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ABSTRACT. Thanks to work of Laurent, Poonen and Rémond, who pro-
ved the conjecture of Lang-Bogomolov for tori in a more precise form,
it is possible to give an accurate description of the set of Q-rational po-
ints of a given subvariety & of a linear torus defined over Q, that with
respect to the height are ”very close” to a given multiplicative group of
finite rank.

In the present paper, we obtain, for certain special classes of varieties
X, effective versions of the results mentioned above, giving explicit upper
bounds for the heights and degrees of the points under consideration.
The main feature of our results is that the points we consider do not
have to lie in a prescribed number field. Our main tools are Baker-
type logarithmic forms estimates and Bogomolov-type estimates for the

number of points on the variety & with very small height.

1. INTRODUCTION.

Choose an algebraic closure Q of Q. Recall that the group of Q-rational
points of the N-dimensional torus is

Gz<@):(@*)N:{X=(:Ul,...,wN): mie@* fori=1,...,N}

with coordinatewise multiplication, i.e., if x = (z1,...,25), Yy = (Y1, -, YN)
then xy = (2141, ...,2nyn). Denote by h(z) the absolute logarithmic Weil
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height of # € Q. Define the height and degree of x = (z1,...,zx) € (Q )V
by h(x) := Zfil h(z;), and [Q(xy,...,zN) : Q], respectively. Let X be an
algebraic subvariety of (Q°)Y (i.e., the set of common zeros in (Q")V of a
set of polynomials in Q[X7,..., Xy]), and I a finitely generated subgroup
of (@*)N . We want to study the intersection of X’ with any of the sets

r:

{X € (@)Y : Im € Zy with x™ € F} (the division group of I'),

-l
™

= {X € (@Q@)V:3y,ze Q) withx=yz, yeT, h(z) < 6},
C(Te) = {xe@)": y,2¢€ @)
with x =yz, y €T, h(z) < (1 + h(y))},

where € > 0.

Recall that by an algebraic subgroup of (@*)N we mean an algebraic
subvariety that is a subgroup of (@*)N , and by a translate of an algebraic
subgroup a coset xXH = {x -y : y € H}, where H is an algebraic subgroup
of (@) and x € (Q)V.

It follows from work of Poonen [10] that there is € > 0 depending only
on N and the degree of X, such that X N T is contained in a finite union
of translates

(11) X1H1U"'UXTHT

where x; € T, H, is an algebraic subgroup of (@*)N and x;H; C X for
i=1,...,T. This encompasses earlier work of Laurent [7] (who considered
X NT) and Zhang [15] (who considered X N {x € (Q")V : h(x) < £}).

Rémond [11] proved a much more precise result, with an explicit positive
value for € depending on NV and the degree of X and an explicit upper bound
for the number T of translates that depends only on N, the degree of X
and the rank of I'.

Define X** to be the set of x € X with the property that there exists
an algebraic subgroup H of (@*)N of dimension > 0 such that xH C X,
and let XY := X \ X**°. The second author stated in the survey paper [6]
that there exists ¢ > 0 depending on N, X and I" such that X° N C(T,¢) is

finite. This was proved in a more general form by Rémond [11]. In the case
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that X' is a curve, Rémond gave, for some explicit value of ¢ depending on
N, the rank of I'" and the height and degree of X', an explicit upper bound
for the cardinality of X° N C(T,¢); his result was recently improved by the
fourth author [9] for curves in (Q)2. For higher dimensional varieties, such
a quantitative version has as yet not been established.

The purpose of the present paper is to derive, for certain special classes
of varieties X, effective versions of the results mentioned above. As for
the intersection X N T, this means that we give an explicit value for ¢
and effectively computable upper bounds for the heights and degrees of the
points Xi,...,xp in (1.1). As for X° N C(T,¢), this means that we give
an explicit value for ¢ and effectively computable upper bounds for the
heights and degrees of the points in this intersection. We mention that to
obtain fully effective results it is necessary to give effective upper bounds
for the degrees as well since the points we are considering do not have their
coordinates in a prescribed algebraic number field.

The classes of varieties we consider are such that they allow an application
of logarithmic forms estimates. Two cases are worked out in detail. First
we consider curves C : f(z,y) = 0 in (Q)? where f € Q[X,Y] is not a
binomial. Here we generalize a result of Bombieri and Gubler [3, p. 147,
Theorem 5.4.5] by giving explicit bounds for the heights of the points x
contained both in C and in T, T, or C(T, ), respectively. Our proofs are
based on a new diophantine approximation theorem obtained in [1] (cf.
Lemma 4.1 in Section 4 below). Second we consider varieties in (Q )V
given by equations f;(x) =0,..., f;,(x) = 0 where each polynomial f; is a
binomial or trinomial. Here we apply effective results on linear equations
ax + by = 1 established in [1].

In our proofs, the logarithmic forms estimates provide effective upper
bounds for the heights; to obtain effective upper bounds for the degrees
we need estimates for the number of points of small height in a variety.
From these two basic cases one may deduce effective results for other classes
of varieties; at the end of Section 2 we mention some possibilities. An
important ingredient of our arguments (see Section 7 below) is an effective
result of the following shape. Let xy € (@*)N , and H a proper algebraic
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subgroup of (@*)N . If xgH N T or xgH N T, is non-empty, then it contains
a point with height and degree below some effectively computable bounds.

Our theorems are stated in Section 2. In Section 3 we introduce the
necessary notation, in Section 4 we have collected our auxiliary results, and

in the remaining sections we give the proofs.

2. REsuULTS

In the statements of our results the following notation is used.

We write log™ x := max(1,log x) for > 0 and log" 0 := 1.

If G is a finitely generated abelian group, then {&;,...,&.} is called a
system of generators of G/Gios if &1,...,& € G, &,...,& ¢ Gios, and
the reductions of &, ...,&. modulo Gy generate G/Gios. Such a system
is called a basis of G/Gyos if its reduction modulo Gy forms a basis of
G/Giors-

Let K be an algebraic number field of degree d. The ring of integers of
K is denoted by Ok and by N(p) we denote the norm of a prime ideal of
K, ie., #(Ok/p). For a finite set of places S of K containing the infinite
places, we denote by Og, O% the ring of S-integers and group of S-units,
respectively.

Recall that the height of x = (z1,...,zy) € (Q)V is defined by h(x) =
hzy,...,zN) = Zf\il h(z;). For a number field L we define the extension
L(x) := L(x1,...,xy). The height h(f) of a polynomial f(Xi,...,Xy) €
Q[X1, ..., Xy] is defined in Section 3 below. Further we define deg, f :=
Zfil degy.(f), i.e., the sum of the partial degrees of f, and deg f to be the
total degree of f.

Let T" be a finitely generated subgroup of (@*)N , where N > 2. Further,
let T', T and O(T, ¢) be defined as in Section 1. Choose a basis {wy, ..., w,}
of I'/T'ors and put

ho := max(1, h(wy), ..., h(w,)).

Denote by K the smallest number field K such that I' C (K*)V, and put
d = [K : Q]. Let S be the minimal finite set of places of K containing
all the infinite places of K and having the property that I' C (O%)" and
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denote by s the cardinality of S. Define

(2.2) N(v) := 2 if v is infinite, N(v) := N(p,) if v is finite,
where p, is the prime ideal of Ok corresponding to v, and

(2.3) N := max N(v).

For the moment we assume that N = 2 and consider curves in (Q")2

Thus, I is a finitely generated subgroup of (@)% wy, ..., w,ho,K,d, S, s,N
will have the same meaning as above. Let f(X,Y) € Q[X,Y] be an ab-
solutely irreducible polynomial which is not of the shape aX™Y"™ — b or
aX™ — bY™ for some a,b € Q, m,n € Zso. Let L be the field extension of
K generated by the coefficients of f. Put

§:=deg, f, H :=max(1,h(f)),
N262

Cy:= (61357d37“)r+38- g N

hg - log* (max(ddsN, ohy)).

