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1 Introduction

One of the popular systems for encrypting and decrypting messages is the RSA
cryptosystem. Its safety is based on the assumption that factoring large numbers
is hard. Asymptotically, the best algorithm known for factoring large numbers
is the number field sieve, which has a sub-exponential running time.

The most time consuming step in factoring with the number field sieve or
the (related) quadratic sieve is the sieving. After initializing the algorithm
with some suitable polynomials, we factor many polynomial values and keep
the values that are B-smooth. A B-smooth value is a number with all its prime
factors up to B. As soon as we have little more B-smooth values than the
number of primes below B, we can factor the number we started with.

If we know more about the density of B-smooth numbers, we can estimate
how many polynomial values we need to factor and how long the sieving step
will take. A well-known approximation of the number ¥(x, z®) - values at most
x that are xz®-smooth with 0 < a < 1 - is given by zp(1/a), where p is the
so-called Dickman p function, which is the unique continuous solution of the
differential-difference equation

o(t) =1 0<t<1
{ p'(t)=—p(t—1)/t t>1.

The results based on this approximation are reasonable, but for more accuracy
it is better also to use the second order term, introduced by Ramaswami [8]:

W(a,a%) = 2p(1/a) + (1 - 7)— p(l‘“) +o(b;),moo,

log x o'
where v is Euler’s constant.

A more efficient way of factoring uses B-smooth numbers with additionally
one or two prime factors between B and a larger bound L, the so-called large
prime(s). Such numbers are called semismooth. Of course, one would like to
know how many such numbers one may expect and whether it is better to
include the second order term.

If we take a closer look at semismooth numbers with one large prime, include
the second order term in our analysis and take B = z%, L = 2?, we find for



their number
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In Section 3 we give a more detailed error term. We have derived a similar
expression for semismooth numbers with two large primes, as we will see in
Section 4. Note that we have an extra degree of freedom here, as we can take
different upper bounds for the two large primes.

Zhang [9] has proved that there exist functions F;(a, 3) and G1(a, ) such
that W (z,z%,2%) = zFi(a,B) + ez G1(a, B) + O(555), but his functions
Fy and G, are presented in a more complicated way. His error analysis is a
generalization of the work of Knuth and Trabb Pardo [5], whereas our analysis
is a generalization of the work of de Bruijn, Ramaswami, and Bach and Peralta.

2 Smooth numbers

Let n = nyng ... with n; prime and n; > ny > ... (where n; = 1 if n has fewer

than j prime factors). Then the number of values at most z that are y-smooth
can be written as ¥(z,y) = #{n < z : n; < y}. Based on work of De Bruijn
[2], we have

Theorem 1 For any fized € > 0 the relation
1 log(1 1
\Il(x’m()t) — xp(_) (1 _|_ O <M>> , as x N 00,
Q@

holds uniformly in the range x®* > 2, 1 < % < exp ((alog 93)3/5*6),

This theorem is due to Hildebrand [3, 4]. A more precise result was obtained
by Ramaswami [8]. We follow the formulation of Norton ([7], p. 12).

Theorem 2 Forz >1,0< a <1, and z* > 2 we have

1 T 11—«
Uz, 2%) = 2p(2) + (1 — Al
(z,2%) xp(a)-l-( V)IOgmp( = )+ O(A(z,2%)), as z — oo,
where
Tog2)372 for 0 < a < 1/2,
Az, z®) =

a

z _|_1mg+m f0r1/2§a<1.

logz

In this theorem 7 is Euler’s constant. Our results on semismooth numbers are
based on these two theorems.

3 1-Semismooth numbers

A 1-semismooth number is a smooth number with all its prime factors below a
certain bound vy, except for one prime factor > yo, but smaller than a larger



bound y;. The analogue of the ¥-function for smooth numbers is defined for
1-semismooth numbers as

Uy (z,y1,y2) =#{n <z :ys <ny <y1,m2 < o}

An approximating function is given by the following theorem, which follows
directly from Theorem 3.1 in an article of Bach and Peralta [1].

