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These notes are intended as a supplement to the material in section 4.1 of [12], to provide extra
explanation where (the author felt it) needed and to give some additional results that are not
in the book but are nevertheless interesting.
Throughout, unless otherwise mentioned, X and Y will be Banach spaces over the scalar field
F (with F = R or F = C). The space of linear operators (in the operator norm) between X and
Y will be denoted by L(X,Y ), the linear subspace of finite rank operators by F(X,Y ), and the
subspace of compact operators by K(X,Y ). In the case X = Y we will write L(X,X) = L(X),
with similar modifications for other spaces of operators. If X is a subset of Y , then a continuous
inclusion of X into Y will be denoted by X ↪→ Y , an isometric embedding by X ⊂ Y and an
isometric isomorphism by X = Y .

1 Questions

This lecture we will aim to answer at once several questions that have been lingering over the
past chapters, as well as some seemingly unrelated questions of a general nature:

1. (Problem 153 in the Scottish book [11], posed by Mazur)
If f : [0, 1]× [0, 1]→ R is continuous and∫ 1

0
f(x, y)f(y, z)dy = 0

for all x, z ∈ [0, 1], can we conclude that∫ 1

0
f(x, x)dx = 0?

(Formulation as found in Appendix A of [7].)

2. (Posed by Banach in [3])
A sequence (ek)

∞
k=1 ⊂ X in a Banach space X is a Schauder basis if each x ∈ X can be

expressed uniquely as a convergent sum x =
∑∞

k=1 akek for some sequence (ak)
∞
k=1 ⊂ F

of scalars. Each Banach space with a Schauder basis is separable, as can be seen by
considering all rational linear combinations of the ek. Conversely, does every separable
Banach space have a Schauder basis?

3. Every compact operator on a Hilbert space is the limit of finite rank operators. Is every
compact operator between arbitrary Banach spaces the limit of finite rank operators?

4. We know that T ∈ N (X,Y ) implies T ∗ ∈ N (Y ∗, X∗) and ||T ∗||N ≤ ||T ||N . Does T ∗ ∈
N (Y ∗, X∗) imply T ∈ N (X,Y )?

5. We can identify X∗⊗̂εY with the space F(X,Y ) ⊂ K(X,Y ) of linear operators from X to
Y that are limits (in the operator norm) of finite rank operators, by letting an elementary
tensor φ⊗ y act on x ∈ X via

φ⊗ y(x) = φ(x)y ∈ Y,

and extending this linearly to all of X∗⊗̂πY . When do we have X∗⊗̂εY = K(X,Y )?

6. We have a contractive embedding N (X,Y ) ↪→ I(X,Y ). When do we have ||T ||I = ||T ||N
for T ∈ N (X,Y )?
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7. (Posed by Marcel de Jeu)
Can we give a (somewhat more) explicit description of C0(Ω)⊗̂πX for a locally compact
Hausdorff space Ω?

8. Because ε(u) ≤ π(u) holds for all u ∈ X ⊗Y , we have a continuous embedding X ⊗π Y ↪→
X⊗εY . This extends to a (a priori not necessarily injective) map X⊗̂πY → X⊗̂εY . When
is this map injective?

9. The space N (Y,X) = (Y ∗⊗̂πX)/ker(J) is a quotient of the projective tensor product
Y ∗⊗̂πX, as mentioned in Section 2.6 of [12]. When do we have ker(J) = 0 and N (Y,X) =
Y ∗⊗̂πX?

10. We can define the trace functional tr ∈ (X∗⊗̂πX)∗ = (N (X))∗ if X is finite dimensional.
Can we define the trace of an arbitrary nuclear operator for more general X?

11. For a u =
∑n

k=1 xk ⊗ yk ∈ X ⊗ Y we have u = 0 if and only if

n∑
k=1

ϕ(xk)yk = 0 ∈ Y

for all ϕ ∈ X∗. (Use Proposition 1.2 in [12] and the fact that X∗ separates the points of
X.) Can we find a similar condition to determine when a u ∈ X⊗̂πY is equal to zero?

Remark 1.1. At first sight, it might seem counterintuitive that the continuous embedding in
question 8 need not extend to an injective map. To see that such continuous embeddings need
need not always extend to injective maps, consider the case of the restriction map p 7→ p|[0,1]
from the polynomial functions P[0, 2] on the interval [0, 2] to the polynomial functions P[0, 1]
on [0, 1]. This is clearly a contractive embedding (both spaces are endowed with the supremum
norm), and taking the completions of these spaces we get the restriction map C[0, 2] → C[0, 1]
(by the Stone-Weierstrass theorem), which is contractive but clearly not injective.