Let C  (Q°)2 be the curve defined by f(z,y) = 0. By our assumptions on
f, C is not a translate of a proper algebraic subgroup of (@*)2

Theorem 2.1. For every point x = (x,y) € CNT we have
h(x) = h(z) + h(y) < C1H.

Notice that in this bound there is no dependence on the field L.

The following results are obtained by combining the above theorem with
estimates for the number of points of small height on a curve in (Q°)2. The
notation will be the same as above.

Theorem 2.2. Let
(2.4) € 1= (2485(10g 6)5> _1.
Then for every x € C N T, we have
h(x) < rhedCy + C1H, [L(x): L] < 2°°§(log §)°.
Theorem 2.3. Let

(2.5) e = <2505(10g 5)5) (rho8Cy + CLH) ™.
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Then for every x € CNC(T,e) we have
h(x) < 2rhodCy + 201 H,  [L(x) : L] < 2°°§(log )°.
Now we turn our attention to varieties of arbitrary dimension N. Let
Xo={xe@)": fix)=0,i=1,...,m}

be a subvariety of (@*)N , where fi,..., f,, are non-constant polynomials in

Q[X1, ..., Xxn]| each consisting of 2 or 3 monomials. Put

0 := max(deg f1,...,deg fn), H :=max(1,h(f1),...,h(fm))

Further, let L be the smallest number field containing K and the coeffici-
ents of the polynomials f; (i = 1,...,m). Again, I" is a finitely generated
subgroup of (@*)N and wy,...,w,, K,d,S,s,hy, N have the same meaning
as before. The stabilizer of X is given by

Stab(X) = {x e (@) |xx C X} ,

where xX = {xy : y € X}. Stab(X) is clearly an algebraic subgroup of
(@*)N , and it can be computed effectively in terms of the defining polyno-
mials fi,..., f, of X.

Put
* r+3 r *
(2.6) C* = (e''d’r) " (6ho)"s - g N -log™ max(dsN, dhy),
and
Cy := C*N(Q(S)N_l
(2.7) 1 3 r
Cy := C* - 2mhg (r4"' - d(log 3d)? - mdhg)" .

Theorem 2.4. Let X satisfy the conditions listed above, and put H =
Stab(X).
(i) Suppose that H is finite. Then for every x € X NT" we have

h(X) S OQH

(ii) Suppose that H is not finite. Then X N T is contained in some finite
union of translates

XlHU"'UXTH,
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with
(2.8) xHCX, x;€l'y h(x;) <C3H fori=1,...,T.
Our results for X NT. and X N O(T,¢) are as follows.

Theorem 2.5. Put

0.03

(i) Assume that H := Stab(X) is finite. Then for every x € X NT. we have
(2.10) h(x) < rhodCy + CoH, [L(x): L] < 2mTV§V,

(ii) Assume that H is not finite. Then X NT. is contained in a finite union

of translates

XlHU"'UXTH,
where fori=1,...,T, we have x; € X NI, x;H C X, and where h(x;) and
[L(x;) : L] are bounded above by effectively computable numbers depending
only on I, f1,..., fm.

Remark. It is possible in principle to give explicit expressions for the
effectively computable numbers in part (ii) of Theorem 2.5, but these are
rather complicated.

Theorem 2.6. Let

0.03
2.11 = .
( ) c 46(025Th0 + QC’QH)

Assume that Stab(X) is finite. Then for every x € X N C(T, €) we have
h(x) < 2rhodCy 4+ 20, H,  [L(x) : L] < 2™V,

Remark. If H := Stab(X) is not finite, then in general X N C(T, ) need
not be contained in a finite union of translates x;H U --- U xrH. Indeed,
suppose that dim X > dim’H, and that H N I" contains points of infinite
order. Pick any xy € X. Choose a point u € H NI of infinite order. Thus
h(u) > 0. Then for any sufficiently large integer n,

h(xg) < (14 nh(u) — h(xo)) < e(1 + h(xou")).
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Hence x := xou” € xgHNC(T,¢). That is, every translate xoH with xo € X
contains elements from C(T,¢). If X N C(T,¢) were contained in a finite
union of translates U'_;x;H, then so were X', which is impossible.

Possible extensions. We discuss some other cases, where one may get
effective results similar to those discussed above.

1. First let C be an irreducible curve in (Q°)" where N > 2. Assume that
C is not contained in a translate xH where H is a proper algebraic subgroup
of (@*)N . Viewing the variables X1, ..., Xy as functions on C, at least one
of them, X say, is transcendental over Q, while the others are algebraically
dependent on X;. Hence there are polynomials f, ..., f, € Q(X,Y), which
can be determined effectively from the data describing C, such that for each
point (x1,...,zy) € C we have f;(z1,2;,) = 0 for i = 2,..., N. None of
the polynomials fs,..., fy can be a binomial since otherwise C would be
contained in a translate of an algebraic group. Let (x1,...,2zy) be in the
intersection of C with T', T, or C(T',¢). Then we obtain upper bounds for
the heights and degrees of x1,...,xy by applying Theorems 2.1, 2.2, 2.3 to
filx1,2;) =0 (i =2,...,N).

2. Recall that a homomorphism of algebraic groups from (Q@°)V to (Q)M
is given by

where the exponents a;; are integers. Now our Theorems 2.4, 2.5, 2.6 can
be extended to varieties X = (", p; '(C;), where for i = 1,...,m, C; is a
curve in (Q")? and ¢; a homomorphism of algebraic groups from (Q)V to
@) o

We define the rank of a polynomial f = > ., a(i)X}"--- XJ (where
i = (i1,...,in), I is a finite set, and a(i) € Q@ for i € I) to be the rank
of the Z-module generated by i — j for all i,j € I. Then a variety X
as above can be given by polynomial equations fi(x) = 0,..., fi(x) =0
where f1, ..., fm are polynomials in Q[X1, ..., Xy] of rank < 2.
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3. ABSOLUTE VALUES AND HEIGHTS

Let K be an algebraic number field of degree d, and My its set of places.
Choose normalized absolute values |- |, (v € Mg) on K in such a way that
for x € Q we have

K,:R]/[K:Q] [Kv:Qp]/[K:Q)

» if v is finite,

2], = |z|! if v is infinite, |z|, = |z|

where p is the prime below v. Recall that the height of x € K is given by

(3.1) h(z):= Y max(0,log |z[,) :% > |log |z,

veMg ve Mg
where the last equality follows from the Product formula. More generally, if
z € Q then choose an algebraic number field K such that € K and define
h(x) by (3.1). This is independent of the choice of K.
Recall that we have defined

h(x) := Zh(%) for x = (x1,...,2n) € (

—X

QM.
Notice that

hixy) < h(x) + h(y), h(x*) = [¢[a(x) for x,y € (@)Y, € € Q,

where for (z1,...,zy) € (Q)V, € € Q we define x¢ := (%,...,2%). The
point x¢ is determined only up to multiplication with (@:Ors)N where @:ors =
{peQ : ImeZyy with p™ =1} But h(x¢) is well defined.

