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Abstract. We study a class of mixed type difference equations that enjoy a special smoothening
property, in the sense that solutions automatically satisfy an associated functional differential equa-
tion of mixed type. Using this connection, a finite dimensional center manifold is constructed that
captures all solutions that remain sufficiently close to an equilibrium. The results enable a rigorous
analysis of a recently developed model in economic theory, that exhibits periodic oscillations in the
interest rates of a simple economy of overlapping generations.
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1 Introduction

The purpose of this paper is to develop a center manifold framework that will enable us to analyze

the behaviour of near-equilibrium solutions to a class of nonlinear difference equations of mixed type,
F(z¢) = 0, (1.1)

that enjoy a special smoothening property. In particular, we require that any solution to (1.1)
automatically satisfies an associated functional differential equation of mixed type (MFDE), which

we will denote by
i(€) = Glae). (1.2)

In the above z is a continuous C"-valued function and for any £ € R the state ¢ € C([Fmin, "max); C")
is defined by z¢(0) = x(§ + 0). We allow ryin < 0 and 7max > 0, thus the nonlinearities F' and G
may depend on advanced and retarded arguments simultaneously.

Our main equation (1.1) should be seen as an infinite dimensional version of a differential-
algebraic equation (DAE), i.e., an equation of the form f(y(&),§(€),&) = 0 that yields an ODE after
a finite number of differentiations. Such equations have been studied extensively during the last two
decades [1, 4, 5], primarily because they have arisen in many scientific disciplines, including chemical
engineering [2, 16], mechanics [12, 22, 23], fluid dynamics [30] and electrical circuit theory [3, 24,
26, 27]. We specially emphasize the applications in the latter area, since the incorporation of time
delays into the governing model equations turns out to be an important step towards understanding
the dynamical behaviour of many circuits [20]. Inclusion of such delayed arguments in a DAE may
lead to equations of the form (1.1).

However, at present our primary motivation for the study of (1.1) comes from the area of economic
research, where recent developments have led to models involving such equations. In particular, we
mention the work of d’Albis and Véron [8, 6, 7], who have developed several models describing
the dynamical features of an economy featuring only a single commodity, that exhibit oscillations
which earlier models could only produce by including multiple commodities. This is accomplished
by modelling the population as a continuum of individuals that each live for a finite time and act
in such a way that their personal welfare is maximized. Such an approach leads to equations of the
form (1.1) and (1.2) in a natural fashion. In particular, in [7] the long term behaviour of the capital
market is described in terms of (1.1), for an economy in which every participant works during their
entire lifetime. The associated MFDE was discussed further in [14] and analyzed numerically in [13].

In this paper we turn our attention to a similar model, which was developed recently and in-
corporates the effects of retirement on the economy [6]. The chief goal is to study the dynamical
behaviour of the interest rate and to rigorously establish the existence of periodic cycles for this
rate. This will be accomplished by constructing a smooth local invariant manifold for (1.1) that
captures all solutions that remain sufficiently close to an equilibrium and subsequently invoking the

Hopf bifurcation theorem. We remark here that from an economic point of view, periodic cycles are



in general considered to be very interesting, since they can be readily observed in actual markets.
Traditionally, the Hopf theorem has been widely used to establish the existence of such cycles for
economic models involving ODEs. The results developed here allow for the statement of such a
theorem in the infinite dimensional setting of (1.1), merely in terms of an explicit finite dimensional
characteristic function associated to this equation.

We recall that recently a center manifold was constructed for the MFDE (1.2) [14], based upon
earlier work by Mallet-Paret [21], Diekmann et al. [9] and Vanderbauwhede et al. [28]. Writing T
for any equilibrium G(Z) = 0, this construction allows us to relate the dynamics of any sufficiently

small solution to the equation
w(¢) = DG(T)ue + (G(T + ue) — DG(T)ue), (1.3)

to orbits of a differential equation on a finite dimensional space Ng. This space Ng contains all the
solutions of the linearized equation u(§) = DG(Z)ue that can be bounded by a polynomial. However,
if one attempts to analyze the difference equation (1.1) by using the center manifold construction
on the associated MFDE, difficulties arise due to the fact that is is unclear how to lift solutions
of (1.2) back to solutions of (1.1). In addition, the structure of the space Ng will in general differ
from N, the space of polynomially bounded solutions to 0 = DF(Z)ug. This implies that extra
dynamical behaviour may be observed on the center manifold of (1.2) that is not observed in (1.1).
For example, in Section 3 the parameter dependent characteristic equation associated to the MFDE
(1.2) admits a double root at z = 0, which is absent when studying (1.1) directly. The presence of
this ubiquitous double root is troublesome as it adds a resonance to eigenvalues that cross through
the imaginary axis as the parameters are varied. The analysis of (1.2) would hence involve studying
complicated zero-Hopf bifurcations [10, 11, 17, 18, 19], a situation one would prefer to avoid.
These issues can be resolved by constructing a center manifold directly for (1.1). We will show
that the extra smoothness properties provided by (1.2) enable this reduction to be performed and in
addition allow us to describe the dynamics on this center manifold by a differential equation, which
of course will be related to the nonlinearity G in (1.2). This procedure is performed systematically
in Sections 5 and further, mainly in the spirit of [14]. Our main results are formulated in Section 2

and in Section 3 we apply these results to the economic model discussed above.

2 Main Results

Consider the following difference equation of mixed type,
0= Lo+ Rxe), €€, (2.1)

in which z is a continuous mapping from R into C" for some integer n > 1, the operators L and
R are a linear respectively nonlinear map from the state space X = C([-1,1],C") into C" and

the state z¢ € X is defined by z¢(0) = x( + 6) for any —1 < § < 1. Notice that in terms of the



terminology of (1.1), this means that we have fixed i, = —1 and 7. = 1. As a consequence of the
Riesz representation theorem, there exists a unique C"*"-valued normalized function of bounded

variation g € NBV([—1, 1], C**™), such that for all ¢ € X we have the identity

1
o= [ d(a)oa). (2.2)

We recall here that the normalization of p implies that p is right-continuous on (—1,1) and satisfies
w(—1) = 0. Throughout this section, the reader may wish to keep in mind the following typical

example equation,

x(g)z/ x(§+a)da+(/ 2(¢ + 0)do)’. (2.3)

—1 -1
As in [14], we will be particularly interested in the following families of Banach spaces during

our analysis of (2.1),

BO,R.CY) = {zeO®C)|lall, = supgen e ja()] < o0}, o
BCy(R,C") = {z € BC,(R,C")NC'(R,C") |z e BCy(R,C")},
parametrized by 1 € R, with the standard norm |lz[|pc, = |[lz[], + [|#[[,. Notice that for any

pair 72 > 71, there exist continuous inclusions J;,,, : BCy, (R,C") < BC,,(R,C") and J,,
BC%1 (R,C") — BC%2 (R,C").
In order to construct a center manifold for (2.1), it is essential to consider the homogeneous
linear equation
0= L. (2.5)

Associated to this system (2.5) one has the characteristic matrix A : C — C"*", given by
1
A(z) = —/ du(o)e®. (2.6)
-1
The minus sign is included here to ensure notational consistency with the characteristic matrix for
MFDEs. A value of z such that det A(z) = 0 is called an eigenvalue for the system (2.5). In order

to state our main results, we need to impose the following condition on the operator L and the

corresponding characteristic matrix A.

(HL) There exists a linear operator M : X — C", an integer £ > 0 and constants a,s, By € C with
O # 0 such that
A(z) = By (2 — anr) " An(2), (2.7)

where Aj/(2) is the characteristic matrix corresponding to the homogeneous linear functional

differential equation of mixed type &(§) = M.

This condition is related to the fact that we need any solution of the difference equation (2.1) to

additionally satisfy a differential equation of mixed type. The operator M should be seen as the



linear part of this latter MFDE. For the example equation (2.3) one may conclude that (HL) holds
with ap; =0, By =1 and ¢ = 1, by computing

AGz) =1 é(ez Ce )= %(2 C e e ) = An(2)/, (2.8)

in which M¢ = ¢(1) — ¢(—1). It is easy to see that this choice for M indeed yields #(§) = Mz,
whenever Lze = 0.

Alternatively, the condition (HL) can be verified directly in terms of the measure du associated
to L via (2.2). In particular, we will show in Section 4 that (HL) is equivalent to the following
condition, which roughly states that the first non-smooth derivative of u may only have a jump at

zero.

(HL') There exists an integer ¢ > 0 such that u € Wf);l’l([—l, 1],C™*™). In addition, there exist a
constant x # 0 and a normalized function of bounded variation ¢ € NBV([-1,1],C"*"), such
that

D' 'u(o) = kIH (o) + ffl ¢(r)dr, -1<o<1, (2.9)

in which H denotes the Heaviside function. Finally, for all 1 < s < £ — 1, we have the identity
Dfu(£1) =0.

