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Exercises of lecture 1: General Introduction

Exercise 1: Localization

Let Z−Mod0 be the full subcategory of Z−Mod consisting of

{M ∈ Z−Mod|M ⊗Z Q = (0)}

or equivalently, the full subcategory consisting of inductive limits of �nite
Z-modules (or the Z-modules in which every element has �nite order). Set

S = {s : M → N |Ker(s),Coker(s) ∈ Z−Mod0}

I claim that the localization with respect to S is equivalent to the category
of Q-vector spaces. Recall that Q is �at over Z, hence S = {s : M →
N |s⊗Z Q is isomorphism}. From this, one can deduce that S satis�es all the
good properties (my reference is the chapter by Grivel in [2]), hence there
exists a localization Q : Z−Mod → C; C is additive and Q is an additive
functor.

Consider the additive functor − ⊗Z Q : Z−Mod → Q−Vec. By the
universal property of localization, we get a canonical additive functor L :
C → Q−Vec. I claim that L is essentially surjective and fully faithful. This
will impy that L is the desired equivalence.

Essential surjectivity : Let V be a Q-vector space, then V ⊗Z Q = V .
Fullness : Let φ : M ⊗Z Q → N ⊗Z Q be any Q-linear map. We may

choose basis {vi|i ∈ I} for M ⊗Z Q and {wj|j ∈ J} for N ⊗Z Q, such that
vi ∈ M ⊗ 1 and wj ∈ N ⊗ 1. Choose v′i [resp. w′j] in M [resp N ] such
that v′i ⊗ 1 = vi [resp. w

′
j ⊗ 1 = wj]. For each i, choose ni ∈ Z such that

φ(vi) = 1
ni

∑
j aijwj, where aij ∈ Z.

Consider the diagram: ⊕
i∈I Zvi

vi 7→niv
′
i

zzuuuuuuuuu vi 7→
P

j aijw
′
j

$$IIIIIIIII

M N
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Then −⊗Z Q gives the map vi 7→ 1
ni
vi 7→ 1

ni

∑
j aijwj = φ(vi) from M ⊗Z Q

to N ⊗Z Q.
Faithfulness : Suppose that the diagram

M1

s

}}{{
{{

{{
{{ φ

!!B
BB

BB
BB

B

M N

satis�es (φ ⊗Z Q) ◦ (s ⊗Z Q)−1 = 0. Again, by �atness of Q over Z, this
implies that Ker(φ)⊗Z Q = M1 ⊗Z Q. Consider the diagram:

M1

s

{{wwwwwwwww
φ

##FFFFFFFFF

M Ker(φ)
OO

OO

ψoo

ψ

��

0 // N

M

GGGGGGGGG

GGGGGGGGG 0

;;wwwwwwwww

The morphism Ker(φ) → M1 lies in S, thus so is ψ : Ker(φ) → M . This
shows that (s, φ) is equivalent to 0.

Exercise 2: Serre duality

Preliminaries on sheaves

We will make use of the following results:

Proposition 2.1 ([4] 3.3). Let X be a noetherian scheme, then any quasi-

coherent sheaf F admits a resolution by quasi-coherent sheaves which are

injective as OX-modules.

More precisely, we have:

Proposition 2.2 ([4] 3.4, 3.5). Let X be a noetherian scheme, then

• D∗(Qcoh(X)) → D∗
Qcoh(X)(OX −Mod) is an equivalence which pre-

serves distinguished triangles, where ∗ = b,+, and D∗
Qcoh(X)(OX −

Mod) is the full triangulated subcategory of D∗(OX −Mod) of objects
with quasi-coherent homologies.

• Db(X) → Db
Coh(Qcoh(X)) is an equivalence which preserves distin-

guished triangles, where Db
Coh(Qcoh(X)) is the full triangulated sub-

category of Db(Qcoh(X)) of objects with coherent homologies.
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On the other hand, we also have locally free resolutions of coherent
sheaves:

Proposition 2.3. Let X be a regular quasi-projective scheme over a �eld.

For any coherent sheaf F on X, there exists a �nite resolution 0← F ← E•

by locally free OX-modules of �nite rank.

Proof. Given a coherent sheaf F on X. For n � 0, F ⊗ OX(n) will be
generated by global sections, hence there exists m and an epimorphism

0← F ⊗ OX(n)← O⊕m
X

Twisting back gives 0← F ← OX(−n)⊕m. The �niteness of such resolutions
follows from the regularity of X and Serre's theorem on global homological
dimension.