2 The approximation property

In order to provide answers to the above questions, we start with the last one. As mentioned
above, a u =

∑n
k=1 xk ⊗ yk ∈ X ⊗π Y is equal to zero if and only if

∑n
k=1 ϕ(xk)yk = 0 ∈ Y for

all ϕ ∈ X∗. In the case of a general u ∈ X⊗̂πY with representation u =
∑∞

k=1 xk ⊗ yk, can we
deduce from

∞∑
k=1

ϕ(xk)yk = 0 ∈ Y (1)

for each ϕ ∈ X∗ that u = 0? By Section 2.2 of [12], the dual of X⊗̂πY can be identified with
L(X,Y ∗). This means that u = 0 if and only if

〈u, T 〉 =
∞∑
k=1

〈yk, Txk〉 = 0 (2)

for all T ∈ L(X,Y ∗). Now for T =
∑n

i=1 ϕi ⊗ ψi ∈ X∗ ⊗ Y ∗ of finite rank, we get

〈u, T 〉 =
∞∑
k=1

〈yk,
n∑
i=1

ϕi(xk)ψi〉 =
n∑
i=1

∞∑
k=1

ϕi(xk)ψi(yk) =
n∑
i=1

ψi

( ∞∑
k=1

ϕi(xk)yk

)
= 0.

So for operators of finite rank, equation (1) implies equation (2). If Y is infinite-dimensional, not
all operators have finite rank, and so it would appear that we need some extra information to
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derive (2) from (1). In the case of finite rank operators above, the essential step is the exchanging
of the order of summation. If we could approximate the operator T by finite rank operators
uniformly on the set {xk}k∈N, we could achieve something similar. Indeed, if that is the case
and we also assume that

∑∞
k=1 ||yk|| <∞, then for each ε > 0 there exists a finite rank operator

S ∈ F (X,Y ∗) such that ||T (xk)− S(xk)|| < ε (
∑∞

k=1 ||yk||)
−1 for all k, and we get

|〈u, T 〉| ≤ |〈u, S〉|+ |〈u, T − S〉| ≤
∞∑
k=1

|〈yk, (T − S)xk〉| ≤ ε.

Letting ε tend to zero gives (2).
Now, if (xk)

∞
k=1 is an arbitrary bounded sequence, we cannot expect to approximate T uniformly

on {xk}k∈N. However, the next lemma tells us that we can assume that the sequence converges
to zero while also having the required summability of the ||yk||.

Lemma 2.1. Let (xk)
∞
k=1 ⊂ X, (yk)

∞
k=1 ⊂ Y be sequences such that

∑∞
k=1 ||xk|| ||yk|| < ∞.

Then there exist sequences (uk)
∞
k=1 ⊂ X, (vk)

∞
k=1 ⊂ Y such that uk → 0 ∈ X,

∑∞
k=1 ||vk|| < ∞

and
∞∑
k=1

xk ⊗ yk =
∞∑
k=1

uk ⊗ vk ∈ X⊗̂πY.

Proof :
First note that we can assume that ||xk|| = 1 for all k, hence

∑∞
k=1 ||yk|| <∞. This means that,

for each j ∈ N, we can choose an n(j) ∈ N such that

∞∑
k=n(j)+1

||yk|| < 4−j .

Let (n(j))∞j=1 ⊂ N be the sequence of natural numbers obtained in this manner, and note

that we can assume that it is strictly increasing. Now define uk := 2−jxk and vk := 2jyk if
n(j) < k ≤ n(j + 1) for j ∈ N, and uk := xk, vk := yk for k < n(1). Then

∞∑
k=1

xk ⊗ yk =
∞∑
k=1

uk ⊗ vk ∈ X⊗̂πY

and uk → 0 as k →∞. Furthermore,

∞∑
k=1

||vk|| =
n(1)∑
k=1

||yk||+
∞∑
j=1

2j

 n(j+1)∑
k=n(j)+1

||yk||

 ≤ n(1)∑
k=1

||yk||+
∞∑
j=1

2−j <∞.

If (xk)
∞
k=1 is a sequence that converges to zero, then {xk}k∈N is relatively compact in X. Hence

it suffices to require that for each compact set K ⊂ X, T is the limit of finite rank operators
uniformly on K. In other words, that the closure of F(X,Y ) in the topology of uniform con-
vergence on compact sets (the u.c.c. topology) is L(X,Y ). This topology is the locally convex
topology on L(X) generated by the seminorms pK(T ) := sup {||Tx|| : x ∈ K}, with K ranging
over the compact sets in X.
Also remark that we could give a similar argument by identifying (X⊗̂πY )∗ with L(Y,X∗).
We first show that approximation of arbitrary T : X → Y on compacts is equivalent to approx-
imating the identity operator I : X → X on compacts. We do not need the completeness of X
in this case.

Proposition 2.2. Let X be a normed vector space. Then the following are equivalent:
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(i) The identity operator I ∈ L(X) lies in the closure of F(X) in the u.c.c. topology.