Note that when ¢ > 2 in (HL'), it follows directly from (2.9) that u € C*~2([-1,1],C"*"), which
ensures that the last condition involving D*pu(+£1) is well-defined.
The following proposition, which will be proved in Section 5, exhibits the finite dimensional space

X on which the center manifold will be defined.

Proposition 2.1. For any homogeneous linear equation (2.5) that satisfies the condition (HL),

there exists a finite dimensional linear subspace Xo C X with the following properties.
(i) Suppose x € (.o BCy(R,C") is a solution of (2.5). Then for any § € R we have x¢ € Xo.
(i) For any ¢ € Xy, we have D¢ € Xj.

(iti) For any ¢ € Xo, there is a solution x € (1, ., BC(R,C") of (2.5) that has xo = ¢. This

solution is unique in the set |J, ., BCyp(R,C") and will be denoted by E¢.

n>0

We write Qg for the projection operator from X onto X, which will be defined precisely in the
sequel. Before stating our main result, we introduce two conditions on the nonlinearity R : X — C™,

which again are related to the MFDE that any solution of (2.1) satisfies.

(HR1) For any z € C(R,C"), the function f : & — R(z¢) satisfies f € C*(R,C"), where £ is as
introduced in (HL). In addition, there exist operators R®*) : X — C" for 0 < s < ¢, with

R = R, such that
D3f(&) = RO (zg), for0<s</l. (2.10)



(HR2) The functions RG) are C*-smooth for some integer £ > 1 and all 0 < s < /. In addition, we
have R*)(0) = DR®)(0) = 0 for all 0 < s < /.

Theorem 2.2. Consider the nonlinear equation (2.1) and assume that (HL), (HR1) and (HR2)
are satisfied. Then there exists v > 0 such that the characteristic equation det Apr(z) = 0 has no
roots with 0 < |Rez| < 7. Fiz an interval I = [Nmin, Nmax] C (0,7) such that Nmax > kNmin, with
k as introduced in (HR2). Then there exists a mapping u* : Xo — [),5o BC(R,C"), together with
constants € > 0 and €* > 0, such that the following statements hold.

(i) For any 1 € (kNmin, Mmax), the function u* viewed as a map from Xg into BC’},(R,C”) 1

C*-smooth.

(ii) Suppose for some ¢ > 0 that x € BC’C1 (R, C") is a solution of (2.1) with supgcg |2(§)| < €*.
Then we have x = u*(Qoxo). In addition, the function ® : R — X, defined by ®(&) = Qoze €

Xo is of class C*T1 and satisfies the ordinary differential equation

b(¢) = AB(E) + F(2(9)), (2.11)
in which A : Xg — Xy is the linear operator ¢ — Do for ¢ € Xo. The function f: Xg — Xg

is C*-smooth with f(0) =0 and Df(0) = 0 and is explicitly given by

f(W) = Qoxy, (2.12)

in which the state xy € X is given by

Xu(0) = M(u*(¥))o — M(EY)o + By (D — anr) R((u*(¥))o), (2.13)
for o € [<1,1]. Here the expression D°R(-) should be interpreted as R (-) for 0 < s < {; see
also the remark at the end of this section. Finally, we have x¢ = (u*(‘I’({)))O for all € € R.

(i) For any ¢ € Xo such that supgcp [u*(6)(§)| < €, the function u*(¢) satisfies (2.1).

(iv) For any continuous function ® : R — X that satisfies (2.11) with |®(§)]| < € for all £ € R,
we have that © = u*(®(0)) is a solution of (2.1). In addition, we have x¢ = (u*(q>(§)))0 for
any £ € R.

We conclude this section by noting that (2.13) indeed makes sense, since both u*(¢) and Ev) are
continuous functions on the line, which ensures that the states (u*(¢)), and (E1)), belong to X and
depend continuously on o € [—1, 1]. This allows the operators M and R®) to be applied, yielding a

continuous C"-valued function y, on [—1,1], as required.

3 Monetary Cycles with Endogenous Retirement

In this section we illustrate the application range of our results by discussing the overlapping gener-

ations economic model developed in [6]. The authors consider a fixed size population of individuals



that live for a time w > 1. The amount of assets that an individual born at time s owns at time
t is given by a(s,t), while his income at this time is given by the quantity e(s,t). This quantity
satisfies e(s,t) =1 for t € [s,s + 1] and e(s,t) = 0 otherwise, i.e., every labourer retires at unit age.
Everybody receives interest at the rate r(¢) on their assets while consuming ¢(s, t), which yields the

budget constraint
da(s,t)

ot

The utility u(s) as perceived by the generation born at time s is given by

st o(s, 1)t
u(s) :/ Ldt (3.2)

1-01

= r(t)a(s,t) + e(s,t) — c(s,1). (3.1)

and everybody acts in such a way that his utility is maximized, subject to both (3.1) and the
natural budget constraints a(s,s) = 0 and a(s,s + w) > 0. In (3.2) the parameter o stands for
the elasticity of intertemporal substitution and is required to satisfy ¢ > 0. The economy features
a single, nonstorable consumption good, which we will assume to be produced at exactly the rate
required by the consumer market. In terms of our model variables, this means that for all time ¢ the

following identity must hold,
t t
/ e(o,t)do =/ c(o, t)do. (3.3)
t—w t—w
The rules above are sufficient to fix the dynamical behaviour of the economy and following [6], one

easily derives the difference equation F(r;) = 0 for the interest rate r(¢), with F given by

E [ expl— [ r(u)duldy

S

t—w f;+w exp[—(1— o) [ r(u)du]dv

F(ry) =1-— (3.4)

Notice that » = 0 is an equilibrium solution of (3.4). The linearization around this equilibrium

1 t s+1 v 1 - t s+w v
0= ——/ / / z(u)dudvds + — / / / z(u)dudv ds. (3.5)
W Jt—w Js t w t—w Js t

Inserting x(u) = exp(zu) yields the characteristic function

is given by

1

A(Zycf,w) = T 023

[~we* + (1 —0)e®™ + (we* —w+1—0)e ™ + (w— 2+ 20) + ow?2?]. (3.6)

The following result, which was partially proven in [6], shows that the characteristic equation A(z) =
0 admits simple roots on the imaginary axis that satisfy the conditions associated with the Hopf

bifurcation theorem. The proof is deferred to the end of this section.

Proposition 3.1. Consider any w > 1 such that (w — 1)~! & N. There exists an infinite sequence
of pairs (ok,qr) parametrized by k € N, with o, > 0 and g > 0, such that the following properties

are satisfied.

(i) One has the limits o, — 0 and ¢ — 00 as k — oo.



(i) The characteristic equation A(z, o, w) = 0 has two simple roots at z = +iqy.
(#ii) For all k € N and m € Z\ {£1}, the inequality A(imqy, o, w) # 0 holds.

(iv) For every k € N, the branch of roots z(o) of the characteristic equation A(z,o,w) =0 through
z =1iq, at o = oy, crosses the imaginary axis with positive speed, i.e.,

DQA(ika Ok, Ct))

Re ——M8M8M8Mmm™—=
D1 A(igy, ok, w)

#£0. (3.7)
Conversely, if w = 1+n~" for somen € N, then for all ¢ > 0 the characteristic equation A(z, 0,w) =

0 admits no roots with Re z = 0.

Fixing any suitable w > 1 and treating o as a bifurcation parameter, the result above will allow
us to conclude that the algebraic equation (3.4) admits a branch of periodic solutions bifurcating
from the equilibrium r = 0 at 0 = oy, for all k € N. Similarly, any sufficiently small solution of (3.4)
with o near o can be captured on such a branch. To validate this claim using our main theorem
in Section 2, we note that twofold differentiation of (3.4) and simplification using the identity (3.4),

yields the following mixed type functional differential equation,

7(t) = G(ry), with

~0G(r) = —o?r()’ + [ eo(v)do] fe(t + 1) ~ 1]
—[frte ea( )dv]* leo (t+w) — 1] [T e(v)dv (3.8)
H Ly eo(W)dv] 21 = eq (t —w)] [75 e(v)do

_[f: L€ (v)dv] He(t —w+1) —e(t —w)],
in which we have made the abbreviations
e(w) = exp(— ["r(u)du),
eolw) = exp(—(1-0) [ r(u)du).

Linearizing (3.8) around r = 0 yields

—i(t) :—1/:Jrlgc(u)du—l—i/tt_w+1:v(u)du+1_20 /:w (u )du+1_0/j—w 2(u)du. (3.10)

w —w w w?

