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Introduction

The theory of toric varieties lies in the overlap of algebraic geometry and
combinatorics. The rich interplay between these two fields in the context of
the theory has led to a number of results in both areas. Some notable exam-
ples of the application of algebro-geometrical techniques to combinatorial
problems include:

e Counting lattice points in convex polytopes via the Riemann-Roch
theorem (see, e.g., the survey article [Bri95] by M. Brion).

e The proof, due to R.P. Stanley, of McMullen’s conjectures on the
number of faces of a simplicial convex polytope, obtained via Hard
Lefschetz in [Sta80].

On the other hand, the combinatorial description of toric varieties allowed
the proof of many important results in algebraic geometry, such as:

e The stable reduction theorem, in the area of resolution of singularities,
proved in [KKMS73].

e The characterization, due to M. Demazure, of the algebraic subgroups
of maximal rank of Cremona groups, in the seminal paper [Dem70].

Since the conception of the theory in the early 1970’s, toric varieties have
found applications in many other fields. In [CK99], for example, D.A. Cox
and S. Katz explore the connections between toric geometry and mirror
symmetry. The role of toric surfaces as natural generalizations of Bézier
surfaces is described by R. Krasauskas in [Kra0O1l], together with many in-
teresting pictures. Other areas where techniques coming from the theory of
toric varieties have been successfully applied include Diophantine geometry
(see, e.g., [R0j16]), algebraic statistics and computational biology (see, e.g.,

[SS05)).

This thesis was initially motivated by the work of O. Karpenkov in the
area of lattice geometry. In his paper [Kar06], he introduced functions anal-
ogous to the familiar trigonometric ones such as sine, cosine and tangent.
Many of the properties holding for classical functions have their counterpart
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in the realm of lattice geometry. In particular, the well known fact that the
sum of the (inner) angles of a triangle in the plane equals 7 has a lattice
analogue. This proved to be a key idea for the complete classification of
lattice triangles. More precisely, the results obtained by O. Karpenkov al-
low us to enumerate all lattice triangles of fixed lattice area up to lattice
equivalence. Here by lattice equivalence we mean an affine transformation
preserving the lattice. These results are useful, for example, in the study
of singularities of toric varieties (see Appendix A in [Kar06]). At this point
there is one natural question: is it possible to translate such properties into
the language of algebraic geometry? To (or, better, begin to) answer this
question one needs to set up the machinery of algebraic geometry in the
context of toric varieties: this thesis serves that purpose. Moreover, in the
last chapter some applications to the original problem are given.

There are several possible definitions of toric variety that can be en-
countered in the literature. The most common, and historically one of the
earliest to be studied, starts with a convex “lattice cone” ¢ in some vector
space. To this cone one associates an affine variety, called the affine toric
variety of 0. When we have a collection of cones satisfying certain given
properties, the corresponding affine toric varieties can be glued to form a
toric variety. In Chapter 1 we show how to build such a collection of cones
starting from a polytope and study the properties of the corresponding toric
variety.

Another common construction of toric varieties starts from a lattice M
in some Euclidean space R™ and a polytope K whose vertices lie in the
lattice. Let k be an algebraically closed field of characteristic 0 and denote
by k* its group of units. Consider the finite set A = {ap, ..., } given by
the intersection of K with the lattice M. If we write a; = (1, ..., q4y) for
1 =0,...,m, then we have a map

oa: (K" — P
from (k*)™ to projective m-space P}" given by
()DA(t17 cee ,tn) = (t‘lxm .. 'tgon ol t?”ﬂ i -tgm”).

The closure in the Zariski topology of the image of (£*)™ under ¢ 4 is called
the projective toric variety of the polytope K.

In the last part of Chapter 1 we show how to give the above construction
for polytopes whose vertices lie in an abstract lattice, i.e. in a free finitely
generated abelian group. This generalization seems to be quite natural, but
it does not appear to be present explicitly in the literature.

In Chapter 2, after setting up all the machinery of divisors and invertible
sheaves on toric varieties, we prove (see Theorem 2.4.3 on page 51) that the
two approaches described in the first chapter are equivalent.
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The last chapter is devoted to complex toric varieties. The analytical
structure of these objects makes it possible to give a description of some
invariants suc as the fundamental group and the cohomology groups in terms
of lattice objects. In particular, we show in Section 3.2 that the Euler
characteristic (the alternating sum of the dimensions of the cohomology
groups) of the complex toric variety of a polytope equals the number of
vertices of the polytope. This result is already present in the literature in a
different form (see, e.g., [Dan78]), but without any connection to the theory
of plane lattice geometry. Consider the following situation: we have a given
two-dimensional toric variety (a toric surface) coming from a polygon and
we want to know from which polygon it came. The aforementioned result,
in the form described in this thesis, lets us distinguish whether it came from
a triangle, a quadrangle, etc.

In this work we are concerned exclusively with toric varieties arising from
polytopes: such objects are very particular, for example they are always
projective. Arbitrary toric varieties, even though not always projective, still
share many of the properties holding for polytopal toric varieties. Further
generalizations are possible, and useful: for example, one could drop the
assumption of separatedness and study toric prevarieties. In [W1o97], J.
Wilodarczyk proved that every normal variety admits an embedding into
a toric prevariety. For the applications to lattice geometry, however, the
setting of toric varieties coming from polytopes is the most natural and
appropriate one.

As stated above, the motivation of this thesis is the study of lattice poly-
gons. Since the toric variety associated to a non-degenerate lattice polygon
always has dimension two (it is a so-called toric surface), in theory we could
just work with two-dimensional lattices and vector spaces. Nonetheless,
there is very little extra effort involved in setting up a description valid in
higher dimensions (i.e. for polytopes instead of a polygon). This approach
is the one taken in this work.

The standard textbooks on the theory of toric varieties are [Ful93],
[Oda88] and [Ewa96]. In all of these, the varieties are studied over the
field of complex numbers, but most of the results are valid for arbitrary
algebraically closed fields of characteristic zero. The treatments of W. Ful-
ton in [Ful93] and G. Ewald in [Ewa96] lean on the algebraic side of the
theory, while T. Oda [Oda88] prefers an analytical approach. Among the
three books listed above, the one by Fulton requires some prior knowledge
of algebraic geometry, while the other two aim at giving an introduction to
algebraic geometry through toric varieties. The first part of [Ewa96] also
provides a brief but thorough introduction to convex geometry and convex
polytopes. For a more advanced treatment of the theory of toric varieties,
the survey article [Dan78] by V.I. Danilov is a superb starting point.
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I am grateful to my supervisor Oleg Karpenkov for his constant attention
to this work and to Bas Edixhoven, who answered with patience my endless
questions. Particular thanks go to my wife Leonora, who always supported
(and at times endured) me, and to my fellow ALGANT students.

Organization of this thesis

In Chapter 1 we start by recalling the basic results of convex geometry and
algebra needed in the thesis. We introduce two constructions of the toric
variety of a polytope and study its basic properties. In particular we show
that such a variety is integral, separated and normal. In the last part of the
chapter, we show that every toric variety contains a dense algebraic torus.
This allows us to define the toric variety of a polytope lying in an abstract
lattice.

In Chapter 2 we study divisors on toric varieties and their associated
sheaves. We give criteria for such sheaves to be ample or very ample and
apply them to show that a polytopal toric variety is always projective. In
the last section we show that the two constructions defined in Chapter 1 are
actually equivalent.

In Chapter 3 we study toric varieties over the field of complex numbers.
We describe the topology of affine toric varieties and use this description to
compute the Euler characteristic of the toric variety of a polytope.



Chapter 1

Toric varieties from
polytopes

In this chapter we present two different constructions of the toric variety as-
sociated to a lattice polytope and study its basic properties. All the vector
spaces throughout this work are tacitly assumed to be finite-dimensional vec-
tor spaces over the real numbers. All fields are assumed to be algebraically
closed of characteristic zero.

1.1 Some convex geometry

In this section we include some basic facts about convex geometry which are
used throughout the whole thesis. The book [Ewa96] contains an extensive
treatment of these topics, with the applications to the theory of toric vari-
eties in mind. The reader interested in a more general approach to convexity
may consult, for example, [Roc96] or [Web94].

Let N be a lattice of rank n, that is, a finitely generated free abelian
group of rank n (then N = Z™). We denote by Ng the associated real vector
space Ng = N ®z R and we set M = Homgy(N,Z), which is isomorphic
to Z™. 1If we denote by Mg the real vector space M ®z R, we find that
Mg = Hom(Ng,R): in other words, Mg is isomorphic to the dual of Ng.
We denote by (-,-) the natural pairing Mr x Ng — R. Unless otherwise
specified, whenever we specify a lattice IV, we always assume that its rank
is n.

Let now V be a vector space. An integral structure on V is the datum
of a lattice IV such that Ng = V. In this case Mp is identified with the dual
VY = Hom(V,R). Whenever we talk about “lattice objects” (e.g. lattice
cones, lattice polygons, etc.), we assume such an integral structure to be
given.

Definition 1.1.1. A (polyhedral) cone in a vector space V' is the positive
hull (the set of linear combinations with non-negative real coefficients) of a

9
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finite set of vectors of V, that is:

g = {i)\lsz

1=1

S; € MR,)\Z' c Rzo}

for S = {s1,...,sm} C V. We also write 0 = pos(S) or o = pos(s1,...,Sm).
A lattice cone in V = Ng (or just a lattice cone, if there is no possibility of
confusion) is a cone in V' which can be generated by elements of N, that is,
which can be written as the positive hull of a finite set of elements of N. A
lattice cone is said to be strongly convex if it does not contain lines through
the origin (non-zero linear subspaces).

In this thesis we are mainly concerned with “lattice objects”, therefore we
use the words “lattice cone” (resp. lattice polytope, resp. lattice polygon)
and the words “cone” (resp. polytope, resp. polygon) interchangeably,
always referring to the lattice object. When we want to state properties
holding for general (non-lattice) objects, we always make it clear.

Strong convexity in the previous definition may seem a bit technical, but
we will see in Section 1.8 that it has a very intuitive explanation and plays
a fundamental role in the theory of toric varieties. For more details we refer
to the aforementioned section. We now introduce the notions of face and
dual lattice cone and state a useful proposition (1.1.6 below) that can be
found in [Ful93], page 14.

Definition 1.1.2. The dual cone ¢V of a lattice cone ¢ in Ng is the set:
o ={u e Mg |{u,v) >0Yv € c}.

Remark 1. Note that, for a lattice N endowing V' with an integral struc-
ture, the dual lattice M endows the dual V'V with an integral structure as
well. This means that Definition 1.1.1 and all other definitions involving
“lattice objects” make sense also for cones in V'V.

Example 1.1.3. Let N = Z2, then Ng = R% Let e; = (1,0), ex = (0,1)
be the standard basis of R2. Then the light blue set of Figure 1.1(a) is a
lattice cone, generated by e; and e; + es.

Example 1.1.4. Let N = Z?2, then Ng = R?. Let e; = (1,0), ea = (0,1) be
the standard basis of R2. Then the light blue set of Figure 1.1(b) is a cone,
generated by e; and —%el + €2, but not a lattice cone.

Let H, be the hyperplane determined by an element u of V'V:
H, ={veV|{u,v)y =0},
then H, determines two sets, called its closed half-spaces, as follows:

Hf ={veV|{uv) >0}, H ={veV|{uv) <0}
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el +¢e _ 1
1+e2 €9 ﬁel
el €1
(a) A lattice cone in R (b) A cone in R? which is not

a lattice cone.

Figure 1.1: Examples 1.1.3 and 1.1.4

Let v be in VV and let H = H,, be the corresponding hyperplane. We say
that H is a supporting hyperplane of a cone o if cNH # () and o is contained
in at least one of the closed half-spaces H' and H~ determined by H.

