
The effect of slow spatial processes on emerging
spatiotemporal patterns

A. Doelman,1, a) L. Sewalt,1, b) and A. Zagaris2, c)

1)Leiden University, Niels Bohrweg 1, 2333CA Leiden, The Netherlands.
2)University of Twente, P.O. Box 217, 7500AE Enschede, The Netherlands.

(Dated: 31 October 2014)

We consider a two-component system of evolutionary partial differential equations posed
on a bounded domain. Our system is pattern forming, with a small stationary pattern
bifurcating from the background state. It is also equipped with a multiscale structure,
manifesting itself through the presence of spectrum close to the origin. Spatial processes
are associated with long time scales and affect the nonlinear pattern dynamics strongly.
To track this dynamics post-bifurcationally, we develop an asymptotics-based method
complementing and extending rigorous center manifold reduction. Using it, we obtain
a complete analytic description of the pattern stability problem in terms of the linear
stability of the background state. Through this procedure, we portray with precision how
slow spatial processes can destabilize small patterns close to onset. We further illustrate
our results on a model describing phytoplankton whose growth is co-limited by nutrient
and light. Localized colonies forming at intermediate depths are found to be subject to
oscillatory destabilization shortly after emergence, whereas boundary-layer type colonies
at the bottom persist. These analytic results are in excellent agreement with numerical
simulations for the full model, which we also present.
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The interest to model and investigate
dynamic processes at planetary level ne-
cessitates the development of analytical
tools for multi-component models. We
consider a class of deterministic systems
which evolve both in time and space
and incorporate slow, inert, spatial pro-
cesses. Exploiting their multiscale struc-
ture, we develop a method to study
the long-term dynamics of small spatial
patterns as they bifurcate. Our ana-
lytic results indicate that inert processes
strongly affect and may even destabi-
lize such small patterns over a long
timescale. Numerical simulations for
an ecologically relevant model of plank-
ton growth in the ocean support these
findings, by showing how nutrient diffu-
sion destabilizes deep chlorophyll max-
ima over a timescale of several years.
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I. INTRODUCTION

As efforts to comprehend how our planet
functions intensify, so does the need to com-
prehend the glaring spatial heterogeneity char-
acterizing it. The trend towards investi-
gating bona fide spatial phenomena, such
as mobility or anisotropy, is plainly visible
within many core Mathematics of Planet Earth
areas2,3,7–10,12. That trend, however, is not al-
ways reflected in our modeling efforts. Indeed,
modeling studies of natural phenomena often
focus on temporal variation, without explicitly
accounting for spatial variability. The result-
ing models can predict, elucidate or quantify
temporal trends in the system under investiga-
tion, but their ability to incorporate spatial in-
formation is, unsurprisingly, limited. Despite
these limitations, spatially homogeneous mod-
els enjoy wide popularity across a broad range
of disciplines. Their evident ability to gener-
ate realistic, if crude, information is but one
facet of that tenacity. Equally important is the
confluence of their inimitable simplicity, which
sets the mechanisms underlying complex phe-
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nomena in stark relief, and of a rich toolbox
that enables their analysis.

Mathematically speaking, such models are
typically formulated as nonlinear systems of
ordinary differential equations (ODEs). As
such, their analysis benefited immeasurably
from the advent of dynamical systems theory,
a somewhat loose yet immensely powerful con-
glomerate of qualitative tools dating back to
Poincaré11. The inclusion of spatiality, on the
other hand, leads to partial differential equa-
tion (PDE) models. The theoretical founda-
tion for the qualitative analysis of nonlinear,
pattern forming PDEs has been set through
the work of Turing15, but a coherent theory
is still largely missing except for sufficiently
close to equilibrium. This is particularly pro-
nounced for systems of PDEs, whose global dy-
namics remain poorly understood and which
form the subject of this short communication.

Here, we specifically focus on the dynamics
of a system of two evolutionary PDEs posed in
a domain of arbitrary dimension. The model
is general enough to accommodate various ap-
plications, but we conceptualize it in terms of
a particular such setting in the interest of clar-
ity. In particular, we consider it to track the
spatial densities of a consumer and a resource,
as they evolve in time and space under the in-
fluence of uptake/growth dynamics and spatial
processes. We assume these spatial processes
of the resource to be strictly linear and to
play out much more slowly than the nonlinear
dynamics associated with uptake and growth.
Our expressed aim is to shed some light on
the importance of spatiality, and we embark
on this mission by exploring the role played by
the slow, spatial processes. We find these to be
crucial, in that they strongly inform the fate of
small patterns emerging from the background
state. Although such patterns emerge when re-
source availability crosses a certain threshold,
as in non-spatial models, their fate strongly de-
pends on these processes. Depending on prob-
lem specifics, spatiality can effectively “break”
what resource availability “makes.”

Our work here also serves as a blueprint for
the analytic investigation of post-bifurcational
dynamics relatively close to criticality but
not close enough to be within reach of rig-
orous methods. Perhaps somewhat counter-
intuitively, this analysis is not obstructed but,
rather, facilitated by the presence of long

timescales associated with spatial dynamics.
To appreciate this statement, note that the
small pattern dynamics becomes nontrivial
only when the unstable and longest stable
timescales become commensurate. Here, these
longest stable timescales correspond by design
to linear spatial processes, a fact that enables
us to (formally) reduce the two-PDE system
to an ODE–PDE one. Within that coupled
system, the linear PDE dictates the evolu-
tion of the resource profile, while the nonlinear
ODE that of the amplitude of the emerging
pattern. The intricacy of the resulting sta-
bility problem for that pattern is due to the
infinite-dimensional character of the reduced
system. Its tractability, on the other hand, is
largely contingent on our ability to generate
the Green’s function for the linear PDE prob-
lem.