We define several heights for polynomials. Let f be a non-zero polynomial
with coefficients in Q, and let a4, . . ., ag be its non-zero coefficients. Choose
a number field K such that a,...,ar € K. Recall that for every infinite
place v of K there is an embedding o, : K < C such that |- |, = |0, ()|,
where ¢, := [K, : R]/[K : Q]. For v € Mg we put || f|, := maxi<i<r|ai|o-
Further, for every infinite place v of K and every [ > 1 we put ||fll,; :=

R I EU/l
> it low(as)] . Then we put

W) = Y log|fll,

veEMK

m(f) = S 1og o+ log ] for 12 1.

v]oo v{oo
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In addition we define the Gauss-Mahler height

hau(f) =) enlog M(f7) +> log || f]lv,
v|oo vfoo
where f? is the polynomial obtained by applying o to the coefficients of
f and M(-) denotes the Mahler measure of a polynomial with complex
coefficients. These heights do not depend on the choice of K. We have

(3.2) han(f) < ha(f),  h(f) < ha(f) < h(f) +1log R,

where R is the number of non-zero coefficients of f. Further, for any non-

zero polynomial P € Q[X] and any root ¢ of P we have
(3.3) hC) < hau(P) < ha(P).

We use also exponential heights H(z) = exp(h(z)) for x € Q, and likewise
H(f), Hi(f), Hau(f) for polynomials f with coefficients in Q.

4. MAIN TOOLS

In this section we have collected the tools needed in the sequel.

We start with some results from [1] that have been derived from lower
bounds for linear forms in logarithms. Let K be an algebraic number field
of degree d, M the set of places on K, and GG a finitely generated multip-
licative subgroup of K* of rank ¢ > 0. Further, let {£;,...,&,} be a system
of (not necessarily multiplicatively independent) generators of G/Gyos such
that &, ..., & are not roots of unity. Put

Qc =h(&) - h(&).

Let N(v) (v € Mg) be given by (2.2), i.e., N(v) := 2 if v is infinite and
N(v) :== N(p,) if v is finite, where p,, is the prime ideal of Ok corresponding
to v. Lastly, let

c(r,d) == 20(16ed)>"+? (f)

(&

Lemma 4.1. Let « € K* with max(h(«),1) < H, v € Mg, and 0 < k < 1.
Then for every £ € G with o€ # 1 and

(4.1) log |1 — afl, < —rkh(§)
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we have h(§) < Cy(k) - H, where

Ci(r) = (cfr. d)/“)%@a'

-max{log(c(r,d)N(v)/k),log" Qg}.

Proof. This is [1, Theorem 4.2], with instead of ¢(r,d) a constant ¢ depen-
ding also on the rank ¢t of G. However, using ¢ < r an easy computation
proves the estimate of our lemma. O

We keep the notation from above. In addition, let S be a finite set of
places of K containing all infinite places such that G C O%. Put s := #S5
and define N by (2.3), that is N := max,cs N(v). Consider the equation

(4.2) ar+py=1 inxe€qG,ye 0,

where «, § € K* with max(h(«),h(8),1) < H.

Lemma 4.2. For every solution x € G,y € O% of (4.2) we have
(4.3) max (h(z), h(y)) < CsH,

where

sN
log N

Cs = c(r,d) - Q¢ - max{log(c(r,d)sN),log" Q¢ }.

Proof. This is [1, Theorem 2.2], again with a constant ¢ depending on the
rank ¢ of G which we bounded above using t < r. 0

Below we have collected some results on heights of algebraic points.

Lemma 4.3. Suppose that o is a non-zero algebraic number of degree d,

which s not a root of unity. Then

h(a) > e(d)™!

where

1 d(log 3d)3
1 = — d =
C( ) 10g27 C( ) 2

Proof. This is the main result of Voutier [14]. O

if d > 2.
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Lemma 4.4. (i) Let o, € Q". Then there are at most two points X =
(z,y) € (Q°)? such that

ar+ Py =1, h(x)<0.03.

(i) Let f(X,Y) € Q[X,Y] be an irreducible polynomial which is not a
binomial. Then the number of points x = (z,y) € (Q°)? with

-1

fla,y) =0, h(x) < (247 deg, f(log deg, f)5)

15 at most
2% deg, f(logdeg, f)°.

Proof. (i) Beukers and Zagier [2, Corollary 2.4] proved that if there are
three points (z1,%1), (22, 2), (r3,y3) € (Q')? satisfying ax; + fy; = 1 for
i = 1,2,3, then Zle h(z;,y;) > logp, where p denotes the real root of
p ¢+ %p*Q = 1 which is larger than 1. We have log p > 0.009.

(ii) This is proved by the fourth author in [8, Proposition 5.1] (see also
[9, Proposition 3.3]). O

Our last height result is an effective version of a special case of Bézout’s

Theorem.

Lemma 4.5. Let f,g € Q[X,Y] be two coprime polynomials. Then for
every common zero X = (x,y) of f and g we have

h(x) < deg, g - hau(f) + deg, f - hi(g).

Proof. See [9, Lemma 3.7]. O

5. PROOF OF THEOREM 2.1

We denote the partial degrees of f with respect to X,Y by dx,dy, res-
pectively, and put 4 := deg, f = dx + Jy. From our assumptions it follows
that f is irreducible over Q, that f has at least three non-zero terms, and
hence that dx > 1, oy > 1.

We assume that one of the coefficients of f is 1 which is no loss of gene-
rality since the height of a polynomial is invariant under multiplication by

a scalar.
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Recall that we allow that f has its coefficients in Q; this will be needed
in the proofs of Theorems 2.2, 2.3. But in fact there is no loss of generality
to assume that f € K[X,Y]. To see this, suppose that f ¢ K[X,Y]. Then
there is o € Gal(Q/K) such that the polynomial f7 obtained by applying
o to the coefficients of f is distinct from f. Since one of the coefficients of
fis 1, f7 cannot be proportional to f, and since f is irreducible over Q, f°
has to be coprime to f. Now if x € I" is a zero of f then it is also a zero of
f?. Thus, by Lemma 4.5, (3.2), noting that deg, f = deg, f7 = 0, it follows
that

h(x) < 3(haa (f7) + ha(f)) < 20(H + 2logd)
and this is much sharper than the bound from Theorem 2.1.
Write
(5.1) FXY) =) a; XY with ay; € K* for (i) € F,
(i,J)eF

where F is a subset of {0,...,dx} x {0,...,dy}. Thus,
#F < (6x + D)0y +1) < 6%

The height H(f) remains unaltered under multiplication by a;jl for any
(1,7) € F, so we have for any place v € Mk and any two pairs (i, ), (k1) €
F,

[apg/ aislo < maxay/aijlo < H(f)

and by interchanging the role of a,, a;;,

(5.2) H(f)™ < lapg/ag;'lo < H(f).
Put s := #5S. Take a point x = (x,y) € CNT with
(5.3) H(x) > (0°H(f))**".

Notice that the logarithm of the right-hand side is much smaller than the
upper bound C1H from our Theorem. By the product formula we have

H(x)* = (H(@)H(y)* = []max(al,, [2];") max(yl, [y],")

veS

< H max (|7 |y, [2];% |Ylo, [y]5 )2
vES
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Thus, there exists v € S such that

max(|z]o, [2]5% [ylo, |yly ) > H(x)Y* > (82 H(f))".

+1 £l
Y

Replacing = by =z and correspondingly f by a polynomial f with

f(x*!,y*") = 0 (which has the same partial degrees and height as f), we
see that there is no loss of generality to assume that min(|z|,, |y|,) > 1 and

moreover,
(5.4) max(|z], [yl,) > H(x)"* > (8°H(f))*"".
Now let us order the pairs in F according to
|[#Py o 2 2"y o > - -

Recall that f is not a binomial. Hence F contains pairs other than (p, ),
(r,s). Further, dx,dy > 1 so F contains pairs (i,j) with ¢ > 0 and
pairs with 7 > 0. Using also min(|z|,, |y|,) > 1, it follows that |2Py?|, >
max(|z|,, |y|,). Now (5.4) gives

1
s

(5.5) [y, = H(x)> > (8 H(f)*"".