(3.9)

Inserting x(u) = exp(zu) and normalizing, we find the characteristic function

Ap(zow) = —fow?z? —w(e* —1) +w(e —1)e @ + (1 —0)(e¥* + e %% — 2)]

2 3.11
= —ZA(z,0,w), ( )

which immediately implies that (HL) is satisfied. Using the expressions above, all the other conditions
of Theorem 2.2 can easily be verified as well. Hence upon fixing an appropriate w > 1 and considering
any pair (o9, qo) generated by Proposition 3.1, we can establish the existence of a 2+ 1 dimensional
BCJ(R,C") directly for the difference equation (3.4). Here

Xo = span(e’®, e~%°") and the extra dimension arises by including the bifurcation parameter o =

center manifold u* : Xo x R — 1,



o — 09 in the center space. The dynamical behaviour of & on the center manifold is trivial, while the

evolution of (&) = x(&)e'0 + y(&)e ' C X, is governed by the ODE

b= iger+ fiey3) + O((] +ol)* +11 (] + o) (5] + o] + 1g1). 1)
g = —iqoy+ fa(z,y,5) + O((lz] + [y)? + o] (=] + [yD (o] + || +[y])).
in which the second order terms are given by
filx,y,0) = —DaA(iqy,00)D1A(iqo, 00) oz
+%D1A(iqo, 0g) 1 (amx2 + 20,2y + ayyyz)
—|—2i1q0 D1 A(iqy, 00) 7t (A(Qiqo, 70)(Bex — 4Z—§am)x2 —2A(0,00) Bayxy
*%A(*%QO,UO)(ﬂyy - 4%(30@11)1‘/2), (3.13)
fa(z,y,6) = —DaA(—iqo,00)D1A(=iqo,00) Ty
+%D1A(7iqo, og) 1 (aM:EQ + 202y + ayny)
+55-D1 A(~igo, 00) ! (%A(%qo, 00) (Bas — 4% )22 + 2A(0,00) By ry
—A(~2ig0,70) (Byy — 4L 0y, )y?)
and the quantities o, through 3,, can be calculated by using
Qze = D3IF(0,00)(el0, ele0), Bez = D3G(0,00)(e%0, el0),
Qzy = DIF(0,00)(e'® 70, Boy = D3G(0,00)(e0, e70), (3.14)
ay, = DiF(0,00)(e7" '), By, = DIG(0,00)(e” ", 7).

Using the transversality condition (iv) from Proposition 3.1, it is easily seen that the ODE (3.12)
undergoes a Hopf bifurcation at ¢ = 0. This yields a branch of periodic orbits that can be lifted
back to periodic solutions of our initial problem (3.4), which establishes our claim above.

Notice that As(z) = 0 has a double root at z = 0 for all valid parameters w and o, which arises
as an artifact of the differentiation operations needed to derive (3.8). This double root prevents the
application of the Hopf bifurcation result developed in [14] to the MFDE (3.8). To give a detailed
analysis of the local behaviour of this equation, one would hence have to revert to a complicated
normal form reduction. Theorem 2.2 has allowed us to circumvent this difficulty by analyzing (3.4)
directly.

We conclude this section by referring the reader to [13], where the branches of periodic solutions

to (3.4) constructed above are actually uncovered numerically.

Proof of Proposition 3.1. For convenience, we write A(z,0,w) = —w223A(z,0,w). First note that
Az, 0,w) = 1w?(w—1)2>+0(2*) around z = 0, which implies that z = 0 is not a root of A(z, o9, w)

for w > 1. For any ¢ € R, we write I(q) = Im ﬁ(i(b o,w) and compute

1—
I(q) = w(sinwg + sin(1 — w)q — sing) = 4w sin % sin (1 =wg sin g (3.15)
Similarly, writing R(q) = Re &(iq, o,w), we compute
R(q) = -—wecosq+2(1—o0)(coswqg—1)+ w(l - coswq) + wcos(l —w)q — ow?q?

(3.16)

. . . 1— . .
= 2w(sin®  + sin® £ — sin? %) — 4sin® < + o(4sin® 4 — w2¢?).

10



. ) o2 g® . Q) .
Notice that for any I € N and ¢(¥) = jl’rl, we have sin 4= “;)q =0, while sin® % = sin? %. This

implies that
) )

R(q") = 4(w — 1) sin® % + o(4sin? % — (wg)?). (3.17)
Now assume that (w —1)~! ¢ N, which implies that == # 0 mod . There hence exists a strictly
increasing sequence of integers [ > 0, parametrized by k € N, such that s, = sin® ‘12—’6) Z' Choose
qe = ¢") and write
==L (3.18)
w? 4q;k -1

where the last inequality follows from w > 1 and the fact that |sin 6| < || for 6 # 0. By construction,

we have A(igx, ok, w) = 0. Suppose that for any m € Z\ {0, £1} we have A(imgg, ok, w) = 0, then

q(Wle)
2

using mq = ¢"™*) and setting R(¢(™*)) = 0, we find that sin® = sm? > %mz > 1, which is

impossible. To prove the claim (iv) involving the derivatives of A, note that

. i <
D A(iqy, o, w) = qu?)DsA(ZCIk,Uk,w) (3.19)
k
for s = 1, 2. In addition,
Dy A(iqy, o, w) = 2(1 — coswqy,) — w?qd = 4sp — w?q} < 0. (3.20)

It hence suffices to compute
Re D1 A(igr, o, w) = —w cos g 4+ w(1 — w) cos(l — w) gy + w? coswq = 2w(l — w)s, £ 0. (3.21)

We conclude the proof by assuming that w = 14+ n~! for some n € N. Substituting ¢ = 2i7 into
R(q) = 0 forces o < 0, while the choice ¢ = 217” implies o = 0. O

4 Preliminaries

We recall here the definitions of the Fourier transform F+(f)(k) = f(k) of a function f € L%(R,C")
and the inverse Fourier transform F~(g)(¢) = g(¢) for any g € L?(R,C"), given by

= [T e M f©)ds,  9(6) = 57 [T e g(k)dk. (4.1)

We remark here that the integrals above are well-defined only if f,g € L*(R,C"). If this is not the

case, the integrals have to be understood as integrals in the Fourier sense, i.e., the functions

th) = | " e p(e)de (1.2)

—n

satisfy h, — f in L%(R,C") and in addition there is a subsequence {n’} such that h, (k) — Fk)
almost everywhere. We recall that the Fourier transform takes convolutions into products, i.e.,
(f/*\g)(k) = f(k)ﬁ(k) for almost every k.

11



Now suppose f : R — C" satisfies f(¢) = O(e™%) as £ — oo. Then for any z with Rez > —a,

define the Laplace transform -
)= [ e (43)
0

Similarly, if f(&) = O(e%) as &€ — —oo, then for any z with Re z < b, define

Le- T p(e)e. (4.4)

0

The inverse transformation is described in the next result, which can be found in the standard

literature on Laplace transforms [29, 7.3-5].

Lemma 4.1. Let f : R — C" satisfy a growth condition f(£) = O(e™%) as & — oo and suppose
that f is of bounded variation on bounded intervals. Then for any v > —a and & > 0 we have the

inversion formula

_ 1 ytiw
w — lim — /7 » e F L (2)dz, (4.5)
whereas for € = 0 we have
+iw _
@ = MILH;O 5 /7 ' e* fy(2)dz. (4.6)
y—tw

In the remainder of this section we provide some preliminary results regarding the linear operators
L and M that appeared in Section 2. We start by showing that (HL) and (HL') are equivalent
conditions that automatically provide smoothness properties for functions of the form ¢ — —Lux,

which will be encountered frequently in the sequel.

Proposition 4.2. Recall the linear operator L : X — C™ defined by (2.2). The conditions (HL) and
(HL') on L with equal values of the integer £ > 0 are equivalent. In addition, when these conditions

are satisfied the following properties hold.
(i) For any x € C(R,C"), the function f defined by f(€) = —La¢ satisfies f € C*~1(R,C").

(it) There exists a constant C' > 0 such that for any x € C(R,C"), we have |D*®f(§)| < C' ||x¢]| for
all 0 < s <l —1, where f is again given by f(§) = —Laxe.

(iii) If the function f : € — —Lax¢ associated to any x € C(R,C") satisfies f € C*(R,C"), then we
must have x € C*(R,C").

Proof. We first show that (HL') implies (HL) and the properties (i) through (iii) listed in the
statement of this result. We proceed by induction on the integer ¢. Consider therefore an operator
L : X — C" with corresponding NBV function p that satisfies (HL') with ¢ = 1. Consider any
z € C(R,C") and let the function f : R — C” be defined by f(§{) = —Lz¢. The identity (2.9)
in (HL") now implies that we have —f(§) = kx(€) + fgjll (0 — &)x(o)do, from which (i) and (ii)
immediately follow. If in fact f € C*(R,C"), then differentiation of the above identity yields

kD(€) = ~DF(€) — C(Da(€ +1) + ((~1a(€ — 1) + / (@)l + ). (4.7)
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showing that » € C'(R,C") and hence establishing (iii). An easy calculation involving integration
by parts allows us to establish that also condition (HL) holds, with the corresponding operator
M : X — C" given by M¢ = s~ H(¢(=1)¢(—1) — ¢(1)g(1) + fil d¢(o)$(c)). Indeed, choosing

ay =0 and By = —k~ !, we may compute

-Az) = f_ll du(o)e®® = kI + f_ll ((0)e*?do
AL+ L(C(De” = ¢(=D)e " = [, d¢(0)e*) (48)
— S(ZI — Me*) = —ﬂx/llz’lAM(z),
which shows that (2.7) in (HL) is satisfied.
Now let p > 1 and consider an operator L with corresponding NBV function p that satisfies
(HL') with ¢ = p. Observe that (2.9) implies that Dy € Ll _([—1,1],C"*") is also a NBV function.