This paper builds on and extends prior work,
most notably Refs. 14 and 17. In Ref. 17,
we considered an explicit instantiation of the
general model considered presently, namely
a plankton–nutrient model posed on a water
column. Our analysis there began with the
derivation of ODEs for the eigenmodes and
proceeded with copious amounts of asymp-
totics. Through that work, we tracked an-
alytically the emerging pattern, a localized
plankton population at an intermediate depth
called a deep chlorophyll maximum (DCM),
and showed that it is destabilized shortly af-
ter it bifurcates. We recapture a large part
of those results significantly more compactly
here by employing our new framework; see
Section IV B. In Ref. 14, we worked with a
variety of related models. The focus there,
however, was on the derivation of finite di-
mensional approximations in general and on
low-dimensional chaotic dynamics in particu-
lar. The part of that work concerning two-
component PDE models can, in principle, be
made to fit the framework developed here.
In contrast to Ref. 17, however, little can
be earned by doing that and we do not pur-
sue that direction further. Conversely, our
setting here may be easily modified to in-
clude bifurcations of higher co-dimension as
in Ref. 14, at the moderate cost of involv-
ing multiple ODEs in the reduced system.
We reserve this work for a future communi-
cation, especially as it relates to the presence
of a co-dimension 2 point in our exemplary
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phytoplankton–nutrient system17.
We conclude this introductory section by

outlining the work presented here. In Sec-
tion II, we formulate our model and enunci-
ate a number of assumptions pertaining to it.
Then, in Section III A, we develop an ana-
lytical method which allows us to track the
emergent pattern beyond the range of valid-
ity of classical center manifold reduction. The
main result here is an extension of that classi-
cal method, in the form of a coupled system
composed of a nonlinear ODE and a linear
PDE. Using that extension, we discuss the sta-
bility of the pattern in Section III B. In fact,
we are able to express that stability problem
in a surprisingly simple form, which welds par-
ticulars both of the background state and of
the spatial processes. In this manner, we ex-
tend and streamline prior results14,17 where
the ODE–PDE structure of the reduced prob-
lem went unrecognized. The applicability of
our methodology is illustrated in Sections IV–
V, where we consider the phytoplankton–
nutrient model. With the help of the the-
ory developed in Section III, we recapture the
oscillatory destabilization of DCM patterns
in Section IV A. Relatedly, we consider an-
other type of pattern in Section V, namely
boundary-layer type colonies at the bottom
(benthic layer, BL) whose dynamics was pre-
viously unexamined. Such patterns require
a deeper analysis which necessarily involves
higher-order effects and showcases the advan-
tages of our streamlined approach over our ear-
lier, more direct efforts17. Through that anay-
sis, we obtain a new result in itself by finding
such colonies to persist in the regime we con-
sider. Section VI concludes the paper with a
summary and critical discussion of our find-
ings.

II. PROBLEM SETTING

We consider a class of nonlinear, fast–slow
PDE systems,

[
u
v

]

t

=

[
L 0
εK −εM

][
u
v

]
−
[
f(z, u, v; ε)uv

εg(z, u, v; ε)

]
(II.1)

postulated for functions u(z, t) : Ω × R+ → R
and v(z, t) : Ω × R+ → R. Here, Ω ⊂ Rn is a
given bounded domain with piecewise smooth

boundary, R+ is the positive timeline and we
assume that boundary conditions guaranteeing
well-posedness apply. We leave the linear dif-
ferential operators L and −M unspecified but
demand that their point spectra are bounded
from above. Our main interest lies in reaction–
diffusion systems, for which −L and M are
second-order and elliptic, and we will work
with such operators in the ecological applica-
tion treated in Sections IV–V. Other choices
are possible and have been discussed in the
literature14. We impose no specific conditions
on the linear operator K other than that, to-
gether with M, it contains the linear dynam-
ics; specifically, g(z, u, v; ε) = O(u2 + v2 + ε2),
as (u, v, ε)→ (0, 0, 0). In the same vein, we de-
mand that f0(z) = f(z, 0, 0; 0) is bounded and
not identically zero, so that the leading order
nonlinearity f0uv is quadratic. More general
nonlinearities, including ones with nonlocali-
ties as in Sections IV–V, are similarly treat-
able. For clarity of presentation in this expos-
itory article, however, we refrain from consid-
ering these in detail.

The form assumed by the nonlinearity for u
reflects our motivation, which is rooted in the
aforementioned ecological problem. In short, u
is the concentration of a consumer feeding on a
spatially distributed resource. The concentra-
tion v measures resource deviation from a spe-
cific spatial profile which, in turn, is attained in
the full absence of consumers. This profile rep-
resents an offset, as casting our model in terms
of resource deviation shifts the trivial state to
the origin, (u, v) = (0, 0). Additionally, it is
optimal for consumer growth, with growth lim-
itations caused by depleted resources reflected
in the nonlinearity g. The operator L models
growth under optimal conditions, as well as
linear spatial processes such as diffusion and
advection. Similarly, −M models the linear
spatial processes affecting the resource, with
the minus sign emphasizing their stabilizing
character. Here also, more general nonlinear-
ities for u may be analyzed, but we do not
pursue this direction at present.

Before proceeding with the analysis, we fix
notation. We will be writing σp(L) = {λj}j≥0

and σp(M) = {µj}j≥0 for the point spectra
of the differential operators in system (II.1).
For the former, we explicitly assume that its
primary eigenvalue λ0 is real and associated
with a one-dimensional eigenspace. Further, it
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is separated by all other eigenvalues in σp(L)
by a spectral gap of sufficient width,

ε� Re(λj)− λ0 < 0, for all j ≥ 1. (II.2)

For σp(M), we demand it remains bounded
away from the imaginary axis as ε ↓ 0, i.e.,
dist(σp(M), iR) > M for some optimally cho-
sen, positive constant M not depending on ε.
Additionally, we assume σp(M) to be bounded
from below; recall our earlier remark. We write
{uj}j≥0 and {vj}j≥0 for the eigenfunctions of
L and M, so that Luj = λjuj and Mvj =
µjvj . The Banach spaces spanned by {uj}j≥0

and {vj}j≥0 are denoted by Xu and Xv, respec-
tively, and (II.1) with suitable boundary condi-
tions is well-posed on the product Xu×Xv. We
also introduce the L−invariant spaces Xu,0 =
span(u0) and Xu,r = cl(span{uj}j≥1), with
the restriction of L on the latter satisfying
σp(L|Xu,r ) = {λj}j≥1; in Sections IV–V, all

four spaces will be closed subspaces of L2(Ω).
Finally, we define a projection P0 : Xu → Xu,0
with ker(P0) = Xu,r, which strips functions of
their components along u1, u2, . . .. Lastly, we
introduce the ‘projection amplitude’ operator
P a0 : Xu → R by P0u = (P a0 u)u0. In a Hilbert
space setting, this corresponds to the inner
product P a0 = 〈·, û0〉, whereas P0 = 〈·, û0〉u0.
Here, the function û0 ∈ Xu is the dual of u0,
i.e. 〈u0, û0〉 = 1 and 〈u0, ûj〉 = 0 for all j ≥ 1.

