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1 Introdu
tionOne of the popular systems for en
rypting and de
rypting messages is the RSA
ryptosystem. Its safety is based on the assumption that fa
toring large numbersis hard. Asymptoti
ally, the best algorithm known for fa
toring large numbersis the number �eld sieve, whi
h has a sub-exponential running time.The most time 
onsuming step in fa
toring with the number �eld sieve orthe (related) quadrati
 sieve is the sieving. After initializing the algorithmwith some suitable polynomials, we fa
tor many polynomial values and keepthe values that are B-smooth. A B-smooth value is a number with all its primefa
tors up to B. As soon as we have little more B-smooth values than thenumber of primes below B, we 
an fa
tor the number we started with.If we know more about the density of B-smooth numbers, we 
an estimatehow many polynomial values we need to fa
tor and how long the sieving stepwill take. A well-known approximation of the number 	(x; x�) - values at mostx that are x�-smooth with 0 < � < 1 - is given by x�(1=�), where � is theso-
alled Di
kman � fun
tion, whi
h is the unique 
ontinuous solution of thedi�erential-di�eren
e equation� �(t) = 1 0 � t � 1�0(t) = ��(t� 1)=t t � 1:The results based on this approximation are reasonable, but for more a

ura
yit is better also to use the se
ond order term, introdu
ed by Ramaswami [8℄:	(x; x�) = x�(1=�) + (1� 
) xlog x��1� �� �+ o� xlog x� ; x!1;where 
 is Euler's 
onstant.A more eÆ
ient way of fa
toring uses B-smooth numbers with additionallyone or two prime fa
tors between B and a larger bound L, the so-
alled largeprime(s). Su
h numbers are 
alled semismooth. Of 
ourse, one would like toknow how many su
h numbers one may expe
t and whether it is better toin
lude the se
ond order term.If we take a 
loser look at semismooth numbers with one large prime, in
ludethe se
ond order term in our analysis and take B = x�, L = x� , we �nd for
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their number	1(x; x� ; x�) = x Z �� ��1� �� � d�� +(1� 
) xlog x Z �� ��1� �� �� � d��(1� �) + o� xlog x� ; x!1:In Se
tion 3 we give a more detailed error term. We have derived a similarexpression for semismooth numbers with two large primes, as we will see inSe
tion 4. Note that we have an extra degree of freedom here, as we 
an takedi�erent upper bounds for the two large primes.Zhang [9℄ has proved that there exist fun
tions F1(�; �) and G1(�; �) su
hthat 	1(x; x�; x�) = xF1(�; �) + xlog xG1(�; �) + O( xlog2 x ), but his fun
tionsF1 and G1 are presented in a more 
ompli
ated way. His error analysis is ageneralization of the work of Knuth and Trabb Pardo [5℄, whereas our analysisis a generalization of the work of de Bruijn, Ramaswami, and Ba
h and Peralta.
2 Smooth numbersLet n = n1n2 : : : with ni prime and n1 � n2 � : : : (where nj = 1 if n has fewerthan j prime fa
tors). Then the number of values at most x that are y-smooth
an be written as 	(x; y) = #fn � x : n1 � yg. Based on work of De Bruijn[2℄, we haveTheorem 1 For any �xed � > 0 the relation	(x; x�) = x�( 1� )�1 +O� log(1=�+ 1)� log x �� ; as x!1;holds uniformly in the range x� � 2, 1 � 1� � exp �(� log x)3=5���.This theorem is due to Hildebrand [3, 4℄. A more pre
ise result was obtainedby Ramaswami [8℄. We follow the formulation of Norton ([7℄, p. 12).Theorem 2 For x > 1, 0 < � < 1, and x� > 2 we have	(x; x�) = x�( 1� ) + (1� 
) xlog x�(1� �� ) +O(�(x; x�)); as x!1;where �(x; x�) = 8><>: x(log x)3=2 for 0 < � < 1=2;x�log x + xlog2 x for 1=2 � � < 1:In this theorem 
 is Euler's 
onstant. Our results on semismooth numbers arebased on these two theorems.
3 1-Semismooth numbersA 1-semismooth number is a smooth number with all its prime fa
tors below a
ertain bound y2, ex
ept for one prime fa
tor > y2, but smaller than a larger2