(ii) For every normed vector space Y , F(X,Y ) lies dense in L(X,Y ) in the u.c.c. topology.

(iii) For every normed vector space Y , F(Y,X) lies dense in L(Y,X) in the u.c.c. topology.

Proof :
One can simply copy the proof of Proposition 4.1 in [12].

If X satisfies one of the equivalent conditions in Proposition 2.2, we say that X has the approx-
imation property, abbreviated by saying that X has AP. If X satisfies the stronger condition
that there exists a λ ≥ 1 such that I ∈ L(X) lies in the closure of F(X) ∩ λBL(X) in the u.c.c.
topology, with BL(X) the unit ball of L(X), then we say that X has the λ-bounded approximation
property, or simply that X has λ-BAP. If we do not wish to stress the λ we simply say that X
has the bounded approximation property (BAP). In the case λ = 1 we also say that X has the
metric approximation property (MAP). We get a similar characterization as in Proposition 2.2
for these properties. The proof is almost identical.

Proposition 2.3. Let X be a normed space. Then the following are equivalent:

(i) X has λ-BAP.

(ii) For every normed vector space Y , the closure of F(X,Y )∩λBL(X,Y ) in the u.c.c. topology
contains BL(X,Y ).

(iii) For every normed vector space Y , the closure of F(Y,X)∩λBL(Y,X) in the u.c.c. topology
contains BL(Y,X).

Remark 2.4. We have considered normed vector spaces in the above definitions because com-
pleteness of X does not appear to be necessary. It might not even be necessary to consider
normed vector spaces. In fact, in the lecture notes by Klaus Bierstedt [4] the approximation
property is treated for general locally convex spaces.

Remark 2.5. Figiel and Johnson [9] showed that the bounded approximation is strictly stronger
than the approximation property. However, according to [7] it remains open (at least it did in
2008) whether a dual space with AP has BAP. Also, in [12, Chapter 5] it is shown that any
Banach space X with the Radon-Nikodym property and AP has MAP.

Remark 2.6. A simple but useful observation is the following: if X and Y are isomorphic
normed spaces and X has AP (BAP), then Y has AP (BAP). If X and Y are isometrically
isomorphic and X has λ-BAP, then so does Y .

Remark 2.7. Also note that if X has AP (λ-BAP) and Y is a subspace of X that is comple-
mented by a projection of norm α, then Y has AP (αλ-BAP).

We now show that the approximation property helps us to answer question 11. For this we prove
a useful lemma due to Grothendieck, taken from [7]. From now on we let X be complete again.

Lemma 2.8. Let K ⊂ X be a closed subset of a Banach space X. Then K is compact if and
only if K is contained in the closed convex hull co {xk}k∈N of a sequence (xk)

∞
k=1 ⊂ X converging

to zero.

Proof :
By a theorem of Mazur (see for instance Corollary 5.33 in [1]), the closed convex hull of a
relatively compact set in a Banach space is compact. So if K is contained in the closed convex
hull of such a sequence, it is closed in a compact set hence compact itself.
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Conversely, suppose K is compact. Then 2K is compact, and we can find x1, . . . , xn(1) ∈ 2K

such that the balls of radius 1
4 around the xj , j = 1, . . . , n(1), cover 2K. Each of the sets

2K ∩
{
x ∈ X : ||x− xj || ≤ 1

4

}
is compact, therefore so are the sets(

2K ∩
{
x ∈ X : ||x− xj || ≤

1

4

})
− xj

for j = 1, . . . , n(1). We see that the set

K2 :=

n(1)⋃
j=1

(
2K ∩

{
x ∈ X : ||x− xj || ≤

1

4

})
− xj

is compact.
Again, 2K2 is compact. Like before, we can find xn(1)+1, . . . , xn(2) ∈ 2K2 such that 2K2 is

contained in the union of the balls around the xj , j = n(1) + 1, . . . , xn(2), of radius 1
16 . Each of

the sets

2K2 ∩
{
x ∈ X : ||x− xj || ≤

1

16

}
and (

2K2 ∩
{
x ∈ X : ||x− xj || ≤

1

16

})
− xj

is compact, for j = n(1) + 1, . . . , n(2). Hence so is

K3 :=

n(2)⋃
j=n(1)+1

(
2K2 ∩

{
x ∈ X : ||x− xj || ≤

1

16

})
− xj .

Continue in this manner. We get a sequence (Kn)n∈N of compact sets (K1 := K) in X such that
limn→∞ supx∈Kn

||x|| = 0 and a sequence (xk)
∞
k=1 ⊂ X that converges to zero.

