Discontinuous Initial Value Problems for
Functional Differential-Algebraic
Equations of Mixed Type

H. d’Albis® E. Augeraud-Véron® H. J. Hupkes ¢*

& LERNA - University of Toulouse I
21 Allée de Brienne; 31000 Toulouse; France
Email: hippolyte.d-albis@univ-tlsel.fr

> Laboratory of Mathematics, Images and Applications - University of La Rochelle
Avenue Michel Crépeau; 17042 La Rochelle; France
Email: eaugerau@univ-1r.fr

¢ Department of Mathematics - University of Missouri - Columbia
202 Mathematical Sciences Bldg; Columbia, MO 65203; USA
Email: hupkesh@missouri.edu

Abstract

We study the well-posedness of initial value problems for nonlinear functional differential-algebraic equations
of mixed type. We are interested in solutions to such problems that admit a single jump discontinuity at
time zero. We focus specially on the question whether unstable equilibria can be stabilized by appropriately
choosing the size of the jump discontinuity. We illustrate our techniques by analytically studying an eco-
nomic model for the interplay between inflation and interest rates. In particular, we investigate under which
circumstances the central bank can prevent runaway inflation by appropriately hiking the interest rate.
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1 Introduction

In this paper we consider a class of initial value problems that includes the prototypes

To'(€) = @€+ [1 2 +o)do+ f(x(€)  forall € >0, (L1)
z(t) = é(7) forall —1<7<0, '

in which 7 is a n x n diagonal matrix that is allowed to be either singular or invertible, while the
nonlinearity f is required to have f(0) = Df(0) = 0. We require the solution z to be continuous for
all £ > 0, but we will allow it to have a single discontinuity at & = 0. More precisely, we require that
the limit z(0+) := lim¢ o 2(£) exists but allow x(04) # ¢(0). Our main goal is to characterize the
set of initial conditions (¢, z(0+)) € C([—1,0],R™) x R" that lead to a bounded solution to (1.1)
that decays to zero as £ — oo and to determine whether such solutions are unique.
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If the matrix 7 is non-singular, the first line of (1.1) is called a functional differential equation of
mixed type (MFDE). On the other hand, if 7 is singular, we refer to this equation as a functional
differential-algebraic equation of mixed type (MFDAE). The word ‘mixed’ here reflects the fact that
the nonlocal term in (1.1) involves shifts in the argument of x that are both positive and negative.

The current paper should be seen as a continuation of the program initiated in [16, 17]. In
particular, in [16] solutions to the initial value problem (1.1) were not allowed to have jumps. In
addition, we restricted ourselves to purely differential systems where Z is invertible and purely alge-
braic systems where Z = 0. Furthermore, we only considered linear equations. By contrast, in [17]
we considered smooth nonlinear algebraic equations and constructed local center manifolds around
equilibrium solutions. Special care needed to be taken to address the intricate compatibility condi-
tions that the nonlinear terms must satisfy. We continue this analysis here for (1.1) and construct
local stable manifolds for the zero equilibrium, under less restrictive conditions on the nonlinear
terms.

Due to the possibility for solutions to (1.1) to admit jumps at & = 0, our work here is closely
related to the theory of impulsive differential equations. The main difference is that models involving
impulsive equations typically prescribe the size of the jump as part of the dynamics, whereas we treat
this jump as a parameter that can be freely chosen to control the further evolution of the system.
Impulsive ODEs have been widely studied in the literature; see for example [1, 2, 20-22] and the
references therein. Technical complications related to the smoothness of solutions prevented these
ODE results from being easily generalized to impulsive delay differential equations. Nevertheless, the
basic theory concerning existence and uniqueness of solutions to such equations has been successfully
developed in [3, 4, 24].

One of the more intriguing phenomena that has been uncovered by these studies, is that jumps
can stabilize systems that would be unstable under the usual smooth dynamics. Considerable effort
has been spent to establish criteria that can guarantee equilibria for impulsive delay differential
equations to be asymptotically stable [23, 26]. The typical tools used for this purpose are Lyapunov
functions and Razumikhin techniques.

We take a completely different route in this paper and focus directly on the linear part of (1.1),
using Green’s functions to account for the jumps. This allows us to quantify the stabilizing effect that
these jumps have. In particular, depending on the choice of ¢ € C([—1,0],R™), there may be zero,
one, or an entire family of values for 2(0+) that lead to a bounded solution. The tools developed in
this paper should help to distinguish between these situations.

As discussed extensively in [16], the fact that we consider MFDEs and MFDAEs poses additional
complications besides those that are encountered for impulsive delay differential equations. Even in
the purely differential case where Z is invertible, the problem (1.1) differs from traditional initial
value problems in the sense that the initial condition ¢ does not provide sufficient information to
calculate 2/(0). In essence, the natural mathematical state space for (1.1) is given by C([-1, 1], R™),
which of course differs from the space C([—1,0],R™) that our initial condition ¢ belongs to. One
of the interesting consequences of this discrepancy is that even if ¢ and x(0+) are both fixed, the
problem (1.1) can still have multiple bounded solutions.

Motivation

Differential equations involving both advanced and retarded arguments arise in a number of different
settings. They have played a very visible role in the study of travelling wave solutions to lattice
differential equations [27, 28]. In addition, a result due to Hughes [14] shows that these equations
arise as the Euler-Lagrange optimality conditions when studying optimal control problems that
involve time delays [15, 32]. In this paper however, our primary motivation for the study of (1.1)
comes from the area of macro-economic modelling.

Inspired by Benhabib and his coworkers [5, 7], let us consider a toy model that describes the
interaction between inflation and interest rates in a simple closed economy under the supervision
of a central bank. Writing R(t) for the interest rate and = (t) for the inflation rate at time ¢, the



dynamical behaviour of R for ¢t > 0 is given by
AN (R(t))R'(t) = A(R(t)) [r +7(t) — R(t)]. (1.2)

Here the constant r denotes the temporal discount factor and the function A is related to the
utility function, which roughly describes the welfare that is associated to a marginal increase in
consumption. For our purposes here, we note that A > 0 and either A’ =0 or A’ # 0.

In order to close the system, we need to describe the relation between m and R. In order to do
this, we introduce the two functions

T(t) = RE&E 7 (t40)do
EQb efbodo ’

7'('f (t) _ ROQfRefﬁf”ﬂ(t—i-O')do
Onf e—8lodo

(1.3)

Here 7°(t) describes the recent inflation averaged over the past Q° > 0 time units and 7/ (¢) describes
the expectation for the inflation over the upcoming ©f > 0 time units, weighted by the exponential
rates 3% > 0 and 3/ > 0. Our key assumption is that 7 and R are constrained on the manifold in
function space that is described by

R(t) = p(xam’(t) + ! (0) + xam(t) ). (1.4)

Here p is a smooth function that has p’ > 0, while the additional parameters satisfy x1 > 0, x2 > 0,
x3 > 0 and x1 + x2 + x3 = 1. Roughly speaking, the requirement (1.4) states that the interest rate
is determined directly by weighing the present, past and future expectations for the inflation.

Note that the assumptions above imply that (1.4) can be inverted locally to yield m(¢) as a
function of R(t), 7°(t) and 7/ (¢). In particular, the variable m(¢) can be eliminated from (1.2) and
(1.3) to yield a three dimensional system of the form (1.1), with one differential and two algebraic
components. The appropriate initial condition for this system can be written as

(R(T),ﬂ'b(T),ﬂ'f(T)) = (qu(T),(bb(T),(bf(T)), - <r<o, (1.5)

where (¢r, ¢p, d7) € C([—0°,0],R)3.

Let us consider the situation at time ¢t = 0 and suppose that the initial functions (¢r, ¢s, ¢¢) have
been fixed. Our toy economy has a central bank, which has the power' to make an instantaneous
adjustment to the interest rate at ¢ = 0. In the terminology of (1.1), it has the ability to choose
R(0+) = limo R(t). In keeping with its mandate to stabilize the inflation rate, the central bank
wishes to make this decision in such a way that R(t) and 7 (f) converge as t — 0o to an equilibrium
state (R, ) of our model.

The question we are interested in is whether such a step is possible for arbitrary initial conditions
(R, b, ¢5) in the vicinity of such an equilibrium. The secondary concern is to determine if such
a choice for R(0+) is unique or if multiple trajectories exist for a single initial condition that all
converge to the same equilibrium.

Indeterminacy

A well-known problem in the area of macro-economic research is that societies that have seemingly
similar economic structures and initial conditions often experience markedly disparate growth paths.
The term indeterminacy is widely used to refer to economic models that reproduce this uncertainty
in some fashion. This topic has attracted significant interest and we refer the reader to [6] for an
informative survey paper.

IThe description of the model given here is a simplified version of the discussion in [5, 7] and ignores many economic
subtleties in the derivation of (1.2)-(1.4).



Roughly speaking, two main mechanisms have been used to introduce indeterminacy into models.
On the one hand, economically relevant variables have been coupled with additional external vari-
ables in order to incorporate extrinsic uncertainty. The dynamics of these external variables can be
either random or deterministic. This approach was pioneered by Cass and Shell [9], who referred to
such external variables as ’sunspots’ in honor of a nineteenth century attempt by Jevons to attribute
business crises to solar anomalies [19].

On the other hand, it has long been believed that expectations of market participants play a major
role in the evolution of markets. Venditti and his coworkers have studied the concept of indeterminacy
along these lines by analyzing systems where several different sequences of self-fulfilling expectations
exist simultaneously [25]. The model (1.2) discussed above should be seen in a similar spirit.

Many authors have considered the issue of indeterminacy in temporally discrete models with
finite degrees of freedom. For example, in [5] a discrete version of the model (1.2) described above
is considered. In particular, the past inflation rate is sampled at a small number of equidistant time
intervals and subsequently used to calculate the interest and inflation rates at the next time step.

Such models are typically written as discrete dynamical systems on R™, for which m < n initial
conditions can be freely chosen. The remaining variables are considered to be external and hence
are excluded from the ’economic’ initial condition. Restricting oneself to trajectories that converge
to an equilibrium, the degree of indeterminacy can be readily computed by subtracting the number
of initial conditions m from the dimension of the stable manifold around the equilibrium under
consideration, assuming that suitable non-degeneracy conditions are satisfied. Detailed discussions
of these concepts can be found in [8, 12, 30].

Such dimension counting arguments no longer suffice to study the indeterminacy of continuous
time models such as (1.2), since the dimension of the space of initial conditions C'([—Q°,0], R?) and
the dimension of the natural state space C([—Q°, Q/],R?) are both infinite. Nevertheless, using the
techniques developed in this paper, the notion of indeterminacy can be quantified and analytically
calculated under a number of different assumptions on the relevant parameters.

Characteristic Equations

Our analysis of the nonlinear problem (1.1) will rely heavily upon our understanding of linear initial
value problems of the form

2'(§) = Levex for all £ > 0, (1.6)
z(t) = o) forall —1<7<0. '
Assume for the moment that z is a continuous R™-valued function on the interval [—1,00) and
that the operator L is a bounded linear map from C([—1,1],R™) into R". We will use the notation
evex € C([—1,1],R™) to denote the state of = evaluated at &, defined by [eve z](6) = z(£ + 0) for all
—1 < @ < 1. The initial condition ¢ is taken from the set C([—1,0],R™).

In the special case that Lt only depends on the part of ¢ in the interval [—1,0], the problem
(1.6) reduces to an initial value problem for a retarded functional differential equation (RFDE). Such
systems have been studied extensively during the last three decades, resulting in a rich and diverse
literature on the subject. Using the theory described in [13], the well-posedness of (1.6) can be read
off directly from the characteristic function Ay : C — C™*", that can be written as

Ap(z)=z—Le*. (1.7)

Indeed, if the characteristic equation det Ap(z) = 0 admits no roots with Rez > 0, then any
¢ € C([-1,0],R™) can be extended to a bounded continuous solution. If this property fails, one
can characterize the set of initial conditions that can be extended by studying the number and
multiplicity of the roots of det Ay (z) = 0 that have Rez > 0 and subsequently employing spectral
projections.



As we shall see in §5.1, the characteristic function Ay, also plays a major role when studying
discontinuous solutions to (1.6). Indeed, one can define a Green’s function Gy, for this equation by
writing

oo

GL(€) 1/ VAL (iv) " dv. (1.8)

:% .

This Green’s function satisfies (1.6) and has a jump precisely at £ = 0, which makes it ideally suited
for our analysis.

Let us now return to the general case where L1 depends on the values of 1 in the entire interval
[-1,1]. In this case, our investigation is complicated by the fact that the characteristic equation
det Ay (z) = 0 will in general have an infinite number of roots on both sides of the imaginary axis.
In addition, we reiterate that in this situation the natural mathematical state space C([—1, 1], R"™)
differs from the space C'([—1,0],R™) containing our initial condition ¢.

The key result that we exploit heavily in this paper was obtained by Mallet-Paret and Verduyn
Lunel in [29]. In particular, restricting ourselves to the scalar situation where n = 1, the authors
show that for every v € R there exists a Wiener-Hopf factorization

(z =v)AL(z) = Ap_(2)AL, (2), (1.9)

in which A;_ and Ay  are the characteristic functions associated to a retarded respectively ad-
vanced functional differential equation, i.e. Ar, (z) = z — Ly exp(z-) for some pair of operators
L_ e £(C([-1,0],C),C) and L4 € L(C([0,1],C),C). In §2.2 we describe how the well-posedness of
the initial value problem (1.6) can be understood once such a factorization has been obtained, by
separately studying initial value problems for the operators L_ and L,. We also recall our results
from [16] that show how one can proceed in the typical situation that a Wiener-Hopf factorization is
not easily computable. In §5.2 we describe how the Green’s function G L can again be used to obtain
results in the discontinuous setting.

Returning to our prototype equation (1.1), let us now assume that Z is singular so that we are
dealing with a MFDAE. A single differentiation yields

Za"(8) = 2'(§) + 2§+ 1) — x(§ — 1) + Df(x(£))2'(£).- (1.10)

The linear part of this equation can easily be seen to be a pure differential equation. This smoothening
property is a key requirement that we will impose on the differential-algebraic systems that we
consider in this paper.

By construction, any solution to (1.1) will automatically satisfy (1.10). However, the converse is
not true and care has to be taken to isolate the superfluous solutions to (1.10). This is a relative
minor point when dealing with algebraic delay equations, since one can simply incorporate the
algebraic condition into the initial condition space C'([—1,0],R™). This is no longer true for (1.1),
since the algebraic conditions need to be verified on intervals of the form [ —1,& + 1]. In particular,
the initial condition ¢ € C(]—1, 0], R™) itself no longer provides sufficient information to verify these
conditions. In §5.3 we address this issue for the linear part of (1.1) by using spectral projections and
Laplace transform techniques, generalizing prior results that were obtained in [16]. Finally, in §5.4
we show how the nonlinear terms can be incorporated.

We conclude this introduction by giving a brief overview of the structure of this paper. In §2 we
recall the existing theory for initial value problems involving RFDEs and MFDEs in the situation
that only continuous solutions are allowed. This discussion sets the stage for our main results, which
we state in §3. By explicitly describing the consequences of our results in a number of different
scenarios, we hope that they will be accessible to a wide audience. With this in mind, we further
illustrate our results by applying them in §4 to the economic model (1.2) described above. Finally,
in §5 we provide the technical proofs for our results.
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Fig. 1: Panels (ii) and (iii) illustrate how the operators ev; and eve act on the continuous function depicted
in panel (i).

2 Continuous Solutions to Initial Value Problems

In this section we review the existing theory concerning initial value problems for linear delay dif-
ferential equations and functional differential equations of mixed type. At present, we are concerned
only with solutions of such equations that do not admit discontinuities. The results for linear delay
differential equations are well-known, but we include them here to set the stage for our main results
and develop the notation we will use throughout this paper.