Theorem 3 If0< a < <1 and z* > 2, then

Compared with Theorem 3.1 in [1], where only the condition 0 < a < 8 < 1
is stated, we have an additional condition. This condition originates from the
application of a result of de Bruijn [2]. The proof of Theorem 3 can be found
in [1]. Here we present the following refinement.

Theorem 4 [f0<a< f<1,a+p <1, and x* > 2, then we have for x — oo

Bor1—A\dx (Q—7)z [ [1-)X—a d\
B oy _ ar il
mieste=o [Co(2) 5 Lo () st

log(8/a) = z+p
(0] << a3/2 log3/2w> + (a]ogm)) .

The main ingredients of the proof are the definition of 1-semismooth num-
bers, Theorem 2, partial integration, the prime number theorem = (z) = li(z) +
O(z/log® z) for any ¢ > 1, and careful estimations of the error terms.

We compared both approximating functions with experimental results for
the multiple polynomial quadratic sieve (MPQS). We computed the expected
number of 1-semismooth numbers after sieving 10096 polynomials and compared
this with the real sieving experiment. The second term adds about 10 % to the
main term.

T z® zP 1 term | 2 terms | experiment
9.26 E44 | 25 E5 | 2.5 E7 | 13205 | 14657 14884
1.94 E50 | 3.0 E5 | 3.0 E7 935 1040 929
2.16 E55 | 2.5 E5 | 5.0 E7 25 28 29
3.81 E60 | 7.5 E5 | 3.0 E8 63 70 72

4 2-Semismooth numbers

In this section we extend the definition of a 1-semismooth number to two large
primes. We recall that a 2-semismooth number is a number with all but two of
its prime factors below a certain bound ys, whereas the other two prime factors
are > Yo, but < y;. The definition of the corresponding ¥-function is

Uy(z,y1,y2) =#{n <z :ys <ny <ny <y1,n3 < Ya}.

Lambert has given an approximating function for Us(z, y1,y2) in his thesis [6],
consisting of a main term and an error term. However, it may be useful to



choose a smaller upper bound for the second largest prime. The corresponding
W-function becomes

Uy (z,y1,¥2,y3) = F#{n <z :ne <ny <y1,yz < na <ya,n3 < ys},

with y3 < yo < y1. If yo» = y1, we have the same upper bound for both
large primes, so it suffices to give the results for the last ¥-function. Based on
Theorem 1, we have the following theorem.

Theorem 5 Let € > 0 be fizred. I[f0 < a < B2 < B1, a+ B2+ 61 <1, 2% > 2,
and =22 20‘ < exp((75%5 log x)3/5-€), then we have for & — oo,

Uy (x, 2P, 2P? ) =

P2 11— — X2 dX;dx log(1
(L) s (e ()
A2 A1 A2 e} log xr
We will compute the second order term in the next theorem, based on Theorem
2.

Theorem 6 If 0 < a < B3 < By, a+ B2+ 51 < 1, and % > 2, then we have
for x —
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The proof consists of the same ingredients as the proof of Theorem 4. We start
with the largest prime and establish an expression for it. Then we repeat the
arguments for the second largest prime and get the approximating function as
stated in Theorem 6.

We expect similar improvements as for 1-semismooth numbers, when using
the second order term.

Zhang [9] has proved that there exist functions Fy(a, 8) and Ga(a, 3) such
that Wy (z, 2?,2%) = 2Fy(a, B)+ ez G2(a, )+ O(157 ). The functions F, and
G2 are not given explicitly, but defined recursively. Zhang has not considered
the case that the large primes have different upper bounds.

5 Conclusions

We have estimated numbers of smooth and semismooth numbers. We have
extended these results even further to k large primes with & € N, but will
publish this elsewhere.

Experiments with MPQS indicate that the use of the second order terms
contributes about 10 % for z of the size 10°°. Most likely the same is true for
the number field sieve, but we have not yet verified this.
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