Therefore it induces the operator L’ : X — C™ given by

o= [ dDu(@)) (4.9)

and one may easily verify that L’ satisfies the condition (HL') with £ = p — 1. In particular, using
our induction hypothesis this means that for some operator M’ : X — C", condition (HL) with
¢ =p—1 is satisfied by L', together with the properties (i) through (iii) listed above.

Now as before, consider an arbitrary « € C(R,C™) and its corresponding function f given by

f(&) = —Lx¢. We may compute
~Df(¢) = DIJ, du(o)z(€+0)] = D[J] Dulo — €)x(o)do]

Du(1)z(€ +1) — Du(=1)z(€ — 1) — [*, d[Dy(o)z(€ + o) (4.10)
= —[',d[Dul(0)z(¢ +0) = —L'ze,

where the penultimate equality follows from the conditions in (HL') on Dpu. Properties (i) through
(iii) with £ = p now follow immediately from the fact that these properties with £ = p—1 are satisfied
by L’. To show that L also satisfies the condition (HL), one may compute
1 zZ0 z —z 1 zZo
—A(z) = [ ,Du(o)e**do = L(Du(1)e* — Du(—1)e=* — [, d[Dpl(c)e*")
1 1
_% f_l d[DM](U)eZU = %BMIIZ p+1AM’<Z)-

We now proceed to show that condition (HL) implies (HL'). Without loss of generality we will

(4.11)

assume 3y = 1. Using induction on £ we will show that if z — (2 — a)"“Aps(2) is a holomorphic
function, then there exists a NBV function u that meets the conditions in (HL') and in addition
satisfies the identity — f_ll dp(0)e*® = (z—a) * A (2). Writing (5 for the NBV function associated
with M, we introduce the corresponding NBV function E associated to the operator M:X —Cr
given by ¢ — Mo — ap(0). Consider the case ¢ = 1, write f(2) = (z — a) "t Ap(2) and use repeated

integration by parts to compute

1) = (=o)L (o)) = (2 = @)}z —a = [, dl(0)e)
(z — o) te= (o 1, e l(0)do — ((1)e®) (4.12)
+1 -« fil elz=a)o ffl eME(T)deU + fil ez"Z(a)da,
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in which we recall the normalization ((—1) = 0. Since f is a holomorphic function, one sees that the

following identity must hold,
1
a/ €7 ((o)do = ¢(1)e™. (4.13)

-1

From this it follows that the induction hypothesis is satisfied for the NBV function u given by
w(o) = —H(o) — / C(r)dr + o / e or / e**((u)dudr. (4.14)
-1 —1 -1

Now consider an integer p > 1 and consider a holomorphic function of the form f(z) = (z —
a) PAp(2). Assume that our induction hypothesis is satisfied for £ = p — 1, which implies that
(z—a)f(z) = — fil dv(o)e* for some NBV function v that satisfies (HL') at £ = p — 1. We can

thus compute

f(2)

~(z =)t [ dv(o)e
(z—a) et (a f_ll e v(o)do — v(1)e®) (4.15)
+ fil e*“v(o)do — a fil elz=)e [7, e v(r)drdo.

Again, since f is holomorphic, (4.13) must hold with v instead of E and one may readily verify that
the induction hypothesis is satisfied at £ = p, for the NBV function
wu(o) = a/ e_“/ e v(u)dudr — / v(T)dr, (4.16)
—1 —1 —1

which concludes the proof. O

We now recall the characteristic matrix Ays associated to the homogeneous equation @(£) = Mua,
that features in condition (HL) and repeat some useful properties of Ay; that were established in
[14].

Lemma 4.3. Consider any closed vertical strip S = {z € C|vy_ <Rez <4} and for any p > 0
define S, = {z € S| [lmz| > p}. Then there exist C,p > 0 such that det Aps(2) # 0 for all z € S,
and in addition |Ap (2) 71| < \InC:z|

of det Apr(z) in S. Furthermore, if det Aps(z) # 0 for all z € S, then for any o ¢ S the function

for each such z. In particular, there are only finitely many zeroes

Ry(2)=Ap(2) ' —(z—a)7 I (4.17)

is holomorphic in an open neighbourhood of S and in addition there exists C' > 0 such that

R, (z S%fOT‘allZES.
1+4|Im z|

The final result of this section uses Laplace transform techniques to characterize solutions to

—Lx¢ = f that have controlled exponential growth at +oo.

Proposition 4.4. Consider the operator L defined by (2.2) and suppose that the condition (HL) is
satisfied. Fiz constants n_,n, € R and consider any v € C(R,C") that satisfies x(£) = O(e"*¢) as
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& — £o00. Define the function f : £ — —Lx¢. Then for any v+ > ny and yv— < n— such that the

characteristic equation det Apr(z) = 0 has no roots with Re z = v and for any £ € R, we have

w6 = o [T e (K (62 2) + AR) T i(2))de (418)
+ok [T e (K (& 2,m) — A2) 1 (2))d, '
in which K : R x C x C(R,C") — C™ is given by
0 1 0
K, z,x) :/5 e FTa(t)dr + Alz) 7! /_1 d,u(a)e”/a e *Tx(r)dr. (4.19)

The Laplace transforms fy and f— are as defined above in (4.3) and (4.4).

Proof. Note that Proposition 4.2 implies that f shares the growth rate of x at +00. An application

of Lemma 4.1 hence shows that

1 1 Y4 +ioco 0
ix(g) = 5= /w_ioo egz(/g e FTa(r)dr + T4 (2))dz. (4.20)
Taking the Laplace transform of the identity —Lx¢ = f(&) yields
_ 1 0
0=fi(2) +/ du(o)e*? (24 (2) +/ e *Ta(r)dr) (4.21)
—1 o

and thus after rearrangement

_ 1 0
T4(2) =AR) 7 (f+(2) +[1du(0)6zg/ e *Tx(r)dr). (4.22)

As in [14], a similar argument applied to the function y(§) = z(—§) completes the proof. O

5 The state space

In this section we study the state space X = C([—1,1],C") in the spirit of the corresponding
treatment for MFDEs employed in [14]. We recall the linear operator L : X — C™ defined by (2.2)
and define a closed operator A: D(A) C X — X, via

D(A) = {¢> € X | ¢ is C'-smooth and satisfies 0 = Lé = [ du(0)¢(a)} , o)
A6 = Do. '

Notice that the domain D(A) now differs from the corresponding definition in [14] and in addition,
A is no longer densely defined. Nevertheless, it is still possible to relate the resolvent of A to the
characteristic matrix A. We refer to [15] for a general discussion on characteristic matrices for

unbounded operators.

Lemma 5.1. The operator A defined in (5.1) has only point spectrum with o(A) = o,(A) =
{z € C| det A(z) = 0}. In addition, for z € p(A), the resolvent of A is given by

(21 — A)™Yp = e*K (-, 2,7), (5.2)

in which K : [-1,1] x Cx X — C™ is the appropriate restriction of the operator K defined in (4.19).
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Proof. Fix ¢ € X and consider the equation (zI — A)¢ = ¢ for ¢ € D(A), which is equivalent to

the system
Do = zp—1,
1 (5.3)
0 = [, du(o)¢(o).
Suppose that det A(z) # 0. Solving the first equation yields
0
o(0) = %% (0) + €~ / e T (T)dr (5.4)
6

and hence the fullfillment of the second equation requires
1 0
0= [ dut@)e o)+ [ e Tulriar), (5.5)
—1 o

Thus setting

1 0
6(0) = A(z) ! / d(0)e / e~ p(r)dr, (5.6)

~1
we see that z € p(A). On the other hand, choosing a non-zero v € R™ such that A(z)v = 0 for some
root z of det A(z) = 0, one sees that the function ¢(6) = e*%v satisfies ¢ € D(A) and A¢p = z¢. This

shows that z € 0,(A), completing the proof. O

For any pair of reals v_ < 74 such that the characteristic equation det A(z) = 0 has no roots
with Rez = 7+, define the set ¥ = X, , = {z€0(A)|~v- <Rez <~4}. Using Lemma 4.3 it
is easy to see that X is a finite set. Furthermore, the representation (5.2) implies that (21 — A)~!
has a pole of finite order at z = A\ for every Ag € X. Standard spectral theory [9, Theorem IV.2.5]
now yields the decomposition X = My & Ry for some closed linear subspace My, together with a
spectral projection Qy, : X — My, which is explicitly given by

Qs = % (a1 - )7 (5.7)
for any Jordan path I" C p(A4) with int(I') N o(A) = X. The following result gives conditions under

which this Dunford integral can be related to the integral representation in (4.18).

