INTERCITY SEMINAR ALGEBRAIC GEOMETRY, autumn 2007
Lecture 1: General Introduction

Bas Edixhoven

Theme. D’(X) := D’(CohX) as an invariant of a noetherian scheme
X, where D°(CohX) denotes the derived category of bounded complexes in
CohX = the abelian category of coherent Ox-modules.

1. Think of it as a variation of: Ky(X) = K(CohX), K°(X), CH(X),
Coh(X) with appropriate structures.

2. Note that Coh(X), D?(X) are categories...

3. Of course, this seminar is a good opportunity to learn about derived
categories.

References: See Moonen’s program. Main reference: Huybrechts’ book

[6]-

1 Qcoh(X) and Coh(X)

For (X, Ox) a ringed space, and F an Ox-module:

F is quasi-coherent << Vz € X 3U 3 3(Ox|o)!) — (Ox|p)) —
Flu — 0 (see [3]).

For X ascheme: F is quasi-coherent <= Vopen affine U = Spec (A),JA—
module M s.t. Fly =M (M =F(U)). (f € A: F(D(f)) = (FU)).

For (X, Ox) a ringed space, again:

. def 1. F is finitely generated : V23U, n, (Ox|y)" = Flu;
F is coherent <= o ) )
2. YU C X,Vn,VO} — Fly : Ker ¢ is finitely generated.

For X a locally noetherian scheme:

OTypesetting by Wen-Wei Li.



F is coherent <= (F is quasi-coherent and of finite type)

<= (Y open affine U = Spec A : F|y = FU
and FU is a finitely generated A-module)

For X = Spec A: Qcoh(X) = A —mod, F — F(X), M — M is an
equivalence; if A is noetherian: Coh(X) = f.g. A — mod is an equivalence.

Qcoh(X) and Coh(X) are full subcategories of O x-mod; they are abelian
categories, closed under — ®p, —.

For f: X — Y in (Sch), F € Qcoh(Y): f*F € Qcoh(X); if X is
noetherian, or f quasi-compact and separated, F € Qcoh(X) = f.F €
Qcoh(Y) ([5], Prop II 5.8). If Y is locally noetherian and f proper: f, :
Coh(X) — Coh(Y) ([4]).

Theorem 1.1 (Gabriel). Let k be a field, X,Y k-schemes of finite type, such
that Coh(X) and Coh(Y') are equivalent. Then X =Y.

Proof. We reconstruct X from Coh(X).

Simple objects of Coh(X): i, .k(x), where x € X closed, i, : {z} — X
the inclusion and k(z) = Ox,/m, (indeed, all other nonzero F € Coh(X)
have nontrivial quotients).

So we know X as a set.

Topology on X°: U C X is open <=

SuppF=X\U
3F € Coh(X) : VreX:izelU Hom(F, iy k(x)) =0

So we have X (add generic points for all irreducible closed subsets of X°).
Now Ox. We have: Ox(X) = End(idcon(x)), because Endconx (Ox) =
Ox(X). (V ringed space (X, Ox) : Ox(X) = End(idqeon(x)))
Now comes Gabriel’s input: for U C X open, Coh(X) — Coh(U) is the
quotient () by the full subcategory Cohy(X) of F with Supp(F) C X \U =:
Z. (thick, or Serre subcategory).

Ob(Q) := Ob(Coh(X))
Homg(F,G) ={F EHLGin Coh(X) s.t. Ker (s),Coker (s) € Cohy(X)}/ ~

where

H

1N
, SN f//

(FEHLG~(FEHLG) =3  F=—H —=G



For details, see e.g. [8] Example 10.3.2, or [2] Exercise IT 5.9.

Note: Fortunately Coh(X) is a small category.

The universal property of ¢ : Coh(X) — Coh(U) that we apply to
Coh(X) — Coh(U): as Coh(X) — Coh(U) satisfies that if Ker (f), Coker (f) €
Cohy(X), then the image of f is an isomorphism, then

Coh(X) d Q

7
\ 7
L7

Coh(U)

Surjectivity of @@ — Coh(U) follows from:

VF € Coh(U) 3F" € Coh(X) s.t. F'ly = F (|5], Exer. II. 5.15)

So: for U C X open: Ox(U) = End(idcon(x)/Cohy(x))- O
ival
Exercise 1.2. (Finitely generated Z-modules)/(finite Z-modules) caflvarence,

(finite-dimensional Q-vector spaces). How for Z-modules?

2 D'(X), derived categories.

References: [2], [§]
Let A be an abelian category, i.e.:

o Additive:
- VX,Y : Hom(X,Y) is a Z-module, composition is bilinear.