We compare |[2Py?|,, |27y*|,. Using that f(x,y) = 0 and also (5.1), (5.2),
and the fact that #F < 6%, we obtain

2Py, < 52 max |aij|v|apq|;1|xiyj|v < 52H(f)|xrys|v‘
(i,5)EF
Hence
(5.6) 1< |2yt < 62H(f).

We claim that (p,q) and (r,s) are linearly independent. Indeed assume
there exists u € Q \ {1} such that (up,uq) = (r,s). We deduce from (5.6)

aPy? [ < SPH(S).
We note that from p,q < & — 1 it follows |u — 1| > 515, thus
Py, < (0°H(f))"!

which contradicts (5.5).
Hence for all (i,j) € F there are A, ;, B;; € Q with

i = Aijp+ Bijr, j = Aijq+ Bys.
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Let (i,j) € F. Then using
(5.7) aly! = (aPy?) B (a7 TPy ) B
and (5.6), we get

Aij+Bij Bij
v v

Py, > |xiyj|v: |xpyq| x" Pyt

> [yt R ())

Put D = |ps—qr|. Then D,D-A;; =is—jrand D- B, ; = pj —qi € Z and
moreover, |D| < (§ — 1)%, |[DA;;| < (6 — 1)%, |DB;;| < (6 — 1) Therefore,

|xpr|vD_D(Ai,j+Bi,j) > ((52H(f))_(5_1)2,

Since |2Py?], > (62H(f))®~D* (by (5.5)) the integer D — D(A,; + B;;) is
non-negative, in other words A; ; + B;j = lor A, ; + B;; < 1 — %. Now
define Z to be the set of (7,j) € F such that A;; + B;; = 1. The set Z
contains at least the pairs (p,q) and (r,s). Choose a D-th root z'/” of

z = 2" Py*~9. Then by (5.7) we have

(5.8) 0= f(z,y) =2"y"R(z"") + Q(z,y)

with R(Z) == Y a;Z"%5, QX,Y):= ) ayX'V7.
(i,4)€T (6.9)eF\T

Let m := —min{DB;; : (i,j) € Z} and put R (Z) := Z"R(Z). Thus
R*(Z) is a polynomial with R*(0) # 0. Since Z contains at least two pairs,
the polynomial R* is non-constant. Choose an extension of | - |, to Q. We
proceed to estimate from above |R*(zY/P)],.

Let (i, ) € F\Z. Then by (5.7), A;; + B;; < 1— L |By| < (6 —1)%/D,
(5.6) we have
Y= fz‘,j

< ety - (SH(F) VP,

A j+Bi,j r—p
g |

|$iyj‘v _ ‘xpyq

Hence

|Q(x7y)|v S |l-py(1|11}_1/D . (52H(f))1+(§_1)2/D.
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Using this estimate together with (5.6), (5.5), we obtain
IR0 = [[PIREYP) L, = 2P 1Q(, ).

(P H ()PP a2 (3 H () 0P

< (52H(f))(362)/DH(X)_1/5D.

IN

It is useful to observe here that in the above argument the D-th root 2/
was chosen arbitrarily. Thus, we have

(5.9) ] B (p=Y/P)\, < (8°H(f))* " H(x)"V*

where the product is taken over all D-th roots of unity.
Notice that the constant term of R* is a coefficient of f, say a;,j,- By
dividing f by a,, j, as we may since it does not affect the above estimates,

we get that the constant term of R* is 1. Thus we have

r(z)=][1-¢"2)

¢

where the product is taken over all zeros of R*. So

[ (=) =0 -2,
p ¢
Choose ¢ for which |1 —(~Pz|, is minimal. Using (5.9), (5.5), and also that
R* has degree at most 262 and that H(z) < H(x)? we arrive at

1= CP2l, < {(OH()) H(x) Moy st
< (H(X)_2/35)1/262SH(Z)_1/3$53-

The number (=2 may lie outside K. Let K’ = K(¢?). Then [K': K| < 252
and there is a place v’ of K’ lying above v such that ||, = |7|Q[JK’/":Kv]/[K/:[q
for v € K’ where | - |, is normalized with respect to K’. Thus we finally
obtain

1

. Py < )
(5.10) log|l —( 72|y < o0 h(z)

Now we apply Lemma 4.1 to (5.10) with a = (7P, k = (6s6°)7!, K’

instead of K, ¢’ instead of v and we take for G the group {ax" Py*9 :
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(x,y) € I'}. Notice that by (3.3), (3.2),

h(¢P) < Dhi(R*) < 6°hi(f) < 6°(H + 2log ),
[K':Q] < 26%d, N(v') < N(v)*".

So in the bound Cy(k)H from Lemma 4.1 we have to replace H by 6*(H +
2logd), k& by (66%s)~", d by 20%d and N(v) by N(v') < N(v)?* < N,
Further, if {wy, ..., w,} is a basis of ' /T'y,s, we may take for G the group ge-
nerated by the numbers z; := wy; “w;; ? (i = 1,...,r), where w; = (wy;, wy;).

This leads to an estimate
Qc < [[1(z) < (5ho)",

where the product is over the non-roots of unity among 24, ..., 2.. A stra-
ightforward computation shows that with these replacements, the constant
c(r,d) becomes ¢ := 20(32e62d)*+5(323¢*r)", and Cy4(k) can be estimated
from above by
N262
' 66°s + ———— - (6ho)" -
608 g (Oh0)

- max (10g(c'N252 -66°s), log* ((5h0)’")>.

Using that the maximum is at most 100r6% log” ( max(ddsN, dhg)), we ob-

tain for Cy(x) the upper bound
1\1252
C = ¥ (et3r)r g™ g3 +0spy ogN r*log* (max(6dsN, Sh)).
0

Thus, if z # (P we get
h(z) < Cmax(1,h(¢P)) < C&*(H + 2log6),

while if 2 = (P we get h(z) < §?(H + 2logd) which is much smaller.
We proved that x = (z,y) verifies an equation " Py*~? = p for some
w € K with

hp) < C - 8%(H +2logd).

Since f is irreducible and not a binomial, we can apply Lemma 4.5 and
obtain, using hgy (X"Y*® — uXPY?) = h(u), hi(f) < H + 2logd, the upper
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bound
hx) < 0(hi(f)+h(p) <6(6°C +1) - (H + 2logd)
< 36'CH < C\H.
Our Theorem follows. O

6. PROOFS OF THEOREMS 2.2 AND 2.3

Theorems 2.2 and 2.3 are proved in the same manner. We prove only
Theorem 2.3 and then indicate the necessary modifications to obtain a proof
of Theorem 2.2.

Proof of Theorem 2.5. Let x € CNC(T, €) with the value of € given by (2.5).
We may write x = yz with y € T and z € (Q")? with h(z) < e(1 + h(y)).
We may further split up y as

(6.1) y =VW Withvenw:HW;n’
i=1

where v; € Q, || < % Here w is determined only up to a root of unity
but this will not cause problems.

Define now a new polynomial f*(V) := f(wz-V). Notice that f*(v) = 0.
First observe that deg, f* = deg, f which we write again as . Further,
h(f*) < h(f)+0h(wz) < h(f)+ d(h(w)+ h(z)). By applying Theorem 2.1
to f* we obtain

CvH + CO(h(w) + h(z))
CLH + C16 - <5(1 +h(vw)) + h(w))
Croeh(v) + Cio(e + (1 +e)h(w)) + C1 H.