Lemma 5.2. Consider an operator L of the form (2.2) that satisfies (HL). Suppose that ¢ €
C*~Y([~1,1],C") satisfies LD*¢ = 0 for all 0 < s < £ — 2, with { as introduced in (HL). Then the
spectral projection Qx¢ defined above is given by

++ic0 _ —100
(Qs6)(0) = — /7 K (0, 2, $)dz + —— /W K (0, 2, 0)dz, (5.8)
Y. v

o % | —ioco 2mi _+4ioco
with K as defined in (4.19).
Proof. For any p > 0 such that [ImA| < p for any A € ¥, we introduce the path ', = F; ur,u

Fi UL, consisting of the line segments

Ul = seglyy —ip,vy +ipl,  Th = segly- +ip,v- —ipl,

. . . _ (5.9)
Iy = seglyy +ip,v- +ipl, Iy = segly- —ip,v4+ —ipl.
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Note that it suffices to show that for every 6 € [—1, 1], we have

0
lim /ﬂ 602/ G_ZTd)(T)deZ—‘r/ ¥V (z,¢)dz = 0, (5.10)
b 0

pP—00 Fpﬁ
with W(z, ¢) given by
1 0
W(z,0) = Bua(e — ann) B ()" [ du(o)e” [ o(ryar. (1)
-1 o
The first integral in (5.10) can be shown to converge to zero as in [14]. To treat the second integral,

use integration by parts to compute

0 0 £—2
1 1
/ e T (T)dr = 227_1/ e "D Lo(r)dr + i (e=**DF¢(o) — D*¢(0)). (5.12)
Using the fact that LD®*¢ = 0 for 0 < s < ¢ — 2, we conclude that ¥(z, ¢) can be rewritten as
_ k
U(ze) = iy mr+ (5.13)
£—1 .
5M(zz—£1;/1) (Z;:Xév[ +(z— OéM)Ra(Z)) f—ll d,u(a)ezo fgo e_ZTDé_l(ﬁ(T)dT,

where Ro(z) = O(1/ |2]?) as Im z — o0, uniformly in vertical strips. Ignoring the terms in ¥(z, ¢)

that behave as O(1/z) as Im z — o0, it remains to show that

1 0
lim / eez/ du(a)ez"/ e "D p(r)drdz = 0. (5.14)
p—00 ;,:) —1 o

This however can also be established using the arguments in [14]. O

In order to show that My is finite dimensional, we introduce a new operator A on the larger
space X=C"x X,

?(A) = {(c, ¢)e X |D¢pc X and c = d)(O)} , (5.15)
Alc,9) = (Lo + D¢(0), Dg).
We write j : X — X for the canonical continuous embedding ¢ — (¢(0), ¢). The reader should note
that the definition of A given here differs from the corresponding definition in [14]. However, this
construction ensures that the part of A in jX is equivalent to A and that the closure of D(A\) is

given by jX. Hence the spectral analysis of A and A is one and the same. The next result shows

that A(z) is a characteristic matrix for A, in the sense of [9, Def. IV .4.17].

-~

Lemma 5.3. Consider the holomorphic functions E : C — E()/(\',D( )) and FF : C — £()/(\',)?),
given by

E@)(e.)#) = (eeet e [] e my(r)dr),

F(2)(e,9)(0) = (c—9(0)+ [1, du(o)e*? [} e=*T(r)dr, 1(0)),

in which D(A) is considered as a Banach space with the graph norm. Then E(z) and F(z) are

(5.16)

bijective for every z € C and we have the identity

-~

A(z) 0\ Na — ;
< N ) = F(2)(z] — A)E(2). (5.17)
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Proof. The bijectivity of E(z) follows as in [14], while the bijectivity of F(z) is almost immediate.
The last identity in the statement of the lemma follows easily by using the definition of A(z) and
computing
R 1 1 0
1= DB ) = @0 - [ e [ auo)e [ uminn). @)

O

In [14] similar results were obtained for the system #(¢) = Muax¢. In particular, writing M =
E%mr ={zeC|detAp(z) =0 and y- < Rez < 74}, the decomposition X = Msn & Rem was
obtained, together with a projection Q¥ : X — Mgwn. Using (HL) it is easy to see that ¥ C IM.

In addition, the next result exhibits how the generalized eigenspaces are related.

Proposition 5.4. Consider the operator L defined in (2.2) and suppose that (HL) holds. Then we
have the inclusion My, C Msxum, together with the identity QgM 0Qx = Qs.

Proof. First recall from [14] that Ay (z) is a characteristic matrix for the operator AM : D(A) — X
given by AM(¢c,¢) = (M¢, D). As in the proof of [9, Theorem IV.4.18], a basis for My can be
constructed using maximal generalized Jordan chains. It hence suffices to show that every such chain
for A at z = X is also a Jordan chain for Ay, at the same value of z. Indeed, for any such chain

Vg, - - -, Um—1 Of length m we have by definition
A)(vo+ (2= Nvr 4+ .o+ (2= N v 1) = O((2 = A)™), (5.19)
which immediately implies that also

Ay (2)(vo+ (z=Nvg + ...+ (2 =N Lo, )

(5.20)
= Bum(z —an)!A)(vo + (2 = Nvi + ...+ (2 = N o) = O((z2 — )™).

The inclusion My, C Msm now easily follows, which in turn implies that QIEWM acts as the identity

on My, upon which the proof is complete. O

Proof of Proposition 2.1. Choose v > 0 such that det Aps(z) = 0 has no roots with 0 < |Rez| <
o0 BCy(R,C") that
satisfies 0 = Lx¢. Using Proposition 4.2 it follows that x € C (R, C™). However, this implies that also

and write Xo = Mx__ _, together with Qo = Qx__ . Consider any = € )

Lie = 0 for all £ € R and repeated application of this argument shows that in fact z € C*°(R,C").
We can hence combine Proposition 4.4 with Lemma 5.2 to conclude that Qozg = zo and hence
by shifting x along the line, Qoze = x¢ for all £ € R. Due to the fact that a basis for Xy can be
constructed using functions of the form p(6)e??, in which p is a polynomial and det Ay, () = 0, one
sees that any ¢ € Xy can be extended to a solution x = E¢ of Lz, = 0 on the line, with zy = ¢.
To see the uniqueness of this extension, suppose that both z! and z? satisfy 2§ = 2% = ¢, with
0= Lx% = Lx? for all £ € R. Write y(¢) = 21(€) — 22(€) for € > 0 and y(&) = 0 for £ < 0. Then
y € C(R,C") satisfies 0 = Lyg, with y(£) = O(e%%) as £ — +oo for some ¢ > 0, which can be chosen
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in such a way that there are no roots of det Ap;(z) = 0 in the strip ( — e < Rez < { + ¢, for some
€ > 0. This however implies that for all £ € R, we have ye = Qs _. ...y = Qqoyye = 0, i.e., y = 0.
A similar construction for £ < 0 completes the proof. O

6 Linear Inhomogeneous Equations

In this section we study the interplay between the linear inhomogeneous equations

o
Il

Lz¢ + f(€),
9(§) Mye + g(8),

with L as defined in (2.2) and M as in (HL). Associated to these equations we define the linear
operators A : C(R,C") — C*~1(R,C") and Ay : WU (R,C") — LL _(R,C") by

loc loc

(6.1)

(Ax)(§) = —Lag

(6.2)
(Amz)(§) = @(§) — Mae.

The operator Ajy; has been extensively studied in [14, 21] and we will use these results to facilitate

our treatment of A. We will be particularly interested in the spaces
W (R,C") = {z € LP(R,C") | D%z € LP(R,C") for all 1 < 5 </}, (6.3)

with p = 2 or p = co. In the first result we choose p = 2, which enables us to use Fourier transform
techniques to define an inverse for A on the space W%2(R,C"). This inverse will turn out to be

closely related to the inverse of Ajy.

Lemma 6.1. Consider the operator L defined in (2.2) and assume that (HL) is satisfied. Suppose
further that the characteristic equation det Ap(z) = 0 has no roots with Rez = 0. Then A is a
bounded linear isomorphism from W12(R,C") onto W52(R,C"), with

(D — an)'Az = By Ay (6.4)

for x € WH2(R,C"), in which D denotes the differentiation operator. Conversely, suppose x = A=1f
for f € WH2(R,C"™), then x is given by

2(n) = Ain) " Fn). (6.5)
In addition, there is a representation
2O = [ Gle = (D - axn) Hieds = Burldif (D - an) ) (©.6)
with a Greens function G that satisfies G € LP(R,C"*"™) for all 1 < p < oo and whose Fourier
tranform is given by

~

G(n) = (in — an) " *Alin) ™" = Bar A (in) . (6.7)
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The function G decays exponentially at both +oo. In particular, fiving a— < 0 and ay > 0 such that

det Aps(z) #0 for all a_ < Rez < ay and choosing an o < a_, we have the estimate

a_§
G < { Bu(l+ K(a_))e for all £ >0, (6.8)
Bu K (ay)ed+¢ for all £ <0,
in which -
K(a) = % /_ Rafat i) do (6.9)

with Ry as introduced in (4.17).
Finally, suppose that f and its derivatives satisfies a growth condition D*f(&) = O(e™¢) as
€ — 00 for some 0 < A< —a_ and all 0 < s < {. Then also x = AL f satisfies (&) = O(e™¢) as

& — oo, with the same estimate for &. The analogous statement also holds for & — —oc.