— 30 € Ob(A), final and initial.
VXY 3X8Y, XaY =X xY

e 1 kernel and cokernels, and X f Y

i T

Coker Ker (f) —— Ker Coker ( f)



Kom(A) := Category of complexes in (over) A:
Objects: ((K™)nez, (d")nez), K" € ObA,d" : K" — K" d" o d" ! = 0.
Morphisms: (f")nez @ f" : K™ — L™ such that all diagrams
K —%s gnt1 are commutative.

fni lfTH_l

Ln *d> Ln+1
Kom®*(A):  Full subcategory of (K,d) s.t. K™ =0 for n < 0.
Kom™(A):  Full subcategory of (K,d) s.t. K" =0 for n > 0.
Kom®(A):  Full subcategory of (K,d) s.t. K" =0 for |n| > 0.
(Kom*(.A) is abelian)
Homology: H" : Kom(A) — A : K* — Kerd"/Imd" ' (indeed functo-
rial). So: K* exact (acylcic) <= H™(K*®) =0 for all n.
Definition 2.1. f: K* — L* is a quasi-isomorphism <= Vn € Z: H"(f)
is an isomorphism.
Example 2.2. If A — [° — ' — ... is exact, then A[0] — I* is a quasi-
isomorphism (A[0] is the complex with A in degree 0, 0 elsewhere).
Definition-Theorem 2.3 (|2| III 2.1). There exists @ : Kom(A) — D(A)
such that

Kom(A) 9. D(A)
FJ/ -
_- 3G
£
D
where D(A) is just a category (not additive, ...) such that f qis = Q(f) isom.
The proof is a "formal" localisation procedure for arbitrary categories
Q : B — B[S™!], S arbitrary class of morphisms in B
Morphisms in B[S™']: fios;'o fyos,to---0 f, 05, modulo equivalence
relation.
Similarly: Kom™(.A) 5, D*(A),x € {+,—,b}.

Fact 2.4. D*(A) — D(A) are full subcategories, essential image : those K
with H*(K) =0 forn < 0,n>0,....

Let Komg(.A) be the full subcategory of Kom(A) of (K,d) with d = 0.
Then we have

h: Kom(A) Komg(.A)
7z
\ 7 equivalence <— A
D(A) is semi-simple i.e.

all short exact
sequences split



To find out more about D(A), one uses the homotopy category K(A).
Ob(K(A)) = Ob(KomA), Hom (4 (K*, L*) = Hom(K, L)/homotopy.

(Recall: f~g <= 3Fn": K" - L" 'st. f—g=hod+doh;the f
with f ~ 0 form an ideal in Kom(.A). This terminology comes from topology,
via a suitable functor; triangulated spaces, or singular homology.)

Similarly: K*(A) (additive categories). Note: f ~ g = H"(f) = H"(g),
so quasi-isomorphism in K (A) makes sense.

Now:
inverting
uasi-isoms ~
Kom(A) K(A) — D(A)
equivalence
D(A) (not so easy, uses mapping

cone and cylinder)

The quasi-isoms in K (A) form a localising class:

(((a) VX € B: idy € S, closed under composition.
(b) vy—€>z Z—£>VAV.
S C Homp is localising w f ls ST f :t
X—Y X—Y
(c)if f,g: X =Y, then
(Is€ S:sf=sg) < (FteS: ft=qgt).

\

Left S C Homp be localising, X,Y in Ob(B). Then

Homps—1)(X,Y) = {X 25y L, Y}/ ~ as before

D*(A) is additive. A — D*(A), X — X]|0], is fully faithful, and induces
an equivalence of A with the full subcategory of K* in D*(A) with H'(K*®) =
0Vi # 0.

Translation functor: for n € Z : Kom(A) — Kom(A), K* — Kin|* :
Kn]' = K", fln]' = "7, d[n] = (=1)"d.

Definition 2.5. Fori € Z, X,Y € A:

EXtit(X, Y) = HOInD*(A)(X,Y[i]) = HOIHD*(A)(X[]{?],Y[i + k‘]) for all k£ € Z.



Note: Extiy(X,Y) x Ext),(Y,Z) — Ext'/7(X, Z[i]) is now just composi-
tion.

Theorem 2.6. Ext’,(X,Y) =0 if i < 0.

For i > 0: every element of Ext’y(X,Y) is of the form:

A ~

X10] Yd]
with0 =Y - K71 — ... 5 K% 5 X — 0 exact.

Proposition 2.7 (See Keller, Derived categories and tilting in [7] § 2.5).
Assume VXY in A: Ext%(X,Y) = 0. Then YK* in Kom(A): 3 quasi-
isomorphisms: K® «— S® — H*(K?*).

Homp(a)(K*, L*) = {(fns €n)nez|f : H*(K*) — H"(L*),e € Exty(H"(K*), H" '(L*))}.

