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1. LINEAR FORMS IN LOGARITHMS AND APPLICATIONS

We start with recalling some results from transcendence theory and then
work towards lower bounds for linear forms in logarithms which are of crucial
importance in effectively solving Diophantine equations.

We start with a transcendence result proved independently by the Russian
Gel’fond and the German Schneider in 1934.

Theorem 1.1. (Gel’fond, Schneider, 1934) Let «, 5 be algebraic numbers
in C, with a # 0,1 and 3 € Q. Then o is transcendental.

Here, o := ePl°8® where € = Y >° | 2" /n! and log @ = log |a| + i arg(c). The
argument of « is determined only up to a multiple of 27w. Thus, loga and
hence o’ are multi-valued. The theorem holds for any choice of value of arg a.

Corollary 1.2. Let 3 be an algebraic number in C with i3 ¢ Q. Then €™ is
transcendental.

Proof. ™ = ™ (=) = (—1)~0, -

Given a subring R of C (e.g., Z, Q, field of algebraic numbers), we say
that complex numbers 64, ..., 0,, are called linearly independent over R if the
equation x16; + - -+ + 2,0, = 0 has no solution (z1,...,2,,) € R™\ {0}.

Corollary 1.3. Let o, 3 be algebraic numbers from C different from 0,1 such
that log v, log B are linearly independent over Q. Then for all non-zero alge-

braic numbers v,d from C we have vloga + dlog 5 # 0.
1
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Proof. Assume vloga + dlog 3 = 0. Then loga = —(d/7)log 3, hence a =
37%/7. By Theorem 1.1 this is possible only if a := §/y € Q. But then,
log @ — alog § = 0, contrary to our assumption. O

We now come to Baker’s generalization to linear forms in an arbitrary num-
ber of logarithms of algebraic numbers.

Theorem 1.4. (A. Baker, 1966) Let v, ..., a,, be algebraic numbers from
C different from 0,1 such that log aq, ..., log oy, are linearly independent over
Q. Then for every tuple (By, b1, - - -, Bm) of algebraic numbers from C different
from (0,0,...,0) we have

Bo + Bilogay + -+ + B log i, # 0.
For applications to Diophantine problems, it is important that not only the
above linear form is non-zero, but also that we have a strong enough lower

bound for the absolute value of this linear form. We give a special case, where
By =0 and (,..., [, are rational integers.

Theorem 1.5. (A. Baker, 1975) Let vy, ..., a,, be algebraic numbers from
C different from 0,1. Further, let by, ...,b,, be rational integers such that

bylogay + -+ - + by, log iy, # 0.

Then

by log oy + - -+ + by log au| = (eB)~C,
where B := max(|b|,...,|bm|) and C is an effectively computable constant
depending only on m and on ay, ..., ay,.

It is possible to get rid of the logarithms. Then Theorem 1.5 leads to the

following:
Corollary 1.6. Let aq, ..., a,, be algebraic numbers from C different from 0, 1
and let by, ..., b, be rational integers such that
abt.abm £
Then
[aft - apr =1 = (eB)™,
where again B := max(|by], ..., |bn|) and where C" is an effectively computable

constant depending only on m and on ay, ..., Qp,.
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Proof. For the logarithm of a complex number z we choose log z = log |z| +
jarg z with —m < argz < m. With this choice of log we have log(1 + w) =

>0 (1) tw™/n for w € C with |w| < 1. Using this power series expansion,

one easily shows that
| log(1 + w)| < 2Jw] if |w| < 1/2.

We apply this with w := o ---abm — 1. If |w| > 1/2 we are done, so we

m

suppose that |w| < 1/2. We have to estimate from below |log(1 + w)|.
Recall that the complex logarithm is additive only modulo 27i. That is,
log(1 4+ w) = by logay + -+ + by, log vy, + 2ki

for some k € Z. We can apply Theorem 1.5 since 2kmi = 2klog(—1). Thus,
we obtain

[log(1 +w)| > (e max(B, |2k|)) "

where C is an effectively computable constant depending only on m and
aq, ..., . Since |log(1 +w)| < 2|w| < 1 we have

2k7i] <1+ [logay| - [bj] < (1+ Y loglay|)B.
j=1 Jj=1

Hence |k| < CyB, say, and |log(1 + w)| > (eCoB)~'. This implies |w| >
1(eCyB)~" > (eB)~ for a suitable (', as required. O

For completeness, we give a completely explicit version of Corollary 1.6 in
the case that oy, . .., oy, are integers. The height of a rational number a = x/y,
with =,y € Z coprime, is defined by H(a) := max(|z|, |y|).