Proof. Suppose that Az = 0 for some x € WH2(R,C"). Due to the Sobolev embedding W12(R, C") C
C(R,CMNL>(R,C"), we know that x is bounded, hence we can apply Proposition 2.1 with X, = {0}
to conclude = = 0. Recall the fact that f € W%2(R,C") is equivalent to 5 — (1+|n|+. ..+|n[ ) f(n) €
L*(R,C"™). The fact that A maps W12(R,C") into W*2(R,C") now follows after noting that for

some constants C, C’ and C”, we have

(L[l + . A )FFAz(m) = (L0l + ..+ [n])Ba (in — an) " A (in)E(n) (6.10)
< CAn(in)i(n) < (C'[n|+ C")i(n).
Observe also that the identity (D — ap)?Ax = ﬁ;/llA mx follows immediately from
FH((D = am) Az)(n) = (in — anr) Alin)E(n) = By Anr(in)a(n). (6.11)

To show that A is invertible, fix any f € W%2(R,C") and define 2 € W12(R,C") by

#(n) = Alin) " f(n) = Anr(in) " Bar(in — aar)* f(n) = BurAas (in) *F (D — anr) f)(n). (6.12)

It is clear that indeed Az = f and the remaining statements now follow easily from this identity

together with the theory developed in [14] for the operator Ajy. O

As in [14], we need to obtain results on the behaviour of A on the exponentially weighted spaces
W (R,C") = { € Li,.(R,C") | e "x(-) € WH-°(R,C™)} . (6.13)

To ease notation, we introduce the function e, f = € f(-) for any f € L} (R,C") and v € R. Upon
defining a transformed operator A, : C(R,C") — C*~1(R,C") by
1
(A2 = [ dulo)e 7ale + o), (6.14)

-1

one may easily verify the following identity,

Apenx = epAx. (6.15)

20



The corresponding transformation of the characteristic matrix is given by

Ayfe) == [ (o) = A= 1) = (= ) By (), (6.16)

with oy a0 = an + 1 and Ay p(2) = Ap(z — 7).

We now wish to use the fact that A is invertible as a map from W12(R,C") into W%2(R,C") to
prove a similar result when considering A as a map from W,»**(R,C") into W,f"x’(]R, C™). An inverse
for A will be constructed by writing any f € W,f"’O(R C™) as a sum of functions in Wf 2(R,C") for
appropriate values of ¢, on which we can use the inverse of A defined in Lemma 6.1. In contrast to
the situation in [14], where we merely needed to consider f € L*°(R,C"), care has to be taken when
splitting the inhomogeneity f to ensure that the components remain sufficiently smooth.

To accomodate this, we choose C'°°-smooth basis functions x; for 0 < ¢ < ¢ — 1 that have
compact support contained in [—1, 1], such that Diy;(0) = §;; for 0 < i,j < £ — 1. We now define
the finite dimensional space BC,(R,C™) =span{x; |0 <i<{¢—1} C C*(R,C") and an operator
®, : WELR,C") — BC,(R,C") by

loc

-1
Oof = > xiD'f(0). (6.17)
i=0
Notice that D'®,f(0) = Dif(0) for all 0 < i < £ — 1, which ensures that we can define the cutoff
operators ¢4 : whl Wbl via

loc loc
L f(6) = HE(f = Rof)(&)  2-f(§) = (1= HE)(f — Rof) (&), (6.18)
where H (&) denotes the Heaviside function, i.e., H(§) =1 for £ > 0 and H({) =0 for £ < 0.

Proposition 6.2. Consider any n € R and €9 > 0 such that there are no roots of det Aps(z) =0
in the strip n —eg < Rez < n+ €. Then the operator A is an isomorphism from Wnl’oo(R, C™) onto
Wﬁ’oo(R,(C”). In addition, for any 0 < € < ¢y and any f € W&’O‘D(R,C”) such that &f = 0, we

have the following integral expression for x = A~'f,

z(§) = ! /HSHOO e A(2) 7 i (2)dz + i /W%HOo e A(2) 7 o (2)dz, (6.19)
n n

2mi +e—ico 2mi —€e—100

where the Laplace transforms ﬁ_ and f_ are defined as in Section 4. Finally, for any f € W,f’oo(]R, c™),

we have the following Greens formula for v = A= f,
£(€) = e /_ Z (€ — )e (D — an) F)(8)ds = BuATH(D — anr)'f,  (6.20)
in which G_,, has exponential decay at both oo and is given by
FrG_, (k) = BuAn(ik +n)~ " (6.21)

Proof. We first show that we can indeed define an inverse for A on the space Wg’oo(R, C™). Pick
any 0 < € < ¢y and use the cutoff operators introduced above to define fi € Wg’OO(R,(C”) by
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f+ = ®.f and similarly f, = ®,f. Note that f, € Wf’Q(R, C™) and hence we can define z, =
enTo € W2(R,C"), with T, = A;l]e,nfo. Since e_,f, € CX(R,C"), one can use the Greens
function representation (6.6) to conclude that also T, and its derivative are uniformly bounded,
showing that z, € W,"*(R,C").

It remains to invert the functions fi. To this end, we define
Ti=e_(rofs € WHER,C") N WH=(R,C") N WS (R,C"), (6.22)
which allows us to introduce the functions r+ = e,+.Z+, in which
Ty =AD - fr € WH(R,C") N WHR(R,C") N W (R,C™), (6.23)

where the last two inclusions follow from the Greens function representation of A~! in Lemma 6.1.
This shows that indeed z+ € W,»*(R,C") and hence & = x, + 1 + z_ satisfies Az = f. The
integral expression (6.19) now follows upon applying the substitution z = n & € + ik to the equality

Frzs(k) = AT,

Cr R F (k) = A7 ik +nte) fu(ik+nLe). (6.24)

The injectivity of A can be shown in exactly the same manner as the corresponding result
in Lemma 6.1. Notice that Proposition 4.2 immediately implies that A maps Wnlvoo(]R{,C”) into
W,f_l’oo(]R, Cc"Mn VVlic1 (R,C"™). To show that the mapping is actually into W,f’oo(]R, C™), we notice
that in a similar fashion as above, any y € W,}"’O(R(C”) can be split into y = yo + y+ + y— with
Yo € CP(R,C™) and y4 € W;fe (R,C™). Applying Lemma 6.1 to these individual functions and using
(6.15), we find that again (D — an)*Ay = 83,/ Amy C Li*(R,C"), which together with Proposition
4.2 shows that also DAy € LR, C").

Finally, we show that the Greens formula representation (6.6) continues to hold. For convenience,
we write ( = 1+ € and note that for any f € Wf)i (R,C™) the identity De¢f = ec(D + ¢)f implies
that

ec(D—a_¢m)e_pmref = enreD—an+n+e)fecf=e((D—C¢)—an+Q)~'f

(D —ann)'f. (6:25)

This allows us to compute

(&) = (BCA:é€—<f+)(§)
= [T G_c(€—8)e (D — an)' f1(s)ds (6.26)
= e [T eI (€~ s)e (D — anr)’ f(s)ds.

Now noticing that Fte.G_¢(k) = @,C(k + ie), we find,

f+€EG_<(k) = (Zk — € — Oz_<7M)7£A_<(ik' — 6)71 (6 27)
= (ik—an +n) " AGk+ 1)t = G_y(k), '
upon which the proof can be completed using similar identities for x_ and z. O
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7 The pseudo-inverse

The goal of this section is to define a pseudo-inverse for the linear inhomogeneous equation Az = f
in the spirit of [14]. However, the construction here will differ from the corresponding construction
in [14], due to the fact that we cannot modify the nonlinearities R(®) to become globally Lipschitz
continuous in such a way that the differentiation structure in (HR1) is preserved. To bypass this
difficulty, we need to decouple the inhomogeneity f from its derivatives, allowing us to replace the
vector of functions (f, Df,...,D’f) by general vectors (go,...,ge) for which there is no relation
between the components. This decoupling should be seen in the context of so-called jet manifolds,
which play a role when studying PDEs and DAEs from an algebraic point of view, see e.g. [25].