From now on, we always denote by u' the hyperplane H, of an element
w in VV. This notation comes from the general situation of a subset S of
V'V to which we associate the set

St ={veV|{uv)=0vucS}

Definition 1.1.5. A face 7 of a cone ¢ is the intersection of o with any
of its supporting hyperplanes. We consider ¢ as an improper face of itself.
The dimension of a face T is the dimension of its linear span (recall that
the linear span of a subset A of V is the intersection of all linear subspaces
of V' containing A). Faces of dimension zero are called vertices and faces of
dimension one are called rays.

If N has rank 1, then we can enumerate explicitly all possible cones. Let
e be the generator of N, then the only possible cones (see also Figure 1.2)
up to translation and dilation are:

1. The trivial cone {0}, of dimension 0;
2. The ray pos(e) spanned by e, of dimension 1;
3. The cone pos(e, —e) spanned by e and —e, of dimension 1.

Note that the last cone is not strongly convex, since it contains (it is actually
equal to) Ng.

Remark 2. It is obvious from the definition of a supporting hyperplane
that a face 7 of a cone o is of the form

r=ocNut={veao|(uv) =0}

for some vector u of the dual cone V.
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Figure 1.2: The three lattice cones of dimension one in R

Proposition 1.1.6. Let o be a cone in the vector space INg, then the
following conditions are equivalent:

1) o contains no non-zero linear subspaces of Ng;

(1)
(2) on(—0o)={0}

(3) {0} is a face of o;
(4) oV spans NY = Mp.

Remark 3. Even if a cone o is strongly convex, its dual ¢V might not be
strongly convex (see Figure 1.3). Nonetheless, requiring in addition o to
be n-dimensional (which amounts to asking that o spans Ng), Proposition
1.1.6 ensures us that also ¢V is strongly convex.

Figure 1.3: A strongly convex cone whose dual is not strongly convex.

Definition 1.1.7. A fan A in N is a collection of strongly convex lattice
cones such that:

1. If 7 is a face of a cone o, then 7 is a cone of A;

2. If o1 and o9 are cones of A, then o1 N oy is a face of both.
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Definition 1.1.8. The support of a fan A in Ng, denoted by supp(A), is
the union of all its cones, i.e.

supp(A) = U o.
ocA

At this point we introduce the notion of lattice polytope, following the
same pattern as in the description of lattice cones. We need the slightly
more general notion of a supporting affine hyperplane: an affine hyperplane
H, in a finite-dimensional real vector space V is a set of the form

H,={veV|{uv) =a},

for some v in VY and a in R. As in the linear case, an affine hyperplane
H = H, determines two closed half spaces

HY={veV|{uv)>a}, H ={v e V|{u,v) <a}.

We say that H is a supporting affine hyperplane of a convex set S if SNH # ()
and S is contained in at least one of the closed half-spaces Ht and H~
determined by H.

Definition 1.1.9. A polytope K in a vector space V is the convex hull of a
finite set of vectors of V, that is, a set of the form:

i=1

$i € Mp, X € Rx0, > A = 1}
=1

for S = {s1,...,sm} C V. We also use the notation K = conv(S) or
K = conv(sy,...,Sm).

Figure 1.4: A lattice triangle and a lattice pentagon in R? for N = Z2.

Definition 1.1.10. A face F of a polytope K is the intersection of K with
a supporting affine hyperplane. We consider K as an improper face of itself.
The dimension of a face is the dimension of the affine subspace of K it spans
(recall that the affine span of a set A of V is the intersection of all affine
subspaces of V' containing A). Faces of dimension zero are called vertices
and faces of dimension one are called edges.
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Figure 1.5: A lattice cube in a three-dimensional lattice.

Definition 1.1.11. A lattice polytope in V = Ng is a polytope whose ver-
tices lie in N.

1.2 The projective toric variety of a polytope

In this section we describe the first construction of a toric variety. To do
so, we have to choose an isomorphism between the ambient lattice and Z".
In other words, we consider lattices in Euclidean space. In Section 1.10 we
show how to define a toric variety intrinsically in terms of an abstract lattice.

Consider a lattice polytope K in Ng. Choose an isomorphism N = Z"
such that the basis of N corresponds to the standard one

er = (1,0,...,0),...,en = (0,...,0,1).

In other words, we identify the lattice points of Ng with n-tuples of integers.
Let A = K N N be the set of lattice points of K. Let k be a field and P™
projective m-space over k, where m + 1 is the cardinality of A. Writing

A=A{ap,...,am} ={(ao1,. -, 0n)s s (Wi, -y mn) },

we have a map
o+ ()" —P™

defined by
QA(tL, .. ) = (E900 - gQ0n o OmL . fmn)

For simplicity we set ¢t = (t1,...,t,) and, for a; = (ay1,..., ), we set
t¥ =152 -+ 19 so we can write g4 as

wa(t) = (0 ..ot

The Zariski closure of the image of 4 is called the projective toric variety
Yk associated to K:

Y =im(pa).
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One could define in general the projective toric variety Y4 associated to
any set A contained in Z" - this is where the notation ¢4 comes from. In
contrast to the case of toric varieties from polytopes (see section 1.7), such
varieties need not be normal: an immediate example is the cuspidal cubic
curve Tor3 — 23 = 0 in P2, which is the Y4 for A = {0,2,3} C Z.

1.3 The monoid algebra

To further proceed, we need to introduce some facts related to monoids and
monoid algebras.

A semigroup (S,+), or just S, is a set S together with an associative
binary operation + : S x S — S. A monoid" S is a semigroup S with an
identity element, denoted by 0. In a monoid not necessarily every element
(possibly no element at all, except for 0) has an inverse. We could say that
“a monoid is almost a group”, in the sense that if every element of a monoid
S is invertible, then S is a group. A monoid (S, +) is said to be commutative
if the operation “+” is commutative. If S and T are two monoids, we say
that a map f : .S — T is a monoid homomorphism if f is compatible with
the structure of the monoids, i.e. if f(a +b) = f(a) + f(b) for every a and
bin S and f(0g) = 07, where Og and Or are the identity elements of S and
T respectively.

A group is in a natural way, by forgetting the extra structure given by
the existence of inverses, a monoid. The set I of all invertible elements of a
monoid S clearly forms a group under restriction of the operation + to the
set I x I, but it is not true that every monoid can be embedded in a group.
To be more precise, given a monoid S it is not possible in general to find a
group GG containing S as a sub-monoid. An example is the free monoid on
the set of symbols {a, b, c} with relations {ab = ac} (here the operation is
concatenation of symbols).

Suppose now that a monoid S satisfies the cancellation property:

cta=c+b=a=band a+c=b+c=a=0>, Va,b,c€e S,

then S is said to be cancellative. When S is a commutative cancellative
monoid, it is always possible to find an embedding in a group. Commuta-
tivity is really necessary here, since there are examples of non-commutative
cancellative monoids having the property that a + b = a for some elements
a and b even though b is not the zero element. In such cases, could we
find a group containing our monoid, it would be possible to add —a to both

Tt would be more intuitive to associate the letter M to a monoid, but, on one hand,
monoids arising in the theory of toric varieties are usually denoted by S; on the other hand,
we reserved the letter M for the dual lattice. Moreover, many authors call “semigroup”
the object that we are calling monoid, so ours is not such a bad notation after all.
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sides and arrive at a contradiction. The free monoid defined in the previous
paragraph is an example of this situation.

Suppose now that we have a monoid S together with a field k, then we
can form the monoid algebra k[S], whose elements are finite formal linear
combinations with coefficients in k£ of symbols x“, for u in S. This construc-
tion is completely analogous to the case when, starting from a group G and
a field k, we form the group algebra k[G]. Elements of k[S] are then of the
form

for a, in k and u in S. Multiplication is defined on the basis {x"},cg as
Xuxv — Xu-l—v
and extended by linearity on the whole £[S]. This is a k-algebra with identity
x", which we denote by 1.
If we now set S = Z", then S is a commutative cancellative monoid.
There is a natural isomorphism of k-algebras between k[Z"] and the algebra
Elt1,... tn, tl_l, ...,t=1] of Laurent polynomials in the variables ti,...,t,.

r'n

This isomorphism is given on the basis {x®}qezn of k[Z"] by

XO! — t‘fl .. _t%'n’
where o = (aq,...,qn).
We will sometimes denote k[tl,...,tn,tl_l,...,t,;l] simply by k[t,t71]
and write t* instead of t{" - - t27, for a = (aq,...,ap).

As stated above, a cancellative commutative monoid S can always be
embedded in a group G. If such G is a finitely generated free abelian group
(this will always be the case for the monoids arising in the theory of toric
varieties) of rank n, then G is isomorphic to Z™ (as a group and thus as
a monoid). It follows that the inclusion S < G gives rise to an injective
homomorphism of k-algebras

k[S] — k[Z"]

and since, by the previous discussion, k[Z"] = k[t,t!], we have an injective
homomorphism of k-algebras

k[S] < E[t,t71].
We say that a monoid S is finitely generated if there exist elements
ai,...,an (called generators) such that every s in S can be written in the
form

s=MAaj+ -+ Apam, A\i € Z>p.

It is obvious that the corresponding monoid algebra k[S] is then a finitely
generated k-algebra.
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1.4 The affine toric variety of a cone

The goal of the present section is to show how a lattice cone naturally gives
rise to an affine variety. Recall that to each cone ¢ in the vector space Ng
there corresponds a dual cone v in Mg. To proceed further, we need the
following two important lemmas.

Lemma 1.4.1 (Farkas’ lemma). If o is a lattice cone in V' = Ng, then its
dual ¢V is a lattice cone in V'V = M.

Proof. See, for example, [Roc96], §19 and §22. O

By Lemma 1.4.1, it makes sense to intersect (in the sense that the in-
tersection is non-empty) the dual oV of a lattice cone o with M. We set
Sy = oV N M: this is evidently a monoid if we take the usual sum of vectors
in Mg as operation and the zero vector as identity. Furthermore, since S,
is contained in M = Z™, then it is also commutative and cancellative.

Let now V = Ngr. The usual inner product on R" induces an inner
product on V and therefore a norm. Being V' finite-dimensional, we know
from the theory of topological vector spaces that the metric topology given
by this norm is the unique Hausdorff topology on V up to equivalence. When
we refer to topological properties of V' (e.g. closedness, compactness, etc.)
we always assume the above topological structure to be given.

Lemma 1.4.2 (Gordan’s lemma). If ¢ is a lattice cone in V = N, then S,
is a finitely generated monoid.

Proof. By Lemma 1.4.1, the cone ¢V is the positive hull of a finite number
of vectors u;, ..., uy, in M:

" =pos(ut,...,un).

Consider the set

i=1

A €ER) N € [0,1]}

It is clear that K is compact in Mg. Since M is a discrete subgroup of Mg,
the intersection K N M is a finite set. If u is an element of S, = oV N M,
then we can express it as a linear combination with non-negative coefficients
of the generators u; of oV:

U= a1 + -+ A Um-

Write |a;] for the largest integer smaller than or equal to a;. Then for each
of the a;’s we have a; = |a;| + b;, where b; = a; — |a;]|. Clearly, we have
0 <b; <1. It follows that

U= ajuy + -+ Al = a1 |ur 4 F (@ Uy F b1ug - 4 by,
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which becomes, on setting w = byuy + - - - + by U,
u=lai|u + -+ [am]Un +w.

Finally, all the u;’s are in K N M and, by construction w = byuy+- - -+ bmnim
is in K N M as well, so that u is a combination with integer coefficients of
elements of K N M. By the arbitrariness of the choice of u, we conclude
that S, is generated as a monoid by the elements of the finite set K N M,
in particular S, is finitely generated. O

We can now see a connection to algebraic geometry: starting from a cone
o in Ng, we have built a monoid S, = oV N M. Given a field k, we can
associate to S, (as in Section 1.3) the monoid algebra R, = k[S,]. Since
Sy is finitely generated by Lemma 1.4.2, R, will be a finitely generated
k-algebra, hence we obtain an affine variety U, by taking the (maximal)
spectrum of R,:
U, = Spec(R,).