Theorem 1.7. (Matveev, 2000) Let ay,. .., a, be non-zero rational numbers
and let by, ..., b, be integers such that

abtooabm £ 1,
Then |a%' - --abm — 1| > (eB)~%", where

B = max(]bﬂ, trt |bm|)7

C'=1le.-m*?30m*? Hmax (1,1og H(a;)).

J=1

To illustrate the power of this result we give a quick application.
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Corollary 1.8. let a,b be integers with a > 2,b > 2. Then there is an effec-
tively computable number Cy > 0, depending only on a,b, such that for any
two positive integers m,n,

max(a™, b")

(emax(m,n))

la™ —b"| >

Consequently, for any non-zero integer k, there exists an effectively computable
number Cy, depending on a,b,k such that if m,n are positive integers with
am™ —b" =k, then m,n < Cj.

Proof. Let m,n be positive integers. Put B := max(m,n). Assume without
loss of generality that ™ > b". By Corollary 1.6 or Theorem 1.7 we have

11 —0"a"™| > (eB)™,

where (] is an effectively computable number depending only on a,b. Multi-
plying with o™ gives our first assertion.

Now let m,n be positive integers with a™ — b" = k. Put again B :=
max(m,n). Then since a,b > 2,

k| > 28 . (eB)~C.

This proves that B is bounded above by an effectively computable number
depending on a, b, k. O

In 1844, Catalan conjectured that the equation in four unknowns,
2™ —y" =1 inx,y,m,n € Z with z,y,m,n > 2

has only one solution, namely 32 — 23 = 1. In 1976, as one of the striking
consequences of the results on linear forms in logarithms mentioned above,
Tijdeman proved that there is an effectively computable constant C', such
that for every solution (z,y,m,n) of Catalan’s equation, one has 2™, y" < C.
The constant C' can be computed but it is extremely large. Several people
tried to prove Catalan’s conjecture, on the one hand by reducing Tijdeman’s
constant C' using sharper linear forms in logarithm estimates, on the other hand
by showing that 2™, 4™ have to be very large as long as (z™,y") # (3%,2%),
and finally using heavy computations. This didn’t lead to success. In 2000
Mihailescu managed to prove Catalan’s conjecture by an algebraic method
which is completely independent of linear forms in logarithms.
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We give another application. Consider the sequence {a,} with a, = 2"
for n = 0,1,2,.... Note that a,.1 — a, = a,. Similarly, we may consider
the increasing sequence {a,} of numbers which are all composed of primes
from {2,3}, ie., 1,2,3,4,6,8,9,12,16,18,24,27,32,... and ask how the gap
ap+1 — a, compares with a, as n — co. More generally, we may take a finite
set of primes and ask this question about the sequence of consecutive integers
composed of these primes.

Theorem 1.9. (Tijdeman, 1974) Let S = {p1,...,p:} be a finite set of dis-

tinct primes, and let ay < as < az < --- be the sequence of consecutive positive
integers composed of primes from S. Then there are effectively computable
positive numbers cy, co, depending on t,pi,...,p, such that
a
Opy1 — Ap = - form=1,2,....

€1 (1Og a’n>62

Proof. We have a, = p’fl cooplt and apyq = pll1 .- pl* with non-negative inte-
gers k;, [;. By Corollary 1.6,

GZH - 1‘ = pp " p TR =1 = (eB)C,
where B :=max(|l; — ki|,...,|l; — k¢|). First note that

log a,, - log a,,

PR X f :17,t
log p; log 2 ort

Next, a,+1 < a2. So

2
< L ofori=1,...,t.
log p; log 2 ort

Hence B < 2loga,/log2. It follows that a,,; —a, > a,(2eloga,/log2)~¢. O

L < log @, 41 - log a

Most results in Diophantine approximation that have been proved for al-
gebraic numbers in C have an analogue for p-adic numbers. We can define
p-adic exponentiation, p-adic logarithms, etc., and this enables us to formu-
late analogues for Theorem 1.1- Theorem 1.7 in the p-adic setting. We give
an analogue of Corollary 1.6 in the case that ay,...,q, are rational num-
bers. There is a more general version for algebraic aq, ..., a,, but this is more
difficult to state.

Theorem 1.10. (Yu, 1986) Let p be a prime number, let ay, ..., a,, be non-
zero rational numbers which are not divisible by p. Further, let by, ..., b, be
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integers such that
ali1~-~abm # 1.

Put B := max(|b1|,...,|bm|). Then
ol +ealy = 1)y > (eB)
where C' is an effectively computable number depending on p, m and ay, . .., ap,.