2.1 Delay Differential Equations

Let us start by considering the autonomous linear homogeneous delay differential equation
2'(§) = L_evg . (2.1)

Here L_ is a bounded linear operator from C'([—1,0],C") into C" and the notation ev, z stands for
the function in C'([—1,0],C") that has

[eve 2](0) = 2(£ +0), -1<6<0, (2.2)
as illustrated in Figure 1(ii). To ease our notation, we will write
X~ =C([-1,0],C"). (2.3)

We are primarily interested in determining which functions ¢ € X~ can be extended to solutions
to (2.1) that can be bounded by prescribed exponentials. To this end, we introduce the following
two families of function spaces, parametrized by n € R,

BCY = {z€C([-1,00),C"), |zl = supgs_, ™" [2(&)] < oo}, 2.0
BC,; = {x € C((~00,0],C"), ||ac||n '= SUPg<g e "8 |z2(€)] < oo}
Using these function spaces, we introduce two families of solution sets for (2.1),
Br_(n) = {xEBCn_ |3;’(§):L_evgm for aHﬁSO}, 2.5)
Q. () = f{zeBCP|2/(€)=L_evg xforall &> 0}. '
As in [29], we also need the spaces
P, (n) = {d) € X~ | ¢ =evy x for some z € ‘,]3L_(n)},
Qr_(n) = {peX |¢p=evyaforsomexecQp (n)}, (2.6)



which contain the initial segments of the solution sets PBr_ and Qy_ in the natural state space
X~ = C([-1,0],C™). For any ¢ € Qr_(n), we write z = E,_¢ for the unique z € Qr_(n) that
has evy = ¢. We also use this extension operator Ey,_ to map Pr,_(n) back into P () in the
analogous fashion.

It is well known that crucial information concerning Pj_(n) and @ _(n) is encoded in the
characteristic function Aj,_(z) : C — C™*"™ associated to (2.1), which is given by

Ap_(2)=zI —L_¢€*1, (2.7)
where I is the n X n identity matrix. Indeed, upon introducing the notation
nf (n)=#{2€C|detAr (z) =0and Rez > n}, (2.8)

where all roots are counted according to their multiplicity, we have the following result.

Proposition 2.1 (See [13, Thms. 7.2.1 and 7.6.1]). Consider the linear system (2.1) and choose
1 € R in such a way that the characteristic equation det Ap,_(z) = 0 admits no roots with Rez = n.
Then the spaces Pr,_(n) and Qr,_(n) are closed and satisfy

C([-1,0,C") = PL_(n) & Qr_(n). (2.9)

In addition, the space Pr,_(n) is spanned by the nti (n) generalized eigenfunctions associated to the
roots of det Ar_(z) = 0 that have Rez > 1.

2.2 Mixed Type Equations

We now turn our attention to the linear homogeneous functional differential equation of mixed type
(MFDE)

2'(§) = Levex. (2.10)

In this case, L is a bounded linear operator from C'([—1,1],C™) into C™ and the notation eve z now
stands for the function in C([—1,1],C™) that has

[evex](0) = z(€ + 6), -1<60<1, (2.11)
as illustrated in Figure 1(iii). To ease our notation, we will write
X =C(]-1,1],C") (2.12)
and add the following family of function spaces to the list (2.4),
BCY = {ze€C((-o0,1],C"), [z][,, = supe<; e "¢ |z (¢)] < oo}, (2.13)
where again n € R. As before, we are interested in the following solution sets for (2.10),

Pr(n) = {xe€BCY|a/(€) = Levea forall £ <0},

(2.14)
Qr(n) = {ze€BCY|2'(§) = Levex forall £ >0}.

The initial segments of these solutions in the natural state space X = C([—1,1],C") are contained
in the spaces

Pr(n)
Qr(n)

{v € X |1 =evoa for some z € PL(n)},

(2.15)
{1/1 € X | ¥ = evgx for some z € DL(U)}.



We will write Ey, for the extension operator that maps the initial condition ¢ € Q(n) back to the
unique x = Epy € Qr(n) that has evoxz = 1, while acting similarly on Pp(n). The characteristic
function associated to (2.10) is given by

Ap(z)=zI —Le* 1. (2.16)

Although X is the natural state space for the MFDE (2.10), our applications require us to
consider initial values in the ‘shorter’ spaces C([—1,0],C") and C(][0, 1], C™). An important role is
therefore reserved for the restriction operators

Ty - Prln) — C([0,1],C"), b = Yo,

Tanim - Qrin) = C([-1,0,C"), ¢ 10 (2.17)

The following result shows that for appropriate values of 7, the state space X is decomposed by
Pr.(n) and Qr(n). In addition, the restriction operators (2.17) are Fredholm, which means that their
kernels are finite dimensional, while their ranges are closed and of finite codimension. We recall that
the index of a Fredholm operator F' is determined by the formula

ind(F) = dim Ker(F') — codim Range(F). (2.18)

Proposition 2.2 (see [29, 31]). Consider the linear system (2.10) and choose n € R in such a
way that the characteristic equation det Ay (z) = 0 admits no roots with Rez = n. Then the spaces
Pr(n) and Qr(n) are closed and satisfy

C([-1,1],C") = Pr(n) & Qr(n). (2.19)
In addition, the operators ’/T;L(n) and ﬂéL(n) defined in (2.17) are Fredholm, with

ind(m, () +ind(rg () = —n. (2.20)

To obtain more detailed information on the restriction operators W;L(n) and WéL(n), we need to
impose the following additional restriction on the linear operator L. We remark that this condition

is significantly weaker than the atomicity condition used in [29, Eq. (2.3)], which requires s1 = 0 to
hold in (HL).

(HL) There exist quantities s3 > 0 and non-singular n x n matrices J1 such that the following
asymptotic expansions hold,
Ap(z) = z7%e*(J+ +0(1)) as z — 00,

AL(2) (2.21)

z7%-e #(J- +0(1)) as z — —00.

Proposition 2.3 (see [29, Thm. 5.2] and [16, Prop. 2.2]). Consider the linear system (2.10)
and suppose that (HL) is satisfied. Then for any monic® polynomial p of degree n, there exist linear
operators

L_ e £(C([-1,0],C™),C™), Ly e £L(C([0,1],C™),C"), (2.22)
with associated characteristic matrices
Ap (2) =21 —Lye* I (2.23)
for which the splitting
p(z)det Ap(z) = det Ap_(z)det Ap (2) (2.24)

holds.

2A polynomial p(z) is called monic if the coefficient associated to the highest power of z is one, e.g. p(z) = z + 2.



The splitting (2.24) is referred to as a Wiener-Hopf factorization for the symbol Az, and we will
call any such triplet (p, L_, L1) a Wiener-Hopf triplet for L. In general, such triplets need not be
unique. Indeed, in [29] a mechanism is given by which pairs of roots of the characteristic equations
det Az, () = 0 may be interchanged. Nevertheless, it turns out to be possible to extract a quantity
that does not depend on the chosen splitting (2.24). To this end, let us consider any Wiener-Hopf
triplet (p,L_,Ly) for L and pick an € R for which the equation p(z) = 0 admits no roots with
Re z = n. We now introduce the integer

nh () =ng, () —nf_(n)+nf () (2.25)

that is defined by

nf (n) = #{z€C|detA; (z) =0and Rez > n},
np,(m) = #{z€C|detAr,(z) =0and Rez <n}, (2.26)
nf(n) = #{zeC|p(z)=0and Rez>n}.

This quantity nﬁL(n) is invariant in the following sense.

Proposition 2.4 (see [29, Thm. 5.2] and [16, Prop. 2.3]). Consider the linear system (2.10)
and suppose that (HL) is satisfied. Fiz anyn € R for which the characteristic equation det Ap(z) =0

admits no roots with Re z = n. Then the quantity nnL(n) is tnvariant across all Wiener-Hopf triplets
(p,L_,Ly) for L that have p(n+iv) # 0 for all v € R.

In the special case that (2.10) is scalar (i.e., for which n = 1), the quantities nﬁL (n) can be used

to characterize the kernels and ranges of the Fredholm operators wa(n) and W;L(n). This dimension
restriction is related to the fact that the splitting (2.24) only features the determinant of Ay,.

Proposition 2.5 (see [29, Thms. 6.1-6.2] and [16, Prop. 2.4]). Consider a scalar version of
the linear system (2.10) and suppose that (HL) is satisfied. Fix anyn € R for which the characteristic
equation Ar(z) =0 admits no roots with Re z = n. Then the following identities hold,

dim Ker W;L(n) = max{—nﬁL (n),0}, codim Range W;L(n) = max{nﬁL (m),0},
dimKermg .\ = max{nﬁL(n) — 1,0}, codimRangemy, . = max{1l — nﬁL (n),0}.

(2.27)

To aid the reader, the next three results explore the implications of the identities (2.27) for initial
value problems involving the MFDE (2.10).

Corollary 2.6. Consider a scalar version of (2.10) that satisfies (HL) and suppose that nf(n) <0.

Then there is a subspace V C C([—1,0],C) of codimension 1 —nf (n) such that for every ¢ € V there
is a unique y € BC’ﬁ9 that solves (2.10) and has evyy = ¢.

Corollary 2.7. Consider a scalar version of (2.10) that satisfies (HL) and suppose that nf(n) =1.
Then for every ¢ € C([—1,0],C) there is a unique y € BC’EIa that solves (2.10) and has evgy = ¢.

Corollary 2.8. Consider a scalar version of (2.10) that satisfies (HL) and suppose that nf(n) > 2.
Then for any ¢ € C([~1,0],C) there is ay € BCY that solves (2.10) and has evgy = ¢. In addition,
z € BCY also solves (2.10) with evgy = ¢ if and only if z —y = Er, for some ¢ € C([-1,1],C)

that is contained in the (nf (n) — 1)-dimensional space Ker T Q0w ()"



Unfortunately, it is often intractable to find Wiener-Hopf triplets for a prescribed operator L.

This often prevents us from computing nﬁL (n) directly from (2.25). The following result addresses

this difficulty and allows nﬁL(n) to be calculated in settings where a Wiener-Hopf triplet is not

readily available for the system (2.10) under consideration. The only requirement is that a Wiener-
Hopf triplet is available for some reference system that can be continuously transformed into the
original system without violating (HL). Please note however that the exponents s1 appearing in this
condition (HL) need not remain constant during this transformation.

Proposition 2.9 (see [16, Thm. 2.5]). Consider a continuous path
r:0,1 — £(C([-1,1],C"),C") (2.28)

and suppose that the operators T'(u) satisfy (HL) for all 0 < u < 1. Fiz any n € R and suppose that
the characteristic equation det Ap(,)(z) = 0 admits roots with Re z = n for only finitely many values
of p € [0,1] and that u € (0,1) for all such p. Then we have the identity

ng(l)(n) - nfﬂ(o) (n) = —cross(T, n), (2.29)
in which the crossing number cross(I', n) denotes the net number of roots of the characteristic equation

det Ap(,)(z) = 0, counted with multiplicity, that cross the line Rez = n from left to right as p
increases from 0 to 1.

The situation that we will encounter in §4.1.3 during the analysis of our model is covered by the
following special case.

Corollary 2.10. Consider a continuous path
r:[0,1] — £(C([-1,1],C™),C") (2.30)

and suppose that the operators T'(u) satisfy (HL) for all0 < u < 1. Fiz any n € R and suppose that
for all 0 < p < 1 the characteristic equation det Ar(,)(z) = 0 admits no roots with Re z = n. Then
we have

n 1y (1) = g (). (2.31)

3 Main Results

In this section we present our main results, which we will prove in §5. We start by focussing on initial
value problems for linear delay differential equations and MFDEs in §3.1 and §3.2, where we now
allow solutions to admit a single discontinuity at £ = 0. The presence of these jumps forces us to take
care that the linear operators L_ and L featuring in our systems are well-defined even when acting
on discontinuous solution segments. In §3.3 we shift our attention to smooth differential-algebraic
systems. In particular, we establish a connection between initial value problems for such equations
and their non-algebraic counterparts studied in §3.1 and §3.2. Finally, in §3.4 we turn to our chief
interest and study initial value problems for nonlinear differential-algebraic systems.

3.1 Differential Delay Equations

We return to the delay equation (2.1), but now wish to allow solutions that have a discontinuity at
& = 0. To make this more precise, let us introduce the two families of function spaces

BC;;_ = {.’IJ € C([07OO)7(Cn)7 Hx”n = SungO 6—775 |‘T(§)| < 00}7

— n (3.1)
BC, = C([-1,0],C") x BC;,

10



(iii)

—1 09

i evax+

Fig. 2: Panel (i) depicts a function B that is multi-valued at € = 0. Panels (i) and (iii) illustrate how the
operators dvy and evy act on b.

parametrized by n € R. We will seek our solutions to (2.1) from the latter family. Any & = (¢,y) €

—®
BC, can be interpreted as a regular function on [—1, 00) that is multi-valued at £ = 0. In particular,

we will use the notation Z(§) = y(§) whenever £ > 0, Z(0) = ¢(f) for —1 < 6 < 0 and write
Z(0+) = y(0) and Z(0—) = ¢(0) to distinguish between the two values at zero.

The evaluation operators (2.2) applied to a function = € BC’SB will no longer all map into
C([-1,0],C™). Let us therefore introduce the family of function spaces

X, =C([-1,a],C") x C([e, 0],C™), (3.2)
for any —1 < a < 0, together with the special case
X; =C([-1,0],C") x C™. (3.3)

Using these new spaces, we can introduce an appropriate set of evaluation operators e’ifg for € > 0.
For 0 < ¢ < 1, we define

Qg B0, — Xe, @ (0,) = (964 )p(E+), (3.4

~ =59 . .
which is depicted in Figure 3(ii). In particular, if ¥ = (¢,y) € BC, , then in the special case §{ = 0
we have

&g &= (6,(0)), (3.5)
as illustrated in Figure 2(ii). For £ > 1 we will write
PR _ N _
&g 1 BOy — X~ = O(-LOLCY), [ (6.0))(0) = (& +0). (36)

since there is no need to distinguish between év, and evg . Let us emphasize here that we will
continue to use the operator ev,, which maps into the space X~ = C(]—1,0],C") and acts on a

function & = (¢,y) € EE’? as
evg T = ¢, (3.7)
as illustrated in Figure 2(iii). The reader should contrast this definition to (3.5).

Let us now consider a bounded linear operator L_ : C([—1,0],C") — C". In order to formulate a
well-posed delay differential equation, we need to specify how L_ should be extended to the spaces

11



X o introduced above. To accomplish this task, we note that the Riesz representation theorem implies

that there exists a unique
pu € NBV([-1,0],C™*™) (3.8)

such that we have the representation

0
L= / dn(o)o(o). (3.9)

for all ¢ € C([—1,0],C™). We will refer to p as the measure associated to L_.

We recall here that the set NBV([—1, 0], C"*™) contains all C"*"™-valued functions p that are
right-continuous on (—1, 0), are normalized to have ;1(—1) = 0 and have bounded variation on [—1, 0];
see [11, App. I]. Let us summarize some important properties that these measures have.

Lemma 3.1. If p € NBV([—1,0],C"*™) then for any —1 < ¥ < 0 the right-hand limits p(9+) are
well-defined, while for any —1 <9 <0 the left-hand limits pu(9—) are well-defined. In addition, u is
continuous on [—1,0] except possibly at a countable number of points.

Notice that for any p € NBV([—1,0],C"*") and any —1 < a < 0, we can define two new
measures

i, € NBV([~1,a],C"™"), 4l € NBV([a,0) (3.10)
by writing
ph(@) = p), —1<d<a
fo(a) = ,U,(Oé—>7
3.11
pala) = 0 (311
o (W) = p@)—pla=), a<I<O0.
Using these new measures, we extend L_ to )?0_ by writing
0
L-(0.0)= [ dubl0)o(0) + ((0) ~ u(0-))e. (3.12)
-1

for any (¢,v) € )/(\'6 = C([-1,0],C™) x C™. In addition, for any —1 < o < 0 we extend L_ to )/(\'(;
by writing

«@ 0
L_(¢.¢") = / k()00 + / it (0)¢" (0) (3.13)

for any (¢',¢") € X; = C([~1,0],C") x C([a, 0],C").
The best way to grasp the implications of this extension is to consider an example. Suppose
therefore that for ¢ € C([—1,0],C) we have

0

Lo6=00)+ (-1 + | as(o)in (3.14)

In this case, the extension of L_ to )A(O_ would be given by

0

L_(p,v) =v+¢(—1) + / 1 op(o)do. (3.15)

12



Stated more practically, if Z € EE'?, then any reference to Z(0) in the right hand side of (2.1)
should be interpreted as z(04). We emphasize that this bias for right-hand limits is a deliberate
choice on our part. This decision is motivated by our interest in initial value problems that are posed
in forward time. When studying differential equations this choice is not material, but in §3.3 it will
turn out to be crucial.