=
N7
ININCIA

Here it is essential that the bound of Theorem 2.1 does not depend on the
field generated by the coefficients of f*. Further,

h(x) h(vw) 4+ ¢ - (1 + h(vw))
e+ (1+¢)- (h(v)+ h(w)

(6.3) )
e+ (1+e)h(w)+ (14 ¢e)h(v).

VAN VANRIVAN
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By our choice of € we have (1 +¢)(1 — C1ed)~! < 2. Further,

. 1
h(w) <) |l - h(wi) < Srh.
=1

By inserting this bound as well as the upper bound for h(v) resulting from
(6.2) into (6.3), we obtain

hx) < (c+ 1 +hw)) - (1+2018) +20,H
(6.4) < (e+(1+ 5)rh0/2> : (1 + 2015) Y20 H
S 2Th0501 + QOlH
This is the upper bound for h(x) in Theorem 2.3.
We now estimate from above [L(x) : L] where L is the number field
generated by I' and the coefficients of f. This degree is equal to the number

of distinct points among o(x) where o € Gal(Q/L). So we have to estimate

from above the latter. y, v, w will be as above.
Pick ¢ € Gal(Q/L). Define g(X) := f(x - X). Notice that deg,g =

deg, f = 0. Since some integer power of y belongs to I' C L? and o is a

-1

L-isomorphism, we infer that o(y)y ' is a root of unity. It follows that

h(o(x)x™ 1) = h(o(z)z ') < 2h(z).
The point o(x)x~! belongs to the curve defined by g. So, under the as-
sumption

(6.5) 2h(z) < (275(log 5)5)1

we deduce from Lemma 4.4,(ii) that the number of distinct points o(x) is

at most
27052 (log 6)°.
and this is precisely the upper bound from Theorem 2.3.
It remains to prove (6.5). We have h(z) < ¢ - <1 + h(w) + h(v)) SO as
in (6.2) we obtain
h(z) <e- (1 + h(w) + C1H + C16 - h(w) + h(z))
implying

(1 - 501(5>h(z) <c. ((1 +C18) - h(w) + 1+ 01H).
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Then inserting h(w) < irhg and using (2.5) we get
(6.6) h(z) < e- (Ciorhg +2C1 H).
Now our choice of € in (2.5) implies indeed (6.5). O

Proof of Theorem 2.2. The proof is very similar to that of Theorem 2.3. We
indicate only the necessary changes.

So let x € C(Q)NT, with ¢ given by (2.4). Then x = yz with y € I'. and
h(z) < e. Write again y = vw with v € I" and w = [[_, w}" with v, € Q,
il < 3.

Now using h(z) < € we obtain instead of (6.2),

h(v) < Cio(h(w) +¢) + C1 H.
Further,
h(x) < h(v)+ h(w) + h(z) < (1+0C))h(W) + e+ C1H
and by inserting h(w) < 1rhg, we obtain

h(X) S Th0501 + ClH

which is the bound from Theorem 2.2.

We now estimate from above [L(x) : L] and for this we have to estimate
the number of distinct points among o(x), o € Gal(Q/L). As above we
have

h(o(x)x1) = h(o(z)z™') < 2e.

Thanks to our choice of € in (2.4) we have (6.5), and our upper bound for
[L(x) : L] follows in the same manner as above. O

7. POINTS IN TRANSLATES OF ALGEBRAIC GROUPS

In the present section we prove effective results on the intersection of I' or
T, with a translate xoH, where T' is a finitely generated subgroup of (Q)",
e>0,xq € (@*)N is fixed and H is a proper algebraic subgroup of (@*)N . In
fact we show that if xoH contains a point from I" or I, then it contains such
a point with height and degree below some effectively computable constants.
Thus, it can be decided effectively whether or not xqH contains points from

[ orT..
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Forx = (z1,...,2x5) € (Q)Y and an N x M-matrix A = (ai7)
with a;; € Z we define x* € (Q")™ by

B B R

A (.011 aN1
x® = ("t

Thus, (x4)? = x4 whenever the product of the matrices A, B is defined. It
is well-known that for every (N — M )-dimensional algebraic subgroup H of
(Q")N there is an integer N x M-matrix A of rank M such that H is the set
of points x € (Q)N with x* =1 = (1,...,1) (M times) (see for instance
[3, Theorem 3.2.19]. Moreover, every translate of H can be described as the
set of solutions of x = ¢ for some fixed ¢ € (Q")M. (See for instance [3]
As before, we choose a basis {wy,...,w,} of I'/Tos. Let K be the
smallest number field such that I' C (K*)" and let S be the smallest set of
places of K that contains all infinite places and such that ' C (O%)". Put

ho := max{1, h(wy),...,h(w,)}, d:=[K :Q], s :=#S.
Notice that by the product formula we have for x = (z1,...,2y) € T,

(7.1) h(x) = %ZZHogmi\v\.

veS i=1

Let A = (aij)1<i<N \<j<M be an integer N x M-matrix, where we do not

require that A has rank M. Further, let ¢ be a fixed point of (@*)M , and
0, H reals such that

max |a;;| <J, max(1l,h(c)) < H.
i.j

Let ¢(d) be the constant from Lemma 4.3.
Our first result is as follows.

Proposition 7.1. Assume that

(7.2) x*=c inxeTl

is solvable. Then (7.2) has a solution xo € I' such that
h(xq) < ho - (rd"c(d)Mébhe)" - H.

In the proof we need some results on lattice points. We start with recalling
a result of Schlickewei [12, Proposition 4.2].
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Lemma 7.2. Let A be a discrete subgroup of rank v in R™ and || - || a
norm on R™. Then there exists a basis ay,...,a, of A such that for any
Z1,...,%, € Z we have

(7.3)  lma+ - +zay || > 47 max{|a[[lag]], ..., [z ]]]an ]}

Proof. Schlickewei proved this only for Z" instead of arbitrary lattices A,
but using a suitable linear transformation the above more general result
follows in a straightforward way. O

In the sequel let ||-||; denote the usual l-norm defined by ||x[|; = (3, |2:|") 1

if 1 <[ <ooand ||x]|oc = max |x;].
7

Lemma 7.3. Let U be an v x k integer matriz of rank k and m € ZF.
Further, let R,V be reals such that the coordinates of m have absolute values
at most R and the entries of U have absolute values at mosst V. Suppose
that the equation

(7.4) xU=m inxelZ
has a solution. Then equation (7.4) has a solution xq € Z" such that
%o/l < K*2VE ! max(V, R).

Proof. According to a result of Borosh, Flahive, Rubin and Treybig [4],
(7.4) has a solution x¢ with ||xo|lcc < W, where W is the maximum of the
absolute values of the minors of the augmented matrix with U on the first
r rows and m on the last row. Now our Lemma follows easily by applying
Hadamard’s inequality. O

Proof of Proposition 7.1. Put s := #S. For any positive integer ¢, we de-
note by ¢, the group homomorphism from (O%)" to R*, given by
or: x> (log|zil, :ve Syi=1,...,1),

where we have written x = (z1,...,2;). Further, denote by || - || the 1-norm
on R™$ and by || - ||* the 1-norm on RMs.

The kernel of ¢ := @y|r is Tios, and the image A of ¢ in RY* is a discrete
subgroup of rank r. Equation (7.2) can be written in the form

(7.5) yB=b in y € A,
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where b := ¢)(c) and

B =
A

is an integer N's x Ms-matrix. Notice that ¢y (w?) = on(W)B for w €
(O%)N. By assumption, equation (7.5) is solvable, and in view of (7.1), we
need to find a solution yq of (7.5) such that ||yo|| is at most two times the
upper bound from Proposition 7.1.