For m = 1 there is a sharper result which can be proved by elementary
means (Exercise 6a). But for m > 2 the proof is very difficult.

2. THE EFFECTIVE SIEGEL-MAHLER-LANG THEOREM

Let K be an algebraic number field and let I' be a finitely generated, multi-
plicative subgroup of K*, i.e., there are v,...,7; € I' such that every element
of I' can be expressed as

ot

where ( is a root of unity in K, and zq, ..., z; are integers. Further, let a,b be
non-zero elements from K and consider the equation

(2.1) ar+by=1 inz,yel.

In 1979, Gyory gave an effective proof of the Siegel-Mahler-Lang Theorem.

Theorem 2.1. (Gy6ry, 1979) Equation (2.1) has only finitely many solu-
tions, and its set of solutions can be determined effectively.

The idea of the proof is to express a solution (z,y) of (2.1) as
b, b,
r = Cl’Yi)l""tha y==C7 Y

with (i, (o € Uk, b;, b, € Z. By combining Corollary 1.6 and a generalization of
Theorem 1.10 for algebraic numbers instead of the rational numbers ay, ..., a,,
in the statement of that lemma, Gy6ry shows that for every solution (x,y) of
(2.1) one has max(|by|,...,|b;]) < C, where C is effectively computable in
terms of K,71,...,7. Then one can find all solutions of (2.1) by checking for

each (1, (s € Uk and b;, b; < C whether az + by = 1 holds.

We prove two special cases of Theorem 2.1, namely the case that a,b € Q
and I' is contained in Q*, and the case that a, b lie in an algebraic number field
K and T is the group of units of the ring of integers of K.
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As has been explained before, if a,b € Q and I' is contained in Q*, then
Eq. (2.1) can be reduced to an S-unit equation. There are rational numbers
Y1, .., such that all elements of I' are of the shape +v;*---~/". Let S =
{p1,...,p:} be the prime numbers occurring in the prime factorizations of the
numerators and denominators of a,b,vy,...,7. Then a,b,v,...,v lie in the
multiplicative group of S-units

c={Epl it 2,z €LY

Hence if (x,y) is a solution to (2.1), the numbers az, by are S-units. So instead
of (2.1), we may as well consider

(2.2) r+y=1 inzyeZ;.

Theorem 2.2. Let S = {pi1,...,p:} be a finite set of primes. Then (2.2)
has only finitely many solutions, and its set of solutions can be determined
effectively.

Proof. Let (z,y) be a solution of (2.2). We may write z = u/w, y = v/w
where u, v, w are integers with ged(u, v, w) = 1. Then

(2.3) u+v=w.

The integers u, v, w are composed of primes from S, and moreover, no prime
divides two numbers among u, v, w since u, v, w are coprime. After reordering
the primes pq, ..., p;, we may assume that

r4+1 s+1

b . b s — 4
u:j:pll...pi’ U:j:pT+1...pZ’ w_:l:ps+1...pi7t7

where 0 < r < s < t and the b; are non-negative integers (empty products
are equal to 1; for instance if » = 0 then u = 4+1). We have to prove that
B := max(by, ..., b;) is bounded above by an effectively computable number
depending only on py, ..., p;. By symmetry, we may assume that B = b;. Then
using —(u/v) — 1 = —(w/v) we obtain

—b, —bg - R Y
0<|Epl o plrp i p =1y, = |w/vly = p " = p, 2.

From Theorem 1.10 we obtain that |---|,, > (eB)™°, where C is effectively
computable in terms of py,...,p;. Hence

(eB)™“ < p,B.

So indeed, B is bounded above by an effectively computable number depending
on Pi,...,P¢. a
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Remark. In his PhD-thesis from 1988, de Weger gave a practical algorithm,
based on strong linear forms in logarithms estimates and the LLL-basis re-
duction algorithm, to solve equations of the type (2.2). As a consequence, he
showed that the z+y = 2 has precisely 545 solutions in positive integers x, y, z
with 2 < y, all of the shape 2°13%2537%411%13% with b; € Z.

Theorem 2.3. Let a,b € K*. Then the equation
(2.4) ar+by=1 imx,ye Ok

has only finitely many solutions and its set of solutions can be determined
effectively.

Corollary 2.4. Let F(X,Y) = ap X+ a1 XY +---+a,Y? be a binary form
in Z|X,Y] such that F(X,1) has at least three distinct roots in C, and let m
be a non-zero integer. Then the equation

Flx,y)=m mmzx,y€Z

has only finitely many solutions, and its set of solutions can be determined
effectively.