Let x ∈ K be given. Then 2x ∈ 2K, so there is an j(1) ∈ {1, . . . , n(1)} such that 2x−xj(1) ∈ K2.
This in turn means that 2(2x − xj(1)) ∈ 2K2 and there is a j(2) ∈ {n(1) + 1, . . . , n(2)} with
2(2x− xj(1))− xj(2) ∈ K3. We can continue in this manner and find, for n ∈ N, that

x−
xj(1)

2
−
xj(2)

4
− · · · −

xj(n)

2n
∈ 1

2n
Kn+1.

This means that, if we add the element 0 ∈ X to the sequence, we can approximate x arbitrarily
close by convex combinations of the xk. Hence K is contained in the closed convex hull of the
xk.

We will also need to know a bit more about linear functionals on L(X) that are u.c.c. continuous.

Lemma 2.9. Let X and Y be Banach spaces. A linear functional Φ on L(X,Y ) is continuous
in the topology of uniform convergence on compact sets if and only if there exist sequences
(xk)

∞
k=1 ⊂ X, (ψk)

∞
k=1 ⊂ Y such that

∑∞
k=1 ||xk|| ||ψk|| <∞ and

Φ(T ) =

∞∑
k=1

ψk(Txk)

for all T ∈ L(X,Y ).

Proof :
Using Lemma 2.1, it is straightforward to check that a functional satisfying the requirements
above is indeed u.c.c. continuous.
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Conversely, if Φ is continuous in the locally convex topology generated by the seminorms
pK(T ) = supx∈K ||Tx||, with K ranging over the compact sets in X, then there exist compact
sets K1, . . . ,Kn in X and positive scalars M1, . . . ,Mn ≥ 0 such that

|Φ(T )| ≤
n∑
i=1

MipKi(T )

for all T ∈ L(X,Y ), by [5, Theorem 3.1]. Set M := max1≤i≤nMi and K := ∪ni=1Ki. Then

|Φ(T )| ≤MpK(T )

for all T . By Lemma 2.8 there exists a sequence (xk)
∞
k=1 ⊂ X, converging to zero, such that

K ⊂ co {xk}k∈N. For any T ∈ L(X,Y ) and any element x in the convex hull of the xk we have
||Tx|| ≤ maxk ||Txk||, therefore the same holds for any x in the closed convex hull of the xk,
hence for any x ∈ K. So we find

|Φ(T )| ≤ max
k
||Txk|| (3)

for all T .
Now we consider the mapping L(X, )→ c0(Y ) given by T 7→ (Txk)

∞
k=1. By (3), Φ is a continuous

functional on the range of this mapping. We use Hahn-Banach to extend it to all of c0(Y ). As
mentioned in Example 3.15 and prior to Proposition 3.21 in [12],

c0(Y )∗ = (c0⊗̂εY )∗ = `1(Y ∗).

Therefore there exists a sequence (ψk)
∞
k=1 ∈ `1(Y ∗) such that

Φ(T ) =

∞∑
k=1

ψk(Txk)

for all T ∈ L(X,Y ). Because (xk)
∞
k=1 converges to zero and (ψk)

∞
k=1 ∈ `1(Y ∗), we have

∞∑
k=1

||xk|| ||ψk|| <∞.

We are now ready to give an answer to question 11.

Proposition 2.10. Let X be a Banach space. The following are equivalent:

(i) X has the approximation property.

(ii) If u =
∑∞

k=1 ϕk ⊗ xk ∈ X∗⊗̂πX satisfies
∑∞

k=1 ϕk(x)xk = 0 ∈ X for all x ∈ X, where
(xk)

∞
k=1 ⊂ X and (ϕk)

∞
k=1 ⊂ X∗ are bounded sequences such that

∑∞
k=1 ||xk|| ||ϕk|| < ∞,

then u = 0.

(iii) For any Banach space Y and any separating subset W ⊂ Y ∗ it holds that if u =
∑∞

k=1 xk⊗
yk ∈ X⊗̂πY satisfies

∑∞
k=1 ψ(yk)xk = 0 ∈ X for all ψ ∈ W , where (xk)

∞
k=1 ⊂ X and

(yk)
∞
k=1 ⊂ Y are bounded sequences such that

∑∞
k=1 ||xk|| ||yk|| <∞, then u = 0.

(iv) For any Banach space Y and any separating subset V ⊂ X∗ it holds that if u =
∑∞

k=1 xk⊗
yk ∈ X⊗̂πY satisfies

∑∞
k=1 ϕ(xk)yk = 0 ∈ Y for all ϕ ∈ V , where (xk)