To formalize this construction, we introduce the product spaces

Ly D®R,CY) = LPR,CY)x ... x LF(R,CY),

¢+1 times (7.1)
BC;“D(R,C") = BC,(R,C") x ... x BCy(R,C")

2+1 times

and the canonical inclusions BC}(R,C") — BCy (ZH)(R, C") and W/ (R,C") — L;’,O’X(Hl)(R, Cc™)
via Jx = (2, Dz, ..., D). For any 0 < s < £ write Ds - LZO’X(ZJFI)(R, C") — Ly*(R,C") for the
canonical extensions of the differentiation operators and similarly define @, : BCy MH)(R,(C”) —
C®(R,C") and P : BCy (Hl)(R, c") — LIJ?;X(HU(R7 C™). Using the explicit representation (6.20)
for A=t : WEeo(R,C") — W,;->°(R,C"), we can naturally expand the domain of definition to obtain
an operator A=! : LZO’X(EH)(R,(C") — W, >*(R,C"), given by

AT = BuAy (D —oan)f,  fe Ly YR, (7.2)

We will use the longer notation A(nl) for this operator whenever we wish to emphasize the 7-
dependence of the underlying exponentially weighted function spaces.

Pick any v > 0 such that there are no roots of det Ay(z) = 0 with 0 < |Rez| < v and fix an
1 € (0,7). Using the construction above we can define the bounded linear operators A;l = A(;ln) :
Lféx(“l)(R,C”) — Wiﬁo(R,C”). As in the proof of Proposition 2.1, we write Xo = Mx__
for the generalized eigenspace corresponding to roots of det A(z) = 0 on the imaginary axis and
Qo = Qx_., , for the corresponding spectral projection. Similarly, we introduce Xy = ME&,W and
Qum = QJEV{%W for the analogues of X and Qg associated to the operator A ;. Recalling the extension
operator £ : Xy — BC%(R, C™) from Proposition 2.1, we have all the ingredients we need to define
the pseudo-inverse K,, : BCy “"Y(R,C") — BOL(R,C™). It is given explicitly by the formula

1 o = 1~ =~ 1~ . ~ 1~ ~
K, f = A;l(§<I><>f—|—<1>+f)+A:1(§<I>Qf+<1>_f)—EQ0evo [Ajrl(§<I><>f+<1>+f)+A:1(§<I>of+¢>_f)], (7.3)

in which we have introduced the evaluation function evex = ¢ € X. Note that by construction we

have the identity Qoevo/C,f = 0. In addition, from (7.2) together with the inclusion Xo C Xy, we
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see that Ay IC,f = ﬁM(f) -« M)ef . The following result shows that KC is well-behaved on the scale
of Banach spaces BCCX (Hl)(R, Ccm™).

Lemma 7.1. Consider any pairni,n2 € R with0 < ny < 1o < . Then for any f € BCnXl(Hl)(R, Cc™),
we have
Kp. f=IK,,f. (7.4)

Proof. We will merely establish (7.4) under the assumption f = &)+f, noting that the remaining
components of f can be treated in a similar fashion. Note that hy =e_,, (D—ap) '@ f € L(R,C")
satisfies a growth condition hy(¢) = O(e=(27M)¢) as ¢ — oo and hence T, = ﬁMA:}D’MEJr
shares this growth rate by [14, Corollary 3.3]. This implies that the function z, = e,, T satisfies
x4 = O(e™?) as £ — co. We can hence argue x4 € W.>°(R,C") N W,->°(R,C"), from which we
conclude

Atm) )
which directly implies that also (7.4) holds. O

O f=AL D, (7.5)

The final result of this section should be seen as the analogue of Lemma 5.4 in [14]. The con-
clusions here are however somewhat weaker, due to the fact that in this more general setting we no
longer have an automatic interpretation of IC,)f in terms of the operator A. The consequences of this

fact shall become clear in Section 8, during the analysis of the dynamics on the center manifold.
Lemma 7.2. For any f € BC) (Hl)(R, C"™) and & € R, define the function y € BC},(R, C™) by
y(&) = (Kpf) (€ + &) — (Kpf (&0 +-))(&)- (7.6)
Then we have Apy = 0. In particular, we have the identity
(I = Qu)eve, Kpf = (I — Qar)evolCyf (§o + ). (7.7)
In addition, suppose that for all integers s with 0 < s < £ we have
(fs);s = D°g (7.8)
for some g € C*(J,C"), with J = [-1 — &, 1+ |&]|]. Then in fact Ay =0 and
(I — Qo)eve, Kyf = evoK,f(& + -). (7.9)

Proof. We can no longer as in [14] apply A directly to the definition of K. Instead, we introduce the
shift operator T, that acts as (Tg, f)(§) = f(£ + &) and compute
y = w4 Te AL 3P + By — AN 30, + &4 Tk f
FTe AL [3Po + @JE = AT [5Po + DT f (7.10)
= T+ A(_771)ng + A(_—ln)g_
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for some x € BC},(R, C") with Az = 0. Using the fact that T, and A;' commute, we can write

g = Tey[300+DyJf — [, + & T, f

2 0 2 00 (7.11)
g = Telid.+ 3 Jf—[1d, + & T f.

Now using the identity I = &Jo + &)Jr + &L, one easily sees that g, = —g_. Using (7.2) it now easily
follows that indeed Ay = 0.

Now suppose that the differentiability condition (7.8) holds. Since (T&,E)if) &) = (5iT50f)(§) =
f(&+ &) for all £ > max(1,1—¢&p) and & < min(—1,—1 — &), it follows that both g1 have compact
support and in addition satisfy g+ = Jg. for some g, € C*(R,C"). In this case the conclusion
Ay = 0 is immediate from (7.10). O

8 The Center Manifold

We are now in a position in which we can use the pseudo-inverse defined in the previous section to
construct a center manifold for the nonlinear equation (2.1). In order to apply the Banach contraction
theorem, we consider the set of nonlinearities RG) for 0 < s < £ introduced in condition (HR1)
and modify them simultaneously to become globally Lipschitz continuous with a sufficiently small
Lipschitz constant. We choose a C*°-smooth cutoff-function x : [0,00) — R with [[x||,, = 1 that
satisfies x (&) = 0 for £ > 2 while x(§) = 1 for £ < 1. For any § > 0 we define x5(&) = x(&/0). We
use the projection Qj; defined in the previous section to modify the nonlinearities separately in the

hyperbolic and nonhyperbolic directions and define R : X — C**(+1) componentwise by

Rs(9)s = xs(1Quol)xs (I = Qan)dIDRS(¢), 0<s<L (8.1)

The fact that we use @ instead of Qg is motivated by (7.7), which allows us to control the growth
of & — (I — Qpr)eveK on the center manifold.

The map Rs induces the map Ry : BC,(R,C") — BC,,X(EH)(R, C") via Rsz(€) = R;x¢. Notice
that ﬁg is well-defined, since i, : R — X which sends { — z¢ is a continuous mapping for any
continuous z and hence the same holds for ﬁgx = Ry 0 i;. The next lemma follows directly from
[14, Section 6] and shows that the construction above indeed yields a globally Lipschitz smooth

substitution operator ﬁg.

Lemma 8.1. For any n € R, the substitution operator f{(; viewed as an operator from BC,(R,C"™)
into BCy (ZH)(R, C™) is globally Lipschitz continuous with Lipschitz constant exp(|n|)Ls, in which
Ls — 0 as 0 — 0. In addition, we have |(Rs)s| < 40Ls for all ¢ € X and integers s with 0 < s < £.

We will apply a fixed point argument to the operator G : BC}(R,C") x Xy — BC,(R,C"),
defined by
G(u,¢) = B + KR (u). (8.2)
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Theorem 8.2. Consider the system (2.1) and suppose that the conditions (HL), (HR1) and (HR2)
are all satisfied. Fiz v > 0 such that the characteristic equation det Ap(z) = 0 has no roots with
0 < |Rez| < v and consider any interval [Nmin, Mmax] C (0,7) with kNmin < Mmax, where k is as
defined in (HR2). Then there exist constants 0 < € < § such that

(i) For all m € [Mmin, Mmax] and for any ¢ € Xy, the fized point equation v = G(u,d) has a unique
solution u = u7(¢) € BC}(R,C").

(i) For any pair Nmin < m < N2 < Nmax, we have that uj;z = j7712n1u;1.

(i) For all £ € R and all ¢ € Xy, we have
(7 = @uoleveus @) <5 )
(iv) For any ¢ € Xo with ||¢|| < €, we have for all —2 < 6 < 2 that
|Qurevous ()] < 6. (8.4)

(v) For all n € (kNmin, Mmax|, the mapping jnlnmin ouy . Xo— BC,% (R,C") is of class C* and

admits the Taylor expansion

() = Bé+ 3y D*Ro(0)(eve B, eve29) + o(ll0l1), (85)

if k > 2, in which IC,; acts on the variable .

Proof. (i) First note that as in [14] we can use the Greens function representation (6.20) to
uniformly bound ||/C, || for 7 € [Nmin, max|, hence it is possible to choose ¢ in such a way that

for all such 1 we have
1
exp()Ls K|l < 7 (56)

This ensures that G(-,¢) is Lipschitz continuous with constant 1. Since G(-,¢) leaves the
ball with radius p in BC}(R,C") invariant when IEl, ¢l < §, the mapping uy : Xo —
BC}(R,C") can be defined using the contraction mapping theorem. By computing

u;(%)—u;(ﬂéz)ﬂgq < Ell, lér = 2l + 1Ky | exp(n) Ls |
< |El, 1 = 2l + 5 |

u;;((bl) - u;(¢2)|‘30'1)
u;ky((bl) - u;(¢2)||BC}] )

(8.7)

it is clear that u; is in fact Lipschitz continuous.