In this thesis we are exclusively concerned with varieties over an alge-
braically closed field k, so the notion of maximal spectrum is sufficient to
study them. Since there is no possibility of confusion, we denote by Spec(R)
the maximal spectrum of a finitely generated k-algebra R. The term variety
is used in the sense of [Kem93] and [Mil92].

Definition 1.4.3. Let o be a cone in Ng. The affine variety U, defined
above is called the affine toric variety associated to the cone o.

Remark 4. By Lemma 1.4.1, the dual ¢" of o is generated by a finite
number of vectors ui,...,u, in M. It is straightforward to check that we
can express o as

o={v € Nr|(u;,v) >0, Vi=1,...,m}.

This means that o is a finite intersection of half-spaces, i.e., in the notation
of Section 1.1,
m
o= m H;;
i=1

Remark 5. There is a bijective correspondence between points of an affine
toric variety U, = Spec(k[S,]) and monoid homomorphisms from S, to k,
where k is considered as a multiplicative monoid.

Proof. Over an algebraically closed field &, the affine variety Spec(R) corre-
sponding to a finitely generated k-algebra R can be identified with the set
of k-algebra homomorphisms from R to k. To prove the assertion made in
the remark, we then have to find a bijective correspondence

Homya1g. (E[S5), k) < Hommen. (S, k)
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between the set of k-algebra homomorphism from k[S,] to k and the set of
monoid homomorphisms from S, to k. Indeed, to a k-algebra homomor-
phism f : k[S,] — k we associate a map f*: S, — k defined as

fr(u) = f(x"),
where x" is the basis element of k[S,| corresponding to u. We have

FHur 4 ug) = FOXMT2) = F(X™MX"2) = F(X")F(X™2) = f*(u1) f*(ug)

and
F10)=f(x") = f(1) =1,

so f* really is a monoid homomorphism. On the other hand, to a monoid
homomorphism ¢ : S, — k, we associate the map ¢ : k[S,| — k defined on
the basis as

S(x") = (u)
and extended by linearity. We have

(X" X"2) = d(x" T2) = ¢(ur + ug) = P(u1)(uz) = d(x")P(x"2),

SO (5 is a k-algebra homomorphism. It is clear that these two associations
are mutually inverse. O

1.5 Normality of affine toric varieties

We would like to say more about the monoid algebra R, and the correspond-
ing affine toric variety U, = Spec(R,). Since S, is contained in M, which is
a finitely generated free abelian group, we identify R, with a subalgebra of
k[t,t~1] as in Section 1.3. We denote by t* € k[t,¢~!] the Laurent monomial
corresponding to the basis element x* of R,.

The above identification allows us to see some properties of the affine
toric variety U,. Let us be more precise: the algebra k[t,t~!] of Laurent
polynomials is the localization of the ring of polynomials k[t]| = k[ty, ..., t,]
at the element t1ts - - - t,. In particular, being the localization of an integral
domain, k[t,t7!] is an integral domain itself and therefore so is R,. In
geometrical terms, this means that U, is integral as an affine variety (i.e.,
reduced and irreducible). Furthermore, since k[t] is a unique factorization
domain, so is every localization of it, in particular k[t,t~!] . Since every
unique factorization domain is integrally closed, we conclude that k[t,¢7!]
is integrally closed.

An important property of affine toric varieties (which carries over to
general toric varieties, as we will see in the next section) is that they are
normal. A general affine variety V' = Spec(R) is said to be normal if it is
irreducible and its local rings Oy, at each p of V' are integrally closed. It
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is well known that this last condition is equivalent to the k-algebra R being
integrally closed (see, e.g., [Har83]).

In the case of the affine toric variety U, = Spec(R,) of a cone o, we have
shown in the first two paragraphs that U, is irreducible. Normality of U,
then follows from the next proposition.

Proposition 1.5.1. Let o be a cone in Ng, then its corresponding monoid
algebra R, is an integrally closed ring.

Proof. By Remark 4 ¢¥ = (*; H, where v; € (¢")Y = 0. If we set

Vs ?

7; = pos(v;) = {\v; : A € R>o}, then

m m m
Sy =0"NM= (ﬂfﬁ) NM =) (HnM) =S,
i=1 i=1 i=1
and therefore
m m m
Ry = k[S,] =k [ﬂ STZ.] = (k[Sr] = [ B
i=1 i=1 i=1
Now, each of the R, is a a subalgebra of
lt1, ..ottt Y]
of the form
Eltiy, -t 55,
where the indices ¢1,...,%,...,71,--.,Jm are integers between zero and n.

In particular each of them is a unique factorization domain and hence an
integrally closed domain. Their intersection R, is then integrally closed. [J

1.6 The toric variety of a polytope

We have seen in Section 1.2 a construction of the toric variety of a polytope.
In the present section we introduce a second construction, which involves a
substantially larger amount of work, but highlights the deep connection to
convex geometry and combinatorics.

We fix a field k. If we start with a lattice polytope K in Mg, then for
each face F there is a lattice cone

op ={v € Ng|{(u,v) < (v, v)Vu € F,Vu' € K}. (1.1)
Remark 6. Let K be a lattice polytope in Mg. The set
{oF | F is a face of K}

of cones o corresponding to faces of K forms a fan Ag, called the fan of
K.
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Lemma 1.6.1. The fan Ag of a polytope K covers the whole vector space
Ng, i.e.
supp(Ax) = Nr.

Proof. Let v be a vector in Ng and set o = inf{(u,v)|u € K}. Since a convex
polytope is the convex hull of its vertices, we can just take the infimum as
u varies in the vertices of K, i.e.

a = inf{(u,v) |u € vert(K)}.

The set vert(K) is finite, hence « is the minimum of the set and it is attained
for some vertex , i.e.
a = (U,v).

For any other vector u in the polytope we thus have
(u,0) > = (u,v),
which means, according to (1.1), that v is in the cone oy of the vertex u O

For a polytope K in Mg we define the codimension of any face F' to be
codim(F') = rank(M) — dim(F).

According to the previous section, to each of the lattice cones op in Ag
there corresponds the affine toric variety U,, over k. The structure of a
convex polytope is such that these varieties satisfy the conditions needed
to glue them and obtain a new variety: this will be the toric variety Xg

associated to K.

Remark 7. If we rewrite the cone associated to a face F of a lattice polytope
K as
op ={v € Ng|{ —u,v) >0Vue F,Vu € K},

we immediately see that the previous construction is translation-invariant
and dilation-invariant. Specifically, if we consider another lattice polytope
K’ of the form K' = u+ K for u € M, i.e. K' ={u+ wjw € K}, the fans
Ag and A coincide. Furthermore, if we consider the dilated polytope
mK = {mu|u € K}, where m is a positive integer, this is still a lattice
polytope. The fans Ax and A,,x clearly coincide.

In terms of toric varieties, this implies that all translations and dilations
of a polygon K give rise to the same variety.

Lemma 1.6.2. Let K be a polytope in M. The map
F—op

sending each face to the cone op of (1.1) is a one-to-one correspondence
between faces of K and cones of Ag. This correspondence satisfies

dim(oFr) = codim(F).
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Proof. According to the previous remark, dilating the polytope K by an
integer and translating it by a lattice vector does not change the fan Ag.
We can therefore assume that K contains the origin in its interior (see
Chapter 3 for the definition). This means that Ax can be obtained as the
face fan of the so-called polar polytope K°. The lemma then follows from
the properties of this fan (see, e.g., [Ewa96] or [Zie95]). O

We want to be more precise on how to glue affine toric varieties, but first
we need to discuss one fact from convex geometry.

Lemma 1.6.3. Let o be a lattice cone and 7 = o Nut for u € ¢¥ one of
its faces, then S, = S, + Z>o(—u).

Proof. Let v € S; =7V N M, we claim the following:
IpERsp:v+puca’,
which can be written as
dp € R>p : (v + pu,w) > 0Vw € o. (1.2)

It is enough to check this for the generators uq,...,us of S,. Indeed,
suppose that for each generator w; there exists a real number p; satisfying
(1.2). If we set p = max]";(p;), then (1.2) holds for every vector v in S; by
bilinearity of the natural pairing.

Let u; be any one of the generators. Suppose now that (u,u;) = 0, then
u; is already in o Nut = 7. Since v € 7V, it follows that (v,u;) > 0 and
therefore

(v + pu,u;) = (v,u;) + plu, u;) = (v,u;) > 0.

If instead (u,u;) > 0, we can simply choose p; = —% so that

(v 4 piu, us) = (v, ug) + pi{u,ug) > 0.

We have thus shown that a real number p as in (1.2) exists. For such p,
set [ = [p] (i.e., [ is the smallest integer greater than or equal to p), then
v+lu€eoc’'NM =S, and

v=(v+lu)+1(—u) € Sy + Z>o(—u).

Conversely, let v € Sy +Z>o(—u), then v = w+I(—u) for some integer > 0
and for any ¢t € 7 we have

(v, ty = (w+1U(—u),t) = (w, t) — l{u,t).

Since t lies in 7 = oNu™, then (u,t) = 0 and since w € Sy, then (w,t) > 0, so
that (v,t) > 0, that is, v € 7V. Clearly v also lies in M and thusv € S,. 0O
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If 7 is a face of a lattice cone o, then we obviously have ¢ C 7V, so that
oVNMcCrtVNM. Since c¥NM =S, and 7V N M = S, by definition, we
can write S, C S; and consequently R, C R,. This inclusion of k-algebras
induces a morphism of affine varieties ¢, : Uy — U,.

Proposition 1.6.4. Let o be a lattice cone and 7 a face of o, then the
induced morphism ¢r, : Ur — U, embeds U, as a principal open subset of
Us,.

Proof. In general, let U be an affine variety U = Spec(A). For every f in A
there is an isomorphism of affine varieties between the principal open subset
D(f) of Spec(A) and Spec(Ay), where Ay is the localization of A at f (i.e.,
the localization of A at the multiplicative subset { ™ : f € A,n > 0}). Thus
it is enough to show that R, is the localization of R, at some element of
R,.

Let 7 = o Nu* for some u € ¢V. From Lemma 1.6.3 we have that

S, =5, + ZZ()(—’U,).

If v € S;, then we can write it as v = v/ + [(—u) for some integer [ > 0 and
v/ € S,. In the k-algebra R, this means that the basis elements are of the
form

UI

i X
Xv — Xv +H(—u) _ )
()

This shows that R is the localization of R, at x"“. O

Remark 8. With notation as in the above proof, the principal open subset
of U, corresponding to U, is D(x“), where 7 = o Nu".

We now go back to the fan Ax = A we associated to a polytope K at
the beginning of this section and consider the collection of affine varieties
U ={Us}sen. Let o and p be two cones of A, then, by definition of fan,
their intersection ¢ N p is again a cone of A. By Proposition 1.6.4, o N p
is embedded as a principal open subset of U, via the map t5n,, and as a
principal open subset of U, via the map ¢, . Setting

Ua,p = LO’ﬂp,O’(UO'ﬂp)
and consequently

Up,o = torp,p(Usnp);
we have a collection

V= {Ucr,p}cr,peA-

The affine varieties Uy, , are Zariski open subsets of U, for each cone o of
the fan. Finally, by setting

_ -1 .
Po,p = Ltonp,p © tonp,o - Usp = Upo,
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we get a collection of (iso)morphisms

P = {@Uyﬁ}U,PEA'

It is straightforward to check that the data of U, V and P satisfy the condi-
tions needed to glue the affine toric varieties of U along the subvarieties of
V, as stated in [Sha94].

Definition 1.6.5. The object constructed above is called the toric variety
X associated to the polytope K.

