥
E

.
∥∥(xk)k

∥∥
max

Nota. The problem whether (2) holds true when pE = 1 is open.

Theorem 2.

(1) If E is 2-concave or if qE < 2, then for x1, . . . , xn in E(M),∥∥∥∑
k

εk ⊗ xk
∥∥∥
E
≈
∥∥(xk)k

∥∥
inf

(2) Assume that qE < ∞. If E is 2-convex or if pE > 2, then for

x1, . . . , xn in E(M),∥∥∥∑
k

εk ⊗ xk
∥∥∥
E
≈
∥∥(xk)k

∥∥
max
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Main results II

• Haagerup/Pisier (1993) and Pisier have obtained Khintchine in-

equalities for norms of double sums∥∥∥∑
i,j

εi ⊗ εj ⊗ xij
∥∥∥

Rad2(Lp(M))
,

where (xij)i,j≥1 is a finite family of some noncommutative Lp(M).

• For any (xij)1≤i,j≤N in E(M), we set∥∥(xij)i,j
∥∥

max
= max

{∥∥∥(∑
i,j

x∗ijxij

)1
2
∥∥∥
E(M)

,
∥∥∥(∑

i,j

xijx
∗
ij

)1
2
∥∥∥
E(M)

,

∥∥[xij]
∥∥
E(MN (M))

,
∥∥[xji]

∥∥
E(MN (M))

}
,

and

∥∥(xij)i,j
∥∥

inf
= inf

{∥∥∥(∑
i,j

a∗ijaij

)1
2
∥∥∥
E(M)

+
∥∥∥(∑

i,j

bijb
∗
ij

)1
2
∥∥∥
E(M)

+

∥∥[cij]
∥∥
E(MN (M))

+
∥∥[dji]

∥∥
E(MN (M))

}
,

where the infimum runs over all aij, bij, cij, dij in E(M) such that

xij = aij + bij + cij + dij, i, j ≥ 1.
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Then we set:∥∥∥∑
i,j

εi ⊗ εj ⊗ xij
∥∥∥
E

=
∥∥∥∑

i,j

εi ⊗ εj ⊗ xij
∥∥∥
E(L∞(Ω)⊗L∞(Ω)⊗M)

.

Theorem 3.

(1) If E is 2-concave or if qE < 2, then for xij in E(M),∥∥∥∑
i,j

εi ⊗ εj ⊗ xij
∥∥∥
E
≈
∥∥(xij)i,j

∥∥
inf

(2) Assume that qE < ∞. If E is 2-convex or if pE > 2, then for

xij in E(M),∥∥∥∑
i,j

εi ⊗ εj ⊗ xij
∥∥∥
E
≈
∥∥(xij)i,j

∥∥
max

• The case when E = Lp (for 1 ≤ p <∞) corresponds to the results

by Haagerup/Pisier and Pisier mentioned above.
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Interpolation

• Let 1 ≤ p ≤ q ≤ ∞. We say that E ∈ Int(Lp,Lq) provided that

for any

T : Lp(0,∞) + Lq(0,∞) −→ Lp(0,∞) + Lq(0,∞)

such that T : Lp → Lp and T : Lq → Lq boundedly, then

T : E −→ E boundedly.

Theorem (Ovcinnikov, 1970, Arazy, 1978, P. Dodds/T.

Dodds/De Pagter, 1992).

Assume E ∈ Int(Lp, Lq) and let

T : Lp(M) + Lq(M) −→ Lp(N) + Lq(N)

be any linear operator such that

T : Lp(M) −→ Lp(N) and T : Lq(M) −→ Lq(N)

are bounded. Then T maps E(M) into E(N), with an estimate

‖T : E(M)→ E(N)‖ ≤ C max
{
‖T‖p→p , ‖T‖q→q

}
,
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• Our general assumption ensures that E ∈ Int(L1, L∞) and that

for any T : Lp(0,∞) + Lq(0,∞)→ Lp(0,∞) + Lq(0,∞), we have

‖T : E → E‖ ≤ max
{
‖T‖1→1 , ‖T‖∞→∞

}
.

In this case, the above Theorem holds true with C = 1.

• Boyd indices II. For any measurable f : (0,∞)→ C, set

[σtf ](s) = f
(s
t

)
, t, s > 0.

Then each σt is bounded on E(0,∞) and

‖σt : E −→ E‖ ≤ max{1, t}.

For any 1 ≤ p <∞,∥∥σtf∥∥pp =

∫ ∞
0

∣∣∣f(s
t

)∣∣∣p ds = t‖f‖pp,

hence

‖σt : Lp → Lp‖ = t
1
p .