III. EMERGENCE AND EVOLUTION OF A
SMALL COLONY

As discussed in the Introduction, under-
standing the emergence and interaction of spa-
tial structures in a system helps shed light on
the appearance of complex dynamics in it. To
track such patterns, we will employ a scalar
parameter quantifying the ability of the envi-
ronment to sustain consumers. In the model
problem we treat in the next sections, this pa-
rameter measures resource abundance in the
absence of consumers, i.e. it quantifies the re-
source offset briefly discussed in the last sec-
tion. This control parameter will affect σp(L),
at the very least, so that we will effectively re-
place it by λ0 in what follows: consumer popu-
lations can either grow or diminish depending
on whether λ0 is positive or negative.

Center manifold reduction captures the evo-
lution of emerging small populations local

to bifurcation—specifically, as long as λ0 is
asymptotically smaller than both {λj}j≥1 and
the bound εM on σp(εM). In that regime,
the emerging pattern evolves on the longest
timescale present in the system, and all other
modes can effectively be considered equili-
brated with respect to it. Here, instead,
we derive reduced evolution laws that remain
valid in the regime where emerging pattern
and spatial processes evolve in commensurate
timescales. In doing that, we demonstrate that
the pattern dynamics are enriched substan-
tially by interacting with the spatial compo-
nent and, concurrently, we extend center man-
ifold reduction in a natural manner.

A. An evolution law for the emerging
population

Our tracking begins with the trivial state
(u, v) = (0, 0). Since λ0 is real and trails ahead
of all other eigenvalues in σp(L), it can only en-
ter the right-half complex plane through zero.
At that point, the trivial equilibrium is desta-
bilized and develops an unstable direction. For
quadratic nonlinearities, such as the ones we
will consider, this is the classical setting for
the transcritical bifurcation of a stable equi-
librium branch {(u∗(z;λ0), v∗(z;λ0))} param-
eterized by λ0. For λ0 sufficiently small, the
full model dynamics are effectively described
by a single ODE for the equilibrium amplitude.
That amplitude, in turn, scales with λ0 and
the dynamics about it play out on an O(1/λ0)
timescale6.

These arguments suggest the rescaling

λ0 = εΛ0, τ = εt,
u(z, t) = εx(z, τ), v(z, t) = εy(z, τ),

for the regime λ0 = O(ε). This is a crucial
element in our approach, as classical center
manifold reduction is inapplicable for λ0 =
O(ε). Indeed, in that regime, λ0 is of the
same order as the small eigenvalues {εµj}j ,
with spatial processes and pattern dynamics
evolving on the same timescale. To emphasize
this, we eigen-decompose the u−component
by means of x(z, τ) = x0(τ)u0(z) + xr(z, τ).
Here, x0u0 = P0x ∈ Xu,0 is the compo-
nent of x in the principal eigendirection, while
xr = (I − P0)x ∈ Xu,r is a remainder sum-
marizing the components of x along all other
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eigendirections. Similar to center manifold re-
duction, the objective of this decomposition is
to derive a dynamic equation for x0 and con-
strain (slave) the remainder xr. To that effect,
we start by reporting the evolution laws for the
two components,

ẋ0 = Λ0x0 − P a0
(
f(·, εx, εy; ε) (x0u0 + xr)y

)
,

ẋτ = ε−1L|Xu,rxr
− (I − P0)

(
f(·, εx, εy; ε) (x0u0 + xr)y

)
.

The regime we are interested in is Λ0 = O(1),
where the emerging pattern and the spatial
processes evolve in commensurate timescales
but the remainder xr contracts much faster.
Indeed, in that regime, the spectrum of
ε−1L|Xu,r is asymptotically large and resides in
the left-half complex plane, so that the remain-
der xr contracts in a relatively short timescale
of order |ε/λ1| � |1/Λ0|. This formally leads
to the slaving relation14,17

L|Xu,rxr = εx0(I − P0)
(
f0u0y

)
, (III.1)

at leading order in ε, showing the remainder xr
to be higher-order. This equation supplements
the reduced dynamic problem

ẋ0 = Λ0x0 − x0P
a
0

(
f0u0y

)
,

yτ = −My + x0Ku0,
(III.2)

with the prescribed boundary conditions for y
also applying. Note carefully that this evo-
lutionary system is comprised of an ODE for
x0(τ) coupled to an inhomogeneous PDE for
y(z, τ); that PDE is linear, as the nonlinear-
ity εg(z, u, v; ε) has no leading order impact.
In the system, the pattern drives the evolution
of the profile y whereas, reversely, y forces the
pattern parametrically. Note, also, that Λ0 en-
ters this system both explicitly, through Λ0x0,
and implicitly through u0. Typically, though,
u0 can be replaced by its λ0 = 0 counterpart,
as Xu,0 will generically vary with λ0 slower
than at an O(1/ε) rate: ε||(I−P0)du0/dλ0|| �
||u0||. In that case, Λ0 enters system (III.2)
only explicitly.

The evolutionary system (III.2) generates a
semiflow on an invariant manifold which is lo-
cal to the origin and a graph over Xu,0 ⊕ Xv.
By construction, that manifold also contains
the bifurcating branch of equilibria and the
non- (or less) transient dynamics around it.

In other words, the ODE–PDE system (III.2)
directly extends the 1−D ODE center man-
ifold reduction further away from equilibrium
and where bifurcating pattern and slow spatial
processes interact at leading order. In princi-
ple, the infinite-dimensional ODE systems de-
rived in Refs. 14 and 17 can be rederived di-
rectly from (III.2) by eigenmode decomposi-
tion. Relatedly, (III.2) offers itself to any of
various Galerkin approaches13 but maintains
a twofold advantage over them. First, it cir-
cumvents questions pertaining to the number
of modes that must be retained; and second,
it allows for a compact analysis by exploiting
the linearity and overall simplicity of the PDE
problem for y. This will become more appar-
ent both in the next section and in the model
treated in Sections IV–V.

