Rise and fall of periodic patterns for a Generalized
Klausmeier-Gray-Scott model

Sjors van der Stelt*, Arjen Doelman!,
Geertje Hek*, Jens D.M. Rademacher®

April 10, 2012

Abstract

In this paper we introduce a conceptual model for vegetation patterns
that generalizes the Klausmeier model for semi-arid ecosystems on a sloped
terrain [23]. Our model not only incorporates downhill flow, but also linear
or nonlinear diffusion for the water component.

To relate the model to observations and simulations in ecology, we first con-
sider the onset of pattern formation through a Turing or a Turing-Hopf bifur-
cation. We perform a Ginzburg-Landau analysis to study the weakly nonlinear
evolution of small amplitude patterns and we show that the Turing/Turing-
Hopf bifurcation is supercritical under realistic circumstances.

In the second part we numerically construct Busse balloons to further
follow the family of stable spatially periodic (vegetation) patterns. We find
that destabilization (and thus desertification) can be caused by three different
mechanisms: fold, Hopf and sideband instability, and show that the Hopf
instability can no longer occur when the gradient of the domain is above a
certain threshold. We encounter a number of intriguing phenomena, such
as a ‘Hopf dance’ and a fine structure of sideband instabilities. Finally, we
conclude that there exists no decisive qualitative difference between the Busse
balloons for the model with standard diffusion and the Busse balloons for the
model with nonlinear diffusion.

1 Introduction

In semi-arid ecosystems, a striking example of pattern-formation is found. After
the first discovery in the 1950s in sub-Saharan Africa by aerial photographs [28, 29],
this type of patterned vegetation has been subject of various studies. As semi-arid
ecosystems often mark the landscape between deserts or dry steppes on the one side
and greener ecosystems on the other side, analysis of their vegetated patterns may
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help to understand desertification processes. This is a main reason why ecologists
have performed much fieldwork (cf. [13, 22, 36, 26]), modeling and simulations (cf.
[48, 27, 24, 38, 25]) in the past decades.

A major goal has been to examine whether and how the presence of patterned
vegetation indicates proximity to a so-called catastrophic shift — a sudden drop to
desert state. The current work is inspired by bifurcation-type diagrams in [37, 38|
which indicate that the catastrophic shifts most likely occur for long-wavelength
patterns with very localized vegetation. In mathematical terms, these would be
pulse patterns with narrow, high peaks and large interpulse regions. This suggests
that the catastrophic shifts may be related to (homoclinic bifurcations of) single-
pulse patterns. See [9] for examples for the Gray-Scott equation.

Various simulations of a three-component reaction-diffusion equation modeling
plant-water-interactions [37] show existence of stable large-amplitude vegetation
patterns for parameter choices close to a Turing-Hopf bifurcation. As such bifur-
cations give rise to small-amplitude patterns, the question arises how these large-
amplitude patterns are related to the bifurcation. One possibility would be that the
Turing-Hopf bifurcation is subcritical, so that patterns that arise at the bifurcation
are unstable and would hence not be observed (in simulations). Other, larger am-
plitude, stable patterns could bifurcate from these initially unstable patterns and
could be the ones found in simulations.

The simplest model used to describe semi-arid ecosystems is the Klausmeier
model [23]. In the present paper, we extend this model and analyze whether it
would allow for subcritical Turing-Hopf bifurcations. This is, however, only our
first step: the core of the paper concerns our study for which parameter conditions
(stable) vegetated patterns exist as solutions to the model. The emergence of small
amplitude periodic patterns (‘Ginzburg-Landau analysis’) and the stability region
of general periodic patterns in parameter space (‘Busse balloons’) play a major role
in our analysis. Moreover, to our knowledge, we present the first Ginzburg-Landau
analysis and Busse-balloon computations for systems with nonlinear diffusion. In
particular, our results significantly add to the very sparse case studies of the struc-
ture of Busse balloons, particularly in reaction-diffusion-type models.

1.1 Origin of the model

Semi-arid ecosystems are ecosystems with an annual precipitation of 250-500
mm, that are typically found at the edge of deserts. At the other side, greener
ecosystems such as grass savannas, montane forests and temperate broadleaf forests
are found. After the first report of patterned vegetation in sub-Saharan Africa
[28, 29], such patterns have been reported in many semi-arid ecosystems in Africa,
the Americas and Australia. They are estimated to cover about 30% of the emerged
surface of the earth. The composition of the vegetation varies wildly from one
ecosystem to another and can comprise grass, scrubs, bushes or trees [27, 29]. Also,
the occurrence of these patterns is not specific to the type of soil [27]. Therefore,
attempts have been made to describe them with models that focus on other possible
mechanisms, most notably plant-plant interactions [27] or plant-water-interactions
[23, 19, 37].

Early attempts to formulate a model along these lines use cellular automata [18]
or mean field models [27]. In 1999, C.A. Klausmeier was the first to model the
dynamic interplay between surface water and vegetation by a reaction-(advection-
)diffusion system [23]. He introduced a conceptual 2-component model to de-



scribe patterns in semi-arid ecosystems, the components representing water u and
biomass/vegetation v. In unscaled form, the model he introduced reads

Uy = kous, + ki1 — kou — k3k5uv2;
ve = dyUgw — kav +  ksuv?,

(1.1)

where u(x,t),v(z,t) : RxRy - Rand k; >0,i=0,...,5, d, > 0. The change
of water u; is assumed to be governed by advection caused by the slope of the
area, modeled by kgu,, a constant precipitation rate ki, an evaporation rate that
is linear in the amount of water —kou, and an infiltration feedback, modeled by
—ksksuv?. It assumes that the change of biomass is controlled by a diffusive spread
of biomass, modeled by a diffusion term d,v;;, a linear natural death rate —k4v
and the infiltration feedback ksuv?, that has a positive effect on the vegetation.
Since the spread of biomass occurs on a much slower time scale than the advection
of surface water, it is natural to assume d,, < ko. The equilibrium v = 0, u = ky /k»
corresponds to the desert. Though the model is simplistic in nature, it is able
to capture essential features of semi-arid ecosystems, such as the emergence of
patterned vegetation.

Klausmeier’s original model [23] assumed two-dimensional spatial variation in
x and y of both biomass v and water w. In this article, we focus on its one-
dimensional dynamics by assuming a constant variation in the direction of the
spatial y-variable. We also assume that both u and v vary on an infinite domain
R instead of a bounded domain [0, L] with L € (0, 00). This assumption is natural,
since the scale of the observed patterns is very small compared to the size of the
domain (cf. [6, 19, 23, 28, 29, 37] and the references therein).

Klausmeier’s model (1.1) assumes the existence of some slope or gradient that
lets the water flow downhill and the growing vegetation migrate uphill. However,
patterns have been observed as well in semi-arid ecosystems without a slope [28, 29,
49]. In order to model the spread of water on a terrain without a specific preference
for the direction in which the water flows, we extend the model (1.1) by adding a
term dy, (u”),, for a priori possibly nonlinear diffusion. We thus obtain

{ut = dy(u)er + kour + k1 — kou —  ksksuv?;

vy = doVee — kav 4+ ksuv?, (1.2)

where it is assumed that v > 1. Since the spread of biomass occurs on a much
slower scale than the (nonlinear) diffusion of water, it is again natural to assume
0 < d, < d,. For ecosystems without a slope, we set kg = 0. In this article we
mainly focus on v = 1 or v = 2. The choice v = 1 simplifies the spread of water
to linear diffusion, whereas v = 2 is based on a less (over)simplified way to model
the motion of water — see Remarks 1 and 2. Of course the present generalization
of Klausmeier’s model still is a conceptual model — only the basic mechanisms are
taken into account and these are modeled in a highly simplified fashion.

In order to reduce the number of parameters, we rescale the equations. We set

U= Z—fu; V= %v, (1.3)

and further
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Figure 1: A schematic picture of the GKGS-model. On the top line, the models without
advection (C' = 0) are depicted. These models generate symmetric Turing patterns that
are modulated according to a real GLE. On the bottom line, the models with a nontrivial
advection rate C' > 0 are depicted. For these models, the appearance of the traveling
periodic patterns is described by a complex GLE. (See §2.4.)

T:’gg—’;zt; X = |d k()3 r (1.4)
to obtain
U, = vy + CU, + AQ1-U) - UV?
{Vt = 6V, — BV + UVZ (1.5)
with
1
A=k Bkt o-nide |ag (B)7]
and

dy (ka\"
20 _ W 2
57 = @ <_k1> (o >0).

Here 0 < 0 <« 1, since 0 < d, < d,,. Notice that there is a redundancy in the
introduction of § > 0 in 627, which will be clarified in §2. The system parameters A,
B, C' and ~ are chosen according to the characteristics of the ecosystem under study.
In particular, ecosystems without a slope are by setting C' = 0 and ecosystems on a
sloped terrain are modeled by setting C' # 0. We may view C as a parameter that
measures the rate of advection, A as a parameter that controls the precipitation
and B as a parameter that describes the extinction rate of the biomass.

It is naturally to assume that C' and B are constant and to vary A — as is also
typically done in the Gray-Scott model (see [32]). This change in A may cause
desertification. Throughout this paper, we therefore consider A as our major pa-
rameter — see Remark 3. A priori, there is no reason to assume that the parameters
A, B and C are O(1) with respect to ¢; in fact, the relative magnitudes of A, B
and C' will play a crucial role in the upcoming analysis (see also [32]).

The above rescaling is motivated by the fact that equation (1.5) reduces to the
well-studied Gray-Scott model if we set C = 0 and v = 1 (see [4, 9, 32] and the



references therein). We refer to the equations in (1.5) as the Generalized Klausmeier-
Gray-Scott model or shortly, GKGS-model. By either setting v = 1 or v > 1 and
either C = 0 or C' > 0, the GKGS-model comprises four types of equations. A
schematic picture of the four classes of the GKGS-system is given in Figure 1.
Klausmeier’s model (albeit in a different scaling than in [23]) is derived if we set
dy, = 0 or, somewhat artificially, v = 0. However, his model can also be derived as
a limit case for C' — oo in a proper scaling of the GKGS-model (see §2.6).

Remark 1 In the formulation of the Klausmeier model in [23], the author does
not explicitly distinguish between surface water, i.e. water on top of the soil, and
soil water, water penetrated into the soil. In later, more extended models, this
distinction indeed has been made — see for instance [17, 19, 37] and the references
therein. For both possible interpretations — u(z,t) as surface water or as soil water
in (1.2) — a linear diffusion term, i.e. v = 1, for the spread of water is possible,
but strongly simplified. In [17], it is deduced by a shallow water argument, that
for a thin layer of water on top of the soil, u(x,t) diffuses in a nonlinear fashion
(more precisely: the arguments in [17] imply that v = 2 in (1.2)). Since the soil
is in general a porous medium, flow of (soil) water through this medium naturally
is of porous media type, i.e. of nonlinear diffusion type as in (1.2). Again, the
most typical nonlinear value of « is 2, although in principle other values of v (> 1)
are also possible — see for instance [14]. Note that the ‘infiltration feedback’ term
ksksuv? is modeled as a negative effect in (1.1): this is an (implicit) indication that
u(z,t) should be interpreted as surface water in [23].

Remark 2 For v # 1 system (1.2) turns from a standard, semilinear parabolic,
reaction-diffusion system into a quasilinear one, which is mathematically much less
convenient to handle. However, since the solutions we consider in this paper have
uniformly positive u-values, we stay in the well-behaved parabolic regime. A suit-
able abstract framework of well-posedness and nonlinear semi-groups in quasi-linear
problems that in principle covers equations of the type (1.2),(1.5) can be found, e.g.,
in [1, 20]. Details will appear elsewhere [47].

Remark 3 The expression for A depends on the rainfall parameter k; via A ~
k3/k3. At first sight, this may seem contradictory, since in the rescaled model
(1.5) we argued that A acts as a parameter that measures the rainfall. Moreover,
the appearance (and subsequent disappearance) of vegetation patterns is initiated
by decreasing A, which at first sight seems to correspond to increasing the rainfall
parameter k;. However, we have seen that B in (1.5) is proportional to k3 /k%. Thus,
the assumption that B and k;, j = 3,4, 5, are constant, implies that k; ~ ko and

3 3
therefore A ~ :—% ~ % = k1. Hence, we see that A is directly proportional to the
1 1

rainfall k1 (under the assumption that B is constant). It should also be noted that
exactly the same analysis as is done in this paper by varying A in (1.5) (and keeping
all other parameters fixed), can also be performed directly on the unscaled equation
(1.2), in which one can then — for instance — only vary the rainfall parameter k.

1.2 Outline of the analysis and conclusions

The GKGS-model (1.5) has the same three spatially homogeneous background
states as the Gray-Scott model for A > 4B? (in fact, the homogenous dynamics of



both systems is identical):

Up=1,Vo=0, Us= i (A% VA2 =148) Vi = % (4+ VA2 =1a8?).

(1.6)
The state (Ug, Vo) = (1, 0) represents the desert (since Vo = 0). At As, = 4B?, the
equilibria (U4, Vy) and (U—,V_) collapse and disappear in a fold, or saddle node
bifurcation. Hence, for A < Ay, the desert (Up, Vo) = (1,0) is the only background
state, while for A > Ag,, we have three background states, of which two represent
homogeneously vegetated states.

This paper is a first step in the analysis of GKGS model for vegetation patterns. In
§2.1-2.4, we describe analytically the emergence of spatially periodic vegetation pat-
terns by a Turing or a Turing-Hopf bifurcation of the stationary state (U, V) by
deriving a (complex) Ginzburg-Landau Equation (GLE) for each of the four classes
in Figure 1. The derivation of the GLE as modulation equation for Turing patterns
in reaction-diffusion equations is a well-known, but certainly nontrivial procedure
(see for instance [32] for the Turing bifurcation in the Gray-Scott model). Here we
show that this procedure can also be applied to reaction-diffusion-advection equa-
tions with nonlinear diffusion — to our knowledge this has not been shown before in
the literature (see §2.4).