Remark 9. All constructions carried out until now remain valid with the
prime spectrum instead of the maximal spectrum. What we have shown is
that X is a scheme of finite type over the field k. Note that X is a variety
in the sense of Liu ([Liu02], 2.3.47). In this scheme-theoretic setting, the
next section would show that X is an integral separated scheme of finite
type over k, i.e. a variety in the sense of Hartshorne ([Har83], I1.4, page
105).

1.7 Properties of toric varieties

In this section we discuss three of the main properties of a toric variety,
namely normality, separatedness and completeness.

Let Xx be the toric variety associated to a polytope K in Mg, and let
(U,V,P) be the data from which X is obtained. First of all we note that
every affine toric variety U, in U is irreducible and hence connected.

Proposition 1.7.1. The toric variety Xx of a polytope K is irreducible.

Proof. For each ordered pair of cones (o, p) in the fan Ak, the intersection
o Np is a face of both ¢ and p, hence

Ua,p = Laﬂp,a(Uaﬁp) = lonp,o (SpeC(RJﬂp))

is non-empty. Connectedness of each affine piece U, then implies that X is
connected as well. Since each affine piece is irreducible and X is connected,
it follows that also X is irreducible, as desired. O

Proposition 1.7.2. The toric variety Xx of a polytope K is reduced.

Proof. The variety X is covered by the affine varieties U,, as ¢ varies in
the fan A of K. Since each U, is reduced (see Section 1.5), also X is
reduced. O

The two previous propositions show that X is reduced and irreducible
and therefore integral. To prove that X is also separated we need one more
result from convex geometry.
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Lemma 1.7.3. Let 0 and p be two lattice cones intersecting in a common
face 7, then
Sr =58, +5,

Proof. See, for example, [Ful93], Proposition 3, Section 1.2. O

Proposition 1.7.4. The toric variety Xx of a polytope K is separated.

Proof. Set X = Xg. We need to show that the image of the diagonal map
A: X x X — X is closed, or, equivalently, that (X x X)\ A(X) is open.
Since
(X % X)\AX) = (U x Up) \ AUsrp)) ,
op

where the union ranges over all cones o and p of the fan of K, it is sufficient
to prove the statement in the affine case. We have then to prove that the
image of the diagonal map 0 : Uy, — U, X U, is closed.

Since Uy = Spec(R,), U, = Spec(R,) and U,n, = Spec(Ron,) are affine
varieties, the diagonal map d corresponds to a homomorphism of k-algebras

0" : Ry ® Ry, — Ronp,

hence it is sufficient to check surjectivity of §*.

Explicitly, the homomorphism 6* sends a basis element x“®x" of R,®R,
to x“*? in R,np. Since o and 7 are cones of the fan of K, their intersection
is a common face of both, hence by Lemma 1.7.3 the map

So @Sy — Sonp

is surjective.
Finally, since Ry, = k[Sony] and R, ® R, = k[Ss| ® k[S,] = k[S; ® S,
also ¢0* is surjective, as we wanted to show. O

A last important property to be discussed in this section is completeness.
One general way to construct a toric variety starts by taking any fan A in
Nr and building a toric variety by glueing the affine toric varieties U, of
cones o in A, exactly as we did in Section 1.6, but without the assumption
that the fan comes from a polytope. Such varieties need not be complete,
but the next proposition, whose proof can be found in [Ful93] or [Oda88],
show that toric varieties coming from polytopes are always complete.

Proposition 1.7.5. Let A be a fan in Ng. Then the corresponding toric
variety is complete if and only if the support of A covers all of Ng, i.e. if
and only if

supp(A) = U o= Nr

Indeed, the fan Ag associated to a polytope X has such a property by
Lemma 1.6.1, so X is complete.
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1.8 Torus actions and torus orbits

The origin of the name “toric variety” is closely related to the presence of
an algebraic action of a torus on every toric variety: in this section we study
this action in detail. The main point is that every toric variety contains an
algebraic torus as a dense open subset. As a by-product, we obtain that the
dimension of a toric variety equals the rank of the ambient lattice.

Let, as usual, N be a lattice and Ny its associated real vector space.
Consider the set {0} consisting of the zero vector alone: it is trivially a
lattice cone, so we can study the corresponding affine toric variety Ujgy.
The dual of {0} is

{0}V = {u € Mg :(uv) >0Vve{0}} = Mg,
so that
Sy ={0}YNM=MgnNM =M
and therefore
We can endow Uygy with a structure of algebraic group. Since it is affine,
we can just give the multiplication, inverse and identity maps at the level
of k-algebras. More precisely, multiplication corresponds to
kM| — k[M]® k[M] (1.3)
X" o= xtext
taking inverses corresponds to
k[M] — k[M] (1.4)

U

X =X

u

and the identity corresponds to:

k[M] — k (1.5)

U

x' +— L
Choosing an isomorphism M = Z" we obtain k[M] = k[t,t~!] as in the
end of Section 1.3. Then
Ugoy = Spec(k:[t,t_l]) = Spec(klt1, ..., tnlt )

which, as an algebraic group, is the product of n copies of the multiplicative
algebraic group G,, (i.e. the affine line A}C minus the origin). As a group,
we have that

Uggy = G X -+ X Gy =B X - x kX = ()"

where £* is the (multiplicative) group of non-zero elements of k. In the
terminology of algebraic groups, we say that Uygy is an affine algebraic n-
torus or just an affine algebraic torus.
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Definition 1.8.1. The affine toric variety Uygy is called the torus of N and
it is denoted by Ty or just T

It is straightforward to check that the multiplication map on 7" defines
an algebraic action of T on itself. Note that, on identifying points of Uy
with monoid homomorphisms (see Remark 5), tha action of T on itself is
simply given by multiplication of maps: to a pair

(t:M—k,¢:5, —k)
it associates the homomorphism

S, — k
u — t(u)o(u).

Since
Spec(k‘[t, t_l]) = Spec(k[tlv s 7tn]t1"'tn)7

the torus 7', as an algebraic subset of k™, can be expressed as
T=k"\V(t1--tm),

which is nothing but (k*)™. In this setting, the action of T on itself is given
simply by componentwise multiplication.

Remark 10. One question that may arise at this point is: can we generalize
the above construction to any affine toric variety U,? Unfortunately, there
is no natural algebraic group structure on U,. The “best” we can do is
define a multiplication map and identity map as in (1.3) and (1.5) with S,
in place of M. In this case, however, the inverse map cannot be defined as
in (1.4) because S, is just a monoid (and not a group).

Let now o be a strongly convex lattice cone in Ng, then {0} is face of o.
We know from Section 1.6 that Uygy can be embedded as a principal open
subset of U, via the map ¢ = (01, : Ufgy — Us,. Under this map, T is
isomorphic to L(U{O}) as a subvariety of U,. Multiplication U, x U, — U,
clearly induces, by restriction, an action ¢t : TxU, — U,. Since k[S,| C k[M]
for every strongly convex lattice cone o, looking at the k-algebra homomor-
phism determined by t we see that the restriction of t to T' x T gives the
natural action of T" on itself.

Remark 11. The above description characterizes affine toric varieties. In-
deed, Oda proves in [Oda78] the following. Let X be a normal affine variety
containing an algebraic torus 7" as a dense open subset. Suppose that, in
addition, there exists an action T'x X — X extending the natural action of
T on itself. Then X is of the form X = U, for a lattice cone o in some real
vector space Mg associated to a lattice M.
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Proposition 1.8.2. The toric variety Xx associated to an n-dimensional
polytope K is n-dimensional.

Proof. We have seen that the affine toric variety U, associated to a cone o
contains the torus T as an open subvariety. Since U, is irreducible,

dim(U,) = dim(T) = n.

Since X is covered by affine toric varieties U, as ¢ varies in A, and since
X is irreducible, the dimension of X is n as well. O

We would like to study in detail the action of the torus on Xg. An
important fact is the existence of a correspondence between orbits and faces
of the polygon.

For a cone o, there is a monoid homomorphism z, sending each invertible
element of S, to 1 and every other element to 0:

%(u):{1 if —ueS,, 16)

0 otherwise.

The point corresponding to this homomorphism is called the distinguished
point of Us.
We denote by O, the orbit of x, under the action of T":

Oy =T z,.

To describe explicitly O, we note first that an element u of S, is invert-
ible if and only if u belongs to o N M. Indeed, if both u and —u lie in
S, = cVNM, then for any element v of o we have (u,v) > 0 and (—u,v) > 0.
Since (u,v) + (—u,v) = (u — u,v) = 0, it follows that (u,v) = (—u,v) = 0.
The converse implication is obvious, so we can rewrite (1.6) as

Zo(u) = (1.7)

1 ifucotnM,
0 otherwise.
Remark 12. Let o be a cone in N and z, its distinguished point. By
definition, the value of z, at u in S, = 0¥ N M is 1 if and only if also —u
lies in 0¥ N M. Whenever o is strongly convex and of dimension n, its dual
o is strongly convex as well (see Remark 3) and thus the only vector u in

o whose inverse —u belongs to ¢V is 0. In this case we can write z, as

1 ifu=0,
m"(u):{o it w0, (1.8)
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Now, for a point of the torus T' corresponding to a homomorphism
t: M — k, the product with z, is given by

o (1) t(u) ifueotnM,
To(u) =
0 otherwise

and this evidently means that the orbit O, can be identified with the set of
monoid homomorphisms from o+ N M to k. We have therefore shown that

O, = Spec(k[o® N M)).

Remark 13. The orbits of distinguished points actually are all the orbits
of the action of T'. Indeed, let o be a cone and U, the corresponding affine
toric variety. Point (a) of the proposition on page 54 of [Ful93] says that

UO' = UOT7

where 7 ranges over all the faces of o.

We have described the orbit of the distinguished point of a cone under
the action of the torus. It is convenient to give an abstract description of
that orbit as the torus of some toric variety. Such a description is the aim
of the remaining part of this section.

Set M(c) = o N M. If o has dimension /, then M (o) is a sublattice of
M of rank n — [. On the other hand, the intersection of N with o, is not
in general a sublattice of N (see figure 1.6), but we can still consider the
sublattice it generates (i.e. the subgroup of N it generates), given by

NNno+ (—=Nno)={u +ug|ui,—uz € NNo}

and denoted by N,. Being it a normal subgroup of N, we can form the
quotient lattice N/N,, denoted by N(o): it is straightforward to check that
N(o) and M(o) are dual to each other.

Definition 1.8.3. Let A be a fan and let 7 be a cone of A. The star of T,
denoted by Star(7) is the set of cones in A containing 7.

If o is a cone in Star(7), we set
o = (0 + (Nr)r) /(Nr )R,

which is contained in N(7)gr. Note that & is a lattice cone because o is. We
define the set A(7) as

A(1) ={c |0 € Star(7)}.

In the proof of Lemma 1.8.5 we make use of the following result.
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o . .
N M
-O-J_-
N M
NNo
‘ ]\.J(U)

Figure 1.6: N No and M (o) for a one-dimensional strongly convex cone o
in R2.

Lemma 1.8.4. Let 7 be a face of a cone ¢ and v1, v9 two vectors in . Then
v1 + v9 belongs to 7 if and only if both v; and vy belong to 7.

Proof. One implication is obvious. For the other, assume that vy + vs is in
7. By Remark 2 we can write 7 = u N o for some vector v in ¢¥. We then
have

(u,v1 +v2) =0,

so that
<U, U1> = —<’LL, U2>'

Moreover, since v1 and vo are in o, then
(u,v1) >0, (u,v3) >0
and therefore we must have
(u,v1) = (u,vy) = 0.
This shows that both v; and vy belong to uNe, which is nothing but 7. O

Lemma 1.8.5. The set A(7) is a fan in N(7)g.
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Proof. We need to check that each cone in A(7) is strongly convex and that
A(T) satisfies the two conditions of Definition 1.1.7.