Our preparations complete, we are now ready to study the delay differential equation

FE) =L & 7 (3.16)

~ 59 . .
and look for solutions z € BC, . Before we proceed, we need to comment on the notion of a solution
to (3.16), aided by the following observation.

~ 559 ~— .
Lemma 3.2 (see §5.1). Consider any T € BC,, . Then the map § — L_év, T is continuous for
all € > 0 except possibly at a countable number of points.

In particular, we will need to look for functions z € BC, that satisfy (3.16) for almost all £ > 0.
Note that any such solution Z = (¢, y) automatically satisfies y € W#’oo ([O, 00), (C”), where we have
introduced the function space

W,}"’o([(),oo),(cn) ={z:e "x(-) € WH([0,00),C")}. (3.17)
This motivates the introduction of the solution spaces
Q. (n) = {z e EE’? | Z/(€) = L_ év; T for almost all £ >0}, (3.18)
C/Q\Lf(n) = {(EE )20_ | $: évg 7 for some T € ﬁL,(U)}-

As before, we will write B, to map ¢ € Q1 (1) back to the function Z € Q,_(n) that has évy % = ¢.
Our main result describes the space @ _(n) in considerable detail.

Theorem 3.3 (see §5.1). Consider the delay equation (8.16), pick n € R in such a way that the
characteristic equation det Ay, (z) = 0 admits no roots with Rez = n and recall the integer nj ()
defined in (2.8).

Ifnf (n) =0, then we have

Qr_(n) =Xy = C([-1,0],C") x C". (3.19)
On the other hand, if nz_ (n) > 0, then there exist bounded linear operators
M,: X~ =C(]-1,0,C") — C, 1<t <n_(n), (3.20)
together with an integer
1 < s <min{n} (n),n} (3.21)
and a set of s linearly independent vectors
aeC,  1<0<s, (3.22)
such that any pair (¢,v) € )?6 satisfies (¢,v) € @L_ (n) if and only if

i Myp  for1<0<s,
Myp  fors<t<nf (n).

Q
~

<

I

(3.23)

o
I
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Note that this result does not specify how the integer s, the vectors ay and the operators M,
can be computed. This situation is remedied in §5.1, where we develop the machinery to attack
this problem. For the moment however, the following result gives a more explicit characterization
of @r_(n) in the special case that det Ay_(z) = 0 only has simple roots to the right of the line
Rez =1n.

Corollary 3.4 (see §5.1). Pick any n € R. Consider the delay equation (3.16) and suppose that
the collection of roots of the characteristic equation det Ay, _(z) = 0 that have Rez > 1 consists of
a set of nj (n) distinct simple roots {2} that all have Rez, > 1. For all 1 < ¢ < n} (n), choose a
non-zero vector ay € C" that satisfies

Al (zp)ag = 0. (3.24)

Then for any ¢ € C([—1,0],C™) and any v € C" that satisfies

0 0
ajv=—af / du(o)e™? / e~ #T(1)dr (3.25)
1 o

for all 1 <€ <nj (n), there evists a unique T € EE’? that solves (5.4) and has évy T = ($,v).

In particular, if the set of vectors {cy} is linearly independent, the quantity s appearing in The-
orem 3.3 satisfies s =n} ().

To illustrate the consequences of the results above for initial value problems involving (3.16), we
explicitly describe a number of scenarios.

Corollary 3.5. Consider the delay equation (3.16) and pickn € R in such a way that the character-
istic equation det Ar,_(z) =0 admits no roots with Rez = n. If nf (n) =0, then for every v € C"

and every ¢ € C([—1,0],C") there is a unique X € EE’? that solves (3.16) and has évy T = (¢, v).

Corollary 3.6. Consider the delay equation (3.16) and pick n € R in such a way that the charac-
teristic equation det Ay,_(z) = 0 admits no roots with Re z = 0. Suppose that nf (n) > 1.

Then there exists a subspace V C C([—1,0],C") of codimension nf (n) — s and a subspace
W C C™ of codimension s such that the following holds true.

—®
For every ¢ € V there exists a ¥ € BC, that solves (8.16) and has evyy = ¢. In addition,
—® -~
y € BC, also solves (3.16) with evyy = ¢, if and only if y — = = Ey,_(0,w) for some w € W.

When we are dealing with scalar versions of (3.16), i.e., when n = 1, the ambiguity with respect
to the integer s and the vectors ay disappears. As a consequence, the results simplify considerably.

Corollary 3.7. Consider a scalar version of the delay equation (3.16) and pickn € R in such a way
that the characteristic equation Ay,_(z) = 0 admits no roots with Re z = 1. Suppose that nj (n) > 2.

Then there is a subspace V C C([—1,0],C) of codimension nj (n) — 1 such that for every ¢ € V
there is a unique T € EE’? that solves (3.16) and has evg T = ¢.

Corollary 3.8. Consider a scalar version of the delay equation (3.16) and pick n € R in such a
way that the characteristic equation Ap,_(z) = 0 admits no roots with Re z = n. If nff (n) =1, then

for every ¢ € C([—1,0],C™) there is a unique T € EE’? that solves (3.16) and has evy T = ¢.

Before we conclude this section, we introduce some terminology that will help us to compare our
results here to similar results in the sequel. In particular, we introduce the operators

T, () Qr_(n) — C([-1,0,C"), (¢,0) — ¢,

To, (o QL) = C([-1,0,C) x T, ($,0) = (&,0). (3.26)
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Corollary 3.9. Consider the setting of Theorem 3.8 and recall the integer s introduced there, with
the identification s = 0 in the special case nj (n) = 0. Then we have the identities

. o~ _ + . o~ _
codim Range T = ML (), dim Ker T, = 0, (3.27)

r(n)
together with

. — _ + . . — — _
codlmRangeﬂgL(n)fnL_(n) s, dlmKerWQL(n) n—s. (3.28)

3.2 Mixed Type Equations

We now turn our attention back to the MFDE (2.10) and study solutions that admit a discontinuity
at & = 0. Much as in §3.1, we need to introduce the family of function spaces

Xo =C([-1,0],C") x C([a, 1],C™), (3.29)

again parametrized by —1 < o < 0. Any bounded linear operator L : C([—1,1],C") — C™ can be
represented by a measure yu € NBV ([—1,1],C"*") by means of

1
o= [ du(o)u(o). (3:30)
-1
For any —1 < o < 0 we can define a pair of measures
i, € NBV([-1,a],C"™"),  uf, € NBV([a, 1) (3.31)
by writing
W) = u@), -1<d<a,
:U‘loz(a) = :U'(Oéf)v
3.32
pn() = 0 (332)
po (@) = ) —pla—), a<d<L
Using these new measures, we extend L to Xa by writing
« 0
Lw'on) = [ du@)to) + [ duo)r (o) (3.33)
—1 «
for any (!, 9") € X, = C([-1,a],C") x C([a, 1],C).
The MFDE we are interested in can now be written as
(&) = LéveT. (3.34)

~ =>-9 . o . . . .
Here the operators éve map BC, into X_¢ for 0 < § < 1 in a fashion similar to (3.4); see Figure
3(iii). As before, we have éve = eve for £ > 1. The solution sets we are interested in are defined by

A.(m) = {#eBC,

| 2/(§) = Léve T for almost all £ > 0},
Qr(n) = {zZG)A(OHZ:eAOffor some’fEﬁL(n)},

(3.35)

~

where as before, we write E; to map 7; € @L (n) back to the function T € Qr (n) that has evoZ = 9.
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Fig. 3: Panel (i) depicts a function b that is multi-valued at & = 0. Panels (i) and (i) illustrate how the
operators dv; and dve act on b, for 0 <& < 1.

Our main result in this section describes the restriction operators

_ A . L r l
Fo, o QL) = C((-1,0,€) xC  (@Wha7) e (91,47(0)),
which generalize those introduced in (2.17). We emphasize that our results at present only work for
scalar versions of (3.34), since we need to build on the theory described in §2.2.

Theorem 3.10 (see §5.2). Consider a scalar version of the MFE (3.34) and suppose that (HL)
is satisfied. Suppose furthermore that the characteristic equation Ar(z) = 0 admits no roots with
Rez =n. Then the operator %(5 ) 1s Fredholm and the following identities hold,

(N

codim Range %é = max{1l — nf(n),()}, dim Ker %(5 = max{nf(n) —1,0}. (3.37)
L L
In addition, the operator wé ) 18 Fredholm and we have
L
codim Range 7T(§ = max{—nf(n),O}, dim Ker Wé = max{nf(n),O}. (3.38)
L L

To illustrate the implications of this theorem for initial value problems involving (3.34), we
analyze the different scenarios in the following results.
Corollary 3.11. Consider the setting of Theorem 3.10. If nf(n) < 0, then there is a subspace

V C C([-1,0],C) of codimension —nf(n) such that for every ¢ € V there is a unique T € EZ'? that
solves (3.34) and has evy T = ¢.

Corollary 3.12. Consider the setting of Theorem 3.10. Ifnf(n) =0, then for every ¢ € C(|—1,0],C)
there is a unique ¥ € EE’? that solves (3.34) and has evy T = ¢.

Corollary 3.13. Consider the setting of Theorem 3.10. Ifniﬁ (n) =1, then for any ¢ € C([-1,0],C)
and any v € C there is a unique T € EE’? that solves (3.34) and has évy T = (¢,v).

Corollary 3.14. Consider the setting of Theorem 3.10. Ifnf (n) > 1, then for any ¢ € C([-1,0],C)

and any v € C there is a T € EE’? that solves (3.34) and has évg T = (¢,v). In addition, § € EE’?
also solves (3.34) with évy, §y = (¢,v) if and only if y— T = Ep, for some ¢ € C([—1,1],C) that is

contained in the (nié (n) — 1)-dimensional space Ker T, (y Mentioned in Proposition 2.5.
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3.3 Differential-Algebraic Equations

We are now ready to turn our attention to linear differential-algebraic equations of the form
Zx'(§) = M éve x. (3.39)

Here 7 is a diagonal (n x n)-matrix that has 7?2 = Z and M is a bounded linear operator from
C(]-1,1],C") into C™ that we extend to the spaces X, with —1 < o < 0 in the same fashion as
in §3.2. We remark that our results in this section do not require the condition (HL) to hold. In
particular, the theory presented here is also applicable to delay equations. However, as explained
in §1, the true power of these results come to light only when studying equations that have both
delayed and advanced terms.

We are interested in systems that can be closely related to a differential system of the form
(3.34). In order to clarify this relationship, we introduce the characteristic function

51'71\/[(2) =TZz—Me* T (340)

that is associated to (3.39). The restriction on M that we need in this paper can now be captured
by the following condition on the characteristic function.

(HM) There exist a bounded linear operator L : C([—1,1],C") — C”, a constant « € C and a set of

non-negative integers ¢1,... , ¢, € Z>q such that
Ja(2)0z,0(2) = AL(2), (3.41)
where 7, : C — C™*" denotes the diagonal matrix function
Ta(2) = diag((z — a), ..., (z — a@)™). (3.42)

Please note that the purely algebraic components of the system (3.39) are unaffected if the
corresponding components of M are multiplied by a non-zero factor. In particular, the corresponding
rows of 6z ps can be rescaled without affecting the dynamics of (3.39). Adjusting M in such a manner
will typically be necessary in order to show that all the terms (z — )’ appearing in (3.42) have
coefficient one. Furthermore, we remark that a simple matching of asymptotics along the imaginary
axis shows that

Tula) =1, (3.43)

or alternatively, that ¢; = 0 if and only if Z;; = 1.

The condition (HM) is related to the fact that we require any solution to the differential-algebraic
equation (3.39) to also satisfy the MFDE (3.34) with the operator L featuring in (HM).

We will be interested in the solution spaces

prm(n) = {ze€BCY|Ia'(¢) = Mevex for all { <0},
arm(n) = {z¢€ BCP | Ta'(€) = M evex for all £ > 0}, (3.44)

which both contain solutions to (3.39) that do not admit a discontinuity at & = 0. However, when
considering functions that are allowed to be multi-valued at £ = 0, care must be taken to ensure
that (3.39) is well-posed. The following result is important in this respect, as it shows that the part
of the right-hand side of (3.39) that corresponds to the purely algebraic equations is continuous.

Lemma 3.15 (see §5.3). Suppose that (HM) is satisfied. Then for any T € EE’:B, the function
E— (I —-I)Mévez (3.45)

1S continuous.
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We recall that Lemma 3.2 implies that the map & — ZM év¢ T is continuous except possibly at
a countable number of points. This motivates the definition

aru(n) = {Te€ EE’? | Z2' (&) = IM eéve 7 for almost all £ > 0

(3.46)
and 0= (I —Z)M éve T for all € > 0}.

Our main result relates these spaces pz (1), qz,m (1) and gz ar(n) to their counterparts P (n),

Qr(n) and Q r(n) that were defined for the differential equation (3.34). In particular, initial value
problems for (3.39) can be studied using the techniques outlined in §3.1 and §3.2.

Theorem 3.16 (see §5.3). Consider the differential-algebraic equation (3.39) and suppose that
(HM) is satisfied. Choose any n. € R for which the characteristic equation detéz a(z) = 0 admits
no roots with Re z = n,. Then there exists a bounded linear operator L' : C'([-1,1],C") — C™ such
that

Tn. ()00 (2) = Ap(2). (3.47)
In addition, for every n < n. we have
dum(n) = Qu(n), (3.48)
while for every n > n. we have
par(n) = P (n)- (3.49)
Finally, for any n < n. we have
dar(n) = Qu(n). (3.50)

3.4 Nonlinear Equations

We are now ready to turn to the main goal of this paper and discuss initial value problems for non-
linear differential-algebraic equations. In particular, we will set out to study the nonlinear equation

I7' (&) = MéveT + M(év¢2) (3.51)

and look for solutions in the spaces Ea?n for n > 0. In particular, we will assume that z = 0 is
an equilibrium for (3.51) and investigate how the stable manifold of this equilibrium intersects the
space of initial conditions C([—1,0],C").

As in §3.3, the matrix Z needs to be diagonal with Z2 = Z, while the bounded linear operator M
that maps C([—1,1],C") into C™ should satisfy (HM). The conditions on the nonlinearity M that
we need are described below.

(HM) Recall the constants 41, ... , £, appearing in (HM). There exists an integer k > 1 and a set of
operators

MP ) XaxC'—C,  0<s<l, 1<i<n (3.52)
—1<a<0
that satisfies the following properties for each 1 < i < n and each 0 < s < /;.
(i) For each —1 < a < 0, the map ./\/lgs) is C*-smooth as a map from X_, x C" into C.

(ii) For every K > 0, there exists a constant C' such that for any —1 < « < 0 and any
(1h,v) € Xq x C™ that has ‘ (1), U)H < K, we have

HDJ’ME”(@Z, u)H <0, 0<j<k (3.53)
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(ifi) We have M'*(0,0) = DM (0,0) = 0.
(iv) Pick a function = € EE’? N W2 ([0,00),C™). Then the function f; defined by

fii € (M(E3)). (3.54)
satisfies f; € Wlii(,jl([O, 00), C). Furthermore, we have
D*fi(€) = M (v 7, 7(8)) (3.55)

for almost all £ > 0.

We remark that this condition is a little more involved than one usually encounters for invariant

manifold results. Conditions (i) and (ii) basically state that the maps Mgs) are C*-smooth, but care
must be taken to account for the fact that these operators must be defined simultaneously on the
different spaces X,. On the other hand, condition (iv) is necessary to ensure that the nonlinearity
respects the differentiability structure that the linear part of the differential-algebraic equation im-
poses. A simpler version of this condition that does not involve the derivative Z'(£) can be found in
[17, (HR1)-(HR2)], but the version stated here is necessary to cover the applications we consider in
this paper.

Before we state our results, we have to comment on what we consider to be a solution to (3.51).

In particular, we say that = € EE’? solves (3.51) if it satisfies
I3 (6) =IM & T+ IM (Ve T) (3.56)
for almost all £ > 0, together with
0=(I-I)M&veZ+ (I —IT)M(eve ) (3.57)

for all £ > 0.
Recalling the solution spaces qz (1) defined by (3.46), we introduce the sets

Grr(n) = {0 € Xo | ¥ = &7 for some 7 € Gz,u (1)} (3.58)

that contain the initial segments of these solutions, together with the open balls
V? = {4 € Gr.u(n) for which H&H <5 c X (3.59)

in these spaces, defined for any ¢ > 0.
Our main result describes the local stable manifold of the zero equilibrium of (3.51). In particular,
it shows that this stable manifold is a graph over Vg.