Corollary 2.5. Let f(X) € Z[X] be a polynomial without multiple zeros and
n an integer > 2. Assume that f has at least two zeros in C if n > 3 and at
least three zeros in C if n = 2. Then the equation

y" = f(z) inz,yel

has only finitely many solutions, and its set of solutions can be determined
effectively.

In Frits’ lecture notes on the Siegel-Mahler Theorem it was explained how
the equations in Corollaries 2.4 and 2.5 can be reduced to (2.4).

In the proof of Theorem 2.3 we need some facts on units. Suppose the
number field K has degree d. Then K has precisely d distinct embeddings in
C, which can be divided into real embeddings (of which the image lies in R) and
complex embeddings (with image in C but not in R). Further, the complex
embeddings occur in complex conjugate pairs o,@, where o(x) = Fx) for
x € K. Suppose that K has precisely r; real embeddings, and precisely
pairs of complex conjugate embeddings, where ry + 2r, = d. We renumber the
embeddings such that o4, ..., 0., are the real embeddings of K, and 0, 4,,+; =
Oppifori=1,...,7r.
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The following fact is well known.

Lemma 2.6. Let € be a unit of Ok. Then
d
Nisg(e) = [ [ oile) = £1.
i=1

Proof. Exercise. O

To study the units of Ok, it is useful to consider the absolute values of their
conjugates. Clearly, for € € Oj; we have

|UT1+7’2+i(5)| = |JT1+i<E)| fori=1...r,
71 r1+7r2

L@l I] e =1

=1 1=r1+1

so |oi(e)| (i =1,...,r1 +re — 1) determine |o;(¢)| (i =71 +ro,...,d).
The following lemma is a more precise version of Dirichlet’s Unit Theorem.

Lemma 2.7. Let r :=1ry +ry — 1 and define the map
L: Oy — R : e (logloi(e),...,loglo.(e)]).

Then L is a group homomorphism. The kernel of L is the group Uy of roots
of unity of K and the tmage of L is a lattice of rank r in R".

Choose units €1, ..., &, such that L(e1),..., L(e,) form a basis of the lattice
L(O3;). Then every € € Oy can be expressed uniquely as

(2.5) Cebr o el with ¢ € Uk, by,...,b. € Z.
Further, the matrix

log]01(€1)\ 10g|01<57“)|
(2.6) M = : :

log|o(e1)| -+ loglo.(e,)|
is invertible.

We deduce a consequence.

Lemma 2.8. There is a constant C' > 0 with the following property. If € is
any unit of Ok, and by, ..., b, are the corresponding integers defined by (2.4),
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then
max((b, .., o) < C - max log |o (<)),

S

Proof. Let b := (by,...,b,)T (column vector). Then L(¢) = Mb, hence b =
M~'L(e). Writing M~ = (a;;), we obtain

bi = Zaijcrj(e) (Z = ]_, ce ,T).
j=1

Applying the triangle inequality, we get

e b < (%2?2“ 2 |%|> - max o (e)].

Proof of Theorem 2.3. Let (z,y) be a solution of (2.3). There are (1,(s €
Uk, as well as integers ay,...,a,, by,...,b., such that

_ ai a _ by b
r=CGelt ey, Yy =Gyt g).

Thus

aliedt €% 4 bCoed el = 1.
We assume without loss of generality that B := max(|a1| -+ [br]) = |b|. We
estimate from above and below,

A= loi(a)o(G)oi(er)™ - oi(e,)™ — 1] = |oi(b)oi(y)]

for a suitable choice of i.

In fact, let |o;(y)| be the smallest, and |o;(y)| the largest among |o1(y)|, . . ., |oa(y)].
Then by Lemma 2.6,

()| o ()l < 1
and subsequently by Lemma 2.8,
o3 ()] < Jo(y)| 7D < em POy,
This leads to
Az < |Uz( )| —B/C(d—l)

By Corollary 1.6 we have |A;| > (eB)~¢" for some effectively computable num-

ber C’ depending on a, ¢1,...,&, and the finitely many roots of unity of K.
We infer
(eB)™ < |oi(a)|e” P/
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and this leads to an effectively computable upper bound for B. O

Remark. There are practical algorithms to solve equations of the type (2.4)
which work well as long as the degree of the field K, and the fundamental units
of the ring of integers of K, are not too large. These algorithms are again
based on linear forms in logarithms estimates and the LLL-algorithm. For
instance, in 2000 Wildanger determined all solutions of the equation x+y =1
in z,y € Oy, with K = Q(cos(27/19)). The number field K has degree 9 and
all its embeddings are real. Thus, the unit group O} has rank 8.