We derive that the Turing-Hopf bifurcation is supercritical for ecologically rel-
evant parameter combinations in each of the four classes, regardless the values we
choose for B and C'. This answers one of our initial questions: for realistic parameter
values the simple Klausmeier model cannot account for a subcritical Turing bifur-
cation, not even in an extended form with (nonlinear) diffusion. It appears that
for v = 1 (normal diffusion), the Turing(-Hopf) bifurcation is always supercritical,
regardless the value of the advection rate C. For the Gray-Scott case C' =0, v = 1,
this was already known [32]. However, we find that the Turing(-Hopf) bifurcation
becomes subcritical if v > ~4s &~ 13. Though it does not occur at a relevant pa-
rameter value for the ecology, this is an interesting mathematical observation: the
nonlinearity of the diffusion is able to trigger a change from super- to subcriticality
while a change of the advection rate C' is not.

Related to the Ginzburg-Landau analysis, we have evaluated the associated
Benjamin-Feir-Newell criterion ([2] & §2.4). Our analysis shows that there always
exists a band of stable periodic patterns near a Turing(-Hopf) bifurcation for eco-
logically relevant parameter combinations. Note that this is quite remarkable, given
the dimensions of the parameter space.

We also show that the Klausmeier model appears as a limit case of the GKGS-
model for large C' and derive an explicit Ginzburg-Landau equation for the Klaus-
meier model that shows the Turing-Hopf bifurcation of the Klausmeier system to
be supercritical as well.

The Ginzburg-Landau analysis is weakly nonlinear in the sense that it can only
be applied if the GKGS-system is close to the critical parameter value A, for A
at which a Turing-Hopf instability takes place, that is, if |[A — A.| < 1. In the
second part of this paper (§3), we extend the analysis to more general parameter
values A. By expanding recently developed numerical techniques for the continua-
tion of instabilities of periodic patterns [34], we present a rather complete picture of
all instabilities that spatially periodic patterns of our reaction-advection-diffusion
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Figure 2: (a) Busse balloon for B = C' = 0.2 and v = 1. (b) Busse balloon for B = C = 0.2
and v = 2. Notice that the scale of the axes in both pictures is the same. In both cases,
the boundary consists of a branch of sideband instabilities that is crossed by a curve of
Hopf instabilities both on the left as well as on the right. Somewhat surprisingly, the only
difference between the Busse balloons for v = 1 (a) and v = 2 (b) is of a quantitative
nature.

models can undergo for all relevant ecological parameters (cf. [35]). In particular,
we present complete regions in (A, k)-space (here k is the wavenumber of the pe-
riodic vegetation pattern) where stable periodic patterns exist. Such regions are
called Busse balloons (see §3 for a more precise definition) — see Figure 2 for first
examples. In each of the four classes in Figure 1, we construct a Busse balloon for
a number of relevant parameter combinations, giving a complete overview of all the
instabilities that periodic patterns can undergo as a function of A (given that the
other parameters are fixed).

We find that periodic patterns destabilize in three different types of instabilities:
fold (only if C' = 0), Hopf and sideband. (Note that the fold cannot be a robust
destabilization mechanism in non-reversible systems [35].) Somewhat surprisingly,
we find that the characteristics of the Busse balloon do, contrary to the type of
Turing bifurcation, depend heavily on C' and not on « (for its most realistic values
1 and 2). See Figure 2(a) and (b). We mention our most important results. Firstly,
we show the existence of the so-called Hopf-dance for C' = 0, both for the case of lin-
ear as well as for nonlinear diffusion; note that the Hopf dance has been elaborately
described in [10]. If C' # 0, the two intertwining branches of Hopf instabilities are
replaced by a ‘curtain’ of Hopf instabilities. Our second main observation is that
this Hopf curve moves out of the Busse balloon in an intriguing — and certainly
non-understood fashion. Thirdly, we find that — independent of the type of desta-
bilization (Hopf/sideband), the homoclinic (x = 0) pattern always is the last one to
become unstable. This corroborates Ni’s conjecture [10, 33] and generalizes it sig-
nificantly to nonreversible systems with nonlinear diffusion. Fourthly, for relatively
small values of C' there exists a rich and unexplained fine structure for the sideband
instabilities (mostly in the unstable region). Finally, once more note explicitly the
remarkable fact that the differences between a Busse balloon for v = 1 and a Busse
balloon for v = 2 are only quantitative: the step from linear diffusion (y = 1) to



nonlinear diffusion with v = 2 triggers no qualitative changes in the structure of
the Busse balloon.

Acknowledgements The authors thanks Max Rietkerk for sharing his insights
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Remark 4 The mathematical approach to equations of Klausmeier/Gray-Scott
type of the present work is related to several papers in the literature. First of
all, in [44, 45, 46] various aspects of the ‘classical’ Klausmeier model — for instance,
the linear stability analysis of its ‘trivial patterns’ — are studied. However, the
weakly nonlinear stability analysis of the onset of pattern formation in the Klaus-
meier model as presented in section 2.6 is new in the literature on this model. In
[21], a nonlinear stability analysis in a Klausmeier-type model is presented. In fact,
in [21] the advection term of the Klausmeier model is replaced by a linear diffusion
term. In our terminology, this means that the Gray-Scott model is considered in
that paper. In this sense, [21] strongly relates to [32]. Finally, in [41, 40] spatially
periodic patterns in Gray-Scott type equations with an additional advection term
are considered: a situation that is similar to the lower-left side case of Figure 1
(v =1,C > 0). Again, the linear mechanism leading to — in our terminology —
Turing-Hopf patterns is studied. However, it is not followed by a weakly nonlinear
Ginzburg-Landau analysis.

2 The Rise of Patterns

Before we embark upon a study of the onset of patterns in the GKGS-system, let
us introduce some terminology that will be used throughout the article. Reaction-
diffusion-advection systems as (1.5) naturally allow for spatially periodic solutions.
These spatially periodic patterns or wave trains are solutions wu(z,t) that can be
written as u(z,t) = uper(kx + Q) and that satisfy uper(§) = uper(§ + 27). Here &
is called the (nonlinear) wavenumber and € is the (nonlinear) frequency. A wave
train is called a background state or stationary state when both its wavenumber and
frequency are zero, i.e., when u(z,t) = upe;(0) for all x € R, ¢ € [0,00). It is called
a Turing pattern if its frequency is zero, i.e., when u(z,t) = uper(kz) for all z € R,
t € [0,00): Turing patterns have standing profiles. A generic wave train has xk # 0
and  # 0 and will therefore have a traveling profile with velocity /.

In this section we derive critical parameter values for which the stationary state
(U4, V) 1.6 undergoes a Turing-Hopf instability and derive a leading order form
for 0 < § < 1 of the GKGS-model (1.5) near the Turing-Hopf bifurcation. The sta-
tionary state (U-,V_) is always unstable, as can be readily checked. Subsequently,
we derive a Ginzburg-Landau equation for the slowly modulating amplitude of the
periodic pattern that appears at the Turing-Hopf instability. In order to employ a
leading order analysis in (1.5) for 0 < § < 1, we follow [32] and scale the parameters
by

A=ad® B=0b5" and C =cd”, (2.1)

with a, 8 > 0,v € R and a,b,c = O(1) with respect to §. The background state
(U4, V) can then be written out to leading order in § as
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Figure 3: The thick lines denote possible typical configurations of a spatially periodic
perturbation of the background state at marginal stability in the complex A-plane. On
the left, the spectrum near the origin is real, as is typical for the (reversible) GKGS-model
with C'= 0. On the right, C' # 0.

b? a
UL, V) = <3625°‘, 560‘5) +h.o.t.. (2.2)

We notice that the two states (U, Vi) only exist if A > Ag, = 4B?, or equivalently,
a > 4b%6%#~2. Since § is assumed asymptotically small, boundedness of a yields the
condition

28 —a >0, (2.3)

with equality allowed only if a > 4b.

2.1 The Turing and Turing-Hopf instabilities
The linearized GKGS-system about the stationary state uy = (U, V) can be
written abstractly as

up = Dugy + Cuy + 0 F (us; A, B)u =: L[0]u, (2.4)

with u = (U,V), F(U,V;A,B) := (A(1 = U) — UV?2,—BV + UV?), D the matrix
defined by D = diag(le_l, §29) and C the matrix defined by C = diag(C,0).

We consider the spectrum spec £[0,] of the operator £[d,] defined in (2.4) and
define the matrix M by

. —y(UL) 7 k2 +iedVk — V2 — 6% —2b58
M(a,c,ik) = < YU+ + - . 2.5
( ) V—E _52 k2 +5ﬁb ( )

Notice that M(a, ¢,ik) = L[ik]. As can be seen by computing the Fourier transform
of (2.4) w.r.t. , a complex number X € C belongs to the L?-spectrum of £[d,] if
there exists a k € R such that

d(X, ik) == det[M(a, c,ik) — A\] = 0. (2.6)



Equation (2.6) is called the (linear) dispersion relation of (1.5) about (Ui, V). We
refer to k as the (linear) wavenumber. It is associated to a Fourier mode of the per-
turbation of the background state (Uj, V). Recall the nonlinear wavenumber « is
the wavenumber of the bifurcating wave train itself, it should thus not be confused
with the linear wavenumber k of perturbations to the wave train. We can now make
a basic definition, analogous to [412].

Definition 1 £[0,] is called marginally stable with critical Fourier mode ugel*=*
associated to the unique critical eigenmode iwy, up to complex conjugation, if:

1. d(iwy,iky) =0,

2. d(iws,ik) £ 0 for all k # Lk,

3. d(\,ik) # 0 for all k € R and all X € C with A\ # iw,. and ReA > 0.

Two possible spectral configurations of the background state (U, V) at marginal
stability are depicted in Figure 3. Definition 1 does not provide an explicit scheme to
determine marginal stability. In practice, one uses the following necessary (though
a priori not sufficient) conditions to derive marginal stability of £ with respect to
eigenfunction Upe™* and eigenvalue iw,:

ORe\
ReM_r, =0 and 2| =o. (2.7)
L P

We call the instability a Turing-Hopf instability if the wavenumber and its associ-
ated frequency of the eigenmode at marginal stability are nonzero, k. # 0, w, # 0,
and we call the instability a Turing instability if the frequency of the eigenfunction
at marginal stability is zero, i.e., ws = 0 and k. # 0 (see Figure 3). It will be
confirmed in §2.2 and §2.3 that (U, V,) undergoes a Turing instability to Turing
patterns if C' = 0 and a Turing-Hopf instability to generic wave trains if C' # 0.

2.2 Critical parameters for the GKGS-model with C =0

First we derive the critical parameter a, and critical wavenumber k, at which
the stationary state (U, V,) undergoes a Turing instability for the GKGS-model
with C'= 0. For C' = 0, the dispersion relation (2.6) can be written as

d(\,ik) = det[M(a,0,ik) — A
= A —trM(a,0,ik)\ 4 detM(a, 0, ik). (2.8)

If Definition 1 for marginal stability holds, then the trace trM(a,ik) = A_ + Ay
cannot be positive. Substitution of the leading order formulation for V, yields

(28—a)(y—1) b? T 2 a’ 2(a—p) a 20 1.2 8
— 50 — k—b—26 — 0% — 67k 4+ 6°b <0. (2.9)

a

Recall a,b > 0. For this inequality to hold, also at k£ = 0, it is needed that either
2(a— B) < B or a < B. Since the weakest of these conditions suffices, we impose

20 < 38. (2.10)

Notice that this condition is stricter than (2.3). We are now in the position to
formulate the following proposition concerning marginal stability.

10



Proposition 1 Let C =0,y > 1 and 0 < § < 1, and define g := 3 — 2y/2. The
background state (Ui, V) of (1.5) is marginally stable for o, a = a, and k = ki,
satisfying

2y+1)-(v+1a = 20
k2 = (1 - g)bs—2At+le (2.11)
a;erl _ g,_)/wa/—i-l7

to leading order in §.

Notice that we recover Proposition 3.1 of [32] for the Gray-Scott model if we set
v =1.

Proof. We first show that, as expected from the reversible symmetry for C' = 0, an
instability always occurs through the origin so that it suffices to consider the simple
case A = w, =0 at k = k..

Suppose that d(iw,ik) = 0 and note that M(a, 0,ik) is real. According to (2.8)

Im d(iw, ik) = wtrM(a,0,ik) = 0,
so that either w = 0 (which means A = 0) or trM = 0. The latter implies
trM(a,0,ik) = —(v(U4)" ! + 627)k? + trM(a,0,0) = 0,

which has real roots k if and only if trM(a,0,0) > 0, which is clearly not the case
by (2.9).

Therefore it suffices to consider A = 0 and prove that there exist a, and k, such
that

det M(a4,0,ik,) = 0
& det M(a.,0,ik.) = 0 (2.12)
From (2.12b) we get
52972 4 §20+a .- 6BUV—1b
ool T b (2.13)
276200
From this expression, substitution of 752"sz1 in (2.12a) yields
—20°b(VE — 6°a,
2 Vi —9%a.) (2.14)

- §20V2 4 §20+aq, —~45fUT b

Before we solve a, from the combination of (2.13) and (2.14) we first determine its
magnitude. Since k? in (2.13) is positive, one obtains by using the leading order
expression (2.2),

CL2 b2 71

—2§207FT0) 4,527 — b (_> §A+ =)= g, (2.15)
b s

It follows from (2.10) that 2(o — 8 4+ 0) < 20 + «, which means that condition
(2.15) would be satisfied if 8+ (28 — a)(y — 1) < 2(a — f + o). Using (2.2)
and (2.10), we deduce from (2.13) that k2 is O(6°727), and from (2.14) that k2
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is O(§2(@=A)=(2B=a)(v=1)) " Hence, we find a condition on the magnitude of the
parameters at the Turing instability,

27+ 1)B = (y+ Do = 20. (2.16)
By substituting this in condition (2.15), we get

a7 < b2,

We can now consider the leading order expressions of (2.13) and (2.14), and conclude

a2 p2\ ! 2 a2 2\t
P =4y .
wow) ) = (@)
v+l

Solving this for a. gives two solutions of which only one satisfies condition a) " <
~vb27+1 hence

+1 __ 2v+1
al™ =gy,

which also yields the leading order expression for k2.