Theorem 3.17 (see §5.4). Consider the nonlinear system (3.51) and suppose that (HM) and (HM )
are satisfied. Suppose furthermore that the characteristic equation det dz ar(z) = 0 admits no solu-
tions with Re z = 0. Then there exist constants § > 0, §, > 0 and 0. > 0, a bounded linear projection
operator

~

My, (o) Xo — Gr,m(0) (3.60)

and a C*-smooth map
~x .13 Y204
u":Vy — BC_, (3.61)

that satisfy the following properties.
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(i) For any Ve 173, the function u* (12) satisfies the nonlinear equation (3.51).

(ii) For any s )73, we have

My, 4, (0) S0 B () = ¢ (3.62)

—®
(i1i) Suppose that T € BC satisfies the nonlinear equation (3.51) and that |Z(§)| < 6. for all
& > —1. Then we have

7= (Tlyy, 0 (0) 0 7). (3.63)

(iv) We have the derivative

D[6vo @*](0) = 1. (3.64)

In order to analyze the consequences of this theorem, we introduce the familiar restriction oper-
ators

T aa )+ 420 (0) = 2([—1’%@")7 (W', 97) = 9, (3.65)

Bzt * Gz (1) = C([=1,01,€7) x €, (94,97) = (44,47(0)).

The results below outline six scenarios that may arise for initial value problems associated to (3.51).
We start by picking a small initial condition ¢ € C([—1,0],C") and discussing whether ¢ can be
extended to a solution to (3.51) that decays to zero at a specified exponential rate. We note that
this solution is allowed to have a discontinuity at & = 0.

In our first scenario, every small ¢ € C'([—1,0],C") can be uniquely extended. In particular, the
discontinuity depends directly on ¢. We note that there may exist other extensions of ¢, but these
will all leave a fixed small neighbourhood of the zero equilibrium at some point.

Definition 3.18 (Stabilizable). The equilibrium x = 0 of (3.51) is of type (S), if there exist
constants § > 0 and € > 0 such that the following holds true.

—®
For every ¢ € C([—1,0],C") that has |¢|| < 9, there evists a unique T = 2(¢) € BC,, that has
[Zll,, < e, solves the nonlinear system (5.51) and satisfies evy T = ¢.

Corollary 3.19 (see §5.4). Pick any n > 0. Consider the nonlinear system (3.51), suppose that
(HM) and (HM) are satisfied and that det 6z pr(2) = 0 admits no solutions with Re z = —n.
Suppose furthermore that

Rangem, . =C([-1,0],C"), Kerm, . =1{0}. (3.66)
Then the equilibrium x = 0 of (3.51) is of type (S)—,.

In our second scenario, any ¢ € C([—1,0],C™) can still be extended, but no longer in a unique
fashion. In fact, there exists a whole continuous family of possible extensions that all decay to zero.

Definition 3.20 (Multi-Stabilizable). The equilibrium x = 0 of (3.51) is of type (M S)y ny.. if
there exist constants 6 > 0 and € > 0 such that the following holds true.
For every pair ¢ € C(]—1,0],C") and p € C™er that have ||¢| < 0 and |p| < 9, there exists a
—0
function @ = z(¢, p) € BC, that has ||z[|, < €, solves the nonlinear system (3.51) and satisfies

evy T = ¢. These functions are all distinct continuations of ¢, in the sense that T(¢p, p1) # T(¢, p2)
whenever p1 # pa.
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Corollary 3.21 (see §5.4). Pick any n > 0. Consider the nonlinear system (3.51), suppose that
(HM) and (HM) are satisfied and that det dz p(2) = 0 admits no solutions with Re z = —n.
Suppose furthermore that

Range Tlor at (=) = C(]-1,0],C"), Nker := dim Ker Tlor ar (=) > 0. (3.67)

Then the equilibrium x = 0 of (3.51) is of type (MS)_p nye. -

Our third scenario covers the situation in which there exists a branch of ¢ € C([—1,0],C") for
which no extension exists that decays to zero.

Definition 3.22 (Unstable). The equilibrium x = 0 of (3.51) is of type (U), if there exists a
constant € > 0 such that the following holds true.
For every sufficiently small 6 > 0, there exists a function ¢ € C([—1,0],C™) that has ||¢| < §

~ _5AP ~ .
such that any function T € BC_, that has ||Z| _, < € and solves the nonlinear system (3.51), must
have

evy T # ¢. (3.68)

Corollary 3.23 (see §5.4). Pick any n > 0. Consider the nonlinear system (3.51), suppose that
(HM) and (HM) are satisfied and that det dz a(2) = 0 admits no solutions with Rez = —n.
Suppose furthermore that

dimKerm, . <codimRangem, . (3.69)
Then the equilibrium x = 0 of (3.51) is of type (U)_,.
Notice that we have given no results in the case that
0 < codim Rangem, . <dimKerm, .. (3.70)

This can be understood by observing that nonlinear effects play a role here. For example, if one has
equality in (3.70), one would like to conclude that the zero equilibrium is of type (S)_,. In order to
verify this however, one would need to compute the second order derivative [D?evy @*](0) and check
that no degeneracies occur. For instance, if M = 0, then obviously the zero equilibrium is of type
V).

Naturally, this entire analysis can be repeated for the restriction operators %I;Z,M(*n)' This time,
we consider a small initial condition ¢ € C([—1,0],C™) together with a small v € C". The question
at hand is then whether the function ¢ can be extended to a solution to (3.51) that decays to zero
at a specified exponential rate and has a jump at £ = 0 of size v — ¢(0).

Definition 3.24 (Gap-Stabilizable). The equilibrium x = 0 of (3.51) is of type (GS),, if there
exist constants § > 0 and € > 0 such that the following holds true.
For every pair (¢,v) € C([-1,0],C™) x C™ that has |[(¢,v)| < §, there exists a unique T =

~ =9 ~ . . ~
z(¢,v) € BC, that has ||Z||, < €, solves the nonlinear system (3.51) and satisfies 6y T = (¢, ).

Corollary 3.25 (see §5.4). Pick any n > 0. Consider the nonlinear system (3.51), suppose that
(HM) and (HM) are satisfied and that det dz p(2) = 0 admits no solutions with Re z = —1.
Suppose furthermore that
Rangem, . = C([-1,0],C™) x C", Ker%l;I,M(in) = {0}. (3.71)

M

Then the equilibrium x = 0 of (3.51) is of type (GS)_,.
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Definition 3.26 (Gap-Multi-Stabilizable). The equilibrium x = 0 of (3.51) is of type (GM.S)y ny..
if there exist constants § > 0 and € > 0 such that the following holds true.

For every pair (¢,v) € C([—1,0],C") x C™ and p € C™er that have |[(p,v)]| < § and |p| < 9,

~ o~ =0 ~ .

there exists a function T = Z(¢,v,p) € BC, that has [|z]|,, < e, solves the nonlinear system (3.51)
and satisfies €vg T = (¢p,v). These functions are all distinct continuations of (¢,v), in the sense that
Z(¢,v, p1) # (¢, v, p2) whenever py # ps.
Corollary 3.27 (see §5.4). Pick any n > 0. Consider the nonlinear system (3.51), suppose that

(HM) and (HM) are satisfied and that det dz p(2) = 0 admits no solutions with Re z = —1.
Suppose furthermore that

Range %I;I,M(—”]) =C([-1,0],C") x C", Nier := dim Ker %I;I,M(—”]) > 0. (3.72)

Then the equilibrium x = 0 of (3.51) is of type (GMS)_y n...-

Definition 3.28 (Gap-Unstable). The equilibrium x = 0 of (3.51) is of type (GU),, if there exists
a constant € > 0 such that the following holds true.
For every sufficiently small 6 > 0, there exists a pair (¢,v) € C([-1,0],C™) x C™ that has

~ _ A% -~ .
[(¢,v)|| < & such that any function @ € BC, that has ||Z[|, < € and solves the nonlinear system
(3.51), must have

&5 7 # (6,0). (3.73)

Corollary 3.29 (see §5.4). Pick any n > 0. Consider the nonlinear system (3.51), suppose that
(HM) and (HM) are satisfied and that det 9z a(2) = 0 admits no solutions with Re z = —n.
Suppose furthermore that

dim Ker %‘;I,M(—n) < codim Rangem, (3.74)

Mm(=n)"

Then the equilibrium x = 0 of (3.51) is of type (GU)_,,.

4 Examples

In this section we return to the model from economic theory that we discussed in the introduction.
Our goal is to illustrate the application range of the results described in §3. In particular, we discuss
how the technical issues that arise in practice can be handled and hope that our analysis here will
prove insightful to readers that encounter similar problems.

The full nonlinear model that we set out to analyze is given by

A (R() B = A(R()) [r+ 7 (t) — R(t)]
Ry Bbo
e w(t+o)do
() = R, (4.1)
Rgfiﬂbf
ﬂ_f(t) _ 0 n67B UTI'(t-‘rO’)dO"

T‘ng e—8lodo
where the additional identity

(t) = (1= x1—x2) o (R(1) — xam’(t) — xan! (1)] (4.2)

serves to close the system. This latter equation was obtained by isolating 7(¢) from the expression

R(t)=p((1—x1—x2) 7 (1) +xam () + xz! (1)) (4.3)
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Since we will be studying solutions that are allowed to have a discontinuity at ¢ = 0, we emphasize
that any references to R(0), 7°(0) and 7/(0) in the system (4.1) should be interpreted as R(0+),
7°(04) and 7/ (0+).
Looking for equilibria (R(t), 7b(t), 7/ (t)) = (R., 72, 1), we see that we must have
R. —r=p YR, =7t =7/ (4.4)

Assuming for the moment that (4.4) has a solution, we introduce the quantities

T = ﬂfzﬂf,
P = pp T (Ra)) = p'(m),
Ky = 1—Xx1—xo,
_ =1 _ -1
A, = [(P*) “x] ) (4.5)
b —1
Ky = [f_OQb e "da] ,
f _
N I
. A(R.)
A= TGRS

We will make the following assumption concerning these parameters.

(hp) We have x; > 0, x2 > 0 and x, > 0. In addition, we have Q° > 0, Qf >0, 8* > 0 and g/ > 0.
Finally, the function p is C'-smooth, with p’. > 0 but o/, # (1 —x1 — x2) %

Let us make a couple of observations concerning (hp) before we proceed. First of all, notice
that sufficient conditions that guarantee that (4.4) has a unique solution are not hard to find. For
example, it suffices to require that p'(7w) > 1 for all 7 € R or alternatively that p’(7w) < 1 for all
m e R.

Second, we note that the assumption on p’, ensures that p~!(R) is well-defined for all R sufficiently
close to the equilibrium R,. Furthermore, the constant A, can have both signs, depending on the
size of p,.

Finally, we remark that we have not made any assumptions concerning A, yet. In fact, we
will split our analysis into two separate parts that are covered by the following mutually exclusive
assumptions.

(HPS) The equilibrium equation (4.4) has a solution that satisfies (hp). In addition, the function A
is constant, i.e., A’/(R) =0 for all R € R.

(HPF) The equilibrium equation (4.4) has a solution that satisfies (hp). In addition, we have A, > 0.

Note that (HPS) describes the singular situation where the first line of (4.1) reduces to an algebraic
equation, while (HPF) leaves the full mixed differential-algebraic system intact.

4.1 The Singular System

In this section, we concentrate on the dynamics of (4.1) under the singular condition (HPS). In this
case, the first line of (4.1) reduces to

R(t) =r + = (t), (4.6)
from which we derive the nonlinear algebraic equation

R(t) =7+ ry [p7H (R(1) —xam(8) — xor! (¢))]- (4.7)
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Using the two remaining lines of (4.1), we can eliminate the variables 7° and 7/ to arrive at
k(R —1) = p  (R() = xam [ e (Rt +0) = 1) do

s
—X2K§ fOQ e‘ﬁf”(R(t +0)—r)do,

which in turn can be rewritten as

R = pH(R(E) = 7= xako [Lg ¢ TR(t+ o) do
N (4.9)
—x2ks [y e P IR(t + o) do.

Our main goal is to determine which of the scenario’s outlined in §3.4 is applicable to the
equilibrium R(t) = R.. In particular, given an initial condition ¢r € C([-Q° 0], R) that is close
to R,, we wish to determine if (4.9) admits a solution R(¢) that decays to R, as t — oo and has
R(0) = ¢r(o) for —QF < o < 0. This solution R(t) is allowed to have a single discontinuity at ¢ = 0.
In addition, we wish to know whether this solution is unique. If not, does it become unique if FA{(O—i—)
is also specified besides ¢r?

In order to answer these questions, we need to separate the system (4.9) into its linear and
nonlinear parts. To do this, we linearize around the equilibrium R(t) = R. by making the replacement
R(t) — R, + R(t). This leads to the system

Rt = 2R +N(R() = xam [ g e” R(t + o) do
—Xakf foﬂf e IRt + o) do, o
where N : R — R stands for the nonlinear function
N(R) = p ' (R + R) — p~ (R.) — ~R. (4.11)

P
Note first that the nonlinearity depends only on the value R(¢), which together with the smoothness

of p~1 shows that (HM) is satisfied.
Let us rewrite the system as

0= Mé&vR— AN(R(t)), (4.12)

where M acts on a function ¢ as

0 Qf
My = —y(0+) + x16pAs / eﬁb"z/}(a) do + x2k A / e‘ﬁf"w(a) do. (4.13)
—Qb 0
The characteristic function associated to the linear part of (4.12) is given by

;
Sor(2) = 1—xikpAs [0 e do — ok A, foﬂ e==87 4o (4.14)

In order to show that condition (HM) is satisfied, we pick any v € R and introduce the operator
L(v) : C([-92°,QF],R) — R that acts as

LW = 7(0) + xampA [1(0) = e p(=0) = (7 + B%) [g €7 7u() do]
ek g A HQT) —p(0) — (v — B) [ e 7o) do].
A short calculation now yields the identity
(z =7)d0,m(2) = ALy)(2), (4.16)

which shows that (HM) is indeed satisfied. We now proceed to analyze the characteristic function
do0,0m(2) in a number of different scenarios.

(4.15)
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4.1.1 Backward-Looking Variables Only

In this part we will study the singular problem (4.9) under the additional assumption that ys = 0.
Notice that this turns (4.9) into a delayed algebraic equation. The characteristic function now reads

donr(2) = 1= [l eCT7do (4.17)

We start by characterizing the roots of dg as(z) = 0.

Lemma 4.1. Suppose that (HPS) holds and that xo = 0. If p,, > (1 — x1)~ !, then any root of the
characteristic equation 8o n(z) = 0 satisfies Imz # 0 and Re z < —f3°.

On the other hand, if 0 < pl, < (1 — x1)~%, then dop(2) = 0 has a simple root at z = z, for
some z, € R. We have 2z, <0if0<p. <1, 2z, =0 ifp, =1 and z. >0 if 1 < p. < (1 —x1)" L. If
2 # z, also solves 6o a1(2) = 0, then we have Im z # 0 and Rez < min{—4°, 2, }.

Proof. We will start by looking for solutions to 8o a(p) = 0 that have p € R. If p, > (1 —x1)~!, we
have A. < 0 and hence Jg as(p) > 0 for all p € R. If on the other hand p,, < (1 — 1)~ !, we have
A, > 0 which implies d; 5,(p) > 0 for all p € R. In view of the limits

lim o, a(p) = —o0, lim 6o, m(p) =1, (4.18)
p—00

p——00

there now exists a unique z, € R with dg a(2+) = 0. Using the identity

0 /

L—p
Sonr(0) =1 — . Bode = — —_Px 419
0,m(0) X1kpA /_Qbe o T (4.19)

we conclude that z, <0 for 0 < p, <1, z, =0for p), =1 and z, >0 for 1 < p, < (1— 1)L

It remains to consider complex roots of dg as(z) = 0. For any pair p, ¢ € R, we may write

Redonr(p+iq) = 1—ximpds [T e 77 cos(qo)do,
4.20
Imdo,nm(p+iq) = —xikpAs ffm eB"+9)7 gin(qo’)do. (4.20)

For any p > —(3°, the map o — e(B"+P)7 i o strictly increasing function. In particular, if we also
have ¢ > 0 then

0
/ e(B" ) sin(go)do < 0. (4.21)
_Qpb

A similar identity for ¢ < 0 shows that Im & as(p + ig) # O for all p > —3° and ¢ # 0. Directly
computing

00,01 (=" +iq) = q + ix1rpAs (1 — e~ 192" (4.22)

shows that in fact dg ar(p +ig) # 0 for all p > —3° and ¢ # 0.
Finally, notice that for any ¢ # 0, we have

0 0
/ B 417 cos(go)do < / B 41)7 g (4.23)
Qb —Qb

In particular, if 4, > 0, p > 2z, and g # 0, we may estimate
Re do,n (p +iq) > do,m(p) = 0, (4.24)

which concludes the proof. O
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Corollary 4.2. Suppose that (HPS) is satisfied and that xo = 0. If p'. > (1 —x1) "t or 0 < pl, < 1,
then the equilibrium R, of the nonlinear system (4.9) is of type (S)o.