By definition, pE is the smallest p such that

∀ t > 1, ‖σt : E −→ E‖ ≥ t
1
p ,
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and qE is the biggest q such that

∀ t < 1, ‖σt : E −→ E‖ ≥ t
1
q .

• We deduce that

E ∈ Int(Lp, Lq) =⇒ p ≤ pE ≤ qE ≤ q.

• Conversely, Boyd’s Theorem (1971) asserts thatE ∈ Int(Lp, Lq)

provided that

1 ≤ p < pE ≤ qE < q ≤ ∞.
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Starting Lemma

• The proof of the first part of Theorem 1 is an adaptation of the

Lust-Piquard/Pisier proof of the Khintchine inequalities on noncom-

mutative L1-spaces.

The starting point of the latter is the following equivalence property

(Pisier, 1978).

Let T be the unit circle, let en ∈ L∞(T) defined by en(t) = eint for

n ∈ Z and t ∈ R. Then for any Banach space X , we have∥∥∥∑
k

εk ⊗ xk
∥∥∥

Rad(X)
≈
∥∥∥∑

k

e3k ⊗ xk
∥∥∥
L1(T;X)

for finite families x1, . . . , xn in X .

Lemma. For any E as before, we have an equivalence∥∥∥∑
k

εk ⊗ xk
∥∥∥
E(L∞(Ω)⊗M)

≈
∥∥∥∑

k

e3k ⊗ xk
∥∥∥
E(L∞(T)⊗M)

for finite families x1, . . . , xn in E(M).
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Proof.

One can replace e3k by ηk : t 7→ cos(3kt).

Recall that E ∈ Int(L1, L∞).

Then it suffices to show that for any n ≥ 1, there exist two linear

mappings

T : L1(Ω;L1(M)) + L∞(Ω)⊗M −→ L1(T;L1(M)) + L∞(T)⊗M

and

S : L1(T;L1(M)) + L∞(T)⊗M −→ L1(Ω;L1(M)) + L∞(Ω)⊗M

such that

‖T‖1→1 ≤ 1, ‖T‖∞→∞ ≤ 1,

‖S‖1→1 ≤ 1, ‖S‖∞→∞ ≤ 1,

and for any x1, . . . , xn in L1(M) + M ,

T
( n∑
k=1

εk ⊗ xk
)

=

n∑
k=1

ηk ⊗ xk

and

S
( n∑
k=1

ηk ⊗ xk
)

=

n∑
k=1

εk ⊗ xk.
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We consider

K(θ, t) =

n∏
k=1

(
1 + εk(θ) ηk(t)

)
, θ ∈ Ω, t ∈ R.

Then K(θ, t) ≥ 0 for any θ, t. For any A ⊂ {1, . . . , n}, set

εA =
∏
k∈A

εk and ηA =
∏
k∈A

ηk,

with the conventions ε∅ = 1 and η∅ = 1. Then

K(θ, t) =
∑
A

εA(θ) ηA(t),

hence

∀ θ,
∫

T
K(θ, t) dt

2π = 1 and ∀ t,
∫

Ω

K(θ, t) dm(θ) = 1.

We define

[T (f )](t) =

∫
Ω

K(θ, t)f (θ) dm(θ)

and

[S(g)](θ) =

∫
T
K(θ, t)g(t) dt

2π .

These maps are contractive both on L1 and L∞. Indeed,

‖T‖1→1 = sup
θ

∥∥K(θ, · )
∥∥
L1(T)

, etc...
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Now for any x ∈ L1(M) + M and any k = 1, . . . , n,

T (εk ⊗ x) =
∑
A

(∫
Ω

εAεk dm
)
ηA ⊗ x

Moreover, ∫
Ω

εAεk dm = 1 if A = {k},

= 0 otherwise.

Consequently, T (εk ⊗ x) = ηk ⊗ x.

Likewise, ∫
T
ηAηk = 1

2 if A = {k},

= 0 otherwise.

Hence S(ηk ⊗ x) = 1
2 εk ⊗ x.
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Other variables

In all the above statements (except the previous “starting” lemma),

one can replace the Rademacher variables by one of the following

sequences of commutative or noncommutative variables:

Gaussian variables. A sequence g1, . . . , gn, . . . of independent

standard Gaussian variables.

Steinhaus variables. The sequence of functions Un(t) = eitn on

T∞, where t = (tn)n≥1.

Free generators. The sequence (λ(cn))n≥1 on V N(G), where

G = F∞ is the free group generated by a sequence (cn)n≥1, and

λ : G→ V N(G) ⊂ B(`2
G) is the left regular representation.

Fermions. A sequence (wn)n≥1 of operators defined as

wn = vn + v∗n,

where the vn’s satisfy the Canonical Anticommutation Relations:

viv
∗
j + v∗jvi = δij and vivj + vjvi = 0.