B. Parametric dependence and stability of the
bifurcating pattern

Before proceeding, we introduce the nota-
tion (M+ ξ)−1Ku0 for the set of solutions to
the problem (M + ξ)y = Ku0. Here, ξ ∈ C
is arbitrary and the given boundary condi-
tions for y apply. In particular, M−1Ku0 is
well defined because 0 6∈ σp(M) by earlier
assumptions. The only values of ξ requiring
special attention are, in fact, the isolated val-
ues {−µj} = σp(−M), for which the solution
set is either empty or a nontrivial affine sub-
space; which case prevails depends on whether
or not Ku0 ∈ range(M − µj) and thus on
model particulars. We also define the function
a : C\σp(−M)→ C,

a(ξ; Λ0) = P a0
(
f0u0(M+ ξ)−1Ku0

)
, (III.3)

which plays a crucial role below. Note that
a(ξ; Λ0) depends only implicitly on Λ0 through
the eigenfunction u0; we will suppress this de-
pendence when no confusion can arise.

All equilibria (x0, y) ∈ R×Xv of (III.2) sat-
isfy, at leading order in ε, the system

x0

[
Λ0 − P a0

(
f0u0y

)]
= 0,

x0Ku0 −My = 0.
(III.4)

Assuming that

a(0) = P a0 (f0u0M−1Ku0) 6= 0, (III.5)
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(III.4) has the isolated solutions

(x0
0, y

0)=(0, 0),

(x∗0, y
∗)=

Λ0

a(0)

(
1,M−1Ku0

)
.

(III.6)

Condition (III.5) ensures that the bifurcating
branch of equilibria grows linearly in the direc-
tion (1,M−1Ku0)λ0=0, local to the bifurcation
point (Λ0 � 1); see Ref. 1, Th. 1.7 and 1.18. If
Xu,0 evolves slowly with Λ0 as in our earlier re-
mark, then the branch evolves approximately
linearly also for O(1) values of Λ0.

The spectral stability problem for (x∗0, y
∗) is

a parametric ODE–PDE problem,

ξx̄0 = −x∗0P a0 (f0u0ȳ),

(M+ ξ)ȳ = x̄0Ku0,
(III.7)

involving the eigenfunction (x̄0, ȳ(z)), the
eigenvalue ξ ∈ C and inherited boundary con-
ditions for ȳ. Solving the second equation for
ȳ and substituting into the first one, we derive
the associated algebraic equation for ξ dictat-
ing the spectral stability properties of the bi-
furcating branch,

ξa(0) + Λ0a(ξ) = 0 (III.8)

or, equivalently,
(

1− a(ξ)− a(0)

a(ξ)

)
ξ = −Λ0. (III.9)

If Xu is a Hilbert space, then P a0 = 〈·, p̂0〉 and

a(ξ) =
〈
f0u0(M+ ξ)−1Ku0, û0

〉
. (III.10)

This last formula will be central to our work
in the next sections. Remarkably, it represents
a formulation of the stability problem for the
small pattern solely in terms of information on
the background state that the pattern emerges
from. Indeed, both u0 and û0 relate to the
stability problem for that state, and f0 is the
nonlinearity coefficient evaluated at it. Gen-
erally, a(ξ) will reflect the infinite-dimensional
character of the problem, as it will typically be
a transcendental function of ξ and not a poly-
nomial. As will become evident through our
treatment of the phytoplankton model, this
will allow for richer post-bifurcational dynam-
ics. Note, finally, that a(ξ) can still depend
implicitly on Λ0 through u0 as per our earlier
remark.

IV. FORMATION AND FATE OF
PHYTOPLANKTON COLONIES

We exemplify the process laid out above
on a rescaled and dimensionless version of a
phytoplankton–nutrient model5,17,18,
[
p
n

]

t

=

[
ε∂zz − 2

√
εv∂z + h(z)− ` 0

ε`−1h(z) ε∂zz

][
p
n

]

−
[

1
ε`−1

]
(h(z)− µ(z, p, n))p

(IV.1)

with associated boundary conditions

(εpz − 2
√
εvp)|z=0,1 = 0,

nz(0) = n(1) = 0.

Table I summarizes the correspondence be-
tween this model and the general system in
Section II.

Here, z ∈ [0, 1] measures rescaled depth
from top to bottom, p phytoplankton concen-
tration and n nutrient deviation from a con-
stant and spatially uniform profile attained for
p = 0. The function h models growth condi-
tions at maximum nutrient concentration (zero
deviation),

h(z) =
1

ηH + 1

1

1 + jHeκz
,

so that growth decreases with depth due to
light absorption. The nonlinear factor µ is

µ =
1− n

nH + 1− n
j

jH + j
,

with ηH and jH dimensionless constants and j
the rescaled light intensity at depth z,

j = exp

(
−κz − r

∫ z

0

p(s, τ)ds

)
.

The dimensionless constants κ and r measure
water turbidity and phytoplankton’s specific
light absorption coefficient. It is plain to ver-
ify that the nonlinearity (µ − h)p, modeling
nutrient uptake in the water column, is pro-
portional to both n and p as in (II.1).

A. Linear stability.

The nature of the bifurcating profile and of
its post-bifurcational dynamics depend strong-
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Section II Section IV

u p

v n

L ε∂zz − 2
√
εv∂z + h(z)− `

M −∂zz
K `−1h(z)

f(z, u, v; ε)uv
(
h(z)− µ(z, p, n)

)
p

g(z, u, v; ε) `−1
(
h(z)− µ(z, p, n)

)
p

f0 (1 + ηH)−1h(z)

uj Esj (see Appendix)

ûj E−1sj

µj −Mj = −(j + 1/2)2π2

nj cos(
√
Mj x).

TABLE I: Notation conversion table.

ly on the value of v. This, in turn, is in-
fluenced by both physiological properties of
plankton and environmental factors. Buoy-
ant plankton (v ≤ 0) tends to aggregate near
the surface, whereas sinking plankton does so
at a well-defined depth z∗ > 0. As v ap-
proaches the threshold value v∗ = h(0)−h(1),
the bloom shifts toward the bottom monoton-
ically (z∗ ↑ 1). For v > v∗, the bloom oc-
curs at the bottom (z∗ = 1)18. Depending on
their localization properties, these stationary
blooms are known as surface scums (SS), deep
chlorophyll maxima (DCM) or benthic layers
(BL), respectively, and correspond to equilib-
ria of the model.

This state of affairs is reflected in the eigen-
values {λj} and eigenfunctions {pj} of the
stability problem for the trivial steady state.
Asymptotic expressions for these have been de-
rived elsewhere18. At leading order in ε, the
primary eigenvalue λ0 reads

λ0 =

{
λBL = h(1)−`+O(ε

1
2), v > v∗,

λDCM = h(0)−`− v −O(ε
1
3), v < v∗,

while the higher-order eigenvalues are given by

λj≥2 = h(0)− `− v −O(ε1/3).