∞
k=1 ⊂ X and

(yk)
∞
k=1 ⊂ Y are bounded sequences such that

∑∞
k=1 ||xk|| ||yk|| <∞, then u = 0.
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Proof :
First note that in deducing (iii) and (iv) from the others, we can reduce to the cases V = X∗

and W = Y ∗. Indeed, suppose for instance that
∑∞

k=1 ϕ(xk)yk = 0 for all ϕ in some separating
subset V of X∗. Then

0 = ψ

( ∞∑
k=1

ϕ(xk)yk

)
=
∞∑
k=1

ϕ(xk)ψ(yk) = ϕ

( ∞∑
k=1

ψ(yk)xk

)
(4)

for any ϕ ∈ V and any ψ ∈ Y ∗. Since V separates the points of X, we have
∑∞

k=1 ψ(yk)xk = 0
for all ψ ∈ Y ∗ and

0 = ϕ

( ∞∑
k=1

ψ(yk)xk

)
= ψ

( ∞∑
k=1

ϕ(xk)yk

)
for all ϕ ∈ X∗ and ψ ∈ Y ∗. Since Y ∗ separates the points of Y , we conclude that 0 =∑∞

k=1 ϕ(xk)yk for all ϕ ∈ X∗. For a separating subset W ⊂ Y ∗ a similar statement holds.
Now note that we have already shown (i)⇒ (iv) in the discussion preceding Proposition 2.1.
Also (iv)⇒(iii) follows from equation (4).
Furthermore, (ii) is just a special case of (iii), by setting Y = X∗ and noting that X∗⊗̂πX and
X⊗̂πX∗ are isometrically isomorphic via the map ϕ⊗ x 7→ x⊗ ϕ.
Finally, assume that X does not have the approximation property. Then I ∈ L(X) is not
contained in the closure of F(X) in the u.c.c. topology. By the Hahn-Banach theorem, there
exists a u.c.c. continuous functional Φ on L(X) such that Φ(I) = 1 and Φ ≡ 0 on the u.c.c.
closure of F(X). Lemma 2.9 tells us that there exist sequences (xk)

∞
k=1 ⊂ X, (ϕk)

∞
k=1 ⊂ X∗

with
∑∞

k=1 ||xk|| ||ϕk|| <∞ and

Φ(T ) =
∞∑
k=1

ϕk(Txk)

for all T ∈ L(X). Hence

1 = Φ(I) =
∞∑
k=1

〈xk, ϕk〉.

On the other hand, for any x ∈ X, ϕ ∈ X∗, the finite rank operator ϕ⊗ x ∈ F(X) satisfies

0 = Φ(ϕ⊗ x) =

∞∑
k=1

ϕk(ϕ(xk)x) =

∞∑
k=1

ϕk(x)ϕ(xk) = ϕ

( ∞∑
k=1

ϕk(x)xk

)
.

Since X∗ separates the points,
∑∞

k=1 ϕk(x)xk = 0 ∈ X for any x ∈ X. As a last step, consider
the trace functional tr ∈ (X∗⊗̂πX)∗, the linearization of the bilinear map (ϕ, x) 7→ ϕ(x) on
X∗⊗̂πX. We have

tr(u) =
∞∑
k=1

〈xk, ϕk〉 = 1

for u :=
∑∞

k=1 ϕk ⊗ xk ∈ X∗⊗̂πX, whereas tr sends the zero element to the zero scalar. So
u 6= 0 ∈ X∗⊗̂πX and (ii) is not satisfied.

Now suppose X∗ has the approximation property and apply condition (iv) above in the case
Y = X and V = X ⊂ X∗∗. This yields condition (ii) for the space X, so we find:

Corollary 2.11. If X∗ has the approximation property, then so does X.

We can now remark that we have in fact also answered questions 8, 9 and 10.
Indeed, as for question 8, X⊗̂εY is a subspace of L(Y ∗, X). The natural map X⊗̂πY → X⊗̂εY
sends u =

∑∞
k=1 xk ⊗ yk ∈ X⊗̂πY to the operator given by ψ 7→

∑∞
k=1 ψ(yk)xk ∈ X. This map
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is injective if and only if
∑∞

k=1 ψ(yk)xk = 0 for all ψ ∈ Y ∗ implies that u = 0. If X has AP then
condition (iii) in Proposition 2.10 implies that the natural map above is injective for any Y . On
the other hand, if the map X⊗̂πX → X⊗̂εX is injective, then condition (ii) in Proposition 2.10
tells us that X has the approximation property.
Furthermore, the natural mapping Y ∗⊗̂πX 7→ N (Y,X) sending

∑∞
k=1 ψk ⊗ xk ∈ Y ∗⊗̂πX to the

operator y 7→
∑∞

k=1 ψk(y)xk is injective if and only if

∞∑
k=1

ψk(y)xk = 0

for all y ∈ Y implies
∑∞

k=1 ψk ⊗ xk = 0. If X has AP then setting W = Y ⊂ Y ∗∗ in condition
(iii) of Proposition 2.10 yields the injectivity of Y ∗⊗̂πX → N (Y,X) and Y ∗⊗̂πX = N (Y,X).
Conversely, if X∗⊗̂πX → N (X) is injective then condition (ii) tells us that X has AP.
Finally, we have already seen that the trace functional on X∗ ⊗ X extends to a continuous
functional on X∗⊗̂πX. If X has AP, then X∗⊗̂πX = N (X), so trace is a well-defined continuous
functional on the space of nuclear operators on X. On the other hand, if X does not have AP,
then in the proof of Proposition 2.10 we have constructed an element u :=