Proof. Fix v > 0. Recalling the operator L(v) from (4.15), Theorem 3.16 implies that

Gz.(0) = Q) (0). (4.25)

Note that nz(v)(O) = 1, which due to Corollary 3.9 implies that

codim Rangem, ) =0, dimKermy, o) = 0. (4.26)

0) 1(0)
The result now follows from Corollary 3.19. O

Corollary 4.3. Suppose that (HPS) is satisfied and that xo = 0. If 1 < p, < (1 —x1)7!, then the
equilibrium R, of the nonlinear system (4.9) is of type (U)o.

Proof. For any v > 0, we now have nJLr(v) (0) = 2. Corollary 3.9 hence implies that

codim Rangem, ) =1, dimKerm, o) = 0. (4.27)

M 0)

The result now follows from Corollary 3.23. O
In the critical case p/, = 1, the characteristic equation satisfies o as(0) = 0. One would have to

construct a center manifold to properly analyze the dynamics near the equilibrium R,.

4.1.2 Forward-Looking Variables Only

We now study the singular problem (4.9) under the additional assumption that x; = 0. This turns
(4.9) into an advanced algebraic equation. The charactistic function now reads

s
dom(z) = 1—xaorpAs foﬂ ez g (4.28)
and as before we proceed by studying the roots of dp a(z) = 0.

Lemma 4.4. Suppose that (HPS) holds and that x1 = 0. If p'. > (1 — x2)~ !, then any root of the
characteristic equation 6o ar(z) = 0 must have Imz # 0 and Rez > 7.

On the other hand, if 0 < pl, < (1 — x2)7!, then 8 p(2) has a simple root at z = z, for some
2o €R. We have z, >0 if0< pl, <1, 2z, =0ifp. =1 and 2z, <0 if 1 < p. < (1 —x2)7 L. If 2 # 2,
also solves 6o ar(2) = 0, then we have Im z # 0 and Re z > max{s7, z.}.

Proof. The statements follow from Lemma 4.1 after making the substitutions z — —z and o +—
—0. O

Corollary 4.5. Suppose that (HPS) holds and that x1 = 0. If 0 < p’. <1 or p,, > (1 — x2)7!, then
the equilibrium R, of (4.9) is of type (GU)o. In particular, there exists € > 0 such that the only
solution R to (4.9) that has |R(t) — R.| < € for allt > 0 is R(t) = R..

Proof. Fix v > 0, which ensures that
Go,1(0) = Q) (0). (4.29)

Notice that the part of any initial condition on [P, 0] plays no role in the dynamics of (4.9). In
particular, since nz(v) =0, we have

Go.11(0) = Q. (0) = C([-Q%,0],C) x {0}. (4.30)

The conclusion now follows from Corollary 3.29. O
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Corollary 4.6. Suppose that (HPS) holds and that x1 = 0. If 1 < p,, < (1 — x2)7!, then the
equilibrium R = R, of (4.9) is of type (GS)o. In particular, there exists & > 0 such that for any Ry
that has |Rg — R«| < 8, (4.9) admits a solution R that has R(0) = Ry and lim;_.., R(t) = R..

Proof. Fix v > 0. In this, case we have Ny (0) = 1, which implies that

Go.m(0) = C([-9Q°,0],C) x span{¢.}, (4.31)

where ¢, (0) = e*+ is the eigenfunction corresponding to the eigenvalue z, of L(y) that has Re z, < 0.
Since ¢, (0) = 1, the conditions of Corollary 3.25 are all satisfied. O

4.1.3 Mixed Variables

We now assume that both x; > 0 and x2 > 0. In this case, it no longer suffices to analyze the

characteristic equation dg a7(z) = 0, since it will have an infinite number of roots on both sides of

the imaginary axis. Instead, we will need to apply the results from §3.2, which require us to compute

the quantity n?m (0). We have found it to be intractable to compute a Wiener-Hopf factorization

directly for the operators L(7y), so we use the path following technique outlined in Proposition 2.9.
Recalling the operators L(y) from (4.15), a short calculation yields

A (2) = z=v—xarA g (1 - e(zjﬁ EQ ) (4.32)
+x2k 5 As ZZ:B’Yf (1 — 6(2_5 )e )
We introduce the operators
that are defined by
L_(v)¢r = xikpAs <¢R(0) — e PP YR(—QY) — (v + BY) f?m " pr (o) dU)
+’7¢R(0)7
fof 0 § (4.34)
Li(Mon = —xargA(6r(0) = e 6R(QF) = (v = 87) [3, "7 (o) do)
+7¢r(0).

A short calculation shows that

o zZ—7 (2 ﬁb Qb

Ap (4 (2) = Z_’V_lefbA*m (1 — e (=48) )a
z—7 ~—BM\af

AL+(V) (2) = Z—’Y+X2KfA*m(1—e( 87) )

In particular, we have
AL_(.Y)(z)AL+(7)(z) =(z—7) (AL(,Y)(Z) - X1X2Iiblif¢43 Ev(z)) (4.35)

Here we have introduced the function =, (z) that is given by

5,(:) = my (1o ) (1- el
= () (B - 25 (1- e ) (18097 (4.36)

= —(B7+8) T (P + B2 (2) + (v — BNHE! (2)),
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in which

D) = —ky (1= e (R (N ot s (a )]
S() = (1o e G e80! | ptatpral (a0 (437)
Upon introducing two operators Ly, L, € £(C([-QP, Qf],R),R) that act as
5
LyRy = f?m MR (t+0)do + (1 + e_(ﬁf'mb)ﬂf) fgf eﬂb"R(t +o0) do
—&-e*(f’“rﬁb)ﬂf fﬂf_ﬂb B R(t + o) do,
B (4.38)
LiR;, = f Qbe R(t + o)do + (l—i—e_(ﬂf'HB )Qb)f e PRt + o) do
Fe—(B7+B8MQ° fmfm e*'B'f"R(t + o) do,
we can compute
Lye* = Lp[eCHAN9 — =GN0 4 (1 4 o= (074007) (] _ eHaN0T)
te=(B/+BMR (g(z+8M)(7-0") _ 1)]
=10
Lrer = A [et=fN _ =GN 4 (1 4 (040N (~(=aN2" ) (4.39)
+e*(ﬁf+ﬁh)§21’ (1— e(zfﬁf)(Qf*Qb))]
= -E/(2).
In particular, upon introducing the path of operators
Dy(0) = L+ (1= xoxamss A28+ 897 (0= B0)Ls + (4 ), (4.40)
we find that
Ap )(2) = Ape(z) — (1 — p)xixekerrATE, (2). (4.41)
This in turn implies that
Ary = G=NTAL ()AL ) (2); i
Ar,a) = Apm(2). (4.42)

In particular, the path I',(u) interpolates between an operator I',(0) for which a Wiener-Hopf
factorization is available and the operator I', (1) that we want to analyze.

We proceed by studying the roots of the two characteristic equations Ay, (4)(z) = 0. To this end,
we introduce the analytic functions

Up (2) = (=112 ((2) = 1—ximpAs [ eCT87do,

. ) (4.43)
U (2) = (2=, n(2) = 14 xakpA, [, e840,

Observing the similarity with (4.17) and (4.28), we can repeat the proof of Lemma 4.1 to obtain the
following two results.
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Lemma 4.7. Suppose that (HPS) holds and that both x1 > 0 and x2 > 0. If pl, > (1 — x1 — x2)*
then any root of ¥y, _(z) = 0 must have Imz # 0 and Rez < —f3°.

On the other hand, if 0 < pl, < (1 — x1 — x2)7 !, then ¥1_(2) = 0 has a simple root at z = z,
for some z, € R. We have z, <0 if 0 < pl < (1 —x2)" % 2o =0 if pl. = (1 — x2)~ ! and z. > 0 if
(1—x2) P <pl <(1—=x1—x2)" . If 2 # 2. also solves ¥,_(z) = 0, then we have Imz # 0 and
Rez < min{—£°, z.}.

)

Lemma 4.8. Suppose that (HPS) holds and that both x1 > 0 and x2 > 0. If pl, > (1 — x1 — x2) 7},
then any root of ¥p,, (z) = 0 must have Im 2 # 0 and Rez > /.

On the other hand, if 0 < p,, < (1 —x1 — x2)~*, then ¥ (z) = 0 has a simple root at z = z,
for some z, € R. We have z, > 0if0 < pl. < (1 —x1)" 2z =0if p. = (1 —x1)"! and z. <0 if
(1=x1)"t'<pl <A —=x1—x2)7 " If z # 2z also solves V1, (z) = 0, then we have Imz # 0 and
Rez > max{s7, z.}.

The next step is to analyze the equation pr(u)(z) = 0 and search for roots that cross the
imaginary axis as u is increased from zero to one. To this end, we introduce the function

U,(2) = (z2— ’y)*lpr(M)(z) (4.44)
and compute
\II/.L(Z) = 1—- XleA* fEQb e(ﬁb+z)0'do- + XQHfA* fg(;f e(Z*Bf)o'da_

4.45
_(1 _ N)X1X2"€b’€fA3 fEQb e(ﬁb-‘rz)adg fé)f e(z—ﬁf)odo.. ( )

Lemma 4.9. Suppose that (HPS) holds and that both x1 > 0 and x2 > 0. Suppose furthermore that
0 < p, <1orthat p. > (1—x1—x2)"'. Then the equation ¥, (z) = 0 has no roots with Rez = 0
forany 0 <pu<1.

Proof. Using (4.45) we compute
. o 0 Bbo Qf —pfo
ReW,(iq) = 1—xikpAs [ o e” 7cos(qo)do — xakp A, [ e cos(qo)do
¥
+(1— u)xlngibmff@(fom eB'o cos(qo)do fOQ e=Bo cos(qo)do

+f0 "o 7 sin(go)do fo e P "sm(qa)da)

ImV,(ig) = xiksAx fo_ T s 7sin(qo)do — xak A fo " es "sin(qa)do) (4.46)
+(1 - M>X1X2ﬁbeA2(fOQ #"7 cos(qo)do foﬂf e=8"7 sin(qo)do
+ [ " 7" sin(go)do fo e P "cos(qo')do')
For any ¢ > 0, we have the inequalities
0 < fEQb 87 cos(qo)do < fEQb ' do,
0 < fOQf e~ %7 cos(qo)do < fOQf e P 7dg,
(4.47)

_ob
0 < " e sin(qo)do,

o

f .
fOQ e=#'7 sin(qo)do.
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Note that A, > 0 whenever p’, < (1 — x1 — x2)~!. For any 0 < u < 1, this allows us to compute

§
Re¥,(ig) > 1—xikpAs fEQb eP’o cos(qo)do — xak A fOQ e=ple cos(qo)do

i
> 11— xikpAs fi)Qb A7 do — Xok § A fOQ e Podo (4.48)
1-p,
1-pl(1=x1—x2)’

with equality if and only if ¢ = 0 and p = 1. In particular, if 0 < p/, < 1, the characteristic equation
U,y (2) = 0 has no roots with Rez = 0.

On the other hand, we have A, < 0 if p,, > (1 — x1 — x2)~!. This immediately implies that
Re ¥, (ig) > 1 for all ¢ € R, which completes the proof. O

In the special cases that 0 < p. < 1or that p, > (1—x1—x2) "', we now have sufficient information to
compute the quantity nf(,y) (0). This in turn allows us to draw conclusions concerning the equilibrium
solution R(t) = R. to (4.9).
Corollary 4.10. Suppose that (HP) holds and that both x1 > 0 and x2 > 0. Suppose furthermore
that 0 < pl. < 1 or that pl, > (1 — x1 — x2)~ L. If v > 0, then we have nf(v)(O) =0, while if v <0,
then we have nf(,y)(()) =1

Proof. Since no roots cross the imaginary axis as p is increased from zero to one, we may apply
Proposition 2.9 to find

¥, 0) =nf (0)=nf ,(0)=ny_,(0)=n] . (0)+nf (0), (4.49)
where p,(2) = (2 — 7).

If v > 0, then er have np (0) =0, ngi(v)(O) 1 arid n,t (0) = 1, which gives n}%m)-((}) : 0.
On the other hand, if v < 0, then we have nL+(~/)(0) =Lnp (., (0) = 0 and n} (0) = 0, which gives
n# _(0)=1. O

L)

Corollary 4.11. Suppose that (HPS) holds and that both x1 > 0 and x2 > 0. Suppose furthermore
that 0 < p.. <1 or that p., > (1 — x1 — x2) L. Then the equilibrium R = R, of (4.9) is of type (S)o.

Proof. We pick v > 0, which gives nfw)(O) = 0. Since gz,m(0) = @L(v)(O), we can use Theorem
3.10 to conclude that

codimRangem, 0, dimKerm, o) =0. (4.50)

m(0) . (0)

This allows us to apply Corollary 3.19. U

In the remaining case 1 < p. < (1—x1—x2) "}, we can only draw definitive conclusions concerning
real roots to W, (z) = 0 that cross the imaginary axis.

Lemma 4.12. Suppose that (HPS) holds and that both x1 > 0 and x2 > 0. If 1 < p/, < min{(1 —
x1) "%, (1= x2) 7'}, there is precisely one p. € [0,1] such that U, (0) = 0 and in fact 0 < p, < 1.
The same conclusion holds if max{(1 — x1)™ 4, (1 —x2) '} < pl < (1 —x1 — x2) " *.

On the other hand, if min{(1 — x1)~1, (1 — x2) 7'} < pl < max{(1 — x1)"%, (1 — x2)7'}, then
U,(0) <0 forall0 < p<1.

Proof. The conclusion follows from the identity

Ue(0) = (1—x1kpAs fEQb 87 do) (1 + X2k AL fgf eBodo)
(100 0-x2) (1L (1—x))
- )
(1—9;(1—x6—><z))b . (4.51)
U1(0) = 1—ximpAe [ o e do + ok A Jor e Pods
1—p,

1-pl(I-=x1—X2) "
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together with %\PH(O) < 0. O

Besides the root crossings at zero mentioned above, we typically also expect complex roots to
cross the imaginary axis if 1 < p, < (1 — x1 — x2)~!. Consider for example the symmetric case
X1 = X2, Q° = Qf and pf = p°. Fixing u = 1, we have Im ¥, (iq) = 0 for all ¢ € R. Together with
the limits lim, .+o, Re Wy(ig) = 1 and Re ¥;(0) < 0, we find that Az(,)(z) = 0 has at least one
pair of purely imaginary roots. In particular, in order to compute the quantities nf(,y) (0), the easiest
approach appears to be to resort to numerics.

4.2 The Full System

In this part we return to the full problem (4.1) under the assumption (HPF). Our goal is to consider
an initial condition

© = (¢, ¢v, ¢5) € C([-9", 0], R)? (4.52)

and determine in which sense this initial condition can be extended to a solution to (4.1) that decays
to the equilibrium (R, s, Ty ).