The value of v relative to v∗ determines the
nature of the primary pair (λ0, p0) and, there-
fore, also the nature of the bifurcating profile
as the trivial state loses stability.

The eigenvalue set {µj}j is parameter-in-
dependent and negative. For this model, both

{µj} and the associated eigenfunctions {nj}
are explicitly computable, see Table I. We fi-
nally recall that P a0 = 〈·, p̂0〉, with p̂0 the dual
of p0.

B. Evolution of DCM profiles.

For 0 < v < v∗, a stable DCM branch
emerges at λ0 = 0 through a transcritical
bifurcation18 and subsequently undergoes a
secondary, destabilizing Hopf bifurcation al-
ready for λ0 = O(ε). Both the primary and
the secondary bifurcations have been analyzed,
and a weakly nonlinear stability analysis was
performed by recasting (II.1) as an infinite-
dimensional ODE system17. In this section,
we repeat that analysis along the lines of Sec-
tion III, so as to benchmark the method de-
tailed there, to compactly recover the oscilla-
tory DCM destabilization mechanism and to
further familiarize the reader with the model
and the method.

Before delving into details, we compute the
function a(ξ; Λ0) introduced in (III.3). Here,
this function takes the form (cf. (III.10))

a(ξ) =
1

`

〈
f0p0(M+ ξ)−1(hp0), p̂0

〉
, (IV.2)

where (M+ ξ)−1 is the solution operator to

−nzz + ξn = w(z), nz(0) = n(1) = 0, (IV.3)

and with w arbitrary. The solution is

(
(M+ ξ)−1w

)
(z) =

∫ 1

0

G(z, s; ξ)w(s)ds,

with G the associated Green’s function,

G(z, s; ξ)

=
cosh

(√
ξmin(z, s)

)
sinh

(√
ξ(1−max(z, s))

)
√
ξ cosh

√
ξ

.

(IV.4)

The function a(ξ; Λ0) becomes, then,

a(ξ; Λ0)

=
1

`

∫∫

[0,1]2

f0(r)p̂0(r)p0(r)G(r, s; ξ)h(s)p0(s)dsdr.
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We can readily estimate the integral asymptot-
ically by noting that p0 and p̂0p0 are strong-
ly localized17. Through an application of La-
place’s method, the localization of p0 about z∗
implies the leading order result

∫ 1

0

G(r, s; ξ)h(s)p0(s)ds=G(r, z∗; ξ)h(z∗)||p0||1;

see also Ref. 17, Section 3. By the same token,
using that p̂0p0 is localized about zero, as well

as the identities
∫ 1

0
p̂0p0 = 1 and17 h(z∗) = `,

we find

a(ξ; Λ0) = G(0, z∗; ξ)f0(0)||p0||1.

This is the desired formula for a(ξ; Λ0), with

G(0, z∗; ξ) =
sinh

(√
ξ(1−z∗)

)
√
ξ cosh

√
ξ

.

Note that, for ξ = 0,

G(z, s; 0) = 1−max(z, s)

and hence also

a(0; Λ0) = f0(0)||p0||1(1− z∗) = lim
ξ↓0

a(ξ; Λ0).

Combining this last equation with (III.6), we
obtain a leading order result for x∗0. Recalling,
additionally, that the remainder xr is higher-
order by the slaving relation (III.1), we recover
the leading order result Ref. 17, Eq. (4.9) de-
scribing the nontrivial plankton profile for our
phytoplankton–nutrient model,

p∗(z) = εx∗(z) =
εΛ0

f0(0)(1− z∗)
p0(z)

||p0||1
.

The biomass contained in that profile is∫ 1

0
p∗dz = εΛ0/(f0(0)(1 − z∗)), which also

matches the prior result Ref. 17, Eq. (1.20).
The stability problem (III.8) for p∗ reads

ξ(1− z∗) + Λ0

sinh
(√
ξ(1−z∗)

)
√
ξ cosh

√
ξ

= 0 (IV.5)

which, in turn, is identical to Ref. 17,
Eq. (4.28). An analysis of this equation
establishes the destabilization of the bifur-
cating pattern through a secondary, Hopf
bifurcation17. This behavior is beautifully cap-
tured in Figure 1, where a localized structure
is shown to develop at a depth of 120 − 220
meters in a 300−meter oceanic layer.

FIG. 1: Numerical simulation of (IV.1)
showcasing the growth of an oscillatory DCM
from an initial perturbation. Here, depth is

dimensional and the parameters are chosen in
the DCM regime: ε = 9 · 10−5, v = 0.25,
` = 0.25, ηH = 0.4, jH = 0.033, κ = 4 and
r = 93.52. The period of the oscillation is of
the order of years, correlating well with the

longest diffusive timescale.

V. SHORT-TERM EVOLUTION OF
BIFURCATING BENTHIC LAYERS

As we mentioned in the previous section,
the bifurcating profile and post-bifurcational
dynamics depend on the value of v. An ele-
vated sinking speed, decreased production rate
or shallower top oceanic layers increase the
value of v, potentially changing the profile’s
qualitative properties. For v > v∗, in particu-
lar, the localized peak of the eigenfunction mi-
grates to the bottom of the layer (z = 1)18, and
the corresponding, primary eigenvalue reads
λ0 = h(1)− `+O(

√
ε). As a result, the small

pattern developing past λ0 = 0 is shaped as a
benthic layer (BL), see Figure 2.

In this part, we formulate and investigate
the stability problem for small patterns of BL-
type. Our analysis roughly proceeds as in the
last section, but the asymptotic estimates are
technically more involved and largely deferred
to the Appendix. We find that, contrary to the
DCM case, the presence of slow spatial pro-
cesses does not lead to destabilization of BL-
type patterns in the regime we examine. Such
patterns can and do develop transient oscilla-
tory behavior, evidenced by the complexifica-
tion of eigenvalues in their spectrum. Never-
theless, unlike the sustained oscillations under-
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FIG. 2: Numerical simulation of (IV.1),
showcasing the growth of a stationary benthic

layer from an initial perturbation. The
parameters here are chosen in the benthic

layer regime (ε = 9 · 10−5, v = 2.25, ` = 0.25,
ηH = 0.4, jH = 0.033, κ = 4, and r = 93.52).

gone by DCM patterns, the oscillations here
remain damped: eigenvalues cannot escape the
left-half complex plane and, accordingly, BL
patterns remain stable.