∑∞
k=1 ϕk ⊗ xk ∈

X∗⊗̂πX with

1 = tr(u) =

∞∑
k=1

φk(xk)

that leads to the zero operator on X. Hence the trace cannot be defined in a proper manner as
a linear functional on N (X).
We summarize this in the following corollary:

Corollary 2.12. Let X be a Banach space. Then the following are equivalent:

(i) X has the approximation property.

(ii) For any Banach space Y , the natural mapping X⊗̂πY → X⊗̂εY is injective.

(iii) For any Banach space Y , Y ∗⊗̂πX = N (Y,X).

(iv) The trace functional tr : X∗ ⊗X → F extends to a well-defined functional on N (X).

Remark 2.13. Of course, by similar arguments one can show that X∗ has AP if and only if for
all Y we have X∗⊗̂πY = N (X,Y ). In particular, X∗⊗̂πY = N (X,Y ) if either X∗ or Y has AP.

Remark 2.14. One can also show that X∗ has AP if and only if X∗⊗̂πY ∗ is isometrically
isomorphic to BN (X × Y ), the space of nuclear bilinear forms on X × Y , for all Y .

3 Examples

We will now give examples of spaces that have the approximation property. For this we will use
the following lemma, which gives a sufficient condition for u.c.c. convergence.

Lemma 3.1. Let X and Y be Banach spaces and (Tα)α∈A ⊂ L(X,Y ) a uniformly bounded
net such that Tαx → Tx for all x ∈ X and some T ∈ L(X,Y ). Then Tα converges to T in the
topology of uniform convergence on compact sets.

Proof :
Let K ⊂ X be compact, ε > 0 and M ≥ 1 such that ||Tα|| ≤M for all α. Let {x1, . . . , xn} ⊂ K
be an ε

3M -net. For large enough α, ||Txj − Tαxj || < ε
3M for all 1 ≤ j ≤ n. For such α we have

||Tx− Tαx|| ≤ ||Tx− Txj ||+ ||Txj − Tαxj ||+ ||Tαxj − Tαx|| < ε
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for any x ∈ X, where j ∈ {1, . . . , n} is chosen such that ||x−xj || < ε
3M . So Tα indeed converges

to T uniformly on compacts.

This immediately yields the following:

Corollary 3.2. Suppose (Tα)α∈A ⊂ F(X) is a net of finite-rank operators on X such that
λ := supα∈A ||Tα|| <∞ and Tαx→ x for all x ∈ X. Then X has λ-BAP.

Recall that a sequence (ek)
∞
k=1 ⊂ X is a Schauder basis for X if each x ∈ X can be expressed

uniquely as a convergent sum x =
∑∞

k=1 akek for some sequence (ak)
∞
k=1 ⊂ F of scalars. If this

is the case, then one can show that the projections

Pnx :=
n∑
k=1

akek

are uniformly bounded finite rank operators on X such that Pnx → x for all x ∈ X. The
supremum supn∈N ||Pn|| is called the basis constant of (ek)

∞
k=1. We now find

Corollary 3.3. Suppose X has a Schauder basis with basis constant λ. Then X has λ-BAP.

In particular, the sequence spaces c0 and `p, p ∈ [1,∞), have the metric approximation property,
the standard basis elements for a Schauder basis with basis constant 1. Also, an orthonormal
basis is a Schauder basis so any Hilbert space has the metric approximation property.

Example 3.4. Let H∞(D) be the space of bounded holomorphic functions on the open unit
disc D = {z ∈ C : |z| < 1}, equipped with the supremum norm. Then H∞(D) has the metric
approximation property.

Proof :
One can check that the monomials

{
1, x, x2, . . .

}
form a Schauder basis with basis constant

1.

Remark 3.5. It is mentioned (without proof) in the notes by Klaus D. Bierstedt on topological
tensor products that for K ⊂ C compact, H∞(K) has AP.

Example 3.6. Let (Ω, µ) be a measure space and p ∈ [1,∞). Then Lp(Ω, µ) has the metric
approximation property.

Proof :
The proof is as that of Example 4.5 in [12], except one has to modify the definition of the TA to

TAf :=

n∑
i=1

µ(Ai)
−1
(∫

Ai

f dµ

)
.

Example 3.7. Let Ω be a locally compact Hausdorff space. Then C0(Ω)∗ has MAP, hence so
does C0(Ω).