(i) Observing that |Rs(eveu;, (qﬁ))g’ <40Lsforall0 < s < ¢, Lemma 7.1 implies that /C,, Rs (uy, (¢)) =
K Res(uy, (¢)), from which the result follows immediately.

(iii) If 6 > 0 is chosen sufficiently small to ensure that for some 0 < 79 < 7
11— Qusll exp(no) Ls < (4[KCyol) 7 (8.8)
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then we can use Lemma 7.2 and Lemma 7.1 to compute

[ = Qujeveus@)| = (7~ @unevekn, Rs(up(6))| = || (1 = Qar)evokn, Rs(uy (@) +6)|

< T = Qullexp(no) K[| 46 Ls < 6.
(8.9)
(iv) If 6 > 0 and € > 0 are chosen sufficiently small to ensure that for some 0 < 19 < 7
B, N~ > Ls(exp(3no) + |1 = Qurll exp(no)) and (8.10)

15 > eexp(3no) | £, »

then we can compute

Qurevous(¢) = evoEd + evoly Rs(wl(9)) — (I — Qar)evoky, R (ui(@)(0 + )  (8.11)
and hence

Quevouy(9) < exp(2mo) exp(no) [|E],, (4

+40Ls (exp(2n0) exp(no) [|KIl,,, + 11 = Qar]l exp(no) K], ) <&
(8.12)

(v) Notice that item (iii) ensures that u; maps precisely into the region on which the modification
of R in the infinite dimensional hyperbolic direction is trivial, which means that Rj is C*-
smooth in this region. This fact ensures that we can follow the approach in [14] to prove that

u* is in fact C*-smooth, in the sense defined above.

O

In order to show that uy behaves appropriately under translations, we need to be able to control
the size of the center part of u;(¢), as is made precise in the next result.
Lemma 8.3. Consider the setting of Theorem 8.2 and let ¢ € Xy. Consider any & € R such that
HQMevw;(qb)H < 0 for all =1 — |&| < & <14 |&|. Then the following identity holds,
up(@)(o + ) = [, (Qoeve,uyy(9))] (). (8.13)
Proof. Due to item (iii) of Theorem 8.2, we have [|(I — QM)ev5u,’;(¢)H < ¢ for all ¢ € R. From
(HR1), the definition of Rs in (8.1) and the condition in the statement of the lemma, it now follows
that ﬁg(u;‘;(qﬁ))u = Jg for some g € C*(J,C"), where J denotes the interval J = [—1— ||, 14 |&]].
We can hence apply Lemma 7.2 to conclude that the function
u(6) = Eé(6o +€) + KyRa(u(6)) (€0 + &) — KR (1(9) (6o + ) (€) (8.14)
satisfies Ay = 0, with y = Ev for ¢ = Qoevg,u;(¢). Upon calculating

G(us(d)(€o+),0) () = (&) +KyRs(ui(9) (& + 1)) ()
= E¢(& + &) + KyRs(ub(9)) (o + &) = ul(6)(&o + ),

the conclusion follows from the uniqueness of fixed points for G. O

(8.15)
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We are now ready to construct the ODE that describes the dynamics on the center manifold.
Note that in contrast to the situation in [14], this is no longer possible globally, but upon combining
the results in Lemma 8.3 and item (iv) of Theorem 8.2 the ODE can at least be defined locally.
Nevertheless, the next result will turn out to be strong enough to lift sufficiently small solutions of
the ODE (8.16) back to solutions of (2.1).

Proposition 8.4. Consider for any ¢ € Xo the function ® : R — X, given by ®(§) = Qoeveuy ().
Suppose that for some & > 0 we have | P(€)|| < € for all £ € (=&, &0). Then @ satisfies the following
ODE on the interval (—&o,&o),

b(&) = AR(E) + f5((€)). (8.16)
Here the function fs : Xo — Xg is C*-smooth and is explicitly given by
f5() = Qo(Meve(uy (v) — Ev) + Bar(D — anr) R (evousy (1)), (8.17)

in which the projection Qg is taken with respect to the variable 8 and the expression bSR5(~) should
be read as Rs(+)s. Finally, we have f5(0) =0 and D f5(0) = 0.

Proof. Notice first that ® is a continuous function, since & — ev5u;(¢>) is continuous. We calculate

$()(0) = limy_o £(B(E+h)(0) — D(E)(0))
limy—o & ([Qoevesny(6))(o) — [Qoeveus(6)](0) (8.18)

= [Qo[Dui(8)](+)](0),

where the continuity of the projection Qo, together with the fact that K, maps into C* (R, C"), was

used in the last step. Using the definition of KC,,, we compute

[Dus (¢)](€ + 0) = Meveyousi(¢) + Bar (D — anr) R (everous (4)). (8.19)

Assume for the moment that for all § € (—§p,&o) and all =1 < 0 < 1 we have that eveiguy(¢) =
evouy (1), where 1) = ®(¢). Then the ODE (8.16) follows upon noting that

Qo(MevoEY) = Qo(Dy(0)) = Qo((A9)(0)) = Ay, (8.20)

in which Qg acts on the variable . The fact that f is C*-smooth follows from the fact that the C*-
smooth function uy : Xo — BC%(R, C™) maps into a region on which R; is itself C*-smooth by part
(iii) of Theorem 8.2. It is easy to see that f5(0) = 0 and from (HR2) and the Taylor expansion (8.5),
it follows that D f5(0) = 0. The fact that ® is C**!-smooth follows from repeated differentiation of
(8.16).

To conclude the proof, write ¢ = ®(0) and notice that ||¢|| < €, which by (iv) of Theorem 8.2
implies that ||QMeVEu;"7(¢>)H < ¢4 for all —2 < ¢ < 2. This allows us to apply Lemma 8.3 to conclude
that for all —1 < ¢ <1 and all # € R, we have

ev5/+9u;(¢)) = ev‘gu; (Qo@Vg/u;;(qf))) = eveu;(cb(f')). (8.21)
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Since also ||®(&)]| < e for all =&y < &' < &, the above identity implies that also HQMeVEUj‘](@H <0
for all —min(&,1) — 2 < ¢ < min(§p, 1) + 2, implying (8.21) for all —min(§,1) — 1 < & <
1 + min(&p, 1). Repeating this procedure a sufficient number of times ensures that in fact (8.21)

holds for all £’ € (=&, &), as required. O

Proof of Theorem 2.2. We choose 6 > € > 0 as in the statement of Theorem 8.2 and fix the constant

€ >
(i)
(ii)

(iii)

(iv)

0 such that e* max([|Qn|[, [Qoll , [[{ — Qusll) < €. Pick any 7 € (Amin; max] and write u* = u;.

This follows from Theorem 8.2 together with u* = ug = jclnmmu;;mm for any ¢ € (kNmin, Nmax)-

The conditions (HR1) and (HR2) together with (i) imply that f is C*¥-smooth with f(0) =
Df(0) = 0. Since { +— z¢ maps into the subset of X on which R and Rs agree, it is easy
to see that G(x,Qoxo) = x which due to the uniqueness of fixed points immediately implies
x = u*(Qozo). An application of Lemma 8.3 shows that indeed z¢ = evou*(®(€)). Note that
for all £ € R we have ||®(§)|| < €, which implies that ® satisfies the ODE (8.16) on the line. It

hence suffices to show f and f5 agree on all ®(£). This however follows immediately from the

fact that [|Qareveu*(®(E))] = [|@mTetol < € < 6.

This is clear from the fact that { — eveu*(¢) maps into the subset of 2 on which R and R

agree.

Define the function ¥(§) = Qoeveu*(®(0)). Since | ¥(0)|| = ||(0)|| < ¢, there exists an interval
(—&0,&) with £ > 0, on which the ODE (8.16) is satisfied for ¥. However, since f and fs
agree on the set {¢ € Xo | ||¢]] < €} and both nonlinearities are Lipschitz continuous, we
can conclude that in fact (8.16) is satisfied on the line, with ¥(§) = ®(&) for all £ € R. Thus
defining z = u*(®(0)), we have by construction that ®(§) = Qox¢. It remains to show that
|Qarrze|| < 6 for all £ € R and z¢ = evou™ (®(§)). Writing ¢ = ®(0), note that ||¢|| < e which
implies that ||Qareveu*(¢)|] < ¢ for all —2 < ¢ < 2. This allows us to apply Lemma 8.3 to
conclude that for all —1 < ¢ <1 and all § € R, we have

ever () = evous (Qoeveruy(9) = evous (W(E)) = evouy(BE).  (822)

Arguing as in Proposition 8.4 we can extend the conclusions above to £ € R and &’ € R, which

concludes the proof.
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