Put B(A) := {yB : y € A} . Clearly, B(A) is a discrete subgroup in

RMs. Let vy, ..., v, be the images of the chosen basis wy, ..., w, of I'/Ts
under ¢. Then vy, ..., v, form a basis of A,
(76) HVlH §2h0 for i = 1,...,7"7

and viB,...,v,.B form a system of generators for B(A). Suppose that the
rank of B(A) is k. By Lemma 7.2 there exists a basis ay,...,a, of B(A),
such that for every x = nja; + - -+ + ngay, € B(A) with nq,...,n; € Z we
have

(7.7) ][ > 47 max(|ni[llac]]”, ..., Inglllae] ).

Since b € B(A), there exist my, ..., my € Z, such that b =mqa; +--- +
myay. Using ||b|* = 2h(c) < 2H (1n view of (7.1)), [la;||* > 2¢(d)™? (by
Lemma 4.3, (7.1) and the fact that a; € v/ ((O%)M) and (7.7) we have

(7.8) |m |<4’€”‘| ”|’ <d4Fe(d)-H fori=1,... k.
;

Further, since v;B € B(A) we can write v;B = Zk Juiga; fori=1,...r.
Using ||v;B||* = 2h(w{') < 2MJhg and again ||a;||* > 2¢(d)™!, (7.7) we get
(7.9) luij| < 4Fe(d)MShy fori=1,....r, j=1,... k.

Let y be a solution of (7.5). Then y € A and so we have y = 7 | p;v;
with pu; € Z for i = 1,...,r. Using that on the one hand b = mya; +--- +
mya;, and on the other hand

b=yB= Zui(Vz’B) = Z/M (Z uijaj> = Z <Z uijﬂi) aj,

i=1 i=1 j=1 j=1
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we obtain
(7.10) Zuijui:mj for j=1,... k.
i=1

Further we have (7.9) and (7.8) to bound the coefficients and the right hand
side of the system of linear equations (7.10). On applying Lemma 7.3 with
V = 4Fc(d)Mdhg, R = 4%c(d)H, we see that the system (7.10) has a solution
W€ Z" with

Z || < rEF2VE max(V, R) < (r-4"c(d)Mbhy)" - H.

i=1
Now in view of (7.6), the vector yo = Y ;_, ;Vv; is a solution to (7.5) such
that

lyoll < 2ho - (rd"c(d)Mbho)" - H
and this is indeed twice the bound of our Proposition. O
As before, I' is a finitely generated subgroup of (@*)N of rank r, A an

integer N x M-matrix and ¢ a point in (Q°)™. The set T, (¢ > 0) is defined
as in the Introduction. We assume that A has rank N — P.

Proposition 7.4. Let ¢ > 0. There exist effectively computable constants
Cs, C7 depending only on I'; A, c, e, such that if

(7.11) x?=cinxel.

is solvable, then there exists xq € . with

(7.12) x) =c¢, h(xg) < Cs, [Q(x0):Q] <Cr
We deduce Proposition 7.4 from Proposition 7.5 below.

Proposition 7.5. Let ¢y € (Q)N, B an integer P x N matriz of rank P
and ¢ > 0. There exist effectively computable constants Cs, Cy depending
only on T', B, cq, &, such that if there is t € (@*)P with

(7.13) cot” € T,
then there exists to € (Q ) such that
(714) CQtOB € Fs; h(to) < Cg, [@(to) : Q] < Cg.
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Proposition 7.5 = Proposition 7.4. Let A,c,e be as in Proposition 7.4.
Let x € T, with x* = ¢. There are matrices U, € GLy(Z), Uy € GLy(Z)

such that
D 0
U, AU, =
A, (O 0)
U—l

where D is an invertible integer (N — P) x (N — P)-matrix. Let x* :=x"1 .
Write x* = (s, t) where s € (Q)V ", t € (Q)F. We can decompose X* as
(s,1) - (1,t), where in the first component 1 stands for P ones and in the
second component for N — P ones. Notice that s = ¢/, where ¢’ consists of
the first N — P coordinates of ¢> and hence s® = ¢2P" | where A = det D.
This shows that s belongs to a finite, effectively determinable set depending
only on A, c.

Put co := (s,1)!1 ', and let B be the matrix consisting of the last P rows
of U;. Then B is a P x N-matrix of rank P. Notice that ¢;' = ¢, BA =0
and cot? =x e T..

By Proposition 7.5, there is ty € (Q)F with cotf € T., h(cy) < Cs,
[Q(co) = Q] < Cy, where Cs,Cy are effectively computable in terms of
B,cy, T, e.

Now put % := cot¥. Then x¢ € T, x{! = citf* = c and h(xo) < Cg,
[Q(x0) : Q] < C7 with Cg, C; effectively computable in terms of B, ¢y, T, ¢.
Since ¢y = (s,1)Vr ' belongs to to a finite set effectively computable in
terms of ¢, A and since B is effectively computable in terms of A, we may
choose (g, C; to be effectively computable in terms of A, ¢, I',e. This proves
Proposition 7.4. O

We proceed to prove Proposition 7.5. Let K’ be the number field genera-
ted by the coordinates of cg and by the coordinates of a system of generators
for T'.

Lemma 7.6. Assume there exists t € (@*)P with (7.13). Then there exists
t € (Q)” such that

(7.15) cot? €T., Im € Zoy with t™ e (K'™)F.

Proof. First observe that if u € T, and ¢ € Gal(Q/K"), then o(u) € T..
Indeed, write u = wyuy with u; € T, h(uy) < e. There is k € Z- such
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that o(u;)¥ = u¥ € I, implying that o(u;) € T. Further, h(o(uy)) < e. So
o(u) €T..
Now let o1,...,0., be the distinct K’-isomorphic embeddings of K'(t)

into Q. Take
m 1/m
t' = (H O’i(t)> :
i=1

This is determined only up to a factor in (@;kors)P , but this is not causing
any problem. Write cot? = uju, with u; € T, h(ug) < . Then

m 1/m m 1/m
C(]t/B = (H Ui(u1)> (H O'i(l,IQ)) y

which belongs to I'.. Clearly, t™ € (K"*)". O

Let S’ be the smallest set of places of K’, containing all infinite places
and such that ¢y € (O%)N, T C (0%)N. Put s’ := #S".

—%k

Lemma 7.7. Assume there exists t € (Q )¥ with (7.13). Then there exists
t with

(7.16) cot? €T, te (0%)",
where (’)_g, ={xe Q :3Ime Z~o with x™ € O%}.

Proof. Let t € (Q)F be as in (7.15), i.e., t™ € (K")” for some m € Zs.
Write

(7.17) cot? =yz with yeT, h(z) <e.

Let n € Z~o be such that y™ € T" and let £ be any positive multiple of
lem(m,n). Thus

(7.18) z" = ck(t") Py F ¢ (K™,

Write t = (¢1,...,tp). By the Dirichlet-Chevalley-Weil S-unit theorem,
there are €1,...,ep € O% such that

[t

{TLocs 510}

log|€i\v—log< )‘gC’ for i=1,...,P, ve s,
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where C' is an effectively computable constant depending only on K’, S,

and independent of k. Now define
t = (e R 2=t D)y,
1 (el e
n=,....,nn):=(e1,...,ep)".