3. EXERCISES

Exercise 1. Let pq,...,ps,Psi1,---,p: be distinct prime numbers. Let A be
the set of positive integers composed of primes from py, ..., ps, and B the set
of positive integers composed of primes from ps.q, ..., p;.

(a) Prove that there exist positive numbers ¢y, ¢z, effectively computable
in terms of pq,...,p; such that
max(z, y)

¢1 (log max(z,y))

|z —y| > - forallz € A,y e B.

(b) Given a non-zero integer a, denote by P(a) the largest prime number
dividing @, with P(£1) := 1. Prove that

e v, maably—oe | Y = 00
Exercise 2. Let f(X) = X? — AX — B be a polynomial with coefficients
A, B € Z. Let a, 3 be the two zeros of f in C. Assume that f is irreducible,
and that «/f is not a root of unity. Let the sequence U = {u,}>2, in Z be
given by

Uy = Aty + Buy,_o (n = 0)

and initial values ug,u; € Z, not both 0.

(a) Prove that M := max(|«|, |3]|) > 1.

(b) Prove that there are non-zero algebraic numbers 1, v2 such that u,, =
Y™ 4+ 3" for n > 0.

(c) Prove that there is an effectively computable number C' such that w,, #
0 forn > C.
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(d) Prove that there are effectively computable positive numbers c1, ¢s such
that |u,| = M"/cin® for n > C.
Exercise 3. Let A, B, C be integers such that C' # 0 and
X3~ AX? - BX —C = (X —a)(X — )X — a3),

where oy, an, a3 € C, and none of the quotients o;/a; (1 < i < j < 3)is a
root of unity. Consider the linear recurrence sequence U = {u, }°, given by

Up = Aun_l + Bun_g + Cun_g (n 2 3)
and initial values ug, u1, us € Z, not all zero.

(a) Prove that there exist algebraic numbers 7,72, v3 such that
Uy, = 7100 + Yoy + Y3y forn > 0.

(b) Prove that |a;| = |as| = |as| cannot hold.

(c) Prove that there exists an effectively computable number C', depending
on A, B,C, such that if n is a non-negative integer with u,, = 0 then
n<C.

Exercise 4. In 1995, Laurent, Mignotte and Nesterenko proved the following
explicit estimate for linear forms in two logarithms. Let a1, as be two positive
rational numbers # 1. Further, let b, by be non-zero integers. Suppose that
A :=bloga; — bylogas # 0. Then

log [A] >
—22 max{log( 1] + | > +0.06, 21} 2logH(al)logH(ozg).
log H(ay) ~ log H(ax)
Using this estimate, compute an upper bound C, such that for all positive

integers m,n with 97" — 89" = 8 we have m,n < C.
Hint. Use |log(1 + 2)| < 22| if |z] < 3.

Exercise 5. In this exercise you are asked to apply the estimate of Laurent,
Mignotte and Nesterenko to more advanced equations.

(a) Prove that the equation
" —2y" =1 in unknowns z,y with x > 2,y > 2

has no solutions if n > 10000.
Hint. Applying Laurent-Mignotte-Nesterenko to an appropriate linear
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form in two logarithms you will get a lower estimate depending on n
and x,y. But you can derive also an upper estimate which depends on
n,x,y. Comparing the two estimates leads to an upper bound for n
independent of x,y.

(b) Let a,b, ¢ be positive integers. Prove that there is a number C| effec-
tively computable in terms of a, b, ¢, such that the equation

ax"” —by" =c

has no solutions if n > C. In the case a = b you may give an elementary
proof, without using the result of Laurent-Mignotte-Nesterenko.
(c) Let k be a fixed integer > 2. Prove that the equation

y: = (z> in integers x,y,z with x >0,y > 2, 2 > 3
has only finitely many solutions.

Exercise 6. In this exercise, you are asked to prove a very simple case of
Theorem 1.10 and to apply this to certain Diophantine equations.

(a) Let a be an integer, and p a prime, such that |al, < p~' if p > 2 and
lalo < 272 if p = 2. Prove that for any positive integer b we have

|(14a)’ — 1|, = |abl, = 1/ab.

Hint. You may either prove that |(z) a*|, < |abl, for k > 2 or write
b = up’ where u is an integer not divisible by p and ¢ a non-negative
integer, and use induction on t.

(b) Let p be a prime > 5. Using (a), prove that the equation p* — 2¥ = 1
has no solutions in integers x > 2, y > 2. Prove also that the equation
2% — pY =1 has no solutions in integers x > 2, y > 2.