We linearize around this equilibrium by making the replacements R(t) — R, + R(t), 7°(t) —
7. +7°(t) and 7/ (t) — 7, + 7/ (t), which transforms the system (4.1) into

R(t) = —AJf=R(E)+r (G- RE) —xam®(t) — xer/ (1)) ]
+Mg(R(t), (1), 7 (1))
w(t) = mprt [l e (LRE+ 0) = xam(t+ o) — xor! (t + 0)) do
+ My (evy R) (4.53)
)
() = mpgt fg e PO (LR(E+0) — xam(t+0) —xor! (t+ 0)) do
+M;(evi R).
Here we have used the function N defined in (4.11) to introduce the nonlinearities
Mp(Rab,mf) = —AsN(R) + a0
[— R+ (NV(R) + (L) 'R — xam® — xar/)],
- o 4.54
Myp(YR) = nbnxl fEQb B N(wR(J)) do, ( )
s
Mf(iﬁR) = Iifli;1 foﬂ eiﬁfa./\[(wR(U)) do‘.
Introducing the notation W(t) = (R(t), n°(t), 7/ (t)), we can write the system as
TV (t) = Mev; ¥ + M(ev, ¥). (4.55)

Here 7 is the diagonal matrix Z = diag(1,0,0), while M : C([-Q% Qf],R)> — R? denotes the
nonlinear function

M (YR, Py, bf) = (MR(wR(O)a"/}b(o)>wf(0)>>Mb(¢R)va(wR)) (4.56)

and the linear operator M : C([-Q° Qf] R)? — R3 captures the remaining terms in (4.53). The

31



characteristic function for the linear part of this system is given by

S-ami A .
67,0 (2) = ‘pfiéx ffm R 1+—’““”f R
f
Y Sl L e L R Ny el L

(4.57)

In order to show that (HM) is satisfied, we pick any v € R and define the linear operator L(7) :
C([-9% Qf],R)? — R3 that acts on ¥ = (g, ¥y, ;) as

(L(Y)Y); = —AJ[—vgr(0)+ /‘5;1(%1/112(0) — x19(0) — x2¢£(0))],

(L) = 3n(0) + 2 [r(0) — eV Yr(—0") — (7 + 5) [ 7o) do]
— 5 [y, (0) — eV 4y (— Q) — (v + 8°) [ €71y (o) do]
=225 [y(0) = PV (=0) = (1 + ) [l 0 (0) o], g
TD)s = 77(0) + [ Yp() —wr(0) — (v~ 87) J3 e (o) do]
~X8 [ 9 (F) iy (0) — (y — ) 3 Py (o) do]
X [o=B0T 4 (F) — i (0) — (v~ B7) fi e 704(0) do].
Upon writing
Ty (z) = diag(1,z — v,z — 7), (4.59)
it is not hard to see that
Ty(2)0z,m(2) = AL (2), (4.60)

which verifies (HM). As expected, any solution to the linear equation ZW'(t) = M ev; U(t) will
automatically also satisfy ¥'(t) = L(v) evy U(¢) for any v € R.

In order to verify condition (HM), we need to exploit the explicit structure of the nonlinearity
M. In particular, the integrals that are present in the definitions of M, and My ensure that the
time derivative of the map ¢t — M(ev;¥) depends only on ev;¥ and ¥’(¢). The remaining required
properties follow immediately from the construction of the nonlinearities and the smoothness of the
function p~1.

In the companion paper [10], we analyze the characteristic function dz a(z) in the two special
cases that either x; = 0 or x2 = 0. In combination with the results in §3.4, this analysis yields the
following characterizations for the equilibrium (R, ., 7).

Corollary 4.13 (see [10]). Suppose that (HPF) is satisfied and that x2 = 0. If p/. > 1, then the
equilibrium (R(t), mp(t)) = (Ra, ) of (4.1) is of type (S)o.

Corollary 4.14 (see [10]). Suppose that (HPF) is satisfied and that xo = 0. If 0 < pl, < 1, then
the equilibrium (R(t), mp(t)) = (Rs, ms) of (4.1) is of type (MS)y.

Corollary 4.15 (see [10]). Suppose that (HPF) is satisfied and that x1 = 0. If p’. > (1 — x2)7 1,
then the equilibrium (R.,my) of (4.1) is of type (GU)o. In fact, there exists € > 0 such that the
only solution (R, my) to (4.1) that has |R(t) — R.| + |mp(t) — mi| < € for allt > 0 is (R(t), 7s(t)) =
(R, ).
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The complexity of the characteristic equation det dz as(z) = 0 forces us to resort to numerical
studies to analyze the situation where y; = 0 and 0 < p. < (1 — x2)~!. In particular, let us suppose

that det 07 a7 (2) = 0 has n, > 0 roots to the left of the imaginary axis and write 1, ... ,%,, for the
associated eigenfunctions. Upon introducing the space
V = span{11(0), ... , 9., (0)} C R? (4.61)

we note that the equilibrium (R, m,) is of type (GU)y if n. < 1, of type (GS)o if V = R? and n, = 2

and of type (GMS)o if V = R? but n, > 2. If V # R? but n, > 2, then we can draw no conclusions
without a more detailed analysis that includes the nonlinear terms.

We conclude by remarking that the mixed case where both x; > 0 and x2 > 0 is out of our reach
for the moment, because the results in §3.2 are only available for scalar systems. We are hopeful
that this situation can be remedied in the near future.

5 Proof of Main Results

In this section we set out to prove the main results outlined in §3. The main tool that we use to
analyze linear initial value problems is the Fourier transform, which transforms time shifts into mul-
tiplication operators. We recall here that the Fourier transform F+(f) of a function f € L?(R,C")
and the inverse Fourier transform F~(g) of any g € L*(R,C") are given by

FHHW) = [Z e ™o f(&)ds,  F(9)(€) = 5z [7o e™g(v)dv. (5.1)

Our analysis will focus on the Green’s function G, associated to a linear operator L : c(-1,1,C™) —
C™, which is given by

FHGL)w) = A7 (i) (5.2)
and solves

G1.(€) = Leve G +6(¢) (5.3)

in the sense of distributions. In particular, G r has a discontinuity at § = 0. We exploit this fact
heavily in order to build a bridge between the solution spaces Q,(n) that allow for such discontinuities
and their traditional counterparts Qr,(n).

5.1 Delay Differential Equations
In this section we set out to prove Theorem 3.3, which concerns the differential delay equation
() =L_ Ve T, (5.4)

where L_ is a bounded linear operator from X~ = C(]—1,0],C") to C™ that acts on the larger
spaces X as explained in §3.1. We start by providing a proof for Lemma 3.2, which states that for

~ _5AP ~— . .
any r € BC, , the map { — L_év, x is continuous for almost all £ > 0.
Proof of Lemma 8.2. Note that we only have to establish continuity for almost all £ € (0,1). Lemma

3.1 implies that the set of points in (—1,0) at which u is discontinuous is at most countable. We will
show that if x is continuous at some 6 € (—1,0), then the function w defined by w(§) = L_ év 7 is

continuous at £ = —6. Indeed, writing & = (¢, y), note that for any sufficiently small h we have
w©) = [l du(0)6(E+0) + [} dulo)y(E + o)
we+h) = [0 du(@)BE+h+ o) + [y, du(@)y(€ +h+ o), (5:5)
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where p is the measure associated to L_ via (3.9). In particular, we may compute

wE+h) —wE) = [T du(o)[d(E+h+0)— o +0)]
+ [S dp(o) ly(E + b+ o) — y(€ + )] (5.6)
+ Ly du(o)y(E + b+ o) — $(€ + 7).

The first two lines are of order o(1) as h — 0 on account of the continuity of ¢ and y. The third line
is also of order o(1) as h — 0, because the total variation of y over the interval [# — h, 0] vanishes as
h — 0. This latter fact is a consequence of our assumption that p is continuous at 6. O

Returning to (5.4), we are ready to study the Green’s function for this equation. To aid us, we
introduce the two special functions

- e *¢  for £ >0,
1) = {0 for € < 0, .
- _ e*€  for £<0, (5.7)
O = V0 foréso

in which we will always choose z € C in such a way that Rez > 0. The Fourier transforms of these
functions are hence given by

FHH )W) = — FHHD )W) = — (5.8)

z+iv’ z—iv

In addition, for any pair 21,29 € C with Rez; > 0 and Rezy > 0, we introduce the combined
function

es1&  for £ <0,
Hz1,z2 (f) = { e—zgi for g g 07 (59)

which is continuous on R. The Fourier transform is given by

1 1

.7:+sz - . )
(Huo)) = o

(5.10)

which is a function of class L*(R, C).

Proposition 5.1. Consider the delay equation (5.4) and suppose that the characteristic equation
det A, (2) = 0 admits no roots with Re z = 0. Then there exists a function

Gi_ = (G},_,G1_) € C((=00,0],C™*™) x C([0, 00), L") (5.11)
that satisfies the following properties.

(i) For almost every £ > 0, GL_ satisfies the differential equation
G, () =L_&;Gr_, (5.12)
while G, satisfies
(GL )(§) =L_ev G}, (5.13)

for every £ < 0.
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(i1) There exist constants K > 0 and x> 0 such that
‘éL, (g)‘ <Ke "l geR. (5.14)
(ii) Writing I for the n x n-identity matriz, we have

G% (0)—-GL (0)=1. (5.15)

(iv) The Fourier transform of GL, s given by
FHGL )(w) = Ap_(iv) ™" (5.16)

Proof. The estimates [18, Lem. 3.1] imply that the map v — Ap_(iv)~! is of class L?(R,C"*"),
which allows us to apply the inverse Fourier transform to (5.16) in order to define G, () as a
function in L2?(R, C"*").

To show that G L_ is continuous on the half-lines R_ and Ry, we pick an arbitrary a > 0 and
introduce the function

~ N 1
U(v)=F (G )(v)— FHHI(v) = Aliv) ™ — Pl (5.17)
Again using the estimates [18, Lem. 3.1] one finds the asymptotic expansion
T(v) = O0(1/v?), v — oo, (5.18)

which implies that ¥ € L'(R,C"*"). In particular, standard properties of the Fourier transform
now imply that

F(0) =G — HI I € C(R,C™") N L®(R,C"*™). (5.19)

This establishes (iii) and (iv). The remaining properties (i) and (ii) are standard properties of the
Green’s function that can be established as in the proof of [27, Thm. 4.1]. O

The Green’s function G, is the key ingredient that allows us to compare solutions to the delay
equation (2.1) and its counterpart (5.4) that allows for jumps at £ = 0. Indeed, if z € BC{ satisfies

~ @
(2.1), then for any v € C™ the function x + G,_wv is contained in BC|, and solves (5.4). Conversely,
ifye EE’? solves (5.4), then the function

z =7 -G (5(0+) - §(0-)) (5.20)
solves (2.1) and satisfies « € BCgB, since it is continuous. In particular, this shows that
Q, (0) =9, (0) @ spanc. {G_}. (5.21)

In order to exploit this and establish a relationship between Q,_(0) and @ _(0), we need to closely
study the function

evy G € C([-1,0],C™). (5.22)

We proceed by picking any root z, of the characteristic equation det A;,_(z) = 0 and recalling
the associated spectral projection

0P () : C([-1,0],C") — C(]-1,0],C™) (5.23)
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that is given by
0 0
TP (2)6)(0) = Reso—s. AL (=)~ [$(0) + / du(o)e™ / e b(r)dr]. (5.24)
—1 o
This operator projects onto the generalized eigenspace associated to the root z, and plays an impor-

tant role in characterizing @ _(0) C C(]—1,0],C"). Indeed, we have the following representation.

Lemma 5.2 (see [11, Chp. IV]). Consider the delay differential equation (2.1) and suppose that
the characteristic equation det Ap,_(z) = 0 admits no roots with Rez = 0. Then any function
¢ € C([-1,0],C™) satisfies ¢ € Qr_(0) if and only if

P (2)¢ =0 (5.25)
for all z € C that have Rez > 0 and det A, _(z) = 0.

To simplify our notation in the sequel, we now introduce the spectral set
%7 ={2€CJ|detAr (z) =0and Rez >0} (5.26)

together with its associated spectral projection

0P (Sp)= Y P (=) (5.27)
2EST
Lemma 5.2 implies that
Qr_(0) ={¢ € C([-1,0],C") for which II}* (X} )¢ = 0}. (5.28)

In order to describe II}” (X7 ) in a bit more detail, let us introduce a set of functions
e € C(R,C"), 1<t<n} (0), (5.29)

that span the space of generalized eigenfunctions corresponding to the spectral set ZZ,- There exists
a set of linearly independent linear operators

My € £(C([-1,0],C"),C), 1<¢<n} (0), (5.30)
that allow us to write
ni_(0)
P (5 o= ), beMyg. (5.31)
=1

In order to characterize @ r_(0), we need to determine how ev, G L_ projects onto the generalized
eigenspace associated to the eigenvalues in Ez_. The following technical result shows that these
projections typically do not vanish.

Lemma 5.3. Consider the delay differential equation (2.1) and suppose that the characteristic equa-
tion det Ap,_(z) = 0 admits no roots with Rez = 0. Then the following identity holds for all z. that
have Rez, > 0 and det Ap,_(z.) =0,

[P (2)evy Gp_](0) = —Res.—..e*A,_(2)~". (5.32)

36



Proof. First of all, notice that ev, Gr_ = evy GY . In addition, for any o > 0 we recall from (5.17)
the L'(R, C™*") function

1
o+ v

U(v)=Ap_ (iv)"! - I. (5.33)

We note that 7~ (W¥,_) is a continuous function that agrees with G* on R_. In particular, for any
& < 0 we may write

— 1 > 22
Gy @ =17 e = 5 [ e"widn (531
We now proceed by computing the integral
0 0
Ti(z) = / dp(o)e™ / e~ GL (1) dr, (5.35)
-1 o

which using the representation (5.34) can be written as

’]’1(2;) = % f—ol d,u(o-)eza ff e 4T fjooo eil/T[AZi (ZV) — aiiul] dvdr (5 36)
= i fjooo [fgl du’(o—)eza ff e(’il’*z)‘l’ dT] [Aii (“/) - a—&iu‘[] dl/’

where we used Fubini’s theorem to change the order of integration. Proceeding with the 7-integration,
we obtain

Ti(z) = 2 [ =[S0 dulo) (e — )] [AL! (iv) — S5 T dv
= = [T+ AL (iv) = AL (2)][AL (iv) — 1) dv
= L[ “Hiy) — —L v
- 27 ffoo [iL_( ) Oz+lVI] d (537)
+i ffoo iul—z [AL— (ZV) - AL— (Z)] [AZi (ZV) - a-ljzu/ﬂ dV

= G (0)+ 5 [7 G@ma @+ )] = Ap_(iv)]dv
—=Ap (2) [T [A;i(i’/)_al‘ I dv.

—00 IW—2z “+iv

Notice that when computing the residual in (5.24), any terms that are analytic in z can be ignored.
This allows us to neglect the final term in the last line above and compute

[P (z.)evy Gr_](8) = Res.—.. e*?AL_(2)"'Ts(2), (5.38)
in which we have
B(z) = 2= [% el — amllet [0 dulo)e | Tdv
= ey [l — awldy (5.39)

o0

1 0 o 1
+27r(z+a) ffl d,u(g) ffoo € [iul—z - a—i—iu]ldu'

Restricting ourselves to situations where Rez > 0 and remembering that o > 0, we can use the
special function (5.9) to write

o 0
T(z) = T ta Z,a(O)I_ z.|1.a f,1 d,UJ(U)Hz,a(U)I
[e] 0 zZOo
= _z+oz‘[_ lera f—l du(o)e I (540)
= - zial - lera (ZI - AL* (Z))
= I+ Z_%}AL7 (2).

Recalling the identity (5.38), we see that we can again neglect the term involving Ay _(z), which
establishes (5.32) and completes the proof. O
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Notice that in the proof of Lemma 5.3 the condition Rez. > 0 is explicitly needed. Indeed, if we
assume Re z, < 0, a similar calculation shows that [IT}” (z.)evy G _] = 0. This can be understood

by noting that GY  satisfies (2.1) for all ¢ < 0, which shows that evy G4 € P,_(0).