Proof :
We use that C0(Ω)∗ is isometrically isomorphic to an L1(µ)-space. For this we use the Kakutani
representation theorem for AL-spaces [2, Theorem 12.26]. For real-valued functions C0(Ω) is an
AM-space (terminology and results in [2] or [1, Section 9.5]), so its dual is an AL-space. By
the Kakutani representation theorem, C0(Ω)∗ is isometrically lattice isomorphic to an L1(µ),
hence the example above tells us that C0(Ω)∗ has MAP. For complex-valued functions one has
to consider real and imaginary parts separate. Also note that in [12] it is remarked (without
proof) after Proposition 2.21 that C(K)∗ is an L1(µ)-space for some µ.
Corollary 4.6 tells us that C0(Ω) has MAP as well.
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Remark 3.8. One can also give a direct proof that C0(Ω) has MAP, as is done for C(K) in
Example 4.2 of [12]. There also is a direct proof that C0(Ω)∗ has AP, using Proposition C.9 to
show that any compact set in C0(Ω)∗ is isometrically embedded in an L1-space. However, the
author does not see how this yields the metric approximation property.

Remark 3.9. We can now answer question 7, at least in some manner. We know that C0(Ω),
for Ω locally compact Hausdorff, has MAP. Hence Corollary 2.12 tells us that C0(Ω)⊗̂πX
is injectively embedded into C0(Ω)⊗̂εX = C0(Ω;X). This gives a possible description of
C0(Ω)⊗̂πX as the subspace of C0(Ω;X) consisting of those functions f for which there exist
sequences (fk)

∞
k=1 ⊂ C0(Ω) and (xk)

∞
k=1 ⊂ X such that f(ω) =

∑∞
k=1 fk(ω)x for all ω ∈ Ω

and
∑∞

k=1 ||fk|| ||xk|| < ∞, endowed with the norm of C0(Ω)⊗̂πX. This is of course not a very
nice or particularly useful description, which perhaps explains why no attention is payed to the
tensor product C0(Ω)⊗̂πX in [12].

Remark 3.10. Note that Example 3.6 in fact shows that all AM and AL spaces have MAP.
Hence, the space of Borel measures M(Ω) has MAP for any measurable space Ω.

Because L∞(Ω, µ), for any measure space (Ω, µ), is a commutative C∗-algebra with unit, we know
that L∞(Ω, µ) is isometrically isomorphic to the space of continuous functions on its spectrum.
Hence L∞(Ω, µ) and its dual have MAP.
One can now wonder if maybe all Banach spaces have the approximation property. This was
one of the questions that Grothendieck himself asked in his Résumé [10]. It was solved in 1973
by Per Enflo [8], who gave an example of a separable Banach space that does not have the
approximation property. By Corollary 3.3, he therefore also gave an example of a separable
space that does not have a Schauder basis, thereby answering our question 2. In fact, he also
answered questions 1 and 3, as these problems were intimately related. For question 3 this will
become clear later on in these notes.
Later, Davie [6] showed that there exist subspaces of `p, 2 < p < ∞, that do not have AP.
Szankowski then showed [13] that in fact L(H), for any infinite-dimensional Hilbert space H,
does not have AP. This also shows that the converse to Corollary 2.11 is not true, L(`2) is the
dual of `2⊗̂π`2, which has AP since `2 does.
For these remarks and more see [7, Appendix A].

4 More answers

There are still a few questions that we have left unanswered, namely questions 4, 5 and 6. An
answer to question 4 is provided in [12, Proposition 4.10].

Proposition 4.1. Let X be a Banach space such that X∗ has the approximation property. For
any Banach space Y and any T ∈ L(X,Y ) such that T ∗ ∈ N (Y ∗, X∗), we have T ∈ N (X,Y )
and ||T ||N = ||T ∗||N .

As for question 5, we will use the following lemma. For notation see [12, p.78]:

Lemma 4.2. Let K be a convex, balanced, compact subset of the Banach space X. Then XK

is complete, and there exists a convex, balanced, compact subset L of K containing K such that
K is compact in XL.

Proof :
For the first statement we refer to Lemma 4.11 in [12].
As for the second, by Lemma 2.8 there exists a sequence (xk)

∞
k=1 ⊂ X, converging to zero, such

that K lies in the closed convex hull of the xk. We can assume that x2, x3, . . . are nonzero.
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Define yk := xk√
||xk||

for k ≥ 2, y1 := x1. Then yk → 0 as k →∞.