Since the spectral curves A+ (k?) are solutions of the quadratic equation in A (2.8),
it is straightforward to show that d(0, k.) indeed satisfies Definition 1, i.e., that £ is
marginally stable. O

2.3 Critical parameters for the GKGS-model

Before we can study the critical parameters at which the (irreversible) Turing-
Hopf instability occurs for C' # 0, we first need to determine the (critical) scaling
of C, that is, the critical value of the exponent v (2.1). If C'is too small (i.e., v too
large), it will only have a higher order impact on the analysis of the previous section.
If C is very large, it will have a major impact on the linear stability. The critical
scaling of C' is determined by the value of v at which the influence of C becomes of
leading order in the linear stability analysis (this v is a ‘significant degeneration’,
cf. [11]). Therefore, we use the scalings obtained in Proposition 1 in M(a,c,ik).
Write k = 620+De=78); (so that k. = O(1)). The scalings for A, B and C in (2.1)
imply that we have, to leading order in ¢,

52228 [_Tk2 - o +icav—%<3—v>a—<v—2>ﬂz;} 59 [—20]
9220 4] 5P [—k? + b)
(2.17)
-1
where we have introduced T' = I'(vy,a) := ~v (%)AY . Hence, it follows that the

critical scaling of v is given by

M(a,c,ik) =

1
V= 5(3—7)a+(7—2)ﬁ. (2.18)
For this v, the dispersion relation is determined by
§2a—28 [—Fl%Q — o yick — 535*2%] 5°[—2b]
det ) . . =0, (2.19)
§2e—28 [b—} F[—k2 +b— )]

12



where we have introduced \ by A = SN

It follows from (2.10) that the term with A in the upper left entry of (2.19) is
not of leading order. Hence, we conclude that at leading order in §, and by drop-
ping hats on k and )\ the appearance of the Turing-Hopf instability is governed by
the simplified dispersion relation

det My (a,c,ik) =0, (2.20)
with M (a, ¢, ik) defined as follows

. —Tk? — % +ick —2b
M (a,c,ik) == 2.21
Aa, ¢, ik) < Z_Z —k2+b—)\> (2.21)
If we define
F(k):=TE>+ % and G(k):=k? -0, (2.22)

it follows from (2.21) that the dispersion relation of the GKGS-system (1.5) is, to
leading order in §,
d(\,ik) [F —ick] + det My (a, ¢, ik)

= A
= A[F —ick] + det Mo(a,0,ik) — ickG = 0. (2.23)

Recall that (2.7) determines two necessary conditions for marginal stability. Sub-
stituting the first relation of (2.7) in (2.23) gives, to leading order in 4,

wek 4+ det Mo(a,0,ik) = 0

wF — ckG = 0, (2.24)

where w = w, is the critical frequency defined by \(k)|k=r, = iw. (see Definition 1).
Differentiation of (2.23) with respect to k yields, after substitution of the conditions
n (2.7),

ek + we + OpdetMo(a,0,ik) = 0 (2.25)
SR+ wF' — G —ckG = 0. ’
From the second equations in (2.24) and (2.25) it now follows that
kG &u _c , ,

Note that unlike in the case ¢ = 0, here it holds that A(k)|x=r. = iw. # 0. Thus
the destabilization that sets in at marginal stability indeed is of Turing-Hopf type
if ¢ # 0. The right equation in (2.26) gives the group velocity cg := — g—: ‘k:k*, that
may be interpreted as the velocity with which wave packets with Fourier spectrum
centered around the frequency k. evolve.

The equations in (2.24) and (2.25) give

det Mo(a,0,ik) = —<EC
. ooF (2.27)
O det Mo(a,0,ik) = —35[F(2G +kG') — kGF].

These equations determine a, and k, of Definition 1.
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Proposition 2 Let 0 < § < 1, k = 620D+ 8v% and drop the tilde on k, and
let C = c63B=Nat(r-2)8 £ 0. Let, as before, g = 3 — 2\/2. The stationary state
(U, V) undergoes a Turing-Hopf instability at a uniquely defined critical parameter
a = a, and critical wavenumber k = k, that satisfy

altt > gyt and k2 <b. (2.28)

If c = %bl", the Turing-Hopf instability takes place at the explicit parameter values,
to leading order in 0,

1 1
al ™t = §7b27+1 and k2 = §b'

Moreover, for ¢ > 1, we have, to leading order in ¢ and ¢,
1
al™(c) = Ip2+3.2 4 O(c) and k3(c) = 5(1 —g)b+0(1/c). (2.29)
0

Proof. First we show that a Turing-Hopf instability occurs. We rewrite equations
(2.27) by

2

a
K =k? and E= (2.30)
to obtain
c\2
(K2+K(E-b+En)(K+E) = —(F)QK(K—b)
CK+E£-b)(K+£)? = — (&) (K*+2£K - £b),

and we further introduce X, p and n by

E c?
K =bX, T= bp and = bn. (2.31)
Then the equations simplify to
(X’ +X(p-D+p(X+p) = —nX(X-1) (2.32)
(X +p)@X+(p— )] (X+p) = —n(X2+2pX —p).

As a shorthand we introduce polynomials f, g, h,j and write (2.32) in the obvious
way as

X, p) (X +p) = —ng(X)
X, p)(X +p) = —nj(X,p). (2.33)

We view these as functions of X and sometimes suppress the dependence on p. With
the above rescalings of a and k, the problem of finding a parameter a = a, > 0
with wavenumber k = k, such that (2.27) holds, has been reduced to the problem
of finding a p > 0 and an X > 0 such that (2.33) holds. We may assume 1 # 0
(since the case ¢ = 0 is dealt with in Proposition 1. From this and from (2.33) it
follows that we search for X > 0 such that

F(X)F(X) = g(X)h(X). (2.34)

We notice the following:
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§0)-f(0)=—=p-p=—p* <0 and j(1)-f(1)=(1+p)-2p>0
while

9(0)h(0) = g(1)h(1) = 0.
Hence it follows that for each p € R, there is a X = X, (p) € (0,1) such that (2.34)
holds.
If g(X.) # 0, we can define

__f(X(p),p)

The triplet p, X..(p),n(p) is a solution for (2.33).

We need to consider the case g(X.) = 0 or j(X.) = 0 separately. It holds that
g(X) = 0 if and only if X = 0 or X = 1. However, if X = 0 or X = 1, the
first equation of (2.32) contradicts the assumption that p > 0, so we find that the
condition g(X.) # 0 is never violated. On the other hand, if j(X.) = 0 then, by
(2.33Db), it must hold that X, = (1 — p). Solving j(3(1 — p)) = 0 gives n= 3 and

so X, = % Substituting these values for X and p in (2.33a), gives = 5. Hence,

by rewriting to original parameters, we obtain the special case for which

1 1 2
=t k2 =_-b and c= bl
a, 3")/ y % 3 an c 3

We have now proven that for each p > 0, there is a pair X.(p),n(p) that solves
(2.33). In order to complete the proof it remains to show that for each n > 0 (and
thus for each ¢ € R), there is a unique pair X, (1), p(n) (or k., a.) that solves (2.33).
This can be proved by showing that n(p) as defined in (2.35), attains each value in
[0,00) and is an invertible map.

By (2.32) it is easy to see that n(p) = 0 if p = ¢g. On the other hand, as we will
prove below, 7 is unbounded as a function of p: n — oo if p — oo (which by (2.31)
is ¢ = o0). Also, the function 7(p) has no (vertical) asymptotes since we saw that
9(X.) # 0. Hence, 7(p) attains each value in [0,00). It now suffices to show that
17 = n(p) is injective. This can be derived by a tedious analysis of the polynomials
in (2.32): for all  there is at most one pair (X, p) such that (2.32) holds. We omit
the details.

Next we derive the estimates in (2.28). The estimate in (2.28b) follows from the
fact that 0 < X, < 1 and (2.30) and (2.31). We prove the estimate in (2.28a).
From (2.31) it is clear that n does not allow for negative values. That is, by (2.35),
and since ¢g(X) < 0 for all X € (0,1), we can only allow for those p for which
sign(f) > 0. Tt is straightforward to show that f(X) > 0 for all X € (0,1) if p > g,
and f(X) <0 for all X € (0,1) if p < g. Hence, if we rewrite the condition p > g
to original parameters, we obtain (2.28a):

a7t > gy,

Finally, we analyze the case for asymptotically large values of 7 (or equivalently,
asymptotically large values for ¢ and derive equations (2.29)). Consider equation
(2.32). Since X, is bounded (| X.| < 1), we must rescale p and obtain

O(p®) = O(n).
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We therefore set 1 = 7jp?, with p > 1, and expand (2.32):

X+1 = —fX(X—1)+0(1/p)
1 = —i(2X —1)+0(1/p).

Solving this gives, to leading order,
1 .
X.=5(1-9)+0(1/p) and i =3+ 2V2+0(1/p).
Rescaling X, back to k. and 7. back to a, and ¢ gives (2.29),

B = 30—+ 00/ and a27(e) = L2 +0(0).

2.4 Modulation equations for the rising patterns

At the Turing instability of the stationary state (Uy,Vy) (that takes place if
¢ = 0) or Turing-Hopf instability (¢ # 0), the homogeneous equilibrium becomes
unstable with respect to periodic perturbations for a < a,. If the instability is su-
percritical, one expects a small band of stable patterns, the so-called Eckhaus-band
for |a — a.| = O(¢?) and 0 < ¢ < 1.

In this section we will derive and analyze the associated Ginzburg-Landau equations
for the GKGS-model in each of the four classes of Figure 1 and for the special cases
of Proposition 2. The Ginzburg-Landau equation (GLE) governs the behaviour
of the amplitude of the pattern near criticality. Solutions to this equation are
slow modulations of the amplitude of the underlying ‘most unstable’ Fourier mode
~ellkztw.t) (see [2, 31] and the references therein).

In the case of the Gray-Scott system it is shown in [32] that the Turing insta-
bility is supercritical, meaning that stable small amplitude periodic solutions exist
in the region where the underlying homogeneous pattern is unstable. In §2.5 we
derive that for v > 7, ~ 13 and ¢ = 0, the Turing instability of the stationary state
(U4, V4) of the GKGS-model becomes subcritical (however, we do not see a relevant
ecological interpretation of these values for 7). We also find that the Turing-Hopf
instability that occurs for ¢ # 0 is supercritical for all values of ¢ and either v = 1
or vy =2.

In §2.6 it is shown that, near criticality, the Klausmeier system can be derived
as a limit case of the GKGS-system for ¢ — oo (in particular, 0 < 1//c < €% < 1).
It is explained that the GLE for the Klausmeier model is the same as the limiting
GLE for the GKGS-system for large ¢ and asymptotically small |¢| < 1 (that is, we
assume 0 < £2 < 1/y/c < 1). This is surprising: a priori, it is not at all clear that it
is possible to interchange the limits ¢ — oo and ¢ — co. In particular, the Turing-
Hopf instability of the background state (U, V) of the Klausmeier system inherits
the supercriticality from the Turing-Hopf instability of the background state of the
GKGS-model.

Let 0 < ¢ < 1 and assume that the stationary state (Uy, Vy) is almost marginally
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unstable (a = a. —re?, r > 0). Patterns close to the stationary state (U, V) can
be described by

U = 625-2U; +eU(x,t))

Vo= 5PV + eV (b)), (2.36)

By substitution of these expressions in (1.5) and recalling the previous scaling for v
in (2.18) and the previous scalings for k and A that induce the spatial and temporal
scalings

§=ax670"320-7 and {=ts", (2.37)

we deduce the following leading order system for the GKGS-system,

y—1
G-y, = (b_) Use + Uy — [5U + 25V

Q%

+ e [7(7 —1) (g)%z Usal + (Us)?] — £V2 — 2%*UV}
+ el -6 -2 (8) T 0?3070

y—1
+y(y=1g (b—) Upz + 213U — UVQ}

Vi = Vie [UHV] +e [EV242%0V] -2 25U - UV,
(2.38)
where we have dropped all hats and tildes and have implicitly assumed § < e.
Remark that after application to the linearly ‘most unstable’ Fourier mode ~
ellk=z4w.t) “the leading order part of (2.38) indeed corresponds to M, (ax, ¢, ik.)
(see (2.21)). The kernel of My, (ax,c,ik,) is given by

ker M, (ax, ¢, k) = ( 2 ) : (2.39)
Ny,c
with
G\ 2
My = —Tk2 — (?) Fikee, (2.40)
and the range of M, (ax, ¢, ik,) is given by
. —2b
Rg My, (as, ¢, iky) = ( K2 b iw. > ) (2.41)

Thus, M, (ax, ¢, ik.)x = y has a solution if and only if y € Rg My, (ax, ¢, ik.),
that is, if and only if
2bys — (k2 + iw. — by = 0, (2.42)

where y = (y1,y2)”. We will need this in our derivation of the GLE and refer to it
as the solvability condition.

The modulation Ansatz for the derivation of the Ginzburg-Landau Equation is that
solutions of the system behave as slow spatio-temporal modulations of the solution
for the linear first order problem, i.e., they are of the form:
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( v ) = A(5,7)< 20 >ei<k*r+W*t> + c.c. + ho.t., (2.43)
14 e

with £ = ex and 7 = e?(x — ¢gt) and ¢, the group velocity defined by (2.26) [2, 31].

In [32] the GLE for periodic patterns near the Turing instability of the background
state (U, V4 ) for the Gray-Scott system was computed. Using a result of Schneider
[43], the diffusive stability of the Turing patterns described by the Gray-Scott sys-
tem could be derived from the spectral stability of periodic solutions of this GLE.
However, to our knowledge there does not exist a similar result in the literature that
can be applied to the present system, i.e., a quasilinear reaction-diffusion system
with nonlinear diffusion. In fact, we are not aware of any (even formal) GLE analy-
sis in a system with nonlinear diffusion. Still, we expect that a result similar to that
of [43] must hold — although a proof is beyond the scope of this paper. The reason
for this is that the nonlinear diffusion term in (1.5) can be controlled if U remains
bounded away from 0, i.e., if U(x,t) > dp > 0 uniformly in « and ¢. By the nature
of the method, the GLE analysis is applied to solutions (U(z,t), V(z,t)) of (1.5)
that are asymptotically close to the background state (Uy, V) of (1.5), as is made
explicit by ‘Ansatz’ (2.36). Since clearly Uy > 0 (see also (2.2)), the GLE approach
indeed only considers patterns in (1.5) for which U(z,t) > dp > 0 uniformly in x
and ¢ on the time scales associated to this approach. In this region the equation is
still parabolic and existence theory is essentially similar to the semilinear case — see
Remark 2.