Proof of Theorem 3.3. We restrict ourselves to the case where n = 0. Our starting point is the
identity

Q. (0) =9, (0) @ spanc. {G1_} (5.41)

discussed above. If nj (0) = 0, then Lemma 5.2 implies that Q; (0) = C([-1,0],C"), which
together with (5.41) and the jump condition (5.15) immediately implies

~

Qr_(0)=C(]-1,0,C") x C" (5.42)
as desired.
Moving on to the case where nf (0) > 0, let us introduce a set of vectors
aeC, 1<t<ni (0) (5.43)
such that
ny_(0)
P (5] Jevy G w= Y edfw. (5.44)
=1

Lemma 5.3 guarantees that at least one of these vectors ay is non-zero.
Observe that a pair

(¢,v) € X; = C(]-1,0],C") x C" (5.45)
satisfies (¢,v) € Qp_(0) if and only if
¢ —evy GL (U — ¢(0)) € Qr_(0), (5.46)
which is equivalent to the requirement
M (B )¢ =T (37 )evg G_ (v = 6(0)). (5:47)
Using the operators (5.30) this can be rewritten as
Mg = ah(v—¢(0)), 1<E£<nf (0). (5.48)

Let 1 < s < n be the dimension of the space spanned by the vectors {a,} and reorder these vectors
in such a way that the set {ay}j_, is linearly independent. Since the remaining vectors ay for
s < £ < nj can all be expressed as a linear combination of the s vectors in this set, the system
(5.48) can be rewritten in the required form (3.23). O

Proof of Corollary 3.4. In the neighbourhood of a simple root z = z, of the characteristic equation
det A _(z) =0, the inverse of the characteristic function Ay _ can be expanded as [11, Chp. IV]

A'(2) = (z—2) "Bl +0(1),  z— 2z, (5.49)
where 3, and «, are two vectors that satisfy

AL (z)B.=0, Al (z)a, =0, alA] (z)8. =1 (5.50)
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The spectral projection IT}” (z.) is now given by

0 0
I (2)6l(0) = 8. [alo(0) + ol [ du()e” [ e o(ryar]. (551)
—1 o
In particular, for any w € C™ we have
[P (z.)evy Gr_w](0) = —*?B.alw. (5.52)
The identity (3.25) can now be read off from (5.47). O

5.2 Mixed Type Equations
We now set out to prove Theorem 3.10, which features the MFDE
z'(§) = Léven. (5.53)

Here L a bounded linear operator that maps X = C(]-1,1],C) into C and, for any —1 < a < 0,
acts on the spaces X, as explained in §3.2. We start by remarking that a Green’s function

GL = (G}, G}) € C((=0,0],C) x C([0,0),C) (5.54)
can be defined for (5.53) by writing
FHGL)(w) = AT (iv). (5.55)

This function satisfies properties that are similar to those mentioned in Proposition 5.1. In particular,
G, satisfies (5.53) for almost all £ > 0 and admits the jump

G%(0) — G4 (0) = 1. (5.56)
Following the same arguments as in §5.1, one can conclude that
Q1(0) = Q1(0) ® span{G.}. (5.57)

However, in the current setting we need to understand the relationship between ev GlL and the
space

Rangem, (o) C C([-1,0],C). (5.58)

The key ingredient that we will exploit in order to understand this relationship is provided by the
following technical result.

Lemma 5.4. Consider a scalar version of the MFDE (2.10) for which the characteristic equation
Ar(z) = 0 admits no roots with Rez = 0. Choose any zy > 0, write p(z) = (2 — z0) and let
(p,L_, Ly) be a Wiener-Hopf triplet for L, which we recall implies that

(z — 20)AL(2) = Ap_(2)Ar, (2). (5.59)

Suppose furthermore that this Wiener-Hopf triplet has the special property that Ap, (z) = 0 admits
no roots with Re z < 0.
Then for any z,. that has Re z, > 0, we have the identity

[T (z) evy GL](0) = —Res.—.. e Ap_(2)7". (5.60)
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Proof. Using ev G L = evy GlL and writing p_ for the measure associated to L_, we recall the
definition

0

: ~ 0
[P (z,)evy Gr](0) = Res,—. e’ AL (z)_l[GlL(O)—l—/ du,(a)e”/ e TGy (T)dr]  (5.61)

-1

and start by studying the term

0 0
T1(2) :/_1 du_(U)eZ”/ e *TGY (1)dr. (5.62)

Mimicking the computation (5.37), we see that we have, for any « > 0,

Ti(z) = &[5 lz—iv+AL (iv)—Ap_ ()AL (iv) — aiw] dv
_% ffooo[Azl(ZV) - Ot-‘iil/] dl/
tom [To s [Ar_(iv) = Ap_(2)][AL () — ] dv

= GLO) + I (o )An ()AT i)~ Ay ()] dv
—%ALf(z) foo L [Azl(iu) — L ]dv

—00 WW—2z a+iv
= —GLO0) + 5 [7 @ lla+iv) = Ap_(iw)]dv
—ox AL (2) [, w5 AL () — i ldy

—00 IV—2z a-+iv

o [7 S AL ()AL (iv) — 1] dv.

Ww—z

(5.63)

Comparing this to the expression (5.37) for 77(z) computed in the proof of Lemma 5.3, we find that
it now suffices to show that

/OO ! [Ar (iv)A7 iv) —1]dv =0 (5.64)

oo W —2z

for all z in a small neighbourhood of z,. To see this, observe that

w AL ()AL () —1] = 5z — 20)AL (i) — 1]

w—z Ww—z

— AL ) — ]+ (= - 20) s A ).

(5.65)

Ww—z Ww—z
Remembering that Re z > 0, we recall the special function H; from (5.7) that has Fourier transform

FHHD )W) = — (5.66)

? z— v

Applying arguments similar to those in the proof of Proposition 5.1, we can introduce the Green’s
function

Gr, = (G, ,G1,) € C((=0,0],C) x C([0,0),C) (5.67)
for the advanced equation

(&)=L, evéIr x, (5.68)

where the evaluation operator evgr now maps into C([0, 1], C). We note that G}, satisfies (5.68) for
all £ > 0. In addition, we have the usual jump condition

7, (0) =G, (0)=1. (5.69)
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In particular, G L, + HZ is a continuous function on R, which shows that

=R

— 00

Jdv =G5, (0). (5.70)

W —z
On the other hand, the Fourier convolution theorem implies that

L S AL ) dv = [H «GL)(0)

27 J—o0 tv—z z

JZ HZ (G, (=€) d¢ (5.71)
= 2L HI (G, (-6 de.
In particular, in order to establish (5.64) it suffices to show that G7 () = 0 for all £ > 0. But

this follows from the differential equation (5.68), which implies that G}, € Qp, (0). Indeed, in view
of our assumption that Az, (2) = 0 admits no roots with Rez < 0, Proposition 2.1 implies that

1, (0) = {0}. O

Proof of Theorem 3.10. Without loss of generality, we will focus on the case that n = 0. Suppose
that we have a Wiener-Hopf factorization

(z — 20)AL(2) = Ap_(2)Ar, (2). (5.72)

By rearranging roots according to the procedure described in [29, Lem. 5.7], we can ensure that
Rez_ < Rezy for any pair z_,z; € C that has Ap_(z-) = 0 and Az, (24). In addition, we can
ensure that Rezp > 0 and Ay (zp) = 0.

Let us first consider the situation that Ap_(z) = 0 admits at least one root with Rez > 0.
Notice that this implies that all roots of Az, (2) = 0 have Rez > 0. Remembering that Rezg > 0
and recalling the quantities (2.26), we may compute

nf (0) = ni, (0) =i (0)+nt . (0)=—n} (0)+1<0, (5.73)
since in the current situation nj (0) > 1. In particular, we need to establish the identities
dim Ker o) = 0, dim Ker To.0) = 0, (5.74)
together with
. _ _ —+ _ . A~ — —+
codim Range T, = M- (0) —1, codim Range T, = M- (0). (5.75)

The key ingredients we will use here are the results [29, Thms. 5.3-5.4]3, which allow us to conclude
that

Q.(0) =9, (0). (5.76)

In particular, any ¢ € C([—1, 1], C) satisfies ¢ € Q1 (0) if and only if evy ¢ € Qr_(0), which can be
rewritten as
ni_(0)

P (S evg= Y teMevyt =0, (5.77)
/=1

upon recalling the projection (5.27) and the operators (5.30).

3The results in [16] show how the proofs of these theorems can be adjusted for our weaker condition (HL).
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Turning our attention to the Green’s function G 1, we remark that there exists a set

ay € C, 1<¢<nf (0), (5.78)
such that we can write
nf (0)
P (SF Jevg GL= anr. (5.79)
=1

Lemma 5.4 guarantees that, possibly after reordering the eigenfunctions {t;}, we have a3 # 0. In
particular, evy Gr ¢ Qr_(0).

To see the statements (5.74) concerning the kernels of %éL © and 7T(§L )’ let us suppose that
Z € 91,(0) has évyZ = (0,v) for some v € C. Then we have
Z—Grvep(0)=9; (0) (5.80)
and hence
evg® —evy Gro = —evy Grv e Qr_(0). (5.81)

Our discussion above implies that v = 0 and hence & = 0.
Moving on to the identities (5.75), notice that (¢,v) € C(]—1,0],C) x C satisfies (¢,v) €
Range %{5 © if and only if
L

¢ —evy Gr(v—96(0)) € QL_(0), (5.82)
which implies
P (2 )¢ =17 (5 )evy Gr(v—¢(0)) (5.83)
and hence
Myp=ar(v—¢(0)), 1<C<n} (0). (5.84)

This in turn can be rewritten as the system
v = ¢(0)+a; Mg

N - (5.85)
M[(b = aZa;1M1¢7 2 S L S ’I'Lfi (O)a

which consists of nf (0) linearly independent conditions on the pair (¢, v). Alternatively, this system

can be viewed as nff (0) — 1 conditions on ¢, with v depending explicitly on ¢. This establishes the

identities (5.75).
We now proceed to discuss the alternative situation in which all roots of Ay_(z) = 0 have
Re z < 0. Again remembering that Re zg > 0, we now compute

nf(0) =ny (0)=n} (0)+ni, (0)=ny (0)+1>1. (5.86)
In particular, we need to establish the identities
. - o #y - . ~ oY 1 o—
d1mKer7r(9L(O) =n}(0)=1+ng,(0), dim Ker To,0) = "L (0) =1 =ng (0), (5.87)
together with

codim Range o) = 0, codim Range o) = 0. (5.88)
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In this situation, [29, Thm. 5.3] gives us the inclusion
Qr_(0) € Qr(0). (5.89)
In addition, since n} (0) = 0 we have Qr_(0) = C([~1,0],C). In particular, for any pair (¢,v) €
C([-1,0],C) x C, we can define T € EE’? by way of
F=EL_[¢—evgGr(v—0(0)] + Gr(v— ¢(0)). (5.90)

o~ — o~

It is easy to see that € Qp,(0) with 6V # = (¢, v), which establishes the identities (5.88).

To see (5.87), let us consider any = € EE'O that has évy & = (0,v) for some v € C. Then we
have ¥ € Qr,(0) if and only if

yz’x\—@Lv—FELfeVO_ Grv (5.91)
satisfies y € Q1,(0). Since evyy = 0, this condition is equivalent to requiring
evoy € Kermy ) (5.92)

which is an (n¥ (0) — 1)-dimensional space according to Proposition 2.5. O

5.3 Differential-Algebraic Equations

In this section we study the mixed differential-algebraic system
Ix'(§) = M évex (5.93)

and set out to prove Theorem 3.16. We recall that Z is a diagonal (n x n)-matrix that has Z? = T
and that there exists a measure y € NBV ([—1,1], C™*") such that

My = / du(o)u(a) (5.94)

for any ¢ € C([-1,1],C"), while M is extended to X, for =1 < o < 0 as in §3.2. Finally, remember
that the characteristic function for (5.93) is given by

dzm(z) =Tz — Me*1. (5.95)

Our arguments in this section will roughly follow the approach developed in [16, §5]. However, the
relevant computations need to be generalized to account for discontinuities and the fact that the
condition (HM) is weaker than its counterpart in [16].

We start by studying the condition (HM) in more detail. In particular, let us write

0, = max{ly,... 0y} (5.96)
and define n x n diagonal matrices J; for 0 < i < £, such that
To(2)=Jo+Ji(z—a)+...+ Jo. (2 — a)>. (5.97)
Notice that Jo = Z, J? = J; for all 0 <i < n and JiJ; = 0 whenever i # j. In addition, we have

Jo+J1+...+Jp, =1 (5.98)
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Lemma 5.5. Consider the system (5.93) and suppose that (HM) is satisfied. Recall the function u
featured in (5.94). Then there exists a measure ( € NBV([—1,1],C"*™) such that following holds
true.

(hu1) For any 1 <0 < L., we have Jou € WE_1([—1,1],C**"), with

loc
(—1) D" Jepl(o) = —JeH (o) +/ Ji¢(r)ydr,  —1<o0<1, (5.99)
~1
in which H denotes the Heaviside function, which has H(c) =1 for all§ > 1 and H(o) =0
for all € < 0.
(hu2) For any 2 < € < {,, we have

D¥Jopu(£1) =0, 1<s<l—1. (5.100)

(hu3) We have

JOC = —JO/J. (5101)

Proof. Let us pick any 1 < £ < /,. We can compute
JeAL(z) = JoTo(2)07,m(2) = (2 — a)l(—JgMeZ‘I). (5.102)

By filling the zero-rows of JyMe* I and JyAp(z) by shuffled versions of the non-zero rows, we can
build operators M and L that have Jy,M = M and JyL = L and

Ag(2) = (z — ) (= JeMe* I) = &, g (2). (5.103)

This allows us to apply [17, Prop. 3.1] and conclude that all the statements in (hul) and (hp2) hold
upon replacing Jy replaced by I and p by p. Left multiplying by J; and exploiting that Jyu = Jyp
subsequently yields the desired original properties (hp1) and (hp2). The remaining property (hu3)
can be satisfied by observing that Jo¢ can be freely chosen without interfering with (hpl) and
(hu2). O

A first consequence of this result is that we can now establish Lemma 3.15, which states that the
portion of the right hand side of (5.93) associated with purely algebraic equations is continuous on

—
R, for all 7 € BC, .

Proof of Lemma 3.15. The property (hpl) above implies that for ¢ € C([—1,1],C") we may write
1

(1= J)Mv = ~30(0) + | Soylo)do, (5.104)
~1

for some Z € NBV([-1,1],C"*™). In particular, the only term that can lead to discontinuities is the
—J19(0) term. However, our choice (3.33) implies that we interpret ¢/(0) as ¢(0+) whenever there
is ambiguity. More precisely, let us choose any —1 < a < 1 and consider a function

b= @Why') € Xa. (5.105)
We then have
~ @ ~ 1 ~
(1= )5 = -3 @ + [ Sohoydo + [ oy @)io (5.106)
-1 [
which completes our proof. O
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Using the function ¢ appearing in Lemma 5.5, we introduce a new bounded linear operator
L,:C(-1,1,C") —-C" (5.107)

by writing

1
Lw~=U—denw@+4)—/¥dd®w@+a) (5.108)

We write . for the usual measure associated to L,. Notice that

Ap(2) =2+ /_1 dC(0)e* — (I — Jo)c(1)e . (5.109)

In addition, for 1 < /¢ < /¢, we introduce the measures

Ly

ne(o) = 3 (=1L 1D (o) (5.110)
=L

and the characteristic functions

de(2) = —/_1dug(a)e”. (5.111)

Notice that for every 1 < ¢ </, we have the identity

Jgég(z) = —/ szu(g)eza = Je(SI’M(Z). (5.112)

-1

We also introduce the operators M, : C([—1,1],C") — C” via
1
M = [ dpa(o)o (5.113)
-1

and extend these operators in the usual fashion to the spaces )?a. In particular, a short calculation
shows that for any ¢ = (1, ¢") € X, we have

M = X0 L[ (0) + [ ((0)b(o)do]

. 1 ~ (5.114)
= (I=Jo)[=¢"(0)+ [, {(0)d(0)do].
There is an intricate relation between the algebraic system (5.93) and the MFDE
z'(§) = L. éve z. (5.115)
Our next two results serve as a preparation to help us exploit this relationship.
Lemma 5.6. For any 1 < /¢ < /., we have the identity
-1
Ap,(2) = (O Jiz")ozm(2) + 2°6u(2). (5.116)
i=0
In particular, we have
Ap, (2) = Jo(2)07,m(2). (5.117)
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Proof. Note first that the choice (hu3) implies that

1
J()AL* (Z) = .]02’ — Jo/ d,u(o)ez" = Jo(SI,M(Z).
—1

In addition, property (hul) implies

61(2)

Turning our attention to Ap,

;

which shows that

(I = Jo)AL.(2)

and establishes (5.116) for ¢ = 1.

holds for all 1 < ¢ < ¢, — 1. Indeed, assuming this is the case, we can use (5.112) to write

1

= Y ()T [ DT ) (0)er
S [T+ T [ C(0)edo]
(I = Jo)[I - [*,¢(0)e*do].