(with a suitable choice of the k-th roots). Write z := (21,...,2p), 2’ =
(21,...,2p), vi= (v1,...,on) = tB (coy 1)* := (au,...,ap). Then since
ag,...,ap € 0% (by our choice of k and S’) we have for i = 1,... N,
ves,

log | /[, — log ( ls 1/s,> |
{HwES’ |zzk|w}
ok
= |log ||, — log ( Josv; . 1/s’> ‘
{ILes livflu }

= lOg ‘nz‘v - log <{ ‘Uﬂ: }1/8/ S 0,7
Hwesf |U¢ |uw

where C' is an effectively computable constant depending only on K’, S’

and B, but which is independent of k. Together with the product formula
this implies

k 1
[tog |=/"1, — log|&H], — - 3 log |=Hlu| < ¢

wgs’
forve S, i=1,...,N. Now we get
N
h(z'") = Z max (O,log |z§k|v>
i=1 ves’
Y 1
S (o, O o+ L Y tog szlw>
i=1 ves’ % s’

N N
< Ns'C' + Z Z max (O, log |Zlk|v) + Z Z max (0, log |Z’Lk|fu)

i=1 ves’ 1=1 vgS’

N
= Ns'C' + Z h(zF) = Ns'C' + h(z").

=1
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Consequently,

h(z') < h(z) + N‘;C

By assumption, h(z) < e. We had chosen k to be any positive multiple of
lem(m,n). By choosing k large enough, we can achieve that h(z') < . Now
from our choice of t' in (7.19) it follows that t' € (OF)” and cot’” = yz' €
T.. This proves Lemma 7.7. [

The proof of Proposition 7.5 rests upon linear programming.
Define the group

G::{th : yEf,tE(O_g,)P}.

This is a group of finite rank q. Choose a maximal multiplicatively in-
dependent subset ti,...,ts of (O%)F. Then u; = t¥ ... u, := t? are
multiplicatively independent since rank B = P. Choose ugy1,...,u, € I’
such that {uy,...,u,} form a maximal multiplicatively independent subset

of G. After a suitable choice of roots of uy,...,u,, we may express G as
G = {pu§1 ...ugq cpe Q)N 6. 6 € @} :
We are searching for t € (Og )" such that

cot? =yz, yeT, h(z)<e.

For such t we have z = coy 't? € ¢yG. So we are searching for z € ¢ G
with h(z) < e.
We give an expression for the height of an element z € cyG. Such an

element can be expressed as
z = copul’ . .. ul? with p € Q). &1,...,6 € Q.

Write € := (&,...,&,). Let k be a positive integer such that p* =1, k€ €

Z7. Further, write u; = (wi1,...,u;y) (0 = 1,...,7), ¢g = (Co1,---,Con)-
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Then

N q
1 1
h(z) = h EZZmaX (o klogleols + > K 10g|uij|v)
i=1 ves’ =1
(7.20) = Z Z max (0 log |coil» + Zé’j log ]um\v>

i=1 ves’

:_ZZ‘IOg|COZ| —I—Zf’]

=1 ves’

f(&),

where we have used ) ¢ loglcoil, = 0, > o log|ui;l, = 0 for all 4,3.
The function f can be extended to RY. We prove some properties of this

function.

Lemma 7.8. (i) For every R > 0, the set {€ € RY: f(§) < R} is compact
with respect to the topology in RY.
(ii) There is an effectively computable constant C > 0 such that

|f(&1) — f(&)| < Cll€1 — &l for all &, &5 € RY.

Proof. (i). We can express f(&) as ||a(&)|| where || - || is a norm on RY* and
a an injective affine map from R? to R™*. So our set under consideration
is homeomorphic to a closed subset of a compact set, hence compact.

(ii). Obvious. O]

Lemma 7.9. The function f assumes a minimum on R" and it is possible

to determine effectively
go :=min{f (&) : & e R}
and &y with f(&o) =

Proof. 1t clearly suffices to prove that f assumes a minimum on

D:={£eR": f(§) < f(0)}

and to determine the minimum of f on D and a point in D where this
minimum is assumed. By Lemma 7.8,(i) the set D is compact, so f does
indeed assume its minimum on D.

We can rewrite f as

f(&) =max (Li(§) + B, ..., La(§) + Ba),
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where Ly, ..., L4 are linear forms with real coefficients and 3, ..., 34 € R.
Fori=1,..., A, let

D;:={§€D: L&)+ 5 >L;(§)+p; for j=1,...,A,j#1i}.

The set D; is a closed subset of D, hence compact. Thus D; is a compact
polytope. Recall that f(&) = L;(&) + §; for & € D;. From the theory of
linear programming it follows that f assumes its minimum on D; in a vertex
of D;. The vertices of D; can be determined effectively. So we can effectively
determine ¢; := min{L;(€) + 5; : € € D;} and §; € D; with f(&) = ;.
Now g9 = min(ey,...,e4), and f(&) = €9, where & is the point &; among
&1, ...,&4 such that g; = &y. OJ

Proof of Proposition 7.5. Assume that there exists t € (O%)F such that
cot? € T.. Write cot? = yz with y € T, h(z) < e. Then z = coy 't? =
copus' .. u with p € (Q),)Y and &,,...,&, € Q. So h(z) = f(£) < e and
therefore, ¢ > ¢5. Let C be the constant from Lemma 7.8,(ii) and define
the integer k by

(7.21) k= {62—080} + 1.
Let & be as in Lemma 7.9 and write & = (o1, ..,&0q). Define integers
ni,...,Nng by
|k&oi —mnil <1 (1=1,...,q)
and let
to=t7/" ek 2y = cou/t ug‘?/k.

By Lemma 7.8,(ii) and (7.21),

n n n;
hlew) = F (7)< 9160+ € oo = 7
C C(e — eo)
§50+E<50+—2C <e.

Further,

B __  —nst1/k —ng/k il
coty = u,y Loy af zo € ',

h(to) < Z ‘%
=1

(k) < D (6 + it < Cy
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and tf € (K')F, implying [Q(ty) : Q] < Cy. The quantities C, &g, as
well as t1,...,ts are effectively computable in terms of I', B, cg, while k is
effectively computable in terms of these parameters and also . Hence the
constants Cg, Cy are indeed effectively computable in terms of I', B, cg, €,
but they have been defined only for € > ¢y3. For completeness, we define
Cs =1, Cy:=1if ¢ < gy. Then clearly, Proposition 7.5 holds with these
Cs, Cy. O

8. PROOF OF THEOREM 2.4

—x

We write x? := z{' - - - 23 forx = (21,...,2n5) € (Q )V, a= (a1,...,ay) €
N,
By assumption

X={xe @) : h =0 fulx)=0}.

where each polynomial f; belongs to Q[X1,. .., Xy] and has at most three
non-zero terms. Further, deg f; < 6 and max(1,h(f;)) < H fori=1,...,m.
Without loss of generality we assume that f; (¢ = 1,...,n) are trinomials
and f; (¢ = n+1,...,m) are binomials, where 0 < n < m. Thus, by
dividing each f; by one of its terms we see that X" is given by equations

(8.1) apx™ +4apx®* =1 (i=1,...,n), apx* =1 (i=n+1,...,m),

where a;; € Q', a;; € ZN for (1,§) € T == {(1,1),...,(m,1),(1,2),...,(n,2)}.
We should observe here that since each polynomial f; has total degree at

most ¢, we have estimates for the maximum norm and the sum norm,
(8.2) laijllo <6, |yl <26 for (i,j) € I.
Clearly the stabilizer of X' is given by
M := Stab(X) = {x c@) |x =1fori=1,...,m,j= 1,2}
= {xe @) Ix*=1},
where A is the N x (2m — n) matrix with columns a;;, ((7,7) € I).
Let i € {1,...,n}. Let x € X NT. Denote by G; be the subgroup of K*

generated by wi*, ... w1, Then we clearly have

Qa, == h(wi™) ... h(wpit) < (dhy)".