Let & be a cone of A(7). By Proposition 1.1.6, strong convexity is
equivalent to & N (—a) consisting of the zero vector alone. Assume that v is
in N (—a), then v satisfies

V=01 +w; = —vy + Wa, (1.9)

for some vectors vy,vy in o and wy,wy in (N;)r. If 2z1..., 25 are the gen-
erators of N, = 71N N + (—7 N N), then every element z of (N;)r can be

written as
S S
§ a;z; — § bz,
i=1 i=1

where the a;’s and b;’s are non-negative real numbers. This means that
every element of (N,)r can be written as a difference of elements of 7 (but
not of 7N N). In particular, we have that

wy =0 — P, wg =g — P,
for some vectors ay, a9, f1, 52 in 7. From (1.9) we obtain
v1 +v2 = wy —wy = (g + B1) — (a1 + Ba)
and therefore that
v+ v2 + (a1 + B2) = (a2 + B1).

Since the sum of any of two vectors of a cone lies in the cone itself, on
one hand we get that v; 4+ v9 is in o, while on the other hand we get that
v1 + v9 + (a1 + B2) lies in 7. Since o is a cone of Star(7), it contains 7 and,
since both 7 and o are cones of A, 7 must be a face of 0. We can thus
repeatedly apply Lemma 1.8.4 to obtain that v; and wvs lie in 7. From this
it follows that v is contained in N, and therefore its class v is the zero one.
This proves that & is strictly convex.

Assume now that ; and g9 are two cones in A(7). Let v be a vector in
their intersection &1 N gy, then v is of the form

V= U1 + w1 = vy + Wa,

for some vectors v; in 01, vy in o9 and wy, w9 in (N;)g. Since o1 and o9 are
cones of A, their intersection is a common face of both. Since both contain
T, their intersection will contain 7 as a face. Similarly to the previous
paragraph, the fact that

V1 = VU2 + Wy — W1, V2 = V1 + W1 — W2
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gives that vy is in o9 and vy is in 1. From this it follows that
01M0og =01 N0y,

in particular 61 N a9 is in A(7).

For the last part of the proof, let & be a cone of A(7). Let u* N & be a
face of & for some u in M(7). Since M(7) = 7+ N M, we see that the face
ut N & is of the form p for p = u No. Since p is a face of o which contains
T by construction, this means that p is in A(7). O

By the above lemma, A(7) is a fan in N(7)r and therefore we can as-
sociate to it a variety, exactly as we did in Section 1.6. The reasons behind
the following definition will be evident at the end of this section.

Definition 1.8.6. The toric variety V(7) obtained from the fan A(7) is
called the abstract orbit closure of T.

Remark 14. Since 7 is trivial in N(7)g, its affine toric variety Us is the
torus of V(7).

Let & be a cone of A(7). Since M (1) = 7+ N M, the monoid " N M (1)
can be identified with ¢V N7+ N M. The corresponding affine toric variety
is then

Uy = Spec(klo¥ Nt n M)).

Note that we have a surjective homomorphism (cfr. [Dan78|, 2.5) of
k-algebras
kloV N M] — klo¥ nrtn M] (1.10)

given on the basis as

XUH{XU ifuecoNrtnM,

0 otherwise.

Indeed, since ¥ N7+ is a face of ¢V (it is the dual face of 7), the above map
is a k-algebra homomorphism. Surjectivity is obvious. We thus have a map
of affine varieties

ie : Us — Uy,

which is a closed embedding by surjectivity of the homomorphism (1.10).
Remark 15. The cone 7 is obviously in Star(7). In this case, we have the

equality k[7Y N7+t N M] = k[r+ N M], so it is obvious that the image of U;
under the closed embedding i is exactly the orbit O;.

Whenever 7 is a face of &, then + is a face of o (see the proof of Lemma
1.8.5). This means that, in addition to the closed embeddings i, and i,
we also have the open embeddings ¢, , and ¢y of Proposition 1.6.4. Their
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compatibility is clear (we can just look at the corresponding homomorphism
of coordinate rings), so we can glue the i,’s as o varies in Star(7). The result
is a closed embedding

i:V(r)— U Us.

o€Star(T)

v= J U,

o€Star(T)

If we set

then we have shown that V(7) can be regarded as a closed subset of U.
Furthermore, by Remark 14 and 15, the torus of V(1) is the orbit O, of the
distinguished point z,. Since the torus is dense in V(7) and V(1) is closed
in U, we see that V(1) is the closure of O; in U. This justifies the name
abstract orbit closure.

1.9 Characters and one-parameter subgroups

The main reference for this section is [Bor91], IIL.8. Let N be a lattice
of rank n and M its dual lattice, M = Homz(M,Z). Let T = T =
Spec(k[M]) be the torus of N and G,, = Spec(k[t,t™!]) = Spec(k[Z]) = k*
the multiplicative algebraic group.

Definition 1.9.1. The group of characters (or character group) of T is the
set of morphisms of algebraic groups from 1" to G,,, i.e. the set

Homyjg gr (T, Gy).

The group of one-parameter subgroups of T' is the set of morphisms of alge-
braic groups from G,, to 7T, i.e. the set

Homaig gr. (G, T').

Remark 16. The group of one-parameter subgroups is canonically identi-
fied with IV, while the character group of T' is canonically identified with
M. We do not give a complete proof here, but try to motivate the reason
of this identifications.

Since T and G, are algebraic groups, their coordinate rings have a natu-
ral structure of Hopf algebras. By [Bor91], 8.3, we have a canonical bijection

Homalg.gr.(Gm7 T) = HomHopf—alg.(k[M]a k[Z]),

where the right hand side is the set of Hopf algebra homomorphisms from
kE[M] to k[Z]. This latter set is in bijection with N. It is easier to see why
if we consider the coordinate ring of the torus as the polynomial ring

E[M) 2 K[ty ... tn,t] .ot
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and the coordinate ring of the multiplicative algebraic group as
k[Z] = k[ug, u).

The possible homomorphism from k[tq, ..., tn, tl_l, oot to Klug, ul_l] are
limited by the structure of Hopf algebra. Specifically, the only homomor-

phisms are given on t1,...,t, as

t1 — u]fl,...,tn — ulf”,
where ki, ..., k, are arbitrary integers. Then Hompoptalg (K[M], k[Z]) is in

bijection with Z", which is isomorphic to V.

The second assertion follows immediately by [Bor91], page 115, which
states that the character group and the group of 1-parameter subgroups are
dual to each other.

Remark 16 shows in particular that the character group and the group
of one-parameter subgroups are lattices of rank n.

If v is an element of N, then we denote by A, the corresponding (via the
identification of the above proposition) one-parameter subgroup A, : k* — T
If w is an element of M, we denote by x* the corresponding character
x4: T — k*.

1.10 The projective toric variety of a polytope,
revisited

In this section we generalize the construction of Section 1.2. This is a first
step towards showing the equivalence between projective toric varieties and
the toric varieties defined in Section 1.6.

Consider a lattice polytope K of dimension n in Mg. Let

A:{UO,---,Um}

be the set of lattice points of K, that is, A = K N M. Let k be a field and
P™ projective m-space over k. Each lattice point of K defines a character
of the torus T of N (see Section 1.9), so we can define a map

op: T —P™

pal®) = (") ... x""(2)).

The Zariski closure of the image of 1" under the map ¢ 4 is called the
projective toric variety of K.

The choice of an isomorphism of M with Z" reflects in isomorphisms
Mg = R" and T' = (k*)™. Points u of M correspond then to elements
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a=(ay,...,ap) of Z", points x of the torus T correspond to n-tuples
(t1,...,ty) in (k™)™ and characters x" correspond to monomials ¢{* - - - 5"
in the Laurent algebra k[t1,...,t,,t7 ", ..., t; ). Tt is now evident that the
maps 4 defined in this section and in Section 1.2 are exactly the same.
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Chapter 2

Divisors and support
functions

2.1 Weil divisors and Cartier Divisors

In this section we recall some basic facts, without proofs, about divisors on
normal varieties. We follow mainly [Har83] and [Mil92]: the reader can con-
sult these books for more details. In this section, X is a normal irreducible
variety over a field k.

Recall that for an irreducible variety X, the codimension in X of a
subvariety V is simply the dimension of X minus the dimension of V:

codimx (V) = dim(X) — dim(V').

A prime divisor V on X is an irreducible subvariety of X of codimension
one. The group of Weil divisors of X, denoted by Div(X), is the free abelian
group generated by its prime divisors. An element D of Div(X), called a
Weil divisor on X (or just a divisor, if there is no possibility of confusion),
is thus a finite formal sum

of prime divisors D; with integer coefficients. A divisor D as in (2.1) is said
to be effective (written as D > 0) if all the coefficients n; are non-negative.

We denote by k(X) the function field of X, and by k(X)* its multi-
plicative group of units. If V' is a prime divisor on X, then there exists a
ring

Oy ={f € k(X) | f is defined on an open subset U of X with U NV # 0}.

The ring Oy is a discrete valuation ring: we denote its valuation from k(X )*
to Z by ordy. For a non-zero rational function f on X (i.e. f € k(X)*),

37
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the value of ordy (f) is zero for all but finitely many prime divisors V, so
the sum

> ordy(f)V

ranging over all prime divisors on X is finite and thus defines a divisor on
X. We set

div(f) = ordy(f)V

and call it the principal divisor associated to f. Any other divisor Z of
the form Z = div(f), for some non-zero rational function f, is said to be
principal. Two divisors D and D’ are said to be linearly equivalent, written
as D ~ D', if their difference D — D’ is principal. The group of divisors
modulo principal divisors is denoted by Cl(X) and called the divisor class
group of X.

To each divisor D on X, we can associate a sheaf Ox (D), defined to be
the sheaf such that, for every open subset U of X,

T(U,Ox (D)) = {f € k(X)* |div(f) + D > 0 on U} U{0}.

In detail, the condition div(f)+ D > 0 above means that, if D = > n;D;,
then ordp,(f) + n; > 0 for every D; whose intersection D; N U with U is
non-empty.

Remark 17. Let Ox be the structure sheaf of the variety X, then:
(1) Ox(D) is a coherent sheaf of Ox-modules on X,
(2) If D =0, i.e. D is the trivial divisor on X, then Ox (D) = Ox,

(3) If D and D’ are linearly equivalent, then Ox (D) = Ox(D’) as Ox-
modules.

A Cartier divisor on X is the data of:

1. An affine open cover U = {U, }icr;

2. Non-zero rational function f; on U;, one for each ¢ in I, such that }c—j
is a non-zero regular function on the intersections U; N Uj, for every
1,7 in 1.

Denoting by O the structure sheaf of X, in sheaf-theoretic terms (cfr.
[Har83], I1.6) a Cartier divisor is a global section of the quotient £*/O*,
where K is the constant sheaf with stalk &(X).

Two Cartier divisors D = {(U;, fi) }ier and D' = {(V}, g;)}jes are iden-
fi
g

tical when <% is a non-zero regular function on U; N'Vj for every 7 in I and

J
j in J. The group of all Cartier divisors forms an abelian (multiplicative)
group (even though we use additive notation in analogy with the language
of Weil divisors) with identity element {(X,1)}. A Cartier divisor D is said
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to be principal if it is of the form D = {(X, f)} for some rational function
f on X. Two Cartier divisors D and D’ are said to be linearly equivalent,
written D ~ D', if their difference D — D’ is principal.

Each Cartier divisor D = {(U;, fi) }ier determines a Weil divisor on X
as follows: for each prime divisor V' on X choose an index i such that the
intersection V' N U; is non-empty. The Weil divisor [D] associated to D is
defined to be

[D] = Z OrdV(fi)V7

where the sum ranges over all prime divisors V' on X. This definition is
independent of the choice of the index i, indeed if ¢ and j are such that

VNU; # 0 and VNU; # 0, then ]JZ—; is invertible in U; N U; and therefore

ordv(}c—;) = 0, which immediately implies ordy (f;) = ordy (f;).