Remark 2.4. From this, one can deduce that for any bounded complex
E• of coherent sheaves, there exists a bounded complex F • of locally free
OX-modules and a quasi-isomorphism F • � E• in Kom(Coh(X)).

Remark 2.5. Suppose X is projective. One can actually resolve a coherent
sheaf E by negative enough locally free OX-modules of �nite rank. This
means: for any coherent sheaf M , there exists a �nite resolution by locally
free OX-modules of �nite rank:

0← E ← F0 ← · · ·Fn ← 0

such that Extp(Fq,M) = 0 for all p > 1 and 0 ≤ q ≤ n.
We can assume that n ≥ 2 dimX. For q < n the negativeness follows

from the proof and the cohomological criterion of ampleness. As to q = n,
note that Extp(Fn,M) = Extp+n(E,M) if F1, . . . , Fn−1 are negative enough

for M . However, we have a Leray's spectral sequence

Ei,j
2 = H i(X, Extj(E,M))⇒ Exti+j(E,M)

For i+ j = p+ n > 2 dimX, either i > n or j > n, which implies that either
H i(X,−) = 0 or Extj(E,−) = 0, hence Ep+n(E,M) = 0.

Proposition 2.6. With the conditions of 2.5, HomDb(X)(−,−) will be �nite-
dimensional k-vector spaces.
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Generalities on RHom and
L
⊗

These materials can also be found in [4] Chapter 3. In particular, I will follow
his sign convention for tensor products of complexes, which is di�erent from
that in [2].

Assume from nom on that X is a smooth projective variety over a �eld.
Assume for simplicity that our complexes are complexes over Coh(X). Note
that D−(X) admits �nite locally free (hence �at) resolutions. There is
almost no injective objects in Db(X), however one can embed Db(X) in

Db
Coh(Qcoh(X)); this justi�es all the upcoming discussions on −

L
⊗ − and

RHom(−,−) for the bounded derived category of coherent sheaves.

De�nition 2.7 (Hom complex). Let A•, B• be two complexes, de�ne a com-
plex

Homn(A•, B•) :=
∏
p∈Z

Hom(Ap, Bp+n)

with di�erentials dn : Homn(A,B)→ Homn+1(A,B) de�ned by

dnφ = dB ◦ φ− (−1)nφ ◦ dA

Here are some properties of Hom• and its derived functor(s) RHom(−,−):

• Hom•(−,−) preserves mapping cones in each variable ([2] 11.3). When
the second variable is �xed i.e. Hom•(−, B), one must employ a dual
version of mapping cone.

• If either A• or B• is acyclic, B• consists of injective objects, then
Hom•(A•, B•) is acyclic ([2] 10.5).

• If our category has enough injectives as well as projectives, then the de-
rived functor RHom(−,−) can be computed by taking injective resolu-
tion in the second variable, or by taking projective in the �rst variable;
the resulting functors are isomorphic ([2] 10.8).

• We have a functorial isomorphism for all n ∈ Z:

Extn(A•, B•) := HomD(X)(A
•, B•[n]) = HnRHom(A•, B•)

De�nition 2.8 (tensor product of complexes). Let A•, B• ∈ Kom(OX −
Mod), de�ne a complex

(A• ⊗B•)n :=
⊕
i+j=n

Ai ⊗Bj
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with di�erentials dn = (di,j)i+j=n : (A⊗B)n → (A⊗B)n+1, di,j : Ai ⊗Bj →
(Ai+1 ⊗Bj)⊕ (Ai ⊗Bj+1) being de�ned by

di,j(a⊗ b) = dAia⊗ b+−(1)ia⊗ dBjb

Remark 2.9. There is an isomorphism τ : A⊗B ∼−→ B ⊗ A by de�ning

τ : a⊗ b 7→ (−1)ijb⊗ a on Ai ⊗Bj

For more generalities on −⊗−, see [2] 11.3.

Proposition 2.10. Let A•, B•, C• be three complexes

• If φ : B• → C• is a chain map, then the canonical map

φ∗ : Hom•(A•, B•)→ Hom•(A•, C•)

is a chain map.

• The canonical map

Hom•(A•, B•)→ Hom•(A• ⊗ C•, B• ⊗ C•)

given by φ 7→ φ⊗ idC is a chain map.