bound y1. The analogue of the 	-fun
tion for smooth numbers is de�ned for1-semismooth numbers as	1(x; y1; y2) = #fn � x : y2 < n1 � y1; n2 � y2g:An approximating fun
tion is given by the following theorem, whi
h followsdire
tly from Theorem 3.1 in an arti
le of Ba
h and Peralta [1℄.Theorem 3 If 0 < � < � < 1 and x� � 2, then	1(x; x� ; x�) = x Z �� ��1� �� � d�� +O� log(1=�)�(1� �) xlog x� :Compared with Theorem 3.1 in [1℄, where only the 
ondition 0 < � < � < 1is stated, we have an additional 
ondition. This 
ondition originates from theappli
ation of a result of de Bruijn [2℄. The proof of Theorem 3 
an be foundin [1℄. Here we present the following re�nement.Theorem 4 If 0 < � < � < 1, �+� < 1, and x� � 2, then we have for x!1	1(x; x�; x�) = x Z �� ��1� �� � d�� + (1� 
)xlog x Z �� ��1� �� �� � d��(1� �)+O�� log(�=�)�3=2 xlog3=2 x�+ � x�+�� log x�� :The main ingredients of the proof are the de�nition of 1-semismooth num-bers, Theorem 2, partial integration, the prime number theorem �(x) = li(x) +O(x= log
 x) for any 
 > 1, and 
areful estimations of the error terms.We 
ompared both approximating fun
tions with experimental results forthe multiple polynomial quadrati
 sieve (MPQS). We 
omputed the expe
tednumber of 1-semismooth numbers after sieving 10096 polynomials and 
omparedthis with the real sieving experiment. The se
ond term adds about 10 % to themain term.x x� x� 1 term 2 terms experiment9.26 E44 2.5 E5 2.5 E7 13 205 14 657 14 8841.94 E50 3.0 E5 3.0 E7 935 1040 9292.16 E55 2.5 E5 5.0 E7 25 28 293.81 E60 7.5 E5 3.0 E8 63 70 724 2-Semismooth numbersIn this se
tion we extend the de�nition of a 1-semismooth number to two largeprimes. We re
all that a 2-semismooth number is a number with all but two ofits prime fa
tors below a 
ertain bound y2, whereas the other two prime fa
torsare > y2, but � y1. The de�nition of the 
orresponding 	-fun
tion is	2(x; y1; y2) = #fn � x : y2 < n2 � n1 � y1; n3 � y2g:Lambert has given an approximating fun
tion for 	2(x; y1; y2) in his thesis [6℄,
onsisting of a main term and an error term. However, it may be useful to3




hoose a smaller upper bound for the se
ond largest prime. The 
orresponding	-fun
tion be
omes	2(x; y1; y2; y3) = #fn � x : n2 < n1 � y1; y3 < n2 � y2; n3 � y3g;with y3 < y2 � y1. If y2 = y1, we have the same upper bound for bothlarge primes, so it suÆ
es to give the results for the last 	-fun
tion. Based onTheorem 1, we have the following theorem.Theorem 5 Let � > 0 be �xed. If 0 < � < �2 < �1, � + �2 + �1 � 1, x� � 2,and 1�2�� � exp(( �1�2� log x)3=5��), then we have for x!1,	2(x; x�1 ; x�2 ; x�) =x Z �2� Z �1�2 ��1� �1 � �2� � d�1�1 d�2�2 !�1 +O� log( 1� )� log x�� :We will 
ompute the se
ond order term in the next theorem, based on Theorem2.Theorem 6 If 0 < � < �2 < �1, � + �2 + �1 < 1, and x� � 2, then we havefor x!1	2(x; x�1 ; x�2 ; x�) = x Z �2� Z �1�2 ��1� �1 � �2� � d�1�1 d�2�2 +
(1� 
) xlog x Z �2� Z �1�2 ��1� �1 � �2 � �� � 11� �1 � �2 d�1�1 d�2�2 +

O�� log(�1=�) log(�2=�)�3=2 xlog3=2 x�+ �x�+�1+�2� log x �� :The proof 
onsists of the same ingredients as the proof of Theorem 4. We startwith the largest prime and establish an expression for it. Then we repeat thearguments for the se
ond largest prime and get the approximating fun
tion asstated in Theorem 6.We expe
t similar improvements as for 1-semismooth numbers, when usingthe se
ond order term.Zhang [9℄ has proved that there exist fun
tions F2(�; �) and G2(�; �) su
hthat 	2(x; x� ; x�) = xF2(�; �)+ xlog xG2(�; �)+O( xlog2 x ). The fun
tions F2 andG2 are not given expli
itly, but de�ned re
ursively. Zhang has not 
onsideredthe 
ase that the large primes have di�erent upper bounds.
5 Con
lusionsWe have estimated numbers of smooth and semismooth numbers. We haveextended these results even further to k large primes with k 2 N , but willpublish this elsewhere.Experiments with MPQS indi
ate that the use of the se
ond order terms
ontributes about 10 % for x of the size 1050. Most likely the same is true forthe number �eld sieve, but we have not yet veri�ed this.4
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