Since X is normal, the map D +— [D] sending a Cartier divisor to the
associated Weil divisor is injective. Under this map, principal Cartier divi-
sors correspond to principal Weil divisors, so the group of Cartier divisors

can be embedded as a subgroup of the divisor class group (see [Sha94] or
[Har83]).

2.2 Divisors on toric varieties

A divisor on a toric variety which is invariant under the action of the torus
admits an explicit characterization in terms of lattice objects. The aim of
the present section is to develop and study such powerful description.

Let A be a fan in N and X the corresponding toric variety. Let more-
over T be the torus of N. If we denote by A(1) the set of rays of the fan (see
Definition 1.1.5), then each orbit O, corresponding to a ray p in A(1) is a
torus of dimension n — 1. The orbit closure (see Definition 1.8.6) V(p) = O,
has then the same dimension n — 1. It follows that to each ray p corresponds
an irreducible subvariety of X of codimension 1, i.e. a prime divisor on X.
We set D, =V (p).

Definition 2.2.1. A Weil divisor D = ) n;D; on the toric variety Xg is
said to be T-invariant if every prime divisor D; is invariant under the action
of the torus T on Xg.

Proposition 2.2.2. The T-invariant Weil divisors are exactly the divisors
of the form > A1) 7p D).

Proof. Recall that, by definition, D, is the orbit closure V(p) of the cone p.
By the proposition in [Ful93], page 54, we have

D,= |J 0,

o€Star(p)
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Therefore D, is a union of orbits and hence T-invariant, so any sum of the
form a1y npDp 18 T-invariant.

On the other hand, if D = ) n;D; is a T-invariant Weil divisor, each
D; is invariant and thus a union of orbits. The torus 7T is also an orbit and,
since T' is dense in X, the intersections T' N D; with each D; are empty
(because prime divisors have codimension 1 in X). Since Xx \ 7" is a union
of orbit closures corresponding to rays, i.e.

Xk\T= |J D,
pEA(L)

then every D; must be one of the D,’s. O
We turn now our attention to T-invariant Cartier divisors.

Definition 2.2.3. A Cartier divisor D on a toric variety X is said to be
T-invariant if it corresponds to a T-invariant Weil divisor.

We start by giving a description of the Cartier divisor corresponding to a
character of the torus T'. Since a character x“ is a non-zero rational function
on the toric variety Xg, then {(Xg, x*)} is a Cartier divisor which we denote
by div(x*). For each ray p; in A(1), denote by v; the corresponding minimal
generator (i.e. the first lattice point along the ray, starting from the vertex).
The proof of the next three statements can be found in [Ful93], page 61.

Lemma 2.2.4. Let Xx be the toric variety associated to a polytope K in
M. Let u be an element of M and x" its corresponding character, then

ordp, = (u,v;)
for every p; € A(1).

Corollary 2.2.5. The Weil divisor associated to the principal Cartier divi-

sor {(Xg,x")} is
Z <uvvi>DPi'
pi€A(1)

For affine toric varieties, a very strong result holds.

Theorem 2.2.6. Let U, be the affine toric variety of a cone o in Ng, then
every T-invariant Cartier divisor on U, is of the form {(U,,x")} for some
character x" of the torus T. In particular, every T-invariant Cartier divisor
on U, is principal.

Remark 18. Theorem 2.2.6 permits us to describe a T-invariant Cartier
divisor D on a general toric variety Xg. Indeed, consider the open cover of
Xk given by the affine toric varieties U,, as o varies in A = Ag. By the
above theorem, for each o we can find an element u(o) of M such that the
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local equation of D on U, is x () (the notation with the minus is used to
conform to the literature), so that

D= {(UCHX_U(U))}O'EA
is the description of the T-invariant Cartier divisor D.

We can make use of Theorem 2.2.6 and Corollary 2.2.5 to determine when
two T-invariant Cartier divisors are the same. Since the group of Cartier
divisors is embedded in the group of Weil divisors, two Cartier divisors are
identical if and only if their associated Weil divisors are so. In particular,
two T-invariant Cartier divisors D = {(U,,x*)} and D' = {(U,,x*)} (for
u and v’ in M) on an affine toric variety U, are identical if and only if
[D] =3 eaq) (W vi) Dy, and [D'] =37 A4y (v, vi) D, are identical. This
happens if and only if

Z (u,v;)D,, = Z (u',v;)D,,

pi€A(1) pi€A(1)

and therefore if and only if

Z (u,v) — (', v;) = Z (u—u' ;) =0

piEA(L) pi€A(L)

This last statement is equivalent to saying that w — v/ lies in o~ N M, which
is the sublattice of M we denoted by M (o) (on page 29). Therefore we have
proven the following:

Theorem 2.2.7. There is a bijection between the set of T-invariant Cartier
divisors on an affine toric variety U, and the quotient lattice M /M (o).

2.3 Ample sheaves and support functions

In this section we give a characterization of the sheaf associated to a T-
invariant divisor. This allows us to state two criteria for such a sheaf to be
ample or very ample.

Recall that (see Definition 1.1.8) the support supp(A) of a fan A is
defined to be the union of all its cones.

Definition 2.3.1. A function 1 : supp(A) — R is said to be a A-linear
support function if it is linear on each cone o of A, i.e. on each cone it
is determined by a linear function, and assumes integer values at lattice
vectors, i.e.

Y(supp(A) N N) C Z.

If there is no possibility of confusion, we call 1 just a support function.
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We say that a general function ¢ from a real vector space V to R is
convex if

p(tvr + (1 = t)vg) > tp(v1) + (1 — t)p(va) (2.2)

for all vectors v1,vo in V and all ¢t € [0,1] C R. In convex geometry, one
calls such function “concave” instead of “convex”, but in the theory of toric
variety is customary to use our denomination.

A function ¢ from a real vector space V to R is called positive homoge-
neous if p(Av) = Ap(v) for any v in V' and non-negative real A. Obviously,
any linear function is positive homogeneous.

Lemma 2.3.2. A positive homogeneous function ¢ : V' — R is convex if
and only if

p(v1 +v2) = p(v1) + p(v2) (2.3)

for all vectors v; and vy in V.

Proof. Suppose ¢ is convex. If v; and v9 are vectors of V', then

1 1 1 1 1 1 1

Z = (= Zuo) > o= Zoo) = = -

51 +v2) = p(Gui+ gu) 2 p(Gu) +e(502) = 50(v1) + 50(v2),
hence ¢(v1 + v2) > @(v1) + p(ve).

Conversely, suppose that ¢ satisfies (2.3). If v; and vy are vectors of V
and ¢ is a real number contained in [0, 1], then

p(tvr + (1 = t)va) = p(tvr) + (1 — t)vz) = te(v1) + (1 — t)p(v2),
proving that ¢ is indeed convex. O

Definition 2.3.3. A A-linear support function 1) is said to be strictly convez
if it is convex and the linear functions determined by different cones are
different.

Let now A be a fan and X the associated toric variety. Combining
Remark 18 and Theorem 2.2.7, we see that a Cartier divisor is specified by
the data {u(c) € M/M(0)}sen.

Proposition 2.3.4. There is a bijective correspondence between T-invariant
Cartier divisors on a toric variety X and A-linear support functions.

Proof. Suppose D is the divisor determined by {u(o)},ea. Identifying M
with the set of Z-linear group homomorphisms Homgy(N,Z), each vector
u(o) defines an R-linear function from Nr to R (by extension of scalars)
whose restriction to the cone ¢ depends only on the residue class modulo
M (o). We denote this function again by u(o). For any two cones o and 7 in
A, their intersection is a common face of both, so the divisors corresponding
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to u(o) and u(y) agree on Uyny and thus the corresponding linear functions
agree on o N~. Therefore the function ¥p : supp(A) — R defined as

wD(U) = (u(0)7v>7

where ¢ is a cone containing v, is well-defined and satisfies the first condition
of Definition 2.3.1. It is obvious that ¥p assumes integer values at lattice
vectors, since for v € M and v € N the value (u,v) is integer. This shows
that ¥p is indeed a support function.

Conversely, let 1 : supp(A) — R be a support function. We define a
WEeil divisor on X by setting

Dy= Y —v(v)D,, (2.4)

pEA(1)

where v; is the minimal generator of the ray p;. By construction, Dy, is
T-invariant. Consider the open cover of X by the affine toric varieties U,,
for o in A. Since v is linear on each cone, then ¢ (v;) = (u(o),v;), for some
u(o) in M. Using equation (2.4), we see that D, is given locally on U, as

div ().

This u(o) is well defined modulo M (o). Indeed, suppose we have two vectors
ui (o) and uz(o) such that

1/1(?0) = <u1(0)7w>7 1/1(20) = <u2(0)7w>

for any vector w of . Then we must have

(ur(0) — ua(0),v) = (w1 (o), w) — (u(y),v) =0,

and this can happen if and only if u;(c) — uz(o) lies in o N M, which is
nothing but M (o).

The previous lines also show that the local data determined by D, is
compatible, so it is clear that that D, corresponds to a T-invariant Cartier
divisor. O

Using the description of a T-invariant Cartier divisor given above, we
can see that any such divisor D defines a polytope Pp. Let 1p be the
support function defined by D, then, identifying vectors u of Mg with linear
functions from Nr to R, we define Pp to be

Pp ={u€ Mg|u>v¢p on supp(A)} (2.5)

Identifying D with its corresponding Weil divisor [D] = > n;D,,, we can
rewrite (2.5) as
Pp ={u € Mg|{u,v;) > —n; Vi} (2.6)

A priori, (2.6) only says that Pp is a polyhedron (an intersection of closed
half spaces), but it is shown in [Ful93], page 67, that Pp is in fact bounded
and therefore a polytope.
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Lemma 2.3.5. Let X be a toric variety and T' = Spec(k[M]) its torus. Let
D be a T-invariant Cartier divisors and O(D) its associated sheaf. If we
denote by O the structure sheaf of X, then we have

I(T,0(D)) =T(T,0).
Proof. By definition of the sheaf O(D), we have
I(T,0(D)) ={f € k(X)* |div(f)+ D >0 on T} U{0}. (2.7)

By Theorem 2.2.6, the divisor D is of the form div(x"), for some u in M,
so we can rewrite (2.7) as

(T, 0(D)) ={f € k(X)* [div(f) + div(x") = 0 on T'} U{0},
which, since div(f) 4+ div(x*) = div(fx"), becomes
P(T,0(D)) = {f € k(X)* |div(fx") = 0 on T} U {0}.

In general, a principal divisor on a normal variety is effective if and only if
it is a regular function. We thus get

I(T,0(D)) = {f € k(X)" | fx" € k[M]} U {0},
from which it follows immediately that

(T, 0(D)) = (T, 0).

Note that k[M] can be expressed as a direct sum
KM = €D kx",
ueM
so the previous lemma says that
I(T,0(D)) = @ kx".
ueM

We can give a similar description for a T-invariant divisor on any toric
variety. Let K be a polytope in Mg, A = Ag its fan and X = Xk the
associated toric variety. We denote by v; the minimal generators of the rays
pi of A. Let D = D, the T-invariant Cartier divisor on X corresponding to
a support function ¢ and O(D) the associated sheaf.