In §2.5 we derive a Ginzburg-Landau equation for the slowly varying amplitude
A(&, 7). The Ginzburg-Landau equation is first derived without inserting explicit
values of a, and k,. The coefficients of the GLE are functions of b, ¢ and =, as it
is proven in Proposition 2 that the critical values of a, and k. depend on b, ¢ and
~. In Proposition 2 however, we also deduced explicit values for a, and k, for a
number of special parameter values for b, ¢ and . In each of these cases, we will
present an explicit GLE.

2.5 Ginzburg-Landau equation for the GKGS-model
Proposition 3 Assume |a—a*| = re? and e > 0 small enough. Then, the Ginzburg-
Landau equation associated to (1.5) for solutions of the form (2.43) near the Turing-
Hopf instabilities of Proposition 2 has the form

AT = (a1 + iaz)Agg + (b1 + le)A + (Ll + 1L2>|A|2A (244)

with coefficients given by

a) +iay = ﬁ [Qb(cgylg + 1ye + 2ikiy12) — (k2 4+ iw, — b)(cr12 + 2b1 + Qik*l"xlg)]
by +1iby = 2b:7w1 - [4%(I€f + twy + b) + L.A,NLD(ICE + twy — b)}
Ly+iLly = g5 [(kZ +iw. +b) Lot — (k7 + iws — ) Larp)] -
(2.45)

We refer to Appendix A for the detailed derivation of the GLE as well as the full
expressions for Lo, Lnrp and L4 nup and x5, yi4, 15 = 02,12,13. Here we remark

18



Figure 4: An impression of the stable Eckhaus region as part of a Busse balloon. Compare
Figure 2. Inset: the Eckhaus region of stable patterns (boundary depicted by a dashed
line) lies within the larger locally parabolic region of (not necessarily stable) patterns.

that if ¢ = 0, then w, = 0 and ¢; = 0 by (2.26) and Lyi,p = 0 and L4 ~ip = 0 if
v =0, i.e., these coeflicients originate from the nonlinear diffusion.

In the GLE (2.44), the coefficient L; + iLs is called the Landau-coefficient. The
Turing-Hopf instability of the stationary state (Uy, V) is supercritical if and only
if its real part satisfies L1 < 0. It is subcritical if L; > 0.

If the Turing-Hopf bifurcation is supercritical, it is straightforward to show [30]
that there exists a band of stable spatially periodic patterns if and only if

az Lo

1+ > 0. (2.46)

a1 Ly
This inequality is usually called the Benjamin-Feir-Newell criterion [2]. The pat-
terns that satisfy condition (2.46) form a parabolically shaped region of stable pe-
riodic patterns near the Turing(-Hopf) instability at a = a. that lies within a
larger parabolically shaped region of periodic patterns [30, 31]. See Figure 4 for
a schematic picture. For a =~ a, — re?, the region of stable patterns is called the
Eckhaus region, after its boundary which is called the Eckhaus instability [31]. In
Figure 4 the Eckhaus region is depicted as a part of the larger Busse balloon (the
concept of the Busse balloon will be discussed in more depth in §3).

As explained in the introduction, the ecologically relevant parameter values for
v are v =1 or v = 2. With the help of MATHEMATICA we evaluated the Landau
coeflicient of the GLE for the GKGS-model with v = 1 and v = 2. This way, we
have obtained sufficient evidence to claim:

Claim 1 For the GKGS-model (1.5) with v € {1,2}, the real part of the Landau
coefficient Ly of (2.44) is negative for all values of b and c up to c ~ 10% and b ~ 102.
Therefore we claim that the Turing-Hopf bifurcation at a = as of the stationary state
(U4, V) of the GKGS-model with ¢ > 0 and v = 1,2 is supercritical.

As an illustration, we have depicted in Figure 5 a set of contourlines of the real
part of the Landau-coefficient L, for v =1 and v = 2 and values of (b,¢) on a grid
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2,757

Figure 5: Contourplots of the real part of the Landau-coefficient for (a) the GKGS-model
with linear diffusion (y = 1) and for (b) the GKGS-model with nonlinear diffusion (y = 2),
drawn on a grid of points at (b,c) = (0.1,0.0) +0.1(k, 1), k,1 = 0, ...,40. In both pictures,
the non-advection case (¢ = 0) is depicted by the horizontal axis. Notice that the origin
in the pictures is at (b,c) = (0.1,0.0), since the case b = 0 has no ecological meaning.

spanned by (b,¢) = (0.1,0.0) + 0.1(k, 1), k,1 =10,...,40.

By computing the Benjamin-Feir-Newell criterion (2.46), we checked that this in-
equality holds for the Ginzburg-Landau equation for the GKGS-model for all b and
cup to ¢~ 10% and b ~ 10% and ~y € {1,2}. Hence we claim

Claim 2 For (1.5) with ¢ > 0 and v = 1,2, there exists a stable band of periodic
patterns that appears at the Turing-Hopf instability.

Next, we present four explicit Ginzburg-Landau equations for which we have ex-
plicit values for the critical parameter value a, and wavenumber k, at hand. The
parameter choices for the three Ginzburg-Landau equations are drawn from three
different cases of the GKGS-model as depicted in Figure 1. Of course, the sign of
the real part of the Landau coefficient confirms the evaluations presented in Figure
5 in all three cases.

2.5.1 The GKGS-model with ¢ =0 and v =1. Clearly, the GKGS-model
with v = 1 and ¢ = 0 reduces to the Gray-Scott system. By recalling from Propo-
sition 1 (or from [32]), a2 = (3 — 2v/2)b? and k? = (v/2 — 1)b>, the above equation
simplifies to

2
Vb

Since the real part of the Landau coeflicient is negative, the Turing-bifurcation is
supercritical. Note that this equation corresponds to (3.27) derived in [32].1

2
Ar =22 A + —= A~ §(10\f — 7)b% A2 A. (2.47)

INotice however the extra b? in the coefficient in front of the nonlinear term. In [32], b is scaled
out of the matrix M. in formula (3.24). That is, the matrix bM. in [32] plays the role of our
matrix Mg, (ac,0,ikc). This is equivalent to scaling A — bA in (2.47).
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2.5.2 The GKGS-model with ¢ = 0. In the case of ¢ = 0 and v > 1, we
have derived explicit expressions for the critical parameter a, and wavenumber k.
in Proposition 1, namely

1
al™ = gyp? T and k2 = 5(1 —g)b. (2.48)
with g = 3 —2v/2 (notice we rescaled k, in §2.3). Due to the reflection symmetry
of the GKGS-system at ¢ = 0, all coefficients of the GLE are real. In this case, the
GLE (2.44) has the form

A = 2\/5.1455 +b1(7)A+ Li(7)]|APA (2.49)
with
bi(y) = [39— 272 — (41 — 29\/5)7] (%)71/(1#0 %
L) = —52-VB[186+2v8) + 122+ V3 + (-8 +3vE)n?| (2) T

One can check that by(y) > 0 for v > 0 as it — of course — should be. Moreover,
the Ginzburg-Landau equation for the GKGS-system for general v (2.49) reduces
to the Ginzburg-Landau equation for the Gray-Scott system (2.47) if v = 1.

However we notice that the real part of the Landau coefficient L;(y) becomes
positive for large v and equals zero for

Yes & 13.0446. (2.50)

Therefore we have the following result.

Proposition 4 The Turing bifurcation for the GKGS-model (1.2) with ¢ = 0 is
supercritical for v < vss and subcritical for v > 5.

2.5.3 The Ginzburg-Landau equation for the GKGS-model with v =1
and c =,/ %b. In this case, the critical parameters for the Turing-Hopf instability
can be drawn from the ‘special case’ in Proposition 2:

1 1 1 /2
2 _ — 2 = — 3 = — = —
ki = 3b7 a; 3b , W 3b\/§ and cg 3b.

The GKGS-model for v = 1 is not reflection symmetric. Therefore, traveling spa-
tially periodic patterns appear in a Turing-Hopf bifurcation. The associated GLE
is a complex GLE (¢cGLE),

A= 2(8+1V2) A + %\/%5 FIVDA- (5 - 0VDRIAPA (251)

Since Re (—%(5 — 2iv/2)b?) < 0, the bifurcation is supercritical. We refer to Ap-
pendix A.1 for a complete derivation. We remark that it is possible to derive a
special case GLE for general 7 (see Proposition 2). However, this gives no addi-
tional insight.
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GKGS- Uy — U small

GLE for GKGS

model

l 1/4/c small l 1/4/c small

GLE Klausmeier-
Klausmeier- Uy — U small model equals the
model GLE GKGS for
large ¢?

Figure 6: Diagram for the GLE for the GKGS for large ¢ and the GLE for the Klausmeier-
model. A priori, it is unclear whether this diagram commutes.

2.6 Ginzburg-Landau equation for the case ¢ > 1: the Klausmeier
model and the GKGS model for ¢ > 1
In the Gray-Scott scaling introduced in (1.5), the original Klausmeier system reads?

{Ut = U, + AQ1-U) - UV? (253)

Vi = Ve — BV + UV2

Of course, the stationary states for the Klausmeier system are the same as the
stationary states for the GKGS-model: we have the ‘desert’ state (Up, V) and the
stationary states (Uy, Vi) given in (1.6).

A priori, equation (2.53) cannot be considered as a natural limit of the GKGS-
system (1.5) since the diffusion coefficient d,, in front of U has been scaled to d,, = 1
in (1.5) (so d,, cannot be set to 0). In fact, from the point of view of mathematical
modelling the original Klausmeier system is somewhat inconsistent: the (linear or
nonlinear) diffusion of water U is neglected since it is dominated by the advection
term, while the diffusion of vegetation V', which is in fact much smaller than that
of U, is retained in (2.53).

In this subsection we justify this for C' > 1in (1.5) or ¢ > 1in (2.38) and discuss
the relation between the GKGS model with ¢ > 1, i.e., the case in which advection
dominates diffusion in the U-equation, with the original Klausmeier model. We will
do so in the context of the ‘rise of patterns’ and handle the problem in terms of
the GLE associated to the Turing-Hopf bifurcations. As shown in the diagram of
Figure 6, there are two paths to obtain a GLE for the case ¢ > 1. Based on the
previous sections, the most direct way is to consider the case ¢ > 1 in the general
GLE with coefficients given by (2.45) by introducing a new small parameter 1/+/c.
This choice implies that it is implicitly assumed that 0 < ¢ < 1/y/c < 1 (recall
that ¢ is the distance from criticality introduced in §2.3).

2Notice that this rescaling of the Klausmeier system can be acquired from Klausmeier’s original
nondimensional system (see [23]),

ur
v
%X, t=a?’T,v=2aV,u=al, A= a%, B = ;—’5 and by further
7 < 1. (From the estimates for a and v in [23], it can be deduced that

vux + a—u — uvz;
vxXx o — mu + uv2,

520 (252)
by rescaling with z
introducing 0 < §9 :
indeed 0 < £ < 1.)
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However, we will first start out with a path that is closer to the original moti-
vation behind the Klausmeier model: before we embark upon the weakly nonlinear
GLE analysis, we first consider the limit ¢ > 1 in (1.5). In other words, we take
the other path in Figure 6 and assume that 0 < 1/y/c < ¢ < 1. We show that un-
der this assumption the GKGS equation indeed agrees exactly with the Klausmeier
model (at leading order). Nevertheless, this limit is significantly different from the
limit associated to the other path in the diagram of Figure 6 and there is a priori
no reason for the diagram in 6 to commute. The somewhat surprising outcome
to our analysis is that the two resulting GLEs are identical. Before we consider
asymptotically large ¢ > 1, we introduce the scalings

U=002 V=b/EV; a.=a.b G
M2 —1/47 ~15/4 (2.:54)
T = T, t=0b"11, r=7b"%/c.

These rescalings appear a little abrupt. We remark however that it follows from
Proposition 2 that a. grows with /c as ¢ > 1 and that the rescalings in terms
of ¢ are ‘balanced’ such that the terms resulting from the nonlinear diffusion in
the U-component of the GKGS-system for v > 1 are of higher order in 1/4/c and
such that all other terms are of the same, lowest order. The rescalings with b are
balanced such that all terms in the GKGS-model that are of lowest order in 1//c
are also of the same order in b. We refer to appendix A.3 for a more elaborate
account on the derivation of these rescalings.

Now, starting from the GKGS model we employ the following scalings. As
before, we rescale 7 and ¢ in the GKGS-model (1.5) as given by (2.37). In §2.4, we
have seen that patterns close to the stationary state given by (2.36) are described
by the leading order form (2.38) with respect to . We adopt the rescalings as given
in (2.54) and obtain, by disregarding all terms that are of higher order in 1/4/c,

0 = U;—[a2U +2V]

e [£V2 423,07 + &2 |270,0 - 072,
i N D (2.55)
Vi = Vaz+[a2U+ V]

te [%f/? T 26*017} — g2 [27*&*0 . (7172} .

Note that the leading order formulation of the GKGS-system for large ¢ presented
n (2.55) does not include any terms that result from the nonlinear diffusion in the
U-component. In ecological terms this confirms the (natural) observation that the
character of the diffusion is irrelevant in a strongly sloped — and thus advection
dominated — setting.

It is easy to verify that the leading order system (2.55) is identical to the one that
could be derived from the Klausmeier system (2.52), had we adopted the rescalings
given in (2.54) with ¢ = 1 (as is the case in (2.53)). Thus, the system (2.55) also
describes the dynamics of the Klausmeier system near the Turing-Hopf instability
of (Uy,V4). Therefore, we indeed have deduced that the Klausmeier model coin-
cides with the GKGS model (at leading order) if we assume that 0 < 1/y/c < ¢ < 1.

Now we turn to the GLE analysis. In Appendix A.3, it is shown that the asso-
ciated GLE is given by
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A = L [(66 ~ 56v/2) — i(63 — 23v2)VA2 — 1] Ace
PRz =T+ia-2v)| A (2.56)
+ 34 [—807 +534v/2 + 1(418 — 286v2) VA2 — 1} |AI2A

Numerically, the Landau-coefficient in front of the |A|?>A-term is given by

Liajza ~ —1.50174 + 0.252493 1

We see that the real part of the Landau-coeflicient is negative. This once more con-
firms that the Turing-Hopf bifurcation of the equilibrium (U, V) in the Klausmeier-
model is supercritical. We note that this establishes the supercriticality of the
Turing-Hopf instability of the background state (U, V) that was suggested in [45].