A. Bifurcating profile

The primary eigenfunction p0 can be ap-
proximated using the WKB method4, see also
Ref. 17, Section 7.2. First, the Liouville trans-

form p0(z) = E(z)s0(z) = e
√

v/εzs0(z) results
in a self-adjoint formulation of the eigenvalue
problem, by removing the advection term:

ε(s0)z − (`+ v − h(z) + λ0)s0 = 0,

(s0)z(z)−
√

v/ε s0(z)|z=0,1 = 0.
(V.1)

The WKB method yields, at leading order,

s0(z) =

√
2v

ε1/4Q
1/4
0 (z)

e−
∫ 1
z

√
Q0(s)/ε ds,

Q0(z) = h(1)− h(x) + v +O(
√
ε),

(V.2)

where we have normalized s0(z) under the
L2(0, 1) norm. This profile is depicted in Fig-
ure 3 for the parameter values of Figure 2 but
with ε = 9 · 10−3.

The function a(ξ; Λ0), appearing in the sta-
bility problem (III.8)–(III.9) is as reported in
(IV.2). Note that the inner product now cor-
responds to a projection on the benthic layer

FIG. 3: Eigenfunction profile p0 in the case
v > v∗.

profile p0. Green’s function (IV.4) also remains
unchanged, since (IV.3) does not depend on
v. Furthermore, the dual of p0 assumes the
form p̂0 = E−1s0, due to the self-adjointness
of (V.1). According to (III.6), the nontrivial
branch of equilibria bifurcating at Λ0 = 0 is

(x∗0(z), y∗(z))

==
Λ0

a(0; Λ0)

(
1,

1

`

∫ 1

0

p0(s)G(z, s; 0)h(s)ds

)
;

note, here, that p0 depends on Λ0. Upon bi-
furcation, the stationary profile of the plank-
tonic component develops in the shape of p0,
shown in Figure 3, and amplitude growth is
parametrized by Λ0.

B. Stability

As in Section IV A, the stability proper-
ties of the bifurcating profile are governed by
(III.8), with a(ξ; Λ0) given in (IV.2). However,
our asymptotic analysis here is much more in-
volved since, in contrast to that section, it
must take into account higher-order terms. A
first indication of that is supported by a brief
study of the limit z∗ ↑ 1 of the DCM case.
In that limit, the deep chlorophyll maximum
sinks and becomes a benthic layer, but the
leading order problem (IV.5) becomes trivial,
indicating the need of higher-order approxima-
tions. In what follows, we work out the stabil-
ity problem referring the reader to Appendix A
for computational details.
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First, since p0 is strongly localized at z = 1,
one may estimate a(ξ) by Laplace’s method,
cf. Section IV B. Leading order asymptotics
yield

a(ξ) = ε3/4 e
√

v/εh(1)f0(1)

4
√

2`v3/4
+O(ε5/4),

which implies, as it does not depend on ξ,
a(ξ; Λ0) = a(0; Λ0) ; see Appendix A. With
this leading order result, one only captures the
single eigenvalue ξ = −Λ0 from (III.9). Includ-
ing the next order term, we find

1− a(ξ)− a(0)

a(ξ)
= 1 +

√
ε

√
ξ tanh(

√
ξ)√

v

and (III.9) becomes

(
1 +
√
ε

√
ξ tanh(

√
ξ)√

v

)
ξ = −Λ0, (V.3)

which determines infinitely many other eigen-
values ξ ∈ C.

We proceed in studying (V.3) in a fashion
that resembles Section 4.4 in Ref. 17. We set√
ξ = µ = µR+iµI and restrict arg(µ) to lie in

[0, π/2], because eigenvalues come in complex
conjugate pairs. The stability equation for µ
becomes,

p(µ) = −µ2−
√
ε

v
µ3 tanh(µ) = Λ0 > 0. (V.4)

First, we observe that there are no solutions
ξ ∈ R>0 (equivalently, µ > 0), because p and
Λ0 differ in sign; see Figure 4 for an illustra-
tion. As Λ0 ↓ 0, the (real) eigenvalues ξ remain
in O(

√
ε) neighborhoods of −Λ0 and σp(−M).

This is also supported by Figure 5, where we
have plotted {p(√ξ)|ξ ∈ R<0} (blue curve);
real solutions correspond to intersections be-
tween that curve and the horizontal at height
Λ0. The curve approaches vertical asymptotes
at the elements of σp(−M), and becomes un-
bounded. As ε ↓ 0, the approach becomes
steeper and the intersections of p with the hor-
izontal axis limit to {0} ∪ σp(−M).

As Λ0 increases, the first few eigenvalues
complexify and the story takes a turn. We be-
gin by noting the existence of a local maximum
for the first curve branch, occurring for some
ξ ∈ (−µ1, 0); see Figure 4. As the horizontal at

height Λ0 increases, the largest two eigenval-
ues (intersections) approach each other, collide
and develop a nonzero imaginary part; they
form a conjugate pair. We have plotted the
real part of that pair in red in Figures 4 and
5. As Λ0 increases further, the horizontal line
at height Λ0 encounters the local minimum of
the second branch. Here, the pair reconnects
and splits into two negative eigenvalues, again
indicated in blue. The largest of these ap-
proaches −µ1 asymptotically, while the other
collides with the third eigenvalue and the pro-
cess restarts. The smaller the value of ε, the
larger the number of these maxima and hence
the more eigenvalues are complexified subse-
quently as Λ0 increases. For each ε, however,
there is a global maximum of p, where the last
complex pair is formed, which never returns to
the real line.

Importantly, the conjugate pairs thus cre-
ated do not cross into the right-half complex
plane, because (V.4) admits no imaginary so-
lutions. This is supported by Figure 5, where
the real part of each conjugate pair can be seen
to move away from the imaginary axis, as Λ0

increases. To prove it, we write ξ = iξ̂ ∈ iR>0

and note that µ = µ̂(1 + i), for some µ̂ ∈ R>0.
Splitting real and imaginary parts in (V.4) and
substituting from one into the other, we find

2(µ̂)2

(
−1 +

√
ε

v
µ̂

sin(2µ̂)

sinh2(µ̂) + cos2(µ̂)

)
= Λ0.

(V.5)
No solutions exist because, here again,

the two sides differ in sign. Since∣∣∣µ̂ sin(2µ̂)
sinh2(µ̂)+cos2(µ̂)

∣∣∣ < 1, the left member of

(V.5) is in (−1 −
√
ε/v,−1 +

√
ε/v) ⊂ R<0,

for ε small. As we consider Λ0 > 0, only
there exists no nontrivial solution µ̂ to (V.5),
and hence no purely imaginary eigenvalues ξ
of (V.3). The real parts of the complex eigen-
values thus never change sign.