Proof. The �rst assertion is obvious, and the second one is a straightforward
veri�cation: Consider (fp)p∈Z ∈ Homn(A,B), where fp ∈ Hom(Ap, Bp+n).
Its image is (gp)p∈Z, where

gp :
⊕
i+j=p

Ai ⊗ Cj →
⊕
i+j=p

Bi+n ⊗ Cj, gp = ⊕i+j=p(f i ⊗ idCj)

Consider d(g•), its restriction on Ai ⊗ Cj (i+ j = p) is

dB⊗C ◦ (f i ⊗ idCj)− (−1)ngp ◦ (dAi ⊗ idCj + (−1)iidAi ⊗ dCj)

=dBi+nf i ⊗ idCj + (−1)i+nf i ⊗ dCj − (−1)n(f i+1dAi ⊗ idCj + (−1)if i ⊗ dCj)

=dBi+nf i ⊗ idCj − (−1)nf i+1dAi ⊗ idCj

On the other hand, the restriction of d(f •) on Ap is dBp+nfp− (−1)nfp+1dAp ,
for all p ∈ Z. Hence the restriction on Ai ⊗ Cj of its image under −⊗ C is

(dBi+nf i − (−1)nf i+1dAi)⊗ idCj = dBi+nf i ⊗ idCj − (−1)nf i+1dAi ⊗ idCj
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Here are some properties of −⊗− and its derived functor −
L
⊗−:

• − ⊗− preserves mapping cones in each variable ([2] 11.3).

• If either A• or B• is acyclic, and one of them consists of �at objects,
then A• ⊗B• is acyclic ([2] 11.5).

• If our category has enough �at objects, then −
L
⊗ − can be computed

by taking �at resolutions in either variable ([2] 11.6).

From now on, I will omit the bullet sign of a complex if there is no
confusion.

De�nition 2.11 (The dual of a complex). For any complex E, we can form
the dual complex

E∨ := Hom•(E,OX)

Its components are given by E∨−n = Hom−n(E,OX) = Hom(En,OX). By
applying the rules above, the di�erential is given by

λ ∈ E∨−n 7→ (−1)n+1λ ◦ dEn−1 ∈ E∨−n+1.

Also note that, if E → F is a chain map, so is the induced map F∨ → E∨.

De�nition-Proposition 2.12 (Trace, and its dual version). For any F ∈
Komb(Coh(X)), we can de�ne chain maps

α :F∨ ⊗ F → OX

λ⊗ f 7→

{
λ(f) , if deg λ+ deg f = 0

0 , otherwise.

β′ :OX → Hom•(F, F )

1 7→ idF

γ :F ⊗ F∨ → Hom(F, F )

f ⊗ λ 7→ λ(−)f ∈ Homi−j(F, F ) if f ∈ F i, λ ∈ F∨(−j)

Moreover, if F consists of locally free OX-modules of �nite rank, then γ is
an isomorphism. In this case, de�ne β := γ−1 ◦ β′ : OX → F ⊗ F∨.

Proof. For α: In view of the condition deg λ + deg f = 0, it su�ces to
check that α(d(λ ⊗ f)) = 0 when λ ∈ F∨(−i−1) and f ∈ F i. We have
d(λ⊗ f) = dλ⊗ f +(−1)i+1λ⊗ df = (−1)i(λ ◦ d)⊗ f +(−1)i+1λ⊗ df , which
is mapped to (−1)iλ(df) + (−1)i+1λ(df) = 0.
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For β′: It is clearly a chain map, since d(idF ) = dF − dF = 0.
For γ: For any f ∈ F i, λ ∈ F∨−j, we have

d(f ⊗ λ) = df ⊗ λ+ (−1)if ⊗ dλ = df ⊗ λ+ (−1)i+j+1f ⊗ (λ ◦ d)

which corresponds to λ(−)df − (−1)i+jλ(d(−))f ∈ Homi−j+1(F, F ). On the
other hand:

d(λ(−)f) = λ(−)df − (−1)i+jλ(d(−))f

which is just the same thing. Hence γ is a chain map. If F consists of locally
free OX-modules of �nite rank, then γ is an isomorphism by basic module
theory.