Next, we consider the alternative path in the diagram given in Figure 6 and as-
sume 0 < € < 1. In order to obtain an end result that can be compared to the
other path, we scale (2.38) with (2.54) for ¢ # 0 (i.e., not necessarily ¢ > 1) and
obtain

5357204171/2671/201F
— wdi_"yb%v_ic_%f]w—i—clﬂf}— 1/2[ 2U f/]
+ a[ (v = 1)@ "0 e 3 [UssU + (U)?] — c1/2[%v2+2a*ﬁf/]}
+ & [y - Dy - 2@ e DT() + $0°0s)
+v(y = 1Dax S22 Uy + 2ranct /20 — 1/2[7172};
Vs + [a20 + V] +2 [LV2 + 20.07] - 2 [200.0 - 07?].

&
Il

(2.57)
In Appendix A.3 we derive that for asymptotically large ¢, the GLE for this system
equals the GLE for the Klausmeier system (2.56). Therefore, patterns near the
Turing-Hopf point of the GKGS-system for large ¢ are, to first order, described by
the Klausmeier system. Ecologically, one may put this by saying that ecosystems
for which the slope along which the water flows downhill has a relatively steep
gradient, are, to first order, described by the Klausmeier model.

3 Busse balloons for the Generalized Klausmeier-Gray-Scott model

The Ginzburg-Landau analysis of the last section is weakly nonlinear in the
sense that it is valid only given the necessary assumption that the parameter a is
close to its critical value a, at which the Turing(-Hopf) bifurcation takes place, that
is, |a — a.| = O(&?) for a small parameter 0 < ¢ < 1. Naturally, we are interested in
the existence of stable patterns if a is not asymptotically close to a.. In this section,
by using novel techniques implemented in the continuation software package AUTO
[8], we will present a complete picture of all the instabilities that spatially periodic
patterns can undergo for different values of a and fixed values for b, ¢ and ~. This
complete picture will be called the Busse balloon, after the physicist F. Busse who
introduced the concept in [3]. Later, mostly partial presentations of Busse balloons
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for reaction-diffusion systems have been presented, see [5, 12, 32] and the references
therein. To our knowledge, the first complete Busse balloon has been described in
[10]. In this section, we will give a description of a series of Busse balloons for the
GKGS-model. See also Figure 4, in which we have depicted the Eckhaus region as
part of the larger Busse balloon.

To be more precise, let us consider the GKGS-system (1.5) for some fixed B, C
and 7 and let, as before, x be the nonlinear wavenumber.® A Busse balloon for the
GKGS-system (1.5) for B, C' and + is a (not necessarily connected) set B in (4, k)-
space with the following property: a point (A, k) lies in B if equations (1.5) with
parameter A allow for at least one stable periodic solution (U,, V,) with wavenum-
ber k. Periodic patterns on the boundary of a Busse balloon 0B are marginally
stable.

The Busse balloon is part of the larger realm of existing (i.e., not necessarily sta-
ble) patterns. Let us give a proper definition for the convenience of terminology.
The existence region or existence balloon is a (not necessarily connected) set £ in
(A, k)-space with the following property: a point (A, k) lies in £ if equations (1.5)
with parameter A allow for at least one periodic solution (U,, V) with wavenumber
k. Typically, this means that the set has nonempty interior [35].

In this section, we present a series of Busse balloons for a number of choices for the
values of B, C' and ~ (we will explain our choices for the values of these parame-
ters later). First, we briefly present some facts from the stability theory of wave
trains. Then, we consider the instabilities that will appear in the construction of the
Busse balloons in the next section. Thirdly, we explain the numerical continuation
method.

Stability of wave trains. The GKGS-system (1.5) can be recast in a moving
frame of reference, with respect to the variables (&,t) = (x — st, t) (and with a slight
abuse of notation),

{Ut = UM + (+O0We + AQ-U) - UV? (3.1)

Vi = DV + sUg - BV + UV?
The basic advantage here is that generic wave trains uper(§) = (Uper(§), Vper(§))
with &€ = kz + Qt and uper(§) = Uper(§ + 27) then become stationary L-periodic
solutions for s = Q/k (and with L = 27/k),

0 = (Ugcr)ff + (S + C)Uper75 + A(l - Uper) - Upervp%;r (3 2)
0 = DVierge + SUpere — BVper + UperV2 ’

per

To establish spectral stability, we linearize (3.1) about uper = (Uper, Vper) by per-

turbing the wave train with u(¢)e*. We obtain the linear problem (write u =
(U, V),
AU = fyU;,’;lUgg + DU — DU — 2UperVperV (3.3)
AV = D‘/gg + S‘/,g + szerU - (B - 2UpCerCI‘)V '

3Remark that we silently switched back to the original parameters A, B and C' in (1.5). We
will comment on the relation between A, B and C on the one hand and a, b and ¢ on the other
hand in §3.2.

25



with Dy = D1 [Uper, 7, 8, C 1= Y(y= DUperU e e +7 (7= 1) (1= 2) U2, UL S +5+C

and Dy = Ds[Uper, Upers 7, A, ] 1= 2y(y — 1)Upe,rU"Y_2 + A+ V2 . Written as a

per,£§ per*
first-order ODE, (3.3) defines a four-component system
¢ = Ax(uper(€)) ¢ (3-4)
with
0 1 0 0
>\+D21 __Dy . 2Uper V};er 0
— YUper YUer YUper
A(uparl)) = | 7T T ; N N CE)
Vi 0 AB—2Uper Vper s
D D D

The matrix Ay (uper(§)) is L-periodic. Hence, by Floquet theory, there exists an L-
periodic matrix B (§) and a constant matrix R such that the fundamental solution
to the above first-order system is given by

D) (€) = Ba(§)e™*E.

Since we only allow for bounded perturbations, it follows that the Floquet exponents
v of ®, are purely imaginary, v = ik. That is, the dispersion relation

d(\,ik) := det(®y(L) — *LI) =0 for some k (3.6)

holds. This is equivalent to the boundary value problem (see [34])

Au = Liku
u(0) = wu(L) (3.7
ug(0) = (L)
with Liy, 1 (H2,0(0, L))? C (L24;(0, L)) = (L2, (0, L))? defined by
- 7U3;182 +D1-0— Do _2Upcrvpcr

L = ( V2, DJ? + 50 — [B — 2UperVoer] )’ (3.8)

where 0 := J¢ + ik. We will occasionally refer to (3.7) as the dispersion relation for
the linearization about uper.

The operator Li; has compact resolvent for each k, so its spectrum consists of
countably many isolated eigenvalues [18]. Since each of these eigenvalues is a root of
the complex analytic dispersion relation d(\,ik), one can continue the eigenvalues
Aj(k),j € N globally in k. By periodicity, each homotopy along A;(k) — X, (k +27)
will map the set of eigenvalues \;(k), j € N onto itself (notice however that it will
generally not be the case that each eigenvalue A; is mapped onto itself by the ho-
motopy!). Therefore, the essential spectrum of the wave train uper will generally
consist of (at most) countably many connected components. One of these compo-
nents is connected to the translational eigenvalue at the origin — see also [15, 16].

A spatially periodic pattern is marginally stable if its associated operator Li; and
the dispersion relation d(A,v) (3.7) satisfy the conditions in Definition 1.

Each of the destabilization mechanisms through which a periodic pattern (Uper, Vper)
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Figure 7: Sketches of spectra at Hopf instabilities with A € C. Left: Spectral branches
for C = 0. Due to the reversibility, the spectral branches have collapsed to curved line
segments (see [10]). Right: Spectral branches for C' # 0.

may destabilize, is characterized by a specific configuration of the essential spec-
trum. The GKGS-model with C' # 0 breaks the spatial symmetry that allows for
Turing patterns. This is a crucial observation, since the robust codimension-one
destabilization mechanisms for generic wave trains are in principle different from
the destabilization mechanisms for Turing patterns [35]. We only discuss the robust
codimension-one instability mechanisms that we have encountered for wave trains
in our construction of Busse balloons for the GKGS-model; these are: Turing-Hopf
instability?, fold and sideband instability. Note that Hopf instabilities and sideband
instabilities are robust destabilization mechanisms for all wave trains, while a fold
is not a robust instability mechanism for generic spatially periodic patterns (with
Q # 0 and & # 0) though it is robust for Turing patterns (2 = 0) (see [35]).

A spatially periodic pattern wuper undergoes a Hopf instability at A = A, if
the operator Lix in (3.8) is at marginal stability with k. # 0 at critical eigenvalue
A = iw, with w, # 0. See Figure 7. A fold and a sideband instability are both
characterized as instabilities for which k., = 0 at critical eigenvalue \ = iw, = 0. A
sideband instability satisfies the additional condition that

o)

Re
ok? k=k.

=0. (3.9)

We have depicted the difference between the fold (in the reversible case) and the
sideband instability schematically in Figure 8. Note that the dispersion relation in
the reversible case possesses the symmetry d(\,v) = d(\, —v) and is thus of the
form

d(\,ik) = ar A + agA? + ask? + ag\k? + ask* + O\ + E°), (3.10)

where a; € R. See also [35]. A fold occurs at a3 = 0 and the sketches in the top
row of Figure 8 correspond to a; < 0,a1 =0,a1 > 0 (and a; > 0 for j > 1).

Methods and implementation notes. For the construction of the Busse bal-
loons, we have made use of the continuation and bifurcation software package AUTO
(see [3]). The methods we have used to construct the Busse balloons are based upon

4With slight abuse of terminology, in the context of perturbations of periodic patterns we
abbreviate the Turing-Hopf instability to ‘Hopf instability’ in the rest of this paper.
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Figure 8: Sketches of spectral configurations we encounter for wave trains close to marginal
stability, when a system parameter is crossing a critical value. Top row: reversible fold for
C' = 0. Bottom row: sideband instability for general C'.

[31]. In this section, we describe these methods.
Using (3.2), a wave train solution (U, V) of the GKGS-model can be written as
a first order system,

Us = P
1 _
P = RVl [Y(y = 1)U 2P+ A1 —U) —UV? + (s + O)P]
Ve = @Q (3.11)
Qe = -D7'[sQ—-BV+UV?]

We denote the vectorfield at the right hand of (3.11) by F = F(U, P,V,Q) : R* — R*
and write ¢ = (U, P,V,Q)T. If we normalize the period L to unity, then (3.11)
together with the boundary condition from (3.7) can be written as

Ye = LE(Y)
P(0) = (1) (3.12)
In AuTo, the nonlinear equation for the wave train (3.12) is solved together with
the dispersion relation (3.7). By a translation of the independent variable via 9, =

O¢ + ik, the dispersion relation (3.7) can also be conveniently cast as a first order
system. Translating back and normalizing the period L to unity again, one obtains

¢ = L[Ax(uper(§)) — k]9
o(0) = ¢(1) (3.13)

with A (uper(€)) as in (3.4). Hence, we consider the boundary value problem
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ve = LF(Y)

¢e = L[Ax(upex(§)) — V)¢

$(0) = (1)

PY(0) = (1) (3.14)

In AuTO, we consider the boundary value problem (3.14) for general v, as this
allows us to switch between connected components of the essential spectrum [34].
The essential spectrum is characterized by solutions to (3.14) such that v = ik. We
also impose the normalization conditions

1 1
/ (e, ora — ) dE = 0: / (o1 — &) dE = 1, (3.15)
0 0

where the solutions 1,1q and ¢oq are solutions from a previous continuation step
or an initial solution [34].

Remark that ¢y € R* and ¢ € C* ~ R®. Hence, we have 8 + 4 = 12 real
unknowns. On the other hand, we have 12 boundary conditions plus 3 real inte-
gral conditions, so we need 3 + 1 = 4 parameters for continuation. We have at
our disposal the system parameters A, B, C' and D, as well as Re\, Im\, the lin-
ear wavenumber k£ = Rewv, the imaginary part Im v, the comoving frame speed s

and the spatial period L (that is related to the (nonlinear) wavenumber via x = 2%).

The sideband can be continued by defining the curvature

- 82R€/\0

= " gK2 .
where A\g(k) is the curve through the origin, and k. the wavenumber associated to
Xo(kx) = 0 at the origin (cf. (3.9)). We refer to [34] for an exact account on the
implementation.

Hopf instabilities are continued in a similar way. Hopf instabilities generically occur
when a connected component of the essential spectrum crosses the imaginary axis,
see Figure 7(b). A sufficient condition in order to fix the spectral component at
marginal stability when a system parameter is changed, is:

OReA

Re/\|k:k* =0 and ok

=0. (3.16)
k=k.

This condition makes sure that the connected component of the essential spectrum
extends into the left half-plane when continued from A(k.) = iw.. In AUTO, one
therefore defines the tangency

OReA
A= %
and keeps it zero during a continuation of Hopf instabilities, along with Re\. The
implementation can be derived in the same way as for the sideband instability by dif-
ferentiating the dispersion relation. (Note that some terms do not vanish for A # 0.)
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The above considerations are purely local in the spectrum. The determination
of (marginal) stability requires more effort. We refer to [34] for the algorithms..
In addition, we checked the stability of the spectrum within the Busse balloon by
explicit numerical evaluations on a grid.

3.1 The existence balloon

From §2.3 we know that the stationary state u undergoes a Turing-Hopf insta-
bility at some A = A, with critical eigenmode e*- and critical frequency A = iw,.
Hence, at A = A, the dispersion relation of the stationary state uy (2.6) satisfies

d(iw,, ik, ) = 0.