Since the spectrum of the stability prob-
lem (V.3) remains in the left-half complex
plane, we conclude that the benthic layer re-
mains stable for O(1), positive values of Λ0.
The reader should contrast this behavior to
that of deep chlorophyll maxima which, as we
mentioned, undergo oscillatory destabilization
soon after they bifurcate. The difference be-
tween these two patterns is underlined by nu-
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-2 2

-2

2

→ ξ,ℜ(ξ)

↑ p(
√
ξ)

FIG. 4: Blue: the function p(
√
ξ) for ξ < 0 in

a neighborhood of the origin. Red: the
function p(

√
ξ) as function of the real part of

the complex eigenvalue pair arising at the
maximum. Here,

√
ε/v = 10−2.

merical simulations, such as those of Figures 1
and 2. Numerically, one solely observes sta-
tionary BL profiles. Stationary DCM profiles
are also present, but can only be detected in
a targeted manner as they only exist in an
asymptotically small parametric region.

In the region v ≈ v∗, one expects the system
dynamics to exhibit interplay between BL and
DCM patterns. In that region, the two first
eigenvalues cross the imaginary axis in close
succession. This is what was referred to as
a codimension 2 bifucation in earlier work17,
where the existence of such patterns was hy-
pothesized but not proved. Figure 6 demon-
strates one such pattern, where a rather shal-
low DCM and a BL alternate in a periodic
fashion. This simulation serves as numeric
proof of the existence and stability of such
mixed patterns in (IV.1). At the same time, it
very possibly illuminates the wide chasm sep-
arating nonlinear reality, on one hand, from
attempts to explore it through linear analy-
sis on the other. As we briefly mentioned in
the Introduction, we expect that the method
developed here will prove helpful in covering
some of that ground. At present, we defer all
analysis to future work.

VI. CONCLUSIONS.

In this paper, we considered the evolution
of small amplitude patterns bifurcating from
a trivial state in evolutionary PDE systems.

400 300 200 100

100

200

300

400

→ ξ,ℜ(ξ)

p(
√
ξ)

FIG. 5: Blue: the function p(
√
ξ) for ξ ∈ R in

a a neighborhood of the origin. Red: the
function p(

√
ξ) as function of the real part of

the complex eigenvalue pairs arising at the
maxima. Here,

√
ε/v = 10−2.

FIG. 6: Numerical simulation close to the
codimension 2 bifurcation showcasing the

appearance of a periodic state that
interpolates a DCM and a BL. The specific
parameters values for this simulation are
ε = 9 · 10−5, v = 1.66, ` = 0.25, ηH = 0.3,

jH = 0.033, κ = 4 and r = 93.52.

In that direction, we specifically developed a
novel analytical framework to study their dy-
namics beyond the range of applicability of
classical, one–dimensional, center manifold re-
duction. Our main insight is that, in general
PDE systems such as (II.1), that classical re-
duction can and must be extended to capture
dynamically significant behavior. The result of
that process is the reduced model (III.2), com-
prised of a nonlinear ODE and a linear PDE.
The two govern, respectively, the amplitude of
the emerging pattern and the slow spatial pro-
cesses mentioned in the title of this communi-
cation. The coupling between them is strong
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and describes accurately the interactions be-
tween pattern and ambient environment.

Using that framework, we next examined
the infinite-dimensional eigenvalue problem
determining pattern stability. We were able
to encapsulate that in a transcendental equa-
tion that elegantly conflates information from
the background state and the generator of the
spatial processes. This analytical result is ex-
pressed in (III.8)–(III.10), and its solutions
correspond to eigenvalues of the stability prob-
lem. As such, it extends, streamlines and sim-
plifies similar results14,17 where the underlying
ODE–PDE structure was not exploited.

Finally, we applied our general method
to a specific example describing the interac-
tion of phytoplankton and nutrient in a wa-
ter column5,17,18. This enabled us to re-
cover swiftly the onset of oscillations in deep
chlorophyll maxima, a phenonomenon previ-
ously observed and simulated5 as well as an-
alyzed by less elaborate methods17. More-
over, our method allowed us to extend earlier
insights5,17,18 by considering the more degen-
erate dynamics of benthic layers.
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Appendix A: Integral approximations

1. Approximation of integrals with a localized
function

The primary eigenfunction p0(z) associated
with a benthic layer has a very narrow, large
amplitude at z = 1, see Figure 3. In this ap-
pendix, we will write p0 as,

p0(z) = A(z)e
− 1√

ε
H(z)

(A.1)

with H(z) =
∫ 1

z

√
Q(s)ds − √vz and A(z) =√

2vε−1/4Q(z)−1/4.
We use the localized structure of p0 to our

advantage in approximating integrals of the

form
∫ x

0

f(z)p0(z)dz =

∫ x

0

F (z)e
− 1√

ε
H(z)

, (A.2)

where f(z) is (with a slight abuse of nota-
tion) any real, continuous function and F (z) =
f(z)A(z). The technique used for approxima-
tion is called Laplace’s method4,16 and was ap-
plied repeatedly in earlier work on phytoplank-
ton patterns17. The idea behind this method
is to evaluate an integral with an exponen-
tially decaying factor only at its maximum,
because the error is exponentially small. In
our case, the exponential in (A.2) is maximal
where H(z) is minimal. H(z) is monotoni-
cally decreasing, hence the minimum of H(z)
for z ∈ [0, x] is at z = x. We Taylor expand,

H(z) = H(x) +
∑

n≥0

an(z − x)n+1,

F (z) =
∑

n≥0

bn(z − x)n+α−1,
(A.3)

with α > 0 and compute a0 = −
√
Q(x)−√v

and a1 = − 1
4

Q′(x)

2
√
Q(x)

. Laplace’s method yields,

up to O(ε
α
2 +1) corrections,

∫ x

0

F (z)e
−H(z)√

ε dz = (A.4)

−e
−H(x)√

ε ε
α
2

(
Γ(α)

b0
aα0

+
√
ε

Γ(α+1)

a
α+1
0

[
b1− (α+1)a1b0

a0

])
,

as ε → 04,16. Note the Gamma function
Γ(n) = (n− 1)! for natural numbers n.