Remark 2.13. In [4] p.77, he de�nes tr : Hom•(F, F ) → OX as tr(φ) =∑
i(−1)itrφ|F i if φ ∈ Hom0(F, F ) =

⊕
i Hom(F i, F i), and 0 elsewhere. In

our formalism, this is just the composition

Hom•(F, F )
γ−1

−−→ F ⊗ F∨ τ−→ F∨ ⊗ F α−→ OX .

De�nition-Proposition 2.14. Consider E 7→ Eg := RHom(E,OX), it is
a functor from D±(X) to D∓(X), and its restriction on Db(X) maps into
Db(X) itself.

Since there is almost no projective objects in Coh(X), the standard way
to calculate Eg is taking an injective resolution 0 → OX → I then take
Hom•(E, I). Alternatively, recall that Hom•(−,−) preserves mapping cones.
Note that the mapping cone of this injective resolution is

C = [0→ OX → I0 → I1 → · · · ]

Suppose that the terms of E are locally free of �nite rank and are negative

enough so that Exti(Ej,OX) = 0 (i > 0, j ∈ Z), then Hom•(E,C) is acyclic
by a spectral sequence argument, thus Hom•(E, I)→ Hom•(E,OX) = E∨ is
a quasi-isomorphism.

In conclusion: If E is a bounded complex E• of negative enough locally
free OX-modules of �nite rank, then Eg = E∨ in Db(X). Note that every
bounded complex is quasi-isomorphic to such a complex.

Now we are ready to enounce the main result of this subsection:

Proposition 2.15 (cf. [3]). With the de�nitions above, we have a functorial

isomorphism

RHom(E,G
L
⊗ Fg)

∼→ RHom(E
L
⊗ F,G)

where E,F,G ∈ Db(X).
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Proof. To prove this, assume that E and F consist of locally free OX-modules
of �nite rank, F • consists of negative enough locally frees, and replace G by
a resolution by quasi-coherent sheaves which are injective as OX-modules.

Using the maps α : F∨⊗F → OX and β : OX → F⊗F∨ and the previous
propositions, we get two maps from composition:

Hom•(E,G⊗ F∨) −→ Hom•(E ⊗ F,G⊗ F∨ ⊗ F )
id⊗α∗−−−→ Hom•(E ⊗ F,G)

Hom•(E,G⊗ F∨)
id⊗β∗←−−− Hom•(E ⊗ F ⊗ F∨, G⊗ F∨)←− Hom•(E ⊗ F,G)

They are chain maps � Indeed, push forward by id ⊗ α [resp. pull back by
id ⊗ β] is evidently a chain map, and we have seen that the canonical map
Hom•(−,−)→ Hom•(−⊗ F,−⊗ F ) [resp. F∨] is also a chain map.

By writing down their explicit expressions, one sees that the two maps
are mutually inverse and functorial in E,F,G. As F consists of locally free
OX-modules, so is F∨, thus G ⊗ F∨ and G ⊗ F∨ ⊗ F consist of injective
quasi-coherent sheaves 1. On the other hand, all the tensor products in sight
are tensor products with �at objects. Therefore, we can pass from Hom• to

RHom, from ⊗ to
L
⊗, and they yield mutually inverse functorial morphisms

on the level of Db(X).

Remark 2.16. The adjunction relation also yields a trace map t : Eg
L
⊗E →

OX [resp. its dual version OX → E
L
⊗Eg] in Db(X). They can be constructed

directly from their complex version, and they can be calculated by using
E∨ ⊗ E → OX [resp. OX → E ⊗ E∨] by taking a locally free resolution E•

whose terms are negative enough.

The pairing

Now, put ωX := Ωn
X , and view it as a complex concentrated at degree 0.

There is a natural isomorphism Hn(X,ωX) ' k. Composition induces a
functorial pairing for E, F in Db(X):

HomDb(X)(E,F )× HomDb(X)(F,E
L
⊗ ωX [n])→ HomDb(X)(E,E

L
⊗ ωX [n])

Recall that H0RHom = HomDb , and use the adjunction relation, we can

1Use the adjointness, or recall that injectivity of OX -modules is a local property (Hint:
locally injective ⇒ locally �abby ⇒ �abby, now use the Leray spectral sequence for Ext).
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go further:

HomDb(X)(E,E
L
⊗ ωX [n]) = HomDb(X)(OX , E

L
⊗ ωX [n]

L
⊗ Eg)