In §2.4 we deduced by our Ginzburg-Landau approach (see also Figure 4), that for
A < Ary sufficiently close to the Turing-Hopf instability of the background state
ur = (U4, V4), there exists a parabolically shaped region of periodic patterns.
More precisely, for A < Arg sufficiently close to Ary, there exists an interval
Iy = (k_(A),k+(A)) such that for each x € I there is a spatially periodic pattern
with wavenumber k and these form a continuous family. For each A, the endpoints
k+ = k4 (A) of the interval T4 are characterized by the dispersion relation of u, at
A7

d(iQy,iky) = 0. (3.17)

We remark that this characterization for the endpoints k1 of I4 holds for a full
range of A < Aryg not necessarily close to Arg. An equivalent formulation to
(3.17) can be given by means of the first order ODE formulation of the linearisation
about u4 (see (3.4)),

de = Ax(uy)o. (3.18)

(notice that Ax(uy) is a constant matrix here). The dispersion relation (2.6) satis-
fies (3.17) for some Q. and k. if and only if there exists an {2, such that there is a
solution to (3.18) for A = iQ2, that has purely imaginary eigenvalues v = ik,.

More generally, A € C is in the essential spectrum of u, if and only if there is
a solution to (3.17) for some v = ik. Since the wavenumbers v from the dispersion
relation of the stationary state w4 (2.6) appear as eigenvalues to the spatial ODE
(3.18), they are also referred to as spatial eigenvalues. With AuTO, we have traced
out a curve of boundary points kKt = k4 (A) that mark the boundary of the exis-
tence balloon in (A, k)-space. By construction, this provides an extension of the
existence of the band of periodic patterns near the Turing-Hopf instability that is
predicted by the GLE.

We digress a little on the characterization of the boundary of the existence bal-
loon. Let C # 0, and consider fixed A and k;y = k4 (A), so that there exists a
A = i) such that (3.18) has purely imaginary spatial eigenvalue x4 and therefore
a pair of complex conjugated spatial eigenvalues +x. Hence, for fixed A, and by
changing the speed s of the comoving frame, typically two spatial eigenvalues +ir
cross the imaginary axis so that a Hopf bifurcation occurs. Therefore, locally there
exists a one-parameter family of periodic orbits parametrized by the speed s.

Likewise, there exists a one-parameter family of periodic orbits when the other
pair of eigenvalues +k_ crosses the imaginary axis. By a continuation of the two
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Figure 9: The boundary of the existence region near the Turing and Turing-Hopf bifur-
cations. Closed curves are sketches of some periodic patterns for fized A, illustrating the
amplitude variations. Compare with Figure 4. Insets show the configurations of spatial
eigenvalues of uy at the boundary of the existence balloon at this value of A. (a) the
reversibly symmetric case C' = 0 with s = 0; spatial eigenvalues are two pairs of purely
imaginary values. (b) Asymmetric case C, s # 0, where spatial eigenvalues change with s;
note that at each end of the dotted curve, a different (single) pair of eigen valueslies on
the imaginary axis.

families of periodic patterns with AuTO, we have found that they are connected.
See Figure 9(b). This extends the band of periodic patterns that is described by
the GLE close to the Turing-Hopf bifurcation for A = Ary.

If ¢ = 0, the reversible symmetry forces the spatial spectrum to be symmetric
with respect to the real axis and the imaginary axis. At the Turing bifurcation of
the stationary state u,, the spatial spectrum shows a 1:1 reversible Hopf bifurca-
tion: there are two identical pairs of complex conjugate purely imaginary spatial
eigenvalues +k,. By the reversible symmetry, for A < Apg, two pairs of spatial
eigenvalues will move along the imaginary axis. Then one can apply the reversible
Lyapunov center theorem [7]: for (non-resonant) x_ as well as for (non-resonant)
K4, there is a one-parameter family of periodic orbits with limiting wavenumber x4
as the orbits approach the background state u. (At resonances additional bifur-
cations occur, which are not relevant here.) Again, by continuation, we find that
the family that emerges from x_ is connected to the family that emerges from x4,
which in turn extends the connected band of periodic solutions close to the Turing-
Hopf bifurcation that we know from the Ginzburg-Landau analysis. See Figure 9(a).

The spectral stability of a stationary state is partly characterized by its spatial
spectrum. In Figure 10 we have plotted the spatial spectrum of the stationary
states uy and u_ for different values of either A and the comoving frame speed
s. We briefly comment on Figure 10(b) here. First, we check that the speed of
the critical pattern that appears at the Turing-Hopf instability equals s, = —‘,:—:.
If we write the (stationary) dispersion relation ds(\,v) in (2.6) with respect to a
comoving coordinate £ = z — st, it holds that ds(\, v) = do(A— sv,v). In particular,
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Figure 10: The V4-component of the stationary states u+ against A, with B = 1. (a)
reflection symmetric case C' = 0. (b) the nonsymmetric case C' # 0. The insets show
the typical configuration of the spatial spectrum of the stationary state uy. In the non-
symmetric case, the spatial spectrum depends on s — the speed of the pattern — and thus
various distinct configurations have been plotted. Compare to Figure 9.

if k. # 0 we see
de, /5. (0, ik ) = do (iws, iks) = 0.

Secondly, the spatial spectrum of the fold of the stationary states u_ and uy is
characterized by a complex conjugated pair of purely imaginary eigenvalues that
come together in the origin and move on to the real axis. Thirdly, we remark that
for fixed Agny < A < Ay for any relevant value of s and k_(A) < kK < k1 (A), the
spatial spectrum of the stationary state uy has no intersection with the imaginary
axis. In Figure 10(b), sy is the critical frame speed when k4 crosses the imaginary
axis and s_ is the critical frame speed when k_ crosses the imaginary axis. In the
pictures of spatial spectra for the different s;, ¢ = 1,2, 3 it is understood that the
comoving frame speed s varies but differs from either s_, s; or s,.

3.2 Busse balloons for the GKGS-model

In this section we present a series of Busse balloons for a number of parameter
sets, that we have constructed using AuTO (by methods discussed above).

In [23] the parameters of the Klausmeier model have been estimated. In our scal-
ing of the GKGS-model, it is estimated that Atee € [18.9,169], Biree € [5.7 -
1073,5.1- 1072 and Diyee € [4.2-107%,1.2 - 1072] and that Agass € [0.127,1.13],
Bgrass € [5.7-1072,5.1-107!] and Dygyass € [5.2-1073,1.5-1072]. The advection term
that measures the slope of the surface has been put to C' = 182.5. We therefore set
B = Bgrass = 02and D =1.0- 1073, In the results we are about to present, we
found interesting behaviour for C satisfying 0 < C' < 1, which is relatively small
compared to the estimate of C in [23]. There seem to be no significant changes in
the characteristics of the Busse balloon for C > 1. Therefore, we focus on Busse
balloons with these parameter values for C rather than on Busse balloons with
C =~ 182.5. This means that we focus on a presentation of Busse balloons that
describe periodic patterns for ecosystems with a weaker slope than in [23]. The
power -y in the nonlinear diffusion term is either set to vy =1 or v = 2.
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Figure 11: Busse balloon and existence balloon for B = 0.2, C' = 0.4, v = 1. Here, periodic
patterns become unstable by either sideband or Hopf instability. Compare Figure 2.

We have checked that the Turing-Hopf bifurcation indeed takes place at the pa-
rameter values predicted by the analysis in §2.2 and 2.3. Consider for instance
Figure 11. There, B = 0.2, C = 0.4, D = 0.001, v = 1 and further Aty =~ 1.24
and k, =~ 9.1. The estimates for a, and k., from Proposition 2 are satisfied given
that (2 4+ 1)8 — (v 4+ 1)a = 20. Further, it must hold that v satisfies its critical
scaling (2.18): v = (3 —vy)a+(y—2)8. Fora=3, 8=1,v=1,v=—1 and
o =1 (so that D = 0.001 gives § = +/0.001) these conditions are satisfied. The
rescaling for k introduced in §2.3 is then: k., = 5%(’”1)0‘*”/515* = 1.62 since k ~ 9.0.
Further, we compute a, = A§~* =1.24.-6"Y/2=70,b=B6 " =0.2-6"1 =6.3
and ¢ = C6~¥ = 0.4-6/2 = 0.07. Hence, the estimates of Proposition 2 are easily
verified: k2 = 1.62% < 6.3 = b and a? = 7.0 > 42.9 ~ (3 — 2V/2) - 6.3%.

Both branches of sideband instabilities extend far into the region that is not asymp-
totically close to Aryg. More precisely, there exists an interval Iy, = (Agp, Arr) such
that for each A € I, there is an interval (ksp—(A), ksb+(A)) of stable patterns that
destabilize by sideband instabilities at kg,—(A) and kg4 (A). Notice that this is
analogous to the existence of the Eckhaus region of stable patterns near Ay (see
Figure 4).

3.2.1 Hopf instabilities In Figure 11 both branches of sideband instabilities
are crossed by a branch of Hopf instabilities. The nature of these Hopf instabilities
can be better understood if we first deal with the situation for C' = 0, so we first
discuss the Hopf instabilities for C' = 0 and refer to the more elaborate account on
this topic in [10] when necessary.

For C' = 0, the branch of Hopf instabilities decouples in two intertwining curves of
Hopf bifurcations (see [10]). As is shown in [10], the reversibility induces a symmetry
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inner hull of Hopf
instabilities

A A

Figure 12: Left: sketch of a Hopf dance for the GKGS-model with C' = 0. Right: four Hopf
curves, each associated to a different Floquet multiplier m. For each m € S' there exists
a Hopf curve H,,. At the right, the inner hull of Hopf instabilities forms the boundary of
the Busse balloon. It is assumed that mi # me2 and mi,ma # +1. The horizontal lines
indicate the stable region.

of the essential spectrum Y.s. See, for example, Figure 7. Each connected com-
ponent that has the structure of a closed loop for C' > 0, collapses to a (slightly)
bended line-segment in the limit C' = 0. Due to an additional effect (called the
‘Belly-dance’, see [10]), a Hopf instability occurs only if one of the end points of the
destabilizing line segment crosses the imaginary axis (see Figure 7(b)). It is shown
that the end points are associated with Floquet multipliers m = e* I that satisfy
m = —1 or m = 1. Hence, the Hopf bifurcation for C' = 0 occurs either with respect
to a Fourier mode that is in phase (m = 1) with the destabilizing periodic pattern
or with respect to a Fourier mode that is exactly out of phase (m = —1) with
the destabilizing pattern. Each of these instabilities traces out a different curve in
(A, k)-space. As a consequence, in the reversible case the boundary of the Busse
balloon associated to a Hopf bifurcation, typically has a (nonsmooth) fine structure
of two intersecting curves, one associated to m = 1 and the other to m = —1,
separated by co-dimension two points; the intersections of these m = +1 curves.

For C' > 0, the reversible symmetry is broken. Therefore, the essential spectrum
consists of at most countably many open or closed loops. Each loop is parametrized
by Floquet exponents k, k € [0, L], or equivalently, by Floquet multipliers m € S*.
A Hopf instability occurs when a loop crosses the imaginary axis. In Figure 7(a)
one can see a closed loop of essential spectrum crossing the imaginary axis. The
destabilizing Fourier mode is characterized by its Floquet multiplier m € S!. The
difference between the reversible case and the irreversible case is that in the irre-
versible case the destabilizing modes exhaust all Floquet multipliers m € S!, while
in the reversible case the destabilizing Floquet multiplier is either m = —1 or m = 1.
For each Floquet multiplier m € S' there exists a curve of Hopf instabilities that
is associated to m. The multitude of these curves defines an inner hull of Hopf in-
stabilities that is the boundary of the Busse balloon. See Figure 12 for a schematic
picture.
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3.2.2 The homoclinic fall of patterns An intriguing characteristic of all
Busse balloons we have constructed for the GKGS-equation is that the homoclinic
pattern, i.e., a localized vegetated ‘oasis’ state with wavenumber x = 0, is the last
pattern to become unstable if we change A and keep all other parameters fixed. On
the one hand, this is not atypical for reaction-diffusion models; in the context of
Gierer-Meinhardt type equations it is called Ni’s conjecture (see [33] and [10] for a
deeper discussion). On the other hand, it is certainly not well understood why this
‘homoclinic fall of patterns’ turns up naturally in reaction-diffusion equations.

The homoclinic fall of (stable) patterns is strongly associated to the appearance
of the ‘Hopf-dance’ at the boundary of the Busse balloon near the homoclinic tip
that we described in §3.2.1. In fact, the Hopf-dance phenomenon has been discov-
ered in the context of our research of the GKGS model and led to [10] as ‘spin-off”.
In this paper it is shown for a class of reversible model problems that the intertwin-
ing m = 41 Hopf curves described above (§3.2.1) accumulate on the homoclinic tip
of the Busse balloon as A approaches its minimal value (for which stable periodic
patterns exist). Thus, the curves have countably many intersections that accumu-
late on the homoclinic tip of the Busse balloon — see Figure 12(a) for a schematic
sketch. The GKGS-model is not of this class (certainly not for v = 2) but we found
that all Busse balloons for the GKGS model with C = 0 do exhibit this ‘Hopf-
dance’ near the homoclinic tip. Of course, this fine structure and its associated
co-dimension two points immediately disappear as C' becomes unequal to zero and
gives rise to a simple smooth oscillating curve of Hopf instabilities. See Figure 12.

3.2.3 Upper branch of sideband instabilities An intriguing phenomenon
is the fact that this branch of Hopf instabilities crosses the upper branch of side-
band instabilities, moves out of the Busse balloon for increasing C. See Figure 13
for a series of (zoomed in) Busse balloons and a schematic sketch from which the
‘dynamics’ of the Hopf bifurcation curve are more clear. More precisely, there exists
a C'r, > 0 such that the branch of Hopf instabilities is tangent to the branch of
sideband instabilities. For C slightly larger than Cr,, two connected components of
the boundary of the Busse balloon consist of Hopf instabilities. At C' = Cy > Cp,
the branch of Hopf instabilities gets connected to the origin. For C slightly larger
than Cp, locally there is only one connected component of the boundary of the
Busse balloon that consists of Hopf instabilities. If one increases C' even further, it
passes a second value C'p,, at which there is a tangency between the branch of Hopf
instabilities and the branch of sideband instabilities. For C' > Cr, the sideband is
the only destabilization mechanism for long wavelength patterns.

If C' = 0, the sideband reaches the A-axis at A # 0. However, the intersection of
the upper branch of sideband instabilities with the A-axis rapidly moves to A =0
as C is increased. This is certainly not fully understood.