(8.3)
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We apply Lemma 4.2 to the equation a1z + oy = 1inz € G;, y € O5.
Notice that max(1,h(ay1),h(ai2)) < H. Replacing Qg by (0hg)” in the
expression for C5, we obtain a constant bounded above by C*. In fact, this
can be shown by a straightforward computation, using that the term with
the maximum in Cj is bounded above by 46r% log* max(dsN, dhg). It follows
that

(8.4) h(x*7) < C*H fori=1,...,n,j=12.

fori=1,...,n, j = 1,2. We clearly also have h(x*1) = h(a;;') < H for
i=n+1,...,m. So we have (8.4) for (¢, j) € I. This implies

(8.5) x? =c,

where A is the N x (2m — n)-matrix from above and where ¢ € (K*)*™™"
with

(8.6) h(c) < (2m —n)C*"H < 2mC*H.

Further, the entries of A have absolute values at most 9, and of each column
of A the sum of its absolute values is at most 29.

We first assume that the stabilizer H is finite. Then A has rank N.
Suppose for convenience that the first N columns, ai,...,ay, say, of A
form an invertible matrix D, with determinant A. Let ¢’ consist of the first
N coordinates of ¢. Then x2 = /27", By Hadamard’s inequality and

(8.2), the entries of AD~! have absolute value at most

N-1
(8.7) max [T llayll> < (26)".
I £
Further, h(c) < NC*H. So h(x) < N(2§)V"'C*H = CyH. This proves
part (i).

We now assume that H is infinite. Notice that we have to consider finitely
many systems (8.5) as ¢ runs through a finite set. If such a system has a
solution x with x € X, then each element of the translate xH is also a
solution of this system. On the other hand xH C X. Thus we have proved

that X NI is contained in some finite union of translates
XlHU"'UXTH.
withxHC X fori=1,...,T.
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Fix any of these translates, which means that we have fixed one of the
systems from (8.5). By assumption this system has a solution in x € T'.
Now by Proposition 7.1 (with M = 2m —n < 2m) and (8.6), this fixed
system of type (8.5) has a solution x € I" such that

h(x) < ho(2r4"c(d)ymbhy)" - 2mC*H < CsH

9. PROOF OF THEOREMS 2.5 AND 2.6

Proof of Theorem 2.6. Let x € X(Q)NC(T,¢), with the value of ¢ given in
(2.11).

As before, we write x = yz with y € T and z € (Q")? with h(z) < 5(1 +
h(y)) and we may further split upy asy = vw with v e I', w = [[;_,
where 7; € Q, || < 3. Define new polynomials f/(V) := fi(wz - V)
(t=1,...,m) and let X* be the variety given by f =0 fori=1,...,m,

e., X* := (wz)'X. Then v € X* NT. Notice that deg f; < §, and
max(1, h(f})) < H+ oh(wz) < H+ 6(h(w) + h(z)) for i =1,...,m.

We observe that X and X* have the same stabilizer H, and this stabilizer
is assumed to be finite.

7, 7

We obtain the upper bound for h(x) by applying Theorem 2.4 to X* and
then following the proof of Theorem 2.3, replacing everywhere C by Cj.

Now we estimate [L(x) : L]. To this end, it suffices to estimate the
number of distinct points among o(x), o € Gal(Q/L).

Let 0 € Gal(Q/L). Write again x = yz such that y € T, h(z) <
e(1+ h(y)). Put u, := o(x)x!. Since o(y)y ! is a torsion point, we have

h(u,) = h(o(x)x™") = h(o(z)z"") < 2h(z).

(x
Completely similarly as (6.6) we obtain
<e

(9.1) h(z)

Hence

(Cg(srho + 202 )

h(u,) < 2¢ - (C’Qérho + QCQH) =:1.

We assume again that f; is a trinomial for ¢ = 1,...,n and a binomial

fori =n-+1,...,m. Then (8.1) holds for certain integer vectors a;; and we
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obtain

&iluf:“ + &igugiQ =1fori= ]., ey,

apudt =1fori=n+1,...,m.
Let i € {1,...,n}. By our choice of € in (2.11) we have

h(ud u?) < 20m = 0.03.

o )

Thus by Lemma 4.4 (i) we see that there are at most 2 possibilities for each
pair (u2i,u2). These facts imply that u? = c, where c, runs through
a set of cardinality at most 2™ if o runs through Gal(Q/L). Fix ¢, and
then oo with ul = co. Then for every o € Gal(Q/L) with uZ! = ¢, we

A
have (J‘—") = 1. This shows that for fixed ¢y we have at most ¢t := #H

o0
possibilities for u,, where H := Stab(X') = {X e (@)N | xA= 1}. Hence
for u, we have altogether at most 2™t possibilities, implying [L(x) : L] <
2™mt.

It remains to estimate t = #H. By assumption, H is finite hence is zero-
dimensional, therefore the matrix A has rank N. Suppose for instance that
the first N columns of A form an invertible matrix D. Then H is contained
in H' = {x € (Q)N : x” = 1}. There are matrices U; € GLy(Z), U, €
GLp/(Z) such that Uy DUy = Dy is a diagonal matrix with on the diagonal

Ui maps H' isomorphically to the

positive integers dy,...,dy. Now X — X
algebraic group given by x‘fl =1,... ,leVN = 1 and the latter clearly has
cardinality dy - - - dy.
By an estimate similar to (8.7), using (8.2), we have d; - - - dy = | det D| <
(26)N. Hence t < (26)V. This leads to [L(x) : L] < 2mt < 2m+TN§N,
OJ

Proof of Theorem 2.5. First suppose that Stab(X) is finite. Let x € X NT..
We write x = yz with y € T, h(z) < ¢ and then as usual y = vw with
velandw =][]_,w), where v; € Q, || < 3. Like in the proof of
Theorem 2.6, we define the polynomials Then X* is given by the equations
ffr=0(@G=1,...,m), where f/(V) = fi(wz-V) (i=1,...,m) and let X*
be the variety given by ff =0 (i = 1,...,m). Then again, v.€ X* NT.
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Recall that deg f < ¢, and that
h
max(1, h(f7)) < H + dh(wz) < H + 6(h(w) + h(z)) < H + 5(% +e)

for i = 1,...,m. Now applying part (i) of Theorem 2.4 to X* = (wz) 'X,

we obtain

h(v) < Cy(H + 5%}“’ +¢)

and together with h(x) < h(v)+ h(w)+ h(z) < h(v) + ™ + ¢ this leads to
the upper bound for h(x) in (2.10).

As for the estimation of [L(x) : L], instead of (9.1) we have h(z) < ¢, then
our assumption ¢ = 2% leads to the same conclusion h(u2, u2?) < 0.03 for
1 =1,...,n, and the proof is concluded in the same way as that of Theorem
2.6.

We now assume that H := Stab(X) is infinite. We define z, v, w as above
and keep the notation from the proof of 2.4. Thus we obtain, completely
similarly as in (8.4),

h
(V) < O°(H 4072 +0) for (i) € 1
and together with h(w) < 52, h(z) < ¢, this leads to
h(x™4) < C*(H + drho) for (i, j) € I.

Then, similarly as (8.6) we obtain,

(9.2) x? = ¢ with h(c) < 2mC*(H + 6rhy).

Let 0 € Gal(Q/L), and put u, := o(r) -x7 !, ¢, := o(c) - ¢7*. Thus,
u? = c,. Following the argument in the proof of Theorem 2.6, using our
choice ¢ = % for e, we infer again that h(u2,u22) < 0.03fori=1,...,n,

and subsequently, that c, runs through a set of cardinality at most 2 if o
runs through Gal(Q/L). This implies that we have at most 2™ possibilities
for o(c). Hence

(9.3) [L(c): L] < 2™

Now from (9.2), (9.3) we infer that for every x € X NI there is ¢ from
a finite, effectively determinable set depending only on I' and fi,...,, fn,
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such that x4 = c¢. We conclude by applying Proposition 7.4 to each of the

equations x* = c. [
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