Theorem 2.3.6. With notation as above we have

rX.0D)= @ k"

uePpNM

where Pp is the polytope of (2.6).
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Proof. Consider the open cover of X given by affine toric varieties U, cor-
responding to cones o in A. As in the proof of Proposition 2.2.2, D is
supported on the complement of T', so the domain of every rational func-
tion in I'(U,, O(D)) contains 7. This means that we have an inclusion
I'U,,O(D)) c T'(T,O(D)) and therefore, on the open affine U,, the princi-
pal divisor div(f) of a rational function f on X is given locally by div(x"),
for some u € M. By Corollary 2.2.5 we have

diV(XU)‘UJ = Z <u7vi>DPi'
pi€A(1)No

Furthermore, since the divisor D, is by definition

Dw: Z _¢(Ui)DPn

pi€A(1)

its restriction to U, is given by the terms of the sum corresponding to
minimal generators lying in o, i.e. :

Dw‘UU = Z _w(vi)Dpi'

piEA(L)No

From what we said, we can write

div(f)+ Dl = D> ((w,0) = (v:) Dy, (2.8)

pi€A(1)No

Set now Pp(0) = {u € Mg| (u,v;) > ¢ (v;) Yv; € o}. Since the sections over
U, of O(D) are given by

L(Us, 0(D)) = { F € k(X)"

div(f) + D, = 0} u{o},

according to (2.8), such sections are actually given by

@ kx®.

u€Pp(o)NM

Now, the space of global sections I'(X, O(D)) is the intersection of all
the subspaces I'(U,, O(D)) corresponding to the open sets of the cover, so
we finally get

I'(X,0(D) = (| T(U,0D)= B kx"

gEA uePpNM
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Remark 19. Let ¥ be a A-linear support function, with A the fan of a
polytope in Mg. Assume that there exist u(o) € Mg such that ¢(v) =
(u(o),v) for any v in o. In this case it is straightforward to check that 1 is
convex if and only if for every maximal cone o of A and v in supp(A) we
have

(u(o),v) = P(v).

In the following, we often consider the sheaf O(D) on the toric variety
X as a line bundle. In this case, a global section is a map s : X — O(D)
such that the composition with the standard projection on O(D) is trivial.
Theorems 2.3.9 and 2.3.7 give a very explicit criterion in terms of the support
function ¢¥p to determine when O(D) is ample or very ample.

Theorem 2.3.7. Let X be the toric variety of a polytope K and A its
fan. Let D be the divisor associated to a support function v, then O(D) is
generated by its sections if and only if 1 is convex.

Proof. We claim the following;:

The sheaf O(D) is generated by its sections if and only if for
every maximal cone o of A there is a u(o) in Pp N M such that
D + div(x*“?)) is effective and its restriction to U, is trivial.

If O(D) satisfies the above condition, it is clearly generated by its sections.
Conversely, suppose O(D) is generated by its sections and let o be any
maximal cone of A. Then, for any point z in U, there exists a global
section of O(D) not vanishing at . In particular, such a section exists for
the distinguished point x,. By Theorem 2.3.6, the vector space of global
sections is generated by elements of the form y*, for w in Pp N M. This
means that there is a u(o) in M such that D + div(x*?)) > 0 and the
support of D + div(x“(®)) does not contain z,. Since z, is fixed by the
action of the torus, it lies in every invariant subvariety of U,, so that the
restriction of D 4 div(x*?)) to U, must be trivial. This shows our claim.

Denote by v1,...,vs the minimal generators of the rays p1,...,ps in A.
Recall that D is defined as

D= Z _¢(Ui)DPi .
=1

On U,, the divisor D becomes

D‘Ug = Z _¢(Ui)DPi :

V€0

Similarly, by Corollary 2.2.5, the principal divisor div (X“(") can be written

as
s

div(x“(")) = Z (u(o),vi)D,, ,

i=1
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which can be expressed on U, as

div(" )|, = 3 (u(0), v) Dy,

V€0

We can now specify the condition of D + div(x*“(?)) being trivial on U,
as

¥(v;) = (u(o),v;) for every minimal generator v; contained in o,
which is equivalent to
¥(v) = (u(o),v) for every v in o.
Similarly, the condition of D + div(x*“(?)) being effective translates as
¥(v) < (u(o),v) for every v in supp(A) = Ng.

Finally, by Remark 19, v satisfies these conditions if and only if it is
convex as a support function, thus proving the theorem. O

A useful reference for the last part of this section is Section I1.7 of [Har83],
in particular the part “Morphisms to P™”.

Denote by P" projective r-space over k. Let D be a T-invariant Cartier
divisor on a toric variety Xx such that O(D) is generated by its sections.
Choosing and ordering a basis {x" | u; € Pp N M} gives a morphism

fo: Xk =P (2.9)
z = (X" (@),... X" (2))
where r+1 = #Pp N M. Such a mapping is a closed embedding if and only
if the sheaf O(D) is very ample. As in the previous theorem, we can give a
characterization of this condition in terms of the support function ¥ of D.

Proposition 2.3.8. Let D be a T-invariant Cartier divisor on a toric variety
X, then O(D) is very ample if and only if 1 is strictly convex and for every
maximal cone o of A, S, is generated by {u — u(o)|lu € Ppb N M}.

Proof. We denote by Ty, ..., T, the homogeneous coordinates in P and by
Vi the open sets of P defined by Ty # 0. Such open sets cover P" and, in
homogeneous coordinates, are described as

Vi = Spec(k[T; /T |0 < i < r]).

Let o and v be two maximal cones of A with, then there are indexes
J,k such that u(o) = u; and u(y) = w,. With this notation, it is ev-
ident that fp(U,) = V; N fp(Xk). Moreover, since v¢p is strictly con-
vex, u(co) is different from wu(vy) whenever o is different from ~, so we
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have that o N (uj —u)t =0 Ny. Note that for ¢ = « this is still true,
since in such case we have that u; = uj and (u; — ug)t = 04 = Ng, so
oN(uj —ug)t =o0No=o. It follows that

Uy N f5 (Vi) = Usry.

Now fix v. Since the affine toric varieties U, cover X as o varies in A, we
get that

2 (Vi) =U,.

The corresponding morphism of affine varieties fp|y, — Vi is induced by
the k-algebra homomorphism

ET;/Ti, |0 <1 <7r] — K[S,]
T;/ T = X" /X" = x4

The morphism fD\UV — V4 is a closed immersion if and only if the above
map is surjective, i.e. if and only if u; — u(y) generates S,. This proves one
implication.

For the other implication, assume that fp is a closed immersion, then
the inverse image fBl(V]) of every V; is an affine open subset of X (see
[Har83], Section II.7). It being invariant under the action of the torus, it
must be the affine toric variety of some cone v of A. If o is any other
maximal cone, then take j to be the index such that u; = w(o). Since
o 1(VJ) D Uy, then we must actually have f, 1(V]) = U,. This implies that
v (u(o) —u(y))* = o N+ for any two maximal cones o and 7, which shows
(as in the proof of the first implication) that 1 p is strictly convex. O

Theorem 2.3.9. Let D be a T-invariant Cartier divisor on a toric variety
X, then O(D) is ample if and only if ¥p is strictly convex.

Proof. By Proposition I1.7.5 in [Har83], O(D) is ample if and only O(D)®™
is very ample for some positive integer m. Since O(D)®™ = O(mD) and
YmD = M p, one implication is a corollary of Proposition 2.3.8.

Conversely, suppose that v p is strictly convex. Denote by v1,...,vs the
minimal generators of the rays pi,...,ps in A. If we denote by mPp the
dilation by a positive integer m of the polytope Pp, then

Pop ={u € Mg| (u,v;) > mip(v;)Vi=1,...,s} = mPp.

As above, since P,,p = mPp and ¥,,p = myp, we can apply Proposition
2.3.8. Then it is sufficient to prove that there exists a positive integer m
such that S, is generated by

{u—mu(o)|u e mPpnN M}, (2.10)

for every maximal cone ¢ in A.
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Recall that the divisor D is given by D = Y77 | —(v;)D,, . If u lies
in S, then u + mu(o) lies in mPp for sufficiently large m. Indeed, if a
maximal generator v; lies in o, we have (u,v;) > 0 and, since u(o) is in Pp,
(u(o),v;) > P(v;). Tt follows that

(u+miu(o),vi) = (u,v;) + mi(u(o),v;) > mi(u(o),v;)

for any positive integer m;. If v; is not in o, since v is strictly convex we
have (u(o),v;) > ¥(v;). If (u,v;) > 0, we are in the same situation as before,
while if (u,v;) < 0, we can take any integer m; such that

mi > (u,vi)/ ($(v;) — (u(0),v3)).

The largest of the m;’s chosen for each maximal generator v; is the desired
integer.

Finally, since the monoids S, are finitely generated, and u + mu(o) lies
in mPp for sufficiently large m, S, is generated by elements of the form
u — mu(o) as u varies in mPp N M. This proves the theorem. O

2.4 Projective toric varieties

In this section we prove that every toric variety arising from a polytope is
projective. This fact makes it possible to compare the two different con-
structions of a toric variety we have studied, and show that they are indeed
equivalent.

Let K be a polytope in Mg and A its fan in Ng. Recall that, by Lemma
1.6.1, the support of A is such that supp(A) = Ng. We define a function
Y from supp(A) to R as

Yi(v) = inf{{u,v) |[u € K}. (2.11)

We call this function the support function of K. For this name to make
sense we need to check that ¢ actually is a support function as defined in
2.3.1.

Proposition 2.4.1. The support function ¥ i of a polytope K is a A-linear
support function.

Proof. We have to prove that ¢ is linear on each cone o of A and assumes
integer values at lattice vectors.

Let o be a cone of A and v any vector in o, then ¢ is the cone op,
for some face F' of K (see Section 1.6). By definition, a face F' of K is the
intersection of a supporting affine hyperplane H with the polytope K. With
notation as in Section 1.1, this means

F=HNKand FC H'.
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Here H is a supporting affine hyperplane corresponding to an element w in
Ng, and H™ is the closed half-space determined by H, i.e.

H={ue Mg|{u,w) =a}, H = {u € Mg | (u,w) > a},

where a is a real number. The choice of w is not unique, in our case we can
even take w to be v. It follows that

(u,v) > aVu € Mg. (2.12)

By definition of the cone o, for any vector w in op the following holds for
any v in K and u/ in F":

(u,w) > (v, w) Vu € K,Vu' € F, (2.13)
so that, combining (2.12) and (2.13), we get
(u,w) > aVu € K. (2.14)
This last equation really says that inf{(u,v)|u € K} = a and hence
Vi (v) = a.

Moreover, since for any vector on the face F' this minimum is obtained, we
have
wK(U) = <U(U)7 U>7

for some u(o) in F. Since the vector u(o) depends only on the face F, it
depends only on the cone . The identification of vectors of Mg with linear
functions from Ng to R proves the first part of the proposition (that is, ¥ x
is linear on each cone).

For the second part, note that a polytope is the convex hull of its vertices.
This means that we can actually write ¢ g as

Y (v) = min{(u,v) |u € vert(K)},

being the set vert(K) of vertices of K a finite set. Note that the vertices
of K lie in M because K is a lattice polytope. Since (u,v) is an integer
whenever v and v are lattice vectors (i.e. uw € M,v € N), then 1k (v) is an
integer whenever v is a lattice vector. This shows the second part of the
proposition and concludes the proof. O

Remark 20. The support function g of a polytope K is strictly convex.
Indeed, convexity follows from the very definition, since

inf{a+0bla€ A,be B} >inf{a|a € A} +inf{b|b € B}

for arbitrary sets A and B of real numbers. Moreover, in the notation of
the previous proof, the value on a cone op is determined by a vector u(o)
in the face F. The corresponding linear function is different from the one
determined by any u(o¢g), where G is a face of K distinct from F.
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At this point it is possible to apply the results of Section 2.3 to obtain a
key property of a toric variety.

Proposition 2.4.2. The toric variety of a polytope is projective.

Proof. Let K be a polytope in Mr and X the associated toric variety.
The previous remark shows that the support function ¢ is strictly convex.
Then, by Theorem 2.3.9, i determines a divisor D on X i whose associated
sheaf O(D) is ample. By [Har83], I1.7.5, there exists an integer such that the
sheaf O(D)®™ on Xk is very ample. Since X is complete, in particular it
is proper, so X is a proper algebraic variety admitting a very ample sheaf.
This shows that X is projective. O

Having established that the toric variety of a polytope is projective, it
makes sense to compare the different definitions of toric variety we have given
in Section 1.10 and Section 1.6. With notation as in the above sections we
have the following.