2. Approximation of the eigenvalue function

The eigenvalue function a(ξ; Λ0) is defined
in equation (III.3),

a(ξ; Λ0) =
1

`

〈
f0p0

∫ 1

0

G(z, s; ξ)h(s)p0(s)ds, p̂0

〉
,

but due to the definition of G(z, s; ξ), we need
to split the inner integral into separate inte-
grals taking care of min(z, s) and max(z, s).
After that, we use Laplace’s method to approx-

imate
∫ 1

0
G(z, s; ξ)h(s)p0(s)ds, and then per-

form it once more to find a(ξ). The leading
order result is:

a(ξ) = ε3/4 e
v/εh(1)f0(1)

4
√

2`v3/4
. (A.5)
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Note that this leading order term does not de-
pend on ξ, hence a(0) has the same leading
order term.

For the stability equation (III.9), we there-
fore consider the difference

`(a(ξ)−a(0)) =

〈
f0p0

∫ 1

0

G(z, s; ξ)hp0ds, p̂0

〉

−
〈
f0p0

∫ 1

0

G(z, s; 0)hp0ds, p̂0

〉

=

∫ 1

0

f0s
2
0

∫ 1

0

hp0 [G(z, s; ξ)−G(z, s, 0)] dsdz

(A.6)

For ξ → 0, the Green’s function becomes
G(z, s; 0) = limξ→0G(z, s; ξ) = 1−max(z, s).

The function G(z, s; ξ) changes at s = z.
Therefore, we split any integral of G into two
intervals, s ∈ [0, z] and s ∈ (z, 1]. Rewrit-
ing the integral over (z, 1] as the difference be-
tween an integral over [0, 1] and (0, z), puts
equation (A.6) into the form (A.2). Using hy-
perbolic function identities we can even sim-
plify (A.6) to

∫ 1

0

f0s
2
0

∫ 1

0

G(1, 1−s+z; ξ)hp0dsdz

−
∫ 1

0

f0s
2
0

∫ 1

0

G(1, 1−s+z; 0)hp0dsdz

+

∫ 1

0

f0s
2
0

∫ 1

0

(G(−z, s; ξ)−G(−z, s; 0))hp0dsdz,

because G(1, 1−s+z; ξ) is zero for z ≤ s ≤ 1
and min(−z, s) and max(−z, s) do not change
for 0 ≤ s, z ≤ 1. We shall evaluate separately
for every Green’s function. Define

I1,i =

∫ 1

0

G(1, 1− s+ z; i)h(s)p0(s)ds,

I2,i =

∫ 1

0

G(−z, s; j)h(s)p0(s)ds.

with i ∈ {ξ, 0}. Integrals I1,i and I2,i are of
the form (A.2) and we use the following table
to approximate them with Laplace’s method.

α b0 b1

I1,ξ 2
√
ξ h(z)
Q1/4(z)

h(z)Q′(z)
4Q5/4(z)

− h′(z)
Q1/4(z)

I1,0 1 h(z)
Q1/4(z)

–

I2,ξ 2 −√ξ h(1)
v1/4 −√ξ h′(1)h(1)

4v5/4−v1/4

I2,0 1 h(1)
v1/4 –

The higher order coefficients of I1,0 and I2,0
are not needed for the approximation, com-
pared to I1,ξ and I2,ξ (compare α = 1 versus
α = 2). Substituting the Taylor coefficients
into approximation (A.4) and combining terms
yields

`(a(ξ)− a(0))→ 1

2

√
2(εv)

1
4h(1)e

√
v
ε ·

∫ 1

0

f0(z)√
Q(z)

e
− 2√

ε

∫ 1
z

√
Q(s)ds

(
1− cosh(

√
ξz)

cosh(
√
ξ)

)
dz

(A.7)

which is a second order Laplace approxima-
tion. The integral over z, which is left, is not
of the form (A.2), as the exponential is now

e
− 2√

ε

∫ 1
z

√
Q(s)ds

.

The factor
∫ 1

z

√
Q(s)ds is also monotonically

decreasing, and hence we can estimate (A.7) at
z = 1. Using Taylor approximations, we find
α = 2, and Laplace’s method yields

`(a(ξ)− a(0))→

− ε 5
4 e
√

v
ε

(h(1))2ηH

4
√

2(1 + ηH)`v3/4

√
ξtanh(

√
ξ).

(A.8)

1M.G. Crandall and P.H. Rabinowitz. Bifurcation
from simple eigenvalues. Journal of Functional Anal-
ysis, 8:321–340, 1971.

2E. Gilad, J. Von Hardenberg, A. Provenzale,
M. Shachak, and E. Meron. Ecosystem engineers:
from pattern formation to habitat creation. Physical
Review Letters, 93(9):098105, 2004.

3A. Hastings, K. Cuddington, K.F. Davies, C.J.
Dugaw, S. Elmendorf, A. Freestone, S. Harrison,
M. Holland, J. Lambrinos, U. Malvadkar, B.A. Mel-
bourne, K. Moore, C. Taylor, and D. Thomson. The
spatial spread of invasions: new developments in the-
ory and evidence. Ecology Letters, 8(1):91–101, 2005.

4M.H. Holmes. Introduction to Perturbation Methods.
Texts in Applied Mathematics 20. Springer, 1995.

5J. Huisman, N. N. Pham Thi, D. M. Karl, and B. P.
Sommeijer. Reduced mixing generates oscillations
and chaos in the oceanic deep chlorophyll maximum.
Nature, 439:322–325, 2006.

6Yu. A. Kuznetsov. Elements of Applied Bifurca-
tion Theory. Applied Mathematical Sciences 112.
Springer–Verlag, 3 edition, 2004.

7C. Lemerle, B. Di Ventura, and L. Serrano. Space
as the final frontier in stochastic simulations of bi-
ological systems. FEBS Letters, 579(8):1789–1794,
2005.

8S.A. Levin. The problem of pattern and scale in ecol-
ogy. Ecological Time. Springer, 1995.



14

9Q.-X. Liu, A. Doelman, V. Rottschäfer, M. de Jager,
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mécanique céleste, volume 3. Gauthiers-Villars,
1899.

12M. Rietkerk and J. van de Koppel. Regular pattern
formation in real ecosystems. Trends in Ecology &

Evolution, 23(3):169–175, 2008.
13J. C. Robinson. Infinite–Dimensional Dynamical

Systems. Cambridge Texts in Applied Mathematics,
2001.

14L. Sewalt, A. Doelman, H.G.E. Meijer,
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