(z), we integrate by parts to find

e*?d((o) = ((1)e* — z/_ e*?((o)do,

1

= (I—Jo)z+ (I~ Jo)[¢(1)e? — z [, e7¢(0)do]

—(I = Jo)¢(1)e

= (I-Jo)z[I - [}, e*°¢(0)do]
= 201(2)

We claim that it now suffices to show that

([ — Jz)ée(z) = z&Hl(z)

5@(2) = Je55(2)+254+1(2)

= Jg(sz’M(Z) + Z(Serl(Z).

In order to show (5.122), we compute

(I — Je)ég(z)

—( = Je) Zf*:z(_l)i_{]z‘ f_ll d[D" ] (0)e*”

— i (FL) T [ D ) (o)

— e (F) R [ D p(1)er — D tu(=1)e
-z f,ll D~ p(o)e* do|

* i— 1 i— zo
2 (V)T [ D (o)er do

on account of (hp2). Continuing our computation, we find

(I — Jg)ég(z)

L i— 1 i—l— zo
2 it (1) [C d[DT ] (o)e
- i 1 1= zo
—2 iy (~ 1)V [ dD D g (0)e

20041(2),

as desired. The final identity (5.117) follows from the observation that Jeue = fip.
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Lemma 5.7. For any 1Z = @hym) € )A(O, we have the identity
zf dﬂl zaf e—ZTw ) — (I JO f d,u* zof e—ZT,(/} )

(5.126)
+(I — Jo)¥"(0) + M.
In addition, for any integer 1 < ¢ </, — 1, we have
21 dpepi(0)e [L e hp(mydr = (T—Jp) [ due(o)e®® [2 e (r)dr
X (5.127)
+ M1
Proof. Setting out to establish (5.126), we observe that
f dpy (o Z"f 6’”77/1 Tdr = (I-Jp) fil C(o)e*® ff efZTﬁ(T)dea. (5.128)
An integration by parts shows that
(I = o) [2,¢(o)io)do = —(I—Jo) [, dp(o)e™ [} e (r)dr (5,120
+2(I — Jo) fﬁl ((0)ex [? e~ (7)drdo. '
Recalling the identity (5.114) completes the proof of (5.126).
Let us now pick 1 < ¢ < ¢, — 1 and set out to establish (5.127) by writing
1 0
To(z) = (I — Jg)/ d,ug(o)e'w/ e *T(r)dr. (5.130)
-1 o
Using (hp2), we proceed as in (5.124) - (5.125) to compute
T(z) = (I—J) S (1) [1 D™ ) (o)e [ e =T (r) dr
— Zf*:é-t,—l( 2 EJ f d Dz E %% f eiZTq/) )
= -z Zf;eﬂ( )L 1, DI u(o)e* [ e ap(r) dr do (5.131)
Jer* [_H(fl Y4, f D“E,u(a)w(a) do
= 2 [ dpua(0)e® [ e () dr — My,
which establishes (5.127). O

For any 12)\ = (Yhy") € )A(o, we remark that a repeated application of Lemma 5.7 yields the identity
S 2T My = —(I = )T (0) — [ dpu(0)e® [2 e p(r) dr

5.132
+J0(2) f_l du(o)e* fg e h(r) dr ( )

This identity can be used to study the relation between the algebraic equation (5.93) and the
differential equation (5.115).

Lemma 5.8. Consider any n € R and a function T € EE’? that has
JoT € W,*°([0,00),C"). (5.133)

Then x solves the differential-algebraic equation (5.93) for all & > 0 if and only if T solves the
differential equation (5.115) for £ > 0 and in addition satisfies the identities

My&g% =0 (5.134)

for all integers 1 <4 < {.
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—
Proof. Let us consider any ¥ € BC,, that satisfies (5.133) and define the function v € L;°([0, 00), C")
via

v(§) = Jo7'(§) — M éve 3. (5.135)
For any z with Re z > 1, the Laplace transforms L[v](z) and L[Z](z) are well-defined and related via

LP)(z) =[5 e wu(§)dg
= Jo(2L[F)(2) — F(04)) — [1, du(o) [5° e *F(E + o)de

= Jo(2L[Z](2) — Z(0+)) (5.136)
— 1y du(o)e* (LE](2) + [, e < )dr)
= Srm(2)L[E(2) - Joz(04) — [, du(o)e [ e (r)dr,

R —D
in which we have used Fubini’s theorem to change the order of integration. Similarly, if z € BC,
and 7’ € BC,f, then we may write

/ dpn(0)3(E + o) (5.137)

and compute the Laplace transform L[w](z) for any z with Rez > 7. A similar computation as
above and an application of (5.132) yields

Llwl(z) = Ap(2)L[E(z) = 2(0+) = [, du(0)e* [} e *Ta(r)dr
= AL (2)L[E)(2) — JoZ(0+) — To(2) [, du(o)e® [) e & (7)dr (5.138)
+Z[ L2 M v

Now, suppose that 7 € EE’? satisfies the differential-algebraic equation (5.93). The identities
(5.134) can be easily verified by differentiating (5.93) and subsequently using integration by parts
together with the boundary condition (hp2). Using [17, Prop. 4.2(iii)], we may conclude that &’ €
L3°([0,00),C™). This means that the Laplace transform L[w](z) is well-defined for Re z > n. Com-
paring (5.136) and (5.138), noting that L[v](z) = 0 and using (5.134), we see that also L[w](z) = 0,
which implies that Z satisfies the differential equation (5.115). The converse statement can be easily
established by inspection of (5.134), (5.136) and (5.138). O

In order to relate the criteria (5.134) back to a spectral projection as in [16], we need to introduce
the extended spectral projection

=)

P (2) : Xo — C([-1,1],C") (5.139)
that acts as follows on 121\ = (Q/Jl,q/)r) c )/fo,
[P (2)8)(0) = Reseea. e0AL, (2) " [0 (0) + [ dpl0)e®® [ e *T(r)dr]  (5.140)

Lemma 5.9. Suppose that det d7,2(0) # 0. Then any V= (W yr) € Xo satisfies ﬁst* (0)12)\ =0if
and only if

My =0 (5.141)

holds for all integers 1 < £ < (.
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Proof. Since Ap, (2) = Jo(2)0z.0(2), we find that Az, (2)~! can be written as
AL* (2)71 = (AO + Az 4+ ..+ A[*_lzz*il)jo(z)il + 0(1) (5142)

as z — 0, with det Ay # 0. Applying the identity (5.132), we find

~

[P (0)4](8) = Res.coe™ X4y Arzb]To(2) " [Jov" (0) — Sor, 27 Mth

~ 5.143
+90(2) [y (o)™ [ e ()], (5:143)
Since Jo(z)~1Jp is analytic at z = 0, we obtain
s £,—1 i ni1re~ls—1 T L. _ i
_[HLp* (0)¢](8) = Res.—o [ijo %Z]w][ k=0 Akzk][Zizl 2 2 M) (5.144)
= 3 bt
for some set {bg,...,bs, 1} C C™. Matching powers and exploiting the fact that Ay is invertible
shows that the condition by = b; = ... = by, 1 = 0 is equivalent to the requirement that
Ji My =0 (5.145)

for all pairs (¢, ¢) that have 1 < ¢ < i < £,. This in turn is equivalent to the condition (5.141). O

Comparing the conditions in Lemma 5.8 and 5.9 and applying exponential shifts, we arrive at
the following result.

Lemma 5.10. Consider the setting of Theorem 3.16. Pick any n < n. and consider a function

T e EE’? Then T solves the differential-algebraic equation (5.93) for all € > 0 if and only if T
solves the differential equation (5.115) for £ > 0 and in addition satisfies the identity

55 (n,) &0 & = 0. (5.146)

The final ingredient we need to prove Theorem 3.16 is to compute the modified spectral projection
of the Green’s function associated to an MFDE.

Lemma 5.11. Consider any bounded linear operator L : C([—1,1],C™) — C™. Then for any z, € C
that has Re z, > 0, we have the identity

%P (2,) 6vo Gy, = 0. (5.147)
Proof. Let us pick an arbitrary a > 0 and write
Fi(§) = Go(§) - HI(O), (5.148)

which is a continuous function that has Fourier transform

1
a+iv

FH(Fp)(v) = AL (iv) — (5.149)

In particular, we can repeat the calculation in the proof of Lemma 5.3 up to the first line of (5.40)
and write

[P (2.)6¥0 FL](0) = Res.—..e®Ap(2) " T1(2) (5.150)
in which we have

,Tl(z) = —;5H (O)I - HLQ f_lldUL(U)Hz,a(U)I

zta T HQ

— a 1 0 zo 1 1 —ao (5151)
= =050 — 5 2 du(0)e* T — 25 [, dur(o)e 71,

49



where py, here denotes the usual measure associated to L via (3.30). On the other hand, we can
write

[P (2) &0 HII)(0) = Res.—.eAp(2) ' To(z) (5.152)
and directly use the definition (5.140) to compute
T = I+ du(o)e [OeCrormar
= 1= g5 Jy dua0)e + 515 fy du(@)e™
= I [l dpn(o)er

0 zo 1 —ao (5153)
g S dpn(0)e” + 5 [y dur(o)e
= 5t aAc)

0 zo 1 —ao
+z«|1»a f—l d/"LL(U)e + zia fO d/’LL(J)e .
Recalling that the term involving Ay (z) in 73(z) can be neglected in the residue computation, the

proof can be completed by comparing the expressions (5.151) and (5.153). O

Proof of Theorem 3.16. Without loss of generality we will suppose that 7, > 0 and that n = 0. In
view of Lemma 5.10, we may use the characterization [16, Lem. 5.4] to conclude that

qz,m(0) = Q1 (0). (5.154)
We have already seen in §5.2 that

Q.:(0) = Q1/(0) @ spanc. {Gp }. (5.155)

Furthermore, Lemma’s 5.10 and 5.11 together imply that G 1+ in fact solves the differential-algebraic
equation (5.93), which implies the identity

aI,AI (0) = qz,m(0) ® Span(cn{é[/}. (5.156)
In particular, we conclude that Q. (0) = qz,0(0), which concludes our proof. O

5.4 Nonlinear Equations
We are now ready to study the local stable manifold of the nonlinear equation
I (&) = Méve T + M(&/g f) (5.157)

near the zero equilibrium. We employ the classic Lyapunov-Perron fixed point method to construct
the stable manifold.
As a first step, we need to study the linear inhomogeneous equation

Iz' (&) = Mevex + f(§). (5.158)

Recalling the function 7, and the integers (1, ... , £, from (HM), we introduce the product spaces
J ny __ 41,00 n {5 ,00 L, ,00

Wy (R,C") = W, *(R,C") x W,*(R,C) x ... x W,»*(R,C), (5.159)

where as usual we make the interpretation W»>*(R,C) = L;°(R,C). On account of the structure
of the differential-algebraic system, we will only need to solve (5.158) for inhomogeneities f €
Wy (R,C™).
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For any n € R, we define the linear operator
Az s W (R,C") — WY (R,C") (5.160)
that is associated to (5.158) and defined by
Az yw =T2' (€) — Mevex. (5.161)

We note that it is not immediately clear that this operator indeed maps into W{ (R,C™). In order
to clarify this, we recall the operator L appearing in (HM) and write

Ap : Whe(R,C") — L>®(R,C") (5.162)
for the operator defined by
ALy =y'(€) — Levey. (5.163)
In addition, for any f € W/ (R,C") we introduce the notation
Jou(D) = ((D—a)" f1,... ,(D—a)" f,) € L®(R,C") (5.164)
where D is the differentiation operator. We now have the following result.

Proposition 5.12. Consider the system (5.158) and suppose that (HM) is satisfied. Suppose fur-
thermore that the accompanying characteristic equation

det Ap(z) = det o (2)dz,m(2) =0 (5.165)

admits no roots with Rez = n. Then the operator Az ps is an isomorphism from WT}"X’(R, C™) into
W;77 (R,C™), with inverse given by

Ay f =AML Ta(D)f. (5.166)
Proof. The arguments used to establish [17, Prop. 6.2] can be copied almost verbatim. O

From now on, we will assume that the quantity « appearing in (HM) satisfies « > 0, which
implies that for all n > 0 we have

qaz,m (=) = Qr(-n). (5.167)

This allows us to define a normalized solution operator for (5.158) posed on the half line R,. We
have the following result.

Lemma 5.13. Consider the system (5.158) and suppose that (HM) is satisfied and that o > 0.
Then for every n < 0 there exists a bounded linear operator

Ky : WY ([0,00),C") — W,>*([0,00),C") N BCE (5.168)
that satisfies the following properties.
(i) For any f € Wg([O,oo)AC”), the function x = IC,, f satisfies (5.158) for all € > 0.
(ii) For any f € Wy ([0,00),C"), we have
Hg, () evo Ky f =0, (5.169)

where Ilg, ;) projects X onto Qr(n) along Pr(n); see (2.19).
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Proof. First, we note that we can proceed as in [17, Egs. (6.17)-(6.18)] to define a bounded extension
operator

£ : W7 ([0,00),C") — W (R,C") (5.170)

such that (£f)(&) = f(§) for all £ > 0. We then write
Knf = A0 Ef — Ellg, (evods yE S, (5.171)
from which the properties (i) and (ii) follow easily, exploiting the identification (5.167). O

Let us now turn our attention to the nonlinearity M. For any n € R, we introduce the function
space

s =@
Y, = BC, NW,>([0,00),C") (5.172)
that has the norm
19l = 191l gae + 9l - (5.173)
In addition, for any § > 0 we introduce the open ball
Yy ={7eY, gy, <o) (5.174)

Lemma 5.14. Suppose that (HM) is satisfied and recall the integer k > 1 appearing in this condi-

tion. Then the nonlinearity M is locally Lipschitz continuous as a map from Yy into Wy ([0, 00),C™).
In addition, M is a C*-smooth map from

Yo, =W, ((0,00),C") (5.175)
for anym >0 and § > 0.
Proof. The statements follow directly from (HM) and item (iv) of [11, Lem. App.IV.1.1]. O

We can now set up the fixed point problem that will yield our desired stable manifold. In par-
ticular, let us pick n > 0 in such a way that det dz as(z) = 0 admits no roots with —y < Rez < 0.

For any 1Z € qz,m(0) = qz,m(—n), we note that any solution to the fixed point problem

U= Bzt +K_yM(@) (5.176)
posed on the space 17,,, yields a solution to (5.157).
Proof of Theorem 3.17. The projection operator ﬁlpz,m(o) can be defined as

s (0% = o, (0) [ — &0 GLW(0+) — ¥(0-))] + 6o GL (¥ (0+) — 1(0-)). (5.177)

The statements (i) through (iv) can be established in a standard fashion by noting that the fixed
point problem (5.176) has a unique solution u = ©*(¢) € Yy for all sufficiently small ¢ € Gz, (0).
The smoothness of the function u* follows from the implicit function theorem together with Lemma
5.14. U

Proof of Corollaries 3.19 - 3.29. Without loss of generality, we will assume n = 0. We will only
concern ourselves with the statements concerning Tr 11 (0)° First of all, let us write

R =Rangem, ) C C([-1,0],C™), K =Kerm, ) C qz,m(0) (5.178)
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and note that R is closed and has finite codimension in C([—1,0],C™), while K is finite dimensional.
In particular, we can can find a finite dimensional space R, and a space K| such that

C([-1,0,C")=R& Ry, Gru0)=KakK,, (5.179)

together with a projection I1z that maps C'([—1,0],C™) onto R along R, and a projection ﬁk that
maps )?0 onto K along R\—J_. In the special case that R = C([—1,0],C™), we simply use IIg = I. We
note that

T oy KL= R (5.180)

is an isomorphism, which allows us to define a bounded inverse

w0 i R— KL (5.181)

This in turn allows us to introduce a new solution operator X to (5.158) that has the properties

Mpevyg K& =0, &k =o0. (5.182)
Indeed, we may write
KWf = Kof — EI,M[WQZYM(O)]flﬂR evy Kof,

- 5.183
K@f = KOf— Bz yIlgérg LW f. (5.183)

For any sufficiently small ¢ € R and 12 €K , we can now study the modified fixed point problem

<)

= Brulmy, o) "¢+ Bzt + KP M(@), (5.184)

which has a unique solution @ = u*(¢, ’(Z) By construction, we have

-~

Hpevy (¢, 0) = ¢, g &ou*(¢,9) = 9. (5.185)

All the statements in Corollaries 3.19 - 3.23 follow immediately from this characterization. The
statements in Corollaries 3.25 - 3.29 can be established in exactly the same fashion upon studying
the operator 7?&_,1 ) O

s M
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