∼−→ HomDb(X)(OX , E
L
⊗ Eg L

⊗ ωX [n])

→ HomDb(X)(OX , ωX [n])
t⊗1−−→ k

This gives a functorial k-bilinear pairing

HomDb(X)(E,F )× HomDb(X)(F,E
L
⊗ ωX [n])→ k

Relations with Yoneda pairing

In order to do the exercise, we must check that the pairing constructed above
coincides with that in Serre duality. Let E•, F •, G• be objects in Db(X). In
order have a concrete idea of the map HomDb(E•, F •) × HomDb(F •, G•) →
HomDb(E•, G•), we work in Db

Coh(Qcoh(X)) to get resolutions by injective
OX-modules F • → J•, G• → K•. Form the Hom complexes Hom•(E•, J•),
Hom•(J•, K•), then the composition in Db(X) is just the composition be-
tween Hom complexes:

Homi(E•, J•)× Homj(J•, K•)→ Homi+j(E•, K•)

Taking homology at i = j = 0 will give the composition law for HomDb(X);

in general, taking homology at i, j gives a pairing Exti(E•, F •)×Extj(F •, G•)→
Exti+j(E•, G•), where Exti(−,−) := HomDb(X)(−,−[i]).

When E•, F •, G• are complexes concentrated at degree 0, this is exactly
the same construction as the Yoneda pairing who appears in the Grothendieck
duality (my reference is [1] IV-1 2):

Exti(E•, F •)× Extj(F •, G•)→ Exti+j(E•, G•)

Equivalence with Serre duality

Suppose that E,F are coherent sheaves, considered as complexes concen-
trated at degree 0 and i, respectively; according to the preceding remark on
Yoneda pairing, what we get is exactly the same pairing in Grothendieck
duality (where E is usually taken to be OX):

Exti(E,F )× Extn−i(F,E ⊗ ωX)→ k

2In [1], they also take an injective resolution of E•, but this seems to be unnecessary.
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Now let's set out to do the exercise.
(⇒): Suppose that the pairing on level of Db(X) gives an isomorphism

HomDb(X)(E,F )
∼→ HomDb(X)(F,E

L
⊗ ωX [n])∨

For any 0 ≤ i ≤ n and any coherent sheaf F on X, let F be the complex
with only one term F concentrated at degree i, and let E be the complex
with only OX concentrated at degree 0. It follows that

Exti(OX , F )
∼→ Extn−i(F, ωX)∨

that is,
H i(X,F )

∼→ Extn−i(F, ωX)∨

which is the usual form of Serre duality on smooth projective varieties.
(⇐): Conversely, suppose that Serre duality holds. Since Exti(E,F ) =

Exti(OX , F ⊗ E∨) if E is a locally free sheaf of �nite rank, it follows that

Exti(E,F )× Extn−i(F,E ⊗ ωX)→ k

is a perfect pairing for any coherent sheaf F and any locally free E of �nite
rank. A routine diagram chasing shows that this is the same homomorphism
de�ned using trace map E ⊗ E∨ → OX (express the isomorphisms in terms
of push forward via E ⊗ E∨ → OX and pull back via E ⊗ E∨ → OX).

To show that

HomDb(X)(E,F )
∼→ HomDb(X)(F, (E

L
⊗ ωX)[n])∨

for any E,F in Db(X). We can assume that E is a complex of locally free
OX-modules of �nite rank.

For any F in Db(X), let p(F ) be the minimal length among bounded
complexes quasi-isomorphic to F . De�ne q(E) similarly, but the minimum is
taken among bounded complexes with locally free terms. Proceed by double
induction on (p(F ), q(E)).

When p(F ), q(E) ≤ 1, this is Serre duality. In general, suppose that
p(F ) > 1. Take a complex F • of length p = p(F ) quasi-isomorphic to F , and
consider the truncation

· · · // F p−1 // 0 // 0

· · · // F p−1 // F p //

0

OO

0

· · · //

0

OO

0 //

0

OO

F p // 0
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This gives a short exact sequence, hence a distinguished triangle F ′ →
F → F ′′ → F ′[1] inDb(X) with p(F ′), p(F ′′) < p(F ). Apply the derived Hom
functor RHom, and then the long exact sequence + induction hypothesis +
5-lemma yield the desired isomorphism 3.

The induction step to reduce q(E) is similar. This completes the proof.
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