3.2.4 Lower branch of sideband instabilities We recall that the lower
branch of sideband instabilities is intersected by a branch of Hopf instabilities as
well. See Figure 14, where we have magnified the intersection between the lower
branch of sideband instabilities and the right branch of Hopf instabilities. It is
visible as a strikingly sharp cusp. In Figure 14 we have also depicted the spec-
trum associated to the stability of a solution at the sideband instability close to
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the crossing point, denoted by [J, the spectrum associated to the solution at the
crossing point, denoted by [, and the spectrum associated to a solution close to the
crossing point undergoing a Hopf instability, denoted by . The crossing point O is
a codimension-two point at the boundary of the Busse balloon: the solution at the
crossing point simultaneously undergoes a sideband instability and Hopf instability,
as is visible in the plot of the spectrum of solution 2.
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Figure 13: Upper panels: The left Hopf curve moving out of the Busse balloon for increas-
ing C'. The horizontal lines indicate the stable region. Center panel magnify the box in left
panels. The fold curve in the upper left panel has not been plotted in the other panels for
readability. Lower panels: A schematic sketch of the same process (sb=sideband). (a) The
curve of Hopf instabilities has one intersection with the upper branch of sideband instabil-
ities. (b) At C' = Cr,, there is a tangency between the two curves. (¢) For Cr, < C < Cg
there are two connected components of the boundary of the Busse balloon formed by Hopf
instabilities. (d) At C' = Cg, the curve of Hopf instabilities is connected to the origin:
only one connected component of the boundary that consists of Hopf instabilities. (e) At
C = C'r,, there is a second tangency between the two curves remains. (f) For C > Cr,, the
sideband remains as the only destabilization mechanism in the homoclinic tip (see §3.2.2).
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Figure 14: Close-up of the crossing point between the right curve of Hopf instabilities
and the lower branch of sideband instabilities. Here, C' = 0.2 and B = 0.2. The spectra
near the origin for the solutions 1, 2 and 3 indicated in the magnification are plotted in
the three figures at the bottom.
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Figure 15: The right branch of Hopf instabilities disappears into the A-axis when C | 0.
At the left, we see a part of the Busse balloon for C' = 0.1. In the middle, C' = 0.01. At
the right, C' = 0.001. The fold curve plotted in the left panel has moved very close to the
Hopf and sideband curves in the other panels so that it cannot be visually distinguished.

When C approaches zero, the lower branch of sideband instabilities stretches out
towards the A-axis and thereby decreases the size of the branch of Hopf instabilities.
The Hopf instabilities disappear at C' = 0 where also the sideband curve merges with
the very nearby fold curve (see [10]). The fact that reversible folds yield sideband
instabilities upon symmetry breaking can be readily seen by perturbing (3.10). See
also Figure 8. In Figures 15 we have plotted three close-ups of the Busse balloons
for C =0.1, C =0.01 and C = 0.001.

A second intriguing phenomenon is the irregular ‘jazzy’ behaviour of the lower
branch of sideband instabilities for relatively small C' (C' = 0 to approximately
C = 0.8). See Figure 16. This fine structure of the lower branch of sideband insta-
bilities is in sharp contrast with the regular, parabolically shaped Eckhaus region for
A near Aty. Even a closed curve of sideband instabilities occurs (see Figure 16(b)).
For increasing C, the fine structure gradually disappears.

While the fine structure of sideband instabilities lies in the unstable region, we di-
gress a little on its structure and location within the existence region. To the right
of the fine structure lies the fold curve mentioned above (see Figure 15, left), which
we refer to as the right fold. For the C' values considered in Figure 16, the right
fold curve (see the discussion in §3.1) terminates on the equilibrium curve at some
(Afe, Kfe) near (0.8,4). Hence, for A < Ay there is a second co-existing ‘sheet’ of
(unstable) spatially periodic patterns.

In the lower panel of Figure 17(a) we plot (for a different C') the L2-norm for
fixed x to illustrate the different sheets of solutions. Here the co-existence region
is rather small. See top right panel. continuation of periodic patterns for constant
wavenumber k. Comparison with Figures 15 and 16 shows how the fine structure of
sideband instabilities is to the left of the right fold, thus lying on the same “sheet”
of solutions as the stable periodic patterns of the Busse balloon.

An additional phenomenon of the existence region is shown by the region near
A = 0.3: there are two more folds which emerged through a cusp bifurcation when
decreasing C' from C' = 0.2. lower branch, thereby giving rise to a cusp. We notice
that this behaviour of the unstable sheet of solutions close to the Busse balloon is
highly nongeneric. Indeed, the existence region has a much richer structure than
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Figure 16: (a-d) The fine structure of the lower branch of sideband instabilities for B = 0.2
and (a) C = 0.2, (b) C = 04, (¢) C = 0.6, (d) C = 1.0. The equilibrium continues
through the fold and reaches a second sheet of (unstable) patterns; therefore it is plotted
with a dashed curve. The intersection point of the Hopf instabilities with the sideband is
indicated with a black circle. Also, the intersection point of the fold with the equilibrium
is indicated with a black circle. Note that some pieces of the curve of sideband instabilities
are missing; here the continuation of the sideband with AuTO becomes extremely difficult
since the norm of one of the eigenvectors in (3.15) rapidly increases.

what we encounter within the Busse balloon. Finding out the precise geometri-
cal mechanism that triggers the formation of this cusp is beyond the scope of the
present paper. However, this will be the subject of future research.
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Figure 17: Computations for B = 0.2, C = 0.01. (a) Plot for continuation in A with
constant wavenumber xk = 2.78. Top panels magnify the indicated regions. (b) Part of the
existence balloon. The thick line indicates the value of x used in (a).
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3.3 Busse balloons for C >0 and v =2

We are not aware of any (even partial) representations of a Busse balloon for a
system with nonlinear diffusion in the literature. Nevertheless, the approach with
AuTO developed here can also be directly applied to the GKGS model (1.5) with
v > 1. In Figure 18 an existence and a Busse balloon for periodic patterns of the
GKGS-model with v =2 and B = C = 0.2 are shown. One can see that the struc-
ture of the Busse balloon of the existence region closely resembles the structure
of the Busse balloon and existence region of the GKGS-model for v = 1 (see for
instance Figure 11).

As before for v = 1, we check that the Turing-Hopf bifurcation indeed takes place at
the parameter values predicted by the analysis in §2.2 and §2.3. We therefore check
whether k2 < b and a® = a] ™' > gyb>7t! = 295 with k = k, scaled as in §2.3
and Figure 18. There, B = 0.2, D = 0.001, v = 2 and further Aty =~ 0.525
and k, = 8.9. If v = 2, the estimates for a, and k. from Proposition 2 are
satisfied given that 53 — 3a = 20. Since D = 62 = 0.001 we choose o = 1
and § = v/0.001 and « = 8 = ¢ = 1. The rescaling for k introduced in §2.3
is then: k, = 6 z(0+DatyBp  — §1/2k = (0.001)/4 - 8.9 ~ 1.58. Further, we
compute a = A5~ = 0.525 - /1000 ~ 16.6 and b = B5—? = 0.2 - /1000 ~ 6.3.
Hence, the estimates of Proposition 2 are verified by k2 = 1.58%2 < 6.3 = b and
a =16.6% ~ 4.75- 103 > 3.47 - 10% =~ 2gb°.

A priori, the GKGS-model for v = 2 can of course not be interpreted as a ‘per-
turbation’ of the GKGS-model for v = 1. Quantitatively the structure between
the Busse balloon for v = 2 and the Busse balloons for v = 1 is quite different.
This is already apparent in the simple verification of the parameter estimates for
a, b and ¢ above. Nevertheless, qualitatively the structure of the Busse balloon for
v = 2 is remarkable akin to the structure of the Busse balloons for v = 1. All
main features of the (behavior of the) Busse balloon for various C' as studied in
the previous section for v = 1 and described in the Introduction, also appear for
v = 2. Figure 18 shows that the sideband instabilities make most of the boundary
of the Busse balloon, until the upper and lower branches of sideband instabilities
are crossed transversally by Hopf instabilities for decreasing wavenumbers k. Also,
for relatively small C' > 0 there is a ‘Hopf dance’ (if C' = 0) in the homoclinic tip of
the upper branch of sideband instabilities. In the Figure, where C' = 0.2, there is a
Hopf curve crossing the upper branch of sideband instabilities. Just as in the case
for v = 1, the left curve of Hopf instabilities disappears into the unstable region for
bigger values of C'. These are not new phenomena and are known from the previous
numerical analysis of the GKGS-model for v = 1.

A  Derivation of the Ginzburg-Landau Equation

In this appendix, we outline the derivation of the Ginzburg Landau Equation for
the amplitude A of the pattern that appears at the Turing-Hopf bifurcation. Each
of the four different cases of Figure 1 can be derived from the expressions given in
this appendix by considering either v = 1 or ¢ = 0, or both.

In §A.1 we derive the Ginzburg-Landau Equation for the special case that v =1

and ¢ = 1/%1) that was presented in §2.5.3.
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Figure 18: An existence balloon (left) and a Busse balloon (right) for the GKGS-model
with v = 2. B and C' are B = C = 0.2. The intersection points of the Hopf instabilities
with the upper and lower curves of sideband instabilities are indicated with a black circle.

The Ginzburg-Landau Ansatz for patterns that emerge at the Turing-Hopf insta-
bility can, for the rescaled GKGS-system (2.38), be written as

Xo2
+e < Yoa ) + ...
U 2b ; X ; X i
_ i(ksxxtwst) 12 i(ksxtwst) 2 22 2i(kyxzHwst)
<V> A(n%C)e —|—5<Y12 )e +e€ <Y22 )e +cc +...

+€< X13 )ei(k*zw*t) et (A1)
Yis

where A and X;; are functions of £ = ez and 7 = e%(x — c4t) and ¢y the group
velocity defined by (2.26). Substituting this expansion in the GKGS-system (2.38)
and collecting terms of equal powers of ¢ and the Fourier modes e?(F+=+w+t) e
derive expressions for Xo2 12,22,13 and Yp2,12,22,13 subsequently. Notice that the
scaling in (2.38) has the advantage that the terms of order £2 only play a role in
the equations for X3 and Yis.

As mentioned in paragraph 2.4, the solvability condition can be applied to solve an
equation of the form

M, (s, ki, ) = y. (A.2)
The equations for X;,Y7;,7 = 2,3 are of this form, with

~Tk? — % +ick. —2
My, (as, ki, c) = ) . (A.3)
5 —k2 4+ b —iw,

We briefly point out the construction of the set of solutions for (A.2). The con-
struction for ¢ = 0 differs from that for ¢ # 0.
If ¢ # 0, the matrix in (A.3) has two eigenvalues, A = 0 and
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2
A= Tk — Z—2 +icks — k2 + b — iw,. (A.4)

If y € Rg Mi,,. (ax, ks, ¢) and ¢ # 0, the set of solutions to (A.2) is given by

x

1
=3 y + ker M, (ax, k«, ©).

On the other hand, if ¢ = 0, we know from Proposition 1 that
1
al™ = ygb*T and k? = 5(1 -9).

It is then straightforward to show that

1 ( 7) (g’Y) % b2 2%

— = g — EAAN el —
Mo (as, ky,0) = ? P . (A.5)
()7 o2 30(1+9)

and that A\_ = 0 if v = 1. It is also straightforward to show that both columns of
My, (ax, k«,0) span the range. We call the second column v;. So if y from (A.2)
lies in the range, there exists an o € R such that y = av,. Hence, if ¢ = 0, the set
of solutions to (A.2) can be presented as

rT=a- < (1) ) + ker My, (ax, kx, 0). (A.6)

By plugging in the expansion (A.1) into (2.38) one obtains at order O(e) an equation
for (Xoz, Yo2)",

X02 . b4 2 b2 1 2
(Yoz )_[—2a—i|m,c| — 8T Rl o ) 1421 (A7)

We use shorthands wg2,y02 for Xoo = xp2|A|%, Yoz = 92| A|?>. The values for zgy
and yo2 can be read from (A.7). At order O(¢E), we find equations of the form

X
Mw*(a*,k*,c)< e > _ ( n >A£

which can be solved if (z1;,41;)7 € Rg My, (ax, ks, ). We find

210 = [—4biTk, — 2bc]/A_;

Y2 = [_nw,ccg—%k*"]»y,c]//\f. (A.B)

It can be checked that, indeed, (z1;,y1;)7 € RgMiw, (ax, ks, c). At order O(cE?)

we find
Xoo \ [ z22 2
(v )=( )=

with

43



2 2
Toy = (%) (4k2 + 2iw, — b)yag — (%) (gn?%c + 4asny,c)

22 ot danny o +867 K3y (y—1) (%)%ﬂ(%)z (02 0., o) (—a0k2 (% ) +2ick. )

Y22 = (£2) " @kz+2io. —b) (—ark2— (5 ) *+2ick. ) ~2b

(A.9)
At order e2E, we obtain equations for X135 and Y;3. These equations can be written
as

X I
Mw*(a*,k*,c)< b ) _ ( I; ) (A.10)

The right-hand sides I, I are built up by several terms. The nonlinear terms from
the reaction kinetics generate:

s e ~
2?UV — 2?[2@22 + Ny,cTo2 + Ty, cZ22)
b2 »: o
_V2 - _[277’7,cy22]
A A

UV? = Adblny.o|* + 2002,

We define L.t as the sum of these expressions:

b2 Qs _
Liot, := (277’7,ca_ + da.)ys2 + 2?(777,&602 + ihy,eT22) + 26200y o|* + 72 ) (A1)
The nonlinear terms that appear from working out the nonlinear diffusion terms
generate:

A
UpU  —  —2bk2(202 + 5x2)y(7y — 1) <—>

A
p2\ 72
(Up)? = 8bkZzay(y—1) <—>

Qo

1 2 31.2 2\
Ul — —12b Ey(y =1 —2) | —

A4

2\ Y3
(U0 = 86%k2y(y — 1)(y - 2) (_)

Ay

Upe — —2bk?