Let L be the closed, convex, balanced hull of the yk. Then L is compact by Lemma 2.8. Because
xk =

√
||xk||yk ∈

√
||xk||L for k ≥ 2, ||xk||XL

≤
√
||xk|| → 0. So (xk)

∞
k=1 converges to zero

in XL. By Lemma 2.8 again, the XL-closed convex hull coXL {xk}k∈N is compact. Since the
inclusion map XL ↪→ X is continuous, coXL {xk}k∈N ⊂ co {xk}k∈N. Now consider the inclusion
map coXL {xk}k∈N ↪→ co {xk}k∈N. This is a continuous mapping from a compact space, bijective
onto its image, a Hausdorff space. By a well-known lemma from topology, it is a homeomorphism.
Hence its image is closed in X. Since it contains the convex hull of the xk,

coXL {xk}k∈N = co {xk}k∈N .

We now see that K is closed in the set coXL {xk}k∈N, which is compact in XL. A final application
of Lemma 2.8 yields the statement.

We now show why the counterexample of Enflo provides a negative answer to question 3. We
will use that if T : X → Y is an injective operator, then T ∗(Y ∗) is dense in X∗ for the topology
of uniform convergence on compact sets in X. Indeed, the norm topology on X∗ is stronger
than the topology of uniform convergence on compact subsets of X. Hence the norm closure of
T ∗(Y ∗) is contained in the u.c.c. closure of this set. However, the norm closure of T ∗(Y ∗) is X∗.
Indeed, Hahn-Banach tells us that otherwise there would exist an x 6= 0 in X such that

〈x, T ∗ψ〉 = 〈Tx, ψ〉 = 0

for all ψ ∈ Y ∗. Then Tx = 0 ∈ Y , which would contradict the injectivity of T .

Proposition 4.3. Let X be a Banach space.

(a) X has AP if and only if, for every Banach space Y , K(Y,X) = F(Y,X).

(b) X∗ has AP if and only if, for every Banach space Y , K(X,Y ) = F(X,Y ).

Proof :
This is Proposition 4.12 in [12].

Of course this yields an answer to question 5:

Corollary 4.4. If X∗ or Y has AP then K(X,Y ) = X∗⊗̂εY .

Finally, only question 6 remains. The answer uses the following:

Proposition 4.5. Let X be a Banach space and λ ≥ 1. Then the following are equivalent:

(i) X has λ-BAP.

(ii) For any Banach space Y , the natural mapping X⊗̂πY ↪→ (X∗⊗̂εY ∗)∗ is an isomorphism
with

‖u‖I ≤ π(u) ≤ λ‖u‖I
for all u ∈ X⊗̂πY .

(iii) The natural mapping X⊗̂πX∗ → (X∗⊗̂εX)∗ is an isomorphism with

‖u‖I ≤ π(u) ≤ λ‖u‖I

for all u ∈ X⊗̂πX∗.
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Proof :
The proof goes as that of Theorem 4.14 in [12], except one has to choose the operator S in
(i)⇒(ii) such that ‖S‖ ≤ λ, with a similar modification for (iii)⇒(i).

The proof of the following results is also almost identical to their versions in [12, p.82]. Use
Proposition 4.5 where needed.

Corollary 4.6. If X∗ has λ-BAP, then so does X.

Proposition 4.7. Let X be a Banach space and λ ≥ 1. Then X∗ has λ-BAP if and only if for
any Banach space Y the natural mapping

X∗⊗̂πY → (X⊗̂εY ∗)∗

is an isomorphism onto its image with ‖u‖I ≤ π(u) ≤ λ‖u‖I for all u ∈ X∗⊗̂πY .

Proof :
The proof of the only if part goes as in [12], Proposition 4.16, with the slight modification that
one has to use our Proposition 4.5 in that proof.
Conversely, if we apply the latter condition with Y = X∗∗, then we get that the map

X∗⊗̂πX∗∗ → (X⊗̂εX∗∗∗)∗ = J (X,X∗∗∗∗)

is an isomorphism onto its image with ‖u‖I ≤ π(u) ≤ λ‖u‖I for all u. However, a u ∈ X∗⊗̂πX∗∗,
considered as an element of J (X,X∗∗∗∗), takes its values in X∗∗. Hence we have X∗⊗̂πX∗∗ →
J (X,X∗∗), and because J (X,X∗∗) is a subspace of J (X,X∗∗∗∗), the norm inequalities are
preserved. Furthermore, because J (X,X∗∗) is a subspace of J (X∗∗, X∗∗) = (X∗∗⊗̂εX∗)∗ (use
Proposition 3.21 in [12]), we get that

X∗⊗̂πX∗∗ → (X∗∗⊗̂εX∗)∗

is an isomorphism onto its image with ‖u‖I ≤ π(u) ≤ λ‖u‖I for all u ∈ X∗⊗̂πX∗∗. Condition
(iii) in Proposition 4.5 now tells us that X∗ has λ-BAP.

We end with the answer to question 6, the proof of which is easily adapted from [12, Corollary
4.17].

Corollary 4.8. If either X∗ or Y has λ-BAP, then ‖T‖I ≤ ‖T‖N ≤ λ||T ||I for all T ∈
N (X,Y ).
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