3 Distinguished triangles in D(A)

(Generalise short exact sequences of complexes, and give rise to long exact
homology sequences)

Definition 3.1. A triangle in Kom(A), K(A), D(A) is a diagram

u v

M —K[1]°

K* L*®

A morphisms of triangles is a commutative diagram:

u v

K* L* M*—= K[1]*

T

K7 Ly Wh KL [1]°

This makes a category, and we have the notion of isomorphism.
A triangle is distinguished if it is isomorphic to some diagram:

KL oyi(f) & o(f) & K[1)*  (to be explained).



TOws exact, . 7 ) o
O] 1)Kl

0—=K* HCyl(f) ——=C(f)
1

where f € Kom(A) is arbitrary.
Let f: X — Y in Top. Then we have:

1/ C(f) —=E(X)
Cyl(f) —=C(f)
x—1 1l/
Cyl(f) = (X x[0,1][TY)/((z,1) = f(x))
c(f) = Cyl(f)/{(z,0) = (a",0))
2(X) = X x[0,1]/((z,0) = (2/,0), (z,1) = (2, 1))
cyl(f) cif) 0
O b &
X % [0,1/2] x [1/2,1]
e Mayer-Vietoris for ¥(X) = (0 =@ /’O)Z \((m,l) my P

<<

unv =X.
e Suspension: H(X) = HTY(XX) Vi> 0.

Theorem 3.2. Let K* % L* 5 M* =% KJ[1]* be a distinguished trian-
gle in D(A). Then the sequence --- — H'(K®) — H'(L*) — H'(M*®) —
H™Y(K*) — -+ is ezxact.

We view D*(A) as a triangulated category (the notion has been axioma-
tised). In particular, the "invariant" D?(CohX) is considered as such.

Remark 3.3. K*(A) is also triangulated.



4 Derived functors

Let A and B be additive categories, F' : A — B left exact. Let R C Ob(A)
be adapted to F':

e stable under finite direct sums.
e VK* in Kom™(R) exact, FK*® in Kom(B) exact.
e VX € ObA 3l € ObRs.t. X »— 1.

Let Sg := quasi-isomorphisms in Kt (R).

Then S, is localising, and K+ (R)[Sy'] — D*(A) is an equivalence. (Sim-
ilar for left exact, D™.)

Let @ be an inverse.

Then one defines: RF : D*(A) 2 K*(R)[SR"] L D(B).

3 characterisation of RF' be a universal property.
Remark 4.1. RF' is exact in the sense that it preserves the distinguished
triangles.

Proposition 4.2 (3.5 in Huybrechts’ book). Let X be a noetherian scheme.
Then D°(X) — D&%, (QcohX) is an equivalence, where D%, (QcohX) is
the full subcategory of D°(QcohX) of complexes K* with H'(K*®) in Coh(X)
for alli € Z.

Qcoh(X) has enough injectives.

5 Serre functors

Theorem 5.1 (Serre duality, 3.12 in [6]). let X/k be smooth and projective.
Then 3 functorial isomorphisms, VE*, F* in D°(X):

HOHlDb(X)(E.,f.) = HOHlDb(X)<f‘.,5. ®WX[7”L])V.

Remark 5.2. These Hom’s are finite dimensional k-vector spaces; £® — £°* ®
wx|[n] is the Serre functor.

Exercise 5.3. Derive ordinary Serre duality from this, and vice versa.
So: £* — £° ® wx|n| is unique up to equivalence.

Theorem 5.4 (Bondal, Orlov). Let X, Y be smooth projectives such that 3
exact equivalence DY(X) — DY(T) and such that wi is ample. Then X ~Y .

Theorem 5.5 (Balmer). "A reduced noetherian scheme X can be recon-
structed from (DP™(X), ®)".



6 Grothendieck groups, Chow rings

Reference: [1] Ch. 15 (page 294), [6], p.124.
Let X be a nonsingular projective variety /k a field (smooth projective
k-scheme).
Ko(X): Grothendieck group of coherent Ox-modules: F €
Coh(X) ~ [F] € Ko(X),
VF'— F = F": [F] = [F]+ [F"]; Z-module.
K°(X): Similar for locally free Ox-modules, ® makes it into
a commutative Z-algebra.
K°(X) — Ky(X) is an isomorphism of Z-modules because V.F € Coh(X) 3
finite resolution by locally free Ox-modules of finite rank.
For 7+ in DM(X): [F7] == Y (~1)[F] = (- 1)i[H(F)] € Kol(X),
additive for distinguished triangles.
Finally: Q ® K°(X) Lo CH(X) is an isomorphism of Q-algebras.
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