From this we define:

b2 v—2 2\ 73
Lyip = —2bkZ (w2 + w02)y(y — 1) (a_) —4bPK2y(y = 1)(v — 2) <a_>
2 (2777
Lanip = —k2y(y-— 1)a_ (;) .
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We then obtain for the right-hand side of the system

Q .
L = (—4? - LA,NLD)A + (Lot — LNLD)|-A|2~A — (em12 + 201 + 2ik.T'x12) Age
(o™ .
IQ = 4?A — Ltot|A|2A - (nglg + ’I]%c + 2’Lk*y12)-/4££ + 777,0-/47' (A12)

To derive the Ginzburg-Landau Equation, we impose the solvability condition (2.42)
o (A.10):

2015 — (k2 +iw, — b); = 0, (A.13)
and obtain,
2bny, A = [ b(cgYi2 + Ny,c + 2ikiy12) — (k2 + iws — b)(cx1o + 201 + 2ik*F3:12)} Aee
— 4% k2 + Wy + b) (k2 + Wy — b)LA,NLD A
+ [(k2 + iws + b) Lot — (k2 + iw. — b) Lnep] A2 A
A.1 The special case that v =1 and ¢ = %b

In this section we present the expressions for x;;,v:;, ij = 02,12,22 for the

special case that v =1 and ¢ = 4/ %b. In Proposition 2 we computed that for v =1

and ¢ = 1/%1) one has

1 1 2
k2 =-b, a?= §b3, We = —gb\/i and cg = —/3b.
Also, one computes the second component of a basis vector of the kernel of M., (ax, k«, ¢)
and the nonzero eigenvalue of My, (ax, k«, ¢) as

1 2.
’I]l\/— 3 ( 2—|—’L\/—) and A+:§bl\/§

These values are used to derive

o2 = 4b 3

Yoo = 0

T2 = —5V6b(2-1iV2)
Y2 = %\/@

Tay = %b\/g(23+26i\/§)
g = —2by /520 +14iv2)

The nonlinear terms from the reaction kinetics are

. 4
2L UV o — 5382 + 31iV2)
b 99
b 48
a—V2 — —b3(1+4z’\/§)
4

uv?: - §b3(7—2z’\/§)
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The sum of these expressions is

4 .
Ltot = @(7 — 52\/5)

The nonlinear diffusion terms are, of course, zero, so Lnp = Lanp = 0. We get
for the right hand components as in equations (A.10):

I ~4\[3A+ K0T~ 5IVIIAPA+ (6 +3ivD) Ace

1[4 — 07— 5V APA+ (5 — 4iv2) A — (2 — iV A,

I

[SUIS NGV IS 3

These give the Ginzburg-Landau Equation in (2.51):
1 , 2 /3 . 2 , 21 412
A =8+ iV2) Age + SV30+ iV2)A — 50— 2iv/2)0%| A A.

A.2 Derivation of the Ginzburg-Landau equation for the GKGS-
system with ¢ =0
In this section we present the expressions for z;;,v:;, ij = 02,12,22 for the
special case that ¢ = 0. In Proposition 1 we computed that for ¢ = 0 one has

1
k=51 —g)b, and ol = gyp> T

Also, one computes the second component of a basis vector of the kernel of M., (a., k., ¢)
and the nonzero eigenvalue of M, (a., ke, ¢) as

1 a? 1 a2 1
o =509 - 7)b2 and A = 5(9—T)5 +5(1+9)b

These values are used to derive

o2 = 40,*
Yoo = 0
12 = 0
a2
viz = 2i(6—g)gks
22 = 3[9-2B+9)e.
113
Y22 = —50—95F

The sum of the nonlinear terms from the kinetics is
8 al
Liot, = [§(18 —2g)7+6(5— 9)} =k

And we have

y—2 73
Lyip = —2bk2(wo2 + 22)7(y — 1) (%) — 4k (y = 1) (v - 2) (Z_z)
Lyipa = —(1=59)(v— 1%

This gives the Ginzburg-Landau Equation in (2.49):
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Ar = 2V2 A +bi(0) A+ Li(0)|APA

with
bi(y) = [-39+27TVZ+ (41— 20VE)A] (9)7
Li(7) = —22—V2)[18(3+2v2) + 122+ V2)y + (=8 + 3v2)?] (L) 77 b2

A.3 Derivation of the Ginzburg-Landau equation for the case ¢ > 1:
the Klausmeier model and the GKGS-model for ¢ > 1
This appendix to §2.6 deals with an elaborate account on the scalings introduced in
2.6 that were used to derive the Klausmeier system (2.53) from the GKGS-system.
Also, we derive the GLe for the Klausmeier system (2.53).

Scaling analysis for the Klausmeier system as a limit case of the GKGS
system. We remark that the equilibria for both systems (1.5) and (2.53) are the
same. Patterns close to the equilibrium (U, V) can be described as

U = §~U, 4eU(x,t));

Vo= 6BV, 4 eV(x,t)). (A-14)

Substitution of these expansions in (1.5) gives the leading order formulation (2.38).
We are interested in the behaviour of the GKGS-model for 0 < 1/y/c < ¢ < 1.
Since we know from Proposition 2 that a. = O(y/c), we put a. = G.+/c and obtain
for (2.38),

-1 B
§3-20y, — 301, (3_2)V Upe + Uy — [c%U + 25V
b? 7=2 2 b2 a
+ el =1 () el + (U] - S22V — 28 yaU v
y—3
;o2 [m— Dy —2) (;’35) U(U.)? + 10U,)
( ) R Uxx+2TZ—§\/EU—UV2:|

Vi = Vit U] +e {—fv + 28 UV - 22 [2r8 VeU —UV?].

(A.15)

In order to derive the Klausmeier model, we must scale the components U and V

such that the diffusion coefficient in the first component of (2.38) is of higher order

in 1/4/c than the other terms in the equations. The other terms must balance at
the same, highest order. In order to obtain this, we scale U, V and r such that

+901

v
\/57

With these scalings we obtain for (A.15), by neglecting higher orders of § and 1/+/c,

U= V=4cV and r=r/c. (A.16)
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0 = Uz — [2—30+2W]
¢ |EV2 42507+ 2750 - OV

% ¥, a2 |0 (A.17)
Vi = Vaz+ [b—SU—I—bV]
+e [5172 + 2%*(717} — 2 [27% U - UV?].
We can now scale out b by putting
U= 0b3/4; V= 51/4‘/; G, = &cb5/4;
x=b"12% t=0b"VAL F =04, (A.18)

and obtain, to leading order in ¢ and neglecting higher order terms of ¢ and ic,
0 = Usz—[a20 +2V]
e |£V2 + 23,0V + & |270.0 - 077
Vaz + [a20 + V]
o[£V 4200V - 2 2700 - V2],

(A.19)

&
I

This system is the one presented in (2.55).

Derivation of the GLE for the Klausmeier system: the regime 0 < 1/y/c <
e < 1. From (A.19) one derives the dispersion relation associated to the lin-
earization about the background state (U4, V4 ) in the Klausmeier model, neglecting
higher orders of €,

- —a2 4 ik _
det M (an, ik) := det( “%j ik - 1222_ 3 > =0. (A.20)

We apply conditions (2.7) to derive critical parameters. Working out the dispersion
relation (A.20) using condition (2.7a),

i0a? +ik(1 — k) = 0;
L ’ A.21
Ok + (k* — a2 +2a2 = 0. (A.21)
From these relations one derives
2(k*-1)+a(k® +1) =0. (A.22)
and by solving equation (A.21a) for @ we get
- = 1
Oy = ko (k2 — 1)572’ (A.23)
and thus
o) 1, -
— = —(3k* - 1). A.24
= (R ) (A.24)

Differentiating (A.24) with respect to k and substituting equation (A.21b) into the
result, we get
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2k —14at=0. (A.25)
Solving (A.22) and (A.25) for & and k then gives

a2=v2-1 and k2=v2-1, (A.26)

which are the expressions for large ¢ that we had derived in Proposition 2. From

these expressions for a, and k., we further derive the critical frequency and the
group speed

Dy = V22 -1,

& = —%p = -2+V2

From (A.20) it follows that the kernel and range of the linearization about the
equilibrium (Uy, V) equal

(A.27)

o 2
ker Mi(ﬁ* (G/*, k*) - ( _di + lk* ) (A28)
and

- —2
RgMi&*(a*vk*): ( 1_[52_1(:}* )

From the expression for the range of Mig, (G, k) we derive that the equations

Mig(aw, k)z = f

can be solved for z if and only if f € Rg Mg, (G, k«), that is, if f fullfills the
solvability condition

2fs + 1 — k2 —id,)f1 = 0. (A.29)

Since Det Mig, (@x, k«) = 0, it follows that the unique solution to the equation
Mg, (EL*, k*):zr = fis

1
with A_ the nonzero eigenvalue of Mg, (@, l;*),

A= Tr Mg (@, k) = —a2 + ik + 1 — k2 — i@, (A.30)

By using (A.28), the expansion (U, V') that describes the pattern near its onset (i.e.,
for a = a, — f£2) can be written out as

< I(i > = A& 1) < 727 ) ilkeat@nt) 4 oo 4 h.o.t., (A.31)

with the shorthand

ni=—a+ ik,.
As pointed out in at the begin of Appendix A, in the Ginzburg-Landau formalism
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one subsequently derives equations of the form Xgpo = x02.42, Yoo = yo2.42, X192 =
T12Ae, Yia = y12Ae, Xoo = 22| A|?, Yoo = yo2|A|?>. The formulas for z;; and y;;
are derived by substituting the expansion (A.31) in the leading order system (A.19)
and collecting terms of order e/ ~1E* (with shorthand E = ¢!(Fev+@<1)) and solving
them for X;; and Yj;:

vy = —2%nf? — 42 (+n)

Yoz = 0

T2 = ;—f

Y1z = x=(ncg — 2nike) (A.32)
_ 2ik. [0’ +4a.n)

22 = Caryaik,) [4R242ie. —1]—2a2

yor = ar[AkD + 20 — ass — g5 (707 + 4a.n)]

The Ginzburg-Landau Equation that describes the onset of patterns in the Klaus-
meier system (A.19) reads

27’]14-,— = _[2(ng12 - n— Qik*ylg) — 1'12(1 — ];z — i@*)]Agg

~ _ (A.33)
— 470, [1 4+ Ky + 0] A + [1 + ke +i@] Lioy | A2 A

with

21 - . -
Liot = d—nym + 4@2yae + 2a.nT02 + 280122 + 41| + 217,
*

If one works out the parameter values for df =+12—-1and l;f =2- 1, the leading
order system (A.19) becomes

0 = Uz —[(V2—1)U +2V]

—e | ——=V24+2\V2 - 10V | + €2 [27FV/V2 — 1U — UV?
~ ~ { L } [ } (A.34)
Vi = Va4 [(V2-1)U+V]

e { AV 42N mﬂ — e [or =10 - 7).

The matrix that describes the linear leading order part of this system is then

—V24+1+iVW2-1 )
V2 -1 2-V2+iv2VW2 -1 )’

Working out the levels for the different expressions (A.32), we get

M (s, k) = ( (A.35)

50



Tog = (4—2V2)VW2-1

Yo2 =

T = -4 [10 — 32 — i(40 + 20v2) V2 — 1}

o

e = & [78\/5— 96 +1(16v/2 — 108)VA/2 — 1} (4.36)
v = g [(61V2+40) VW2 = 1+ 2i(67v2 - 13)]
v = -2 [(10\/5 FA2)VNVZ — 1 +i(5v2 — 2)]
and
Liot = —44 4 32v2 4+ i[—20 + 18V2]\/V2 — 1.
The Ginzburg-Landau equation then becomes
—2[V2—-14+iVV2—1JA, = —L[594 —416v2+i(330 — 304v/2)VV/2 — 1] A¢e

4 [VAWE 12 - V)] A
+ g [~885 4+ 637VZ +i(183 - 1T0v)VA2 — 1] | 424

or equivalently,

A= L [(66—56\/_) — (63 — 23v2)VV2 — 1] Ace
+ 7 [4\/ 1+i(4—2v2) ]
+ A [—807 4 534v/2 + (418 — 286v2) VA2 — 1] |AI2A

which is the equation presented in (2.56).

The GLE for the GKGS model for ¢ > 1: the regime 0 < ¢ < 1/1/c <« 1.
As in the previous section, we scale the leading order system of the GKGS model
according to (2.54). We then obtain the leading order system (2.57). To first order
in €, the leading order system (2.57) reads

- O e B Rl S a2 /20,7 _ 52 _9.1/2
Mf\(d*,ik):_< ya. TeTRbi ;2’“ +e ik -] 1_2152_}) (A.37)

First, we remark that for v > 1 the linear part of the nonlinear diffusion in the
GKGS-model is in leading order < O(c¢~1/2?). Secondly, we remark that to leading
order in ¢, it holds that

det M5 (@, ik) = /2 My (@, ik) + O(c21=)

with MA(d*,il;:) as defined in (A.20). Therefore, the critical l;:*, s, Wy and ¢, are
to leading order in ¢ as in (A.26) and (A.27).

The solvability condition is as in (A.29). Using the leading order system (2.57),
we compute

o1



zo2 = —2g[nf* =45 (7 +n)
Yoo = 0
T2 = lo.c;%ﬂ
yi2 = w(ncg — 2nik,) (A.38)
Toy = %[41@% +2i0 — 1]y22 — ;—3[%772 + 4a.,7)]
—lic 1~y 02 én2+4&*n+%[7l367927a2+2il~c][%n2+4an]
Y22 = <

[la-c=04—a2+2ik. ] [4k2 +2i0, —1]—2a2

In (A.38) it is understood that all I;, s = 0, ..., 4 do not depend on ¢ and that §; > 0
for i = 0,...,4. We have not computed the I; and 6; explicitly. This gives for the
GLE of the GKGS-model in general form

mA, = — {2(ng12 — 1) — 2ikuy12) — (12 + const - ¢ 37) (1 — k2 — i@*)} Aee
- [47*@*(1 FE2 i) + (k2 +io — 1)LA,NLD} A
+ [(1 FR2 10 Leos — (2 + 100 — 1)LNLD} IA2A

(A.39)
with

Lnip = —I;f(argg + xo2) - const - 27 4123 - const - ¢~ 2(1+7)

by _1
L.A,NLD = —k,-const-c 27

We have not bothered about calculating the constant denoted by “const”, since for
asymptotically large ¢ the associated expressions only play a role at higher order.
That is, for asymptotically large ¢ > 1 it is immediate that (A.39) reduces to
(A.33). Using the expressions (A.38) and inserting k, @, & and ¢, one obtains the
GLe for the Klausmeier system (2.56).
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