Theorem 2.4.3. The varieties Yx and Xk, defined in Section 1.6 and
Section 1.10 respectively, are isomorphic.

Proof. Let K be a polytope and v its support function, as defined in (2.11).
The divisor determining the embedding in projective space of X is the
divisor Dy, associated to v¢. By definition, this divisor is given by

Z _w(vi)DPw

pi€A(1)
hence the corresponding polytope is
Pp,, = {u € Mg|(u,v;) > (v;) Vi},

which gives Pp as an intersection of half-spaces. In the proof of Proposi-
tion 2.4.1 we have seen that the values of 1 are determined by the half-spaces
containing the polytope K. This means that the polytope Pp is actually K.
The embedding in projective space fp of (2.9) is determined by the lattice
points of Pp, i.e. by the points of Pp "M = K N M. In Section 1.10 we
denoted this last set by A. Moreover, the toric variety Xg contains the
torus 1" as a dense open subset. It is clear that fp restricted to the torus T’
gives exactly 1 4. We can visualize the situation with the following diagram.

T YA P
N 4
Xk

It is true for any continuous map g : Y — Z between topological spaces that
g(A) D g(A) for any subset A of X, where A is the closure of A. In our
case, the embedding fp is a map of varieties, in particular it is continuous.
From this it follows that, under the embedding in projective space, X is
isomorphic to the closure of im(v 4), which is nothing but Yx. O
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Chapter 3

Complex toric varieties

One of the motivating problems for this thesis was the study of lattice poly-
gons in the plane. In this chapter we prove that, for the complex toric variety
of a polytope, the Euler characteristic equals the number of vertices of the
starting polytope. Consider the following situation: we have a given two-
dimensional toric variety (a toric surface) and we want to know from which
polygon it came from. Computing its Euler characteristic lets us distinguish
whether it came from a triangle, a quadrangle, etc.

Let N be a lattice of rank n with dual M, Ng and Mp their respective real
vector spaces. In this chapter we consider toric varieties over the field C of
complex numbers. Explicitly, let K be a polytope and A its corresponding
fan. We consider the variety X g obtained by glueing the affine toric varieties
U, = Spec(Cle¥ N M]) corresponding to cones o in Ag. Complex toric
varieties admit a very direct description of many topological invariants, e.g.
the Euler characteristic, in terms of combinatorial properties of A.

As a reference for basic facts about algebraic topology used in what
follows (e.g. contractible spaces, deformation retracts of spaces, etc.), the
reader may consult, for example, [Rot88] or [Hat02]. In this chapter we make

z

T Ol

Figure 3.1: The same cone in R? and R3,

53
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use of the concepts of interior and relative interior of a cone. The cones we
are considering lie inside a finite-dimensional real vector space Ng: we give
to this space the topology induced by the Euclidean one. The interior of
a cone o in N, denoted by int(o) is the interior of o with respect to such
topology. This notion does not always “behave well”: let us illustrate this
with a drawing. In Figure 3.1 we have a cone o of dimension two in R? and
a point which lies in its interior. If we consider ¢ as sitting in the xy plane
in R3, then it is still a cone, but now the topological interior is empty! To
address this issue, we consider the relative interior, which is the interior of
o in the linear subspace it generates.

3.1 Singular cohomology of affine toric varieties

In the present section we study the topology of affine toric varieties. This
is useful to determine their cohomology groups and is a key step for the
computation of the Euler characteristic of a toric variety.

Proposition 3.1.1. Let o be a strongly convex cone of dimension n in N,
then its affine toric variety U, is contractible.

Proof. To show that U, is contractible, we have to find a homotopy between
the identity map of U,

dy, :Us = Uy, ¢ — ¢

and some constant map
Us — on ¢ - Pv

sending every element to a single point P. We take P to be the distinguished
point z, (see (1.6) and (1.7) on page 28). Let v be a lattice vector in int(o),
i.e. a vector v in int(c) N N and let I be the closed interval [0,1] in R.
Identifying points of U, with monoid homomorphisms from S, to C, we
define amap H : U, x I — U, as

W g(u) if t € (0, 1],

H(@ (W) = {x (u) ift=0.

When u is zero, since v lies in the interior of o, we have (u,v) = 0, so

H(¢,t)(0) =1¢(0) =1 for all t.

When u is non-zero, (u,v) > 0 and therefore lim;_ot™*"¢(u) = 0, so
limy_,o H(¢,t) = x,. To check continuity, we choose explicit generators
S1,...,8 of Sy. By ([Ful93], exercise on page 19), the affine toric variety U,
(as an algebraic subset of C!) is defined by the ideal of Clyy, ...,y generated
by all polynomials of the form

a a b b
yll...yll_yll...yll,
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where a1,...,a;,b1,...,b are solutions of the equation
a1sy+ -+ aisp =bysy + -+ bysy.

Under this embedding of U, in C!, the distinguished point x, corresponds
to the point (0,...,0). Indeed, z, : S, — C corresponds to the C-algebra
homomorphism z, : C[S,] — C given on the basis as

1 ifu=0,

0 otherwise.

To(X") = 0 (u) = {

This corresponds in turn to the maximal ideal ker(Z,) in Spec(C[S,]). This
maximal ideal is

ker(z,) = {Z a;x"
i=1

/J—:\;(XU’L):07Z: 7"‘7”}:

This is identified, as a point in C!, with (0,...,0).
It is now possible to write the map H as

H(o,t) = 5y, ... 1500 q)

for a = (ay,...,q;) in U, C Cl and ¢ in [0,1] C R. Since v is in the interior
of Sy, (si,v) > 0 for all i’s, showing thus continuity of H.

Summarizing, we found a continuous map H : U, x I — U, such that
H(—,1) =idy, and H(—,0) is the constant map sending each point of U,
to x,. We have thus constructed the required homotopy. O

Recall that the orbit of the distinguished point z, in U, under the action
of the torus Ty is the affine variety O, = Spec(M (o)) C U,. Using almost
the same proof as above, we have the following:

Proposition 3.1.2. Let o be a k-dimensional cone in Ng with k < n, then
O, is a deformation retract of U, .

Proof. Tt is enough to find a continuous function H : U, x [0,1] — U, such
that

(2) H(9,0) € O,
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(3) H(6,0) =0,

for all ¢ in U, and 6 in O, .
We define H in a way similar to the proof of the previous proposition.
In this case, o is not n-dimensional so we need to choose a lattice vector in

the relative interior of o, i.e. a vector v in relint(oc) N N. For ¢ : S, — C
and ¢ in [0, 1] we define H(¢,t) as

H(p.8)(uw) = {t< ) (u) ift e (0,1],
zo(u)p(u) if t =0.
Checking for continuity is completely analogous to what we did in the proof
of Proposition 3.1.1.
Let now ¢ be in U,, then H(¢,1)(u) = ¢(u), showing (1). For (2) we
have
p(u) ifuecaotn M= M),

0 otherwise.

1ﬂ¢®=¢@ﬂd@={

This latter map is zero outside M (o) and thus can be identified with a
monoid homomorphism from M (o) to C. This shows that H(¢,0) belongs
to Spec(M (o)) = O,-.

For (3), let 6 be in O,. Then 6 is a monoid homomorphism from M (o)
to C and thus can be identified with its extension by zero to a monoid
homomorphism S, — C. It is now obvious that

0 if tNnM=M
H(8,0) = 0wz, (u) = {01 11 )

0 otherwise,
so that the monoid homomorphism H (¢, 0) can be identified with the monoid
homomorphism 6 : M(c) — C. This shows that the required function H
exists, and thus concludes the proof. O

From this last proposition follows that O, and U, have the same ho-
motopy type and thus the same integral cohomology. This is a very strong
result, since by Remarks 14 and 15 the orbit O, is an algebraic torus. The
cohomology of an algebraic torus is well-known: its cohomology groups are
given by the exterior powers of the dual of the first homology group. We
then have the following result.

Corollary 3.1.3. Let o be a strongly convex cone in Ng and U, its affine
toric variety. If ¢ is a non-negative integer, then

i

H'(Uy;2) 2 \ M(0). (3.1)
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Proof. By [Ful93], Section 3.2, the fundamental group of an affine toric
variety U, is isomorphic to N (o). Its dual is M (o), hence the discussion
above proves the corollary for o of dimension less than n. For ¢ of dimension
n, we just have to note that o+ = {0} and thus M(c) = M Not = {0}.
The zeroth exterior power of M (o) is then Z, and all other powers are the
zero group. Since, by Proposition 3.1.1, U, has the same homotopy type of
a space with a single point, its zeroth cohomology group is Z and all the
others are zero. O

3.2 The Euler characteristic

The results established in the previous section for affine toric varieties per-
mits us to compute the cohomology of general toric varieties. Let then K
be a polytope in Mg, let Ag be its fan in Ng and X the corresponding
toric variety. By a good cover of a topological space X we mean an open
cover U = {U,}ics such that finite intersections of the U;’s are contractible.
For such covers, Cech cohomology with coefficients in the constant presheaf
Zx (i.e. the presheaf assigning the abelian group Z to each open subset of
X) and singular cohomology with integer coefficients coincide (see [BT82],
I11.15).

In our case, the most natural cover to consider is the finite cover {U;}
of Xk given by the affine toric varieties U; corresponding to the cones o; of
Ag. The problem is that at least two of such cones intersect in the trivial
face {0}. The affine toric variety Uygy is the torus 7" of Section 1.8, which
is not contractible. We can work around this by replacing the cohomology
with a particular spectral sequence converging to it (see [God73], II, 5.4).

Recall now that the topological Euler characteristic x(X) of a space X
is defined as the alternating sum

X(X) = (~1)%rank (H(X;Z)). (3.2)
q=0

Theorem 3.2.1. The Euler characteristic of the toric variety X associated
to a convex polytope K is the number of n-dimensional cones in its fan Ag.

Proof. For any open set of X, let S;(U) denote the group of singular g¢-
chains of U (see, e.g., one of the references on algebraic topology listed at
the beginning of this chapter). For any non-negative integer ¢ consider the
presheaf of singular g-cochains of X, i.e. the sheaf sending an open subset
U of Xk to the set

SYU) = Homgz(S,(U), Z).

We denote this presheaf by S9.
Take the finite cover
U=A{U}
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consisting of affine toric varieties corresponfing to cones of maximal dimen-
sion. We try to apply the method described above using this cover. Denoting
by C*® the Cech complex of U, we can form a double complex

=C*'U,S*),
whose (p, ¢)-th term is
KP1=C?U,8) = P 5% nU;,).
10<--<ip

The corresponding spectral sequence, whose E; term is
EP= @ HIUUyn--NU,;Z),
o< <ip

converges to to the singular cohomology of Xg (cfr. [God73]). In the
notation of spectral sequences we write

EPY = HPY(X (o1 7).

Since the spectral sequence degenerates already at the FE; level, the Euler
characteristic of X can now be written as

X(Xk) = Z(—l)p+q rank(ED?) =

p,q

=> (1" rank | P HUU, NN, Z)

i< <ip

and thus, applying Theorem 3.1.3, as

X(Xk) = (-1 rank | P AMoiyn---naoi) |- (3.3)

X i0<-<ip

Now, for a cone o, the ¢g-th exterior power A? M (o) of M (o) has rank
(];), where k is the rank of M (o). Since for ¢ greater than k, (';) is 0, we
have that

o0 q k q
Z 7 rank /\M(a)) = Z(_l)q rank(/\ M(o)) =
q=0 q=0

k .
() - LT
q 0 otherwise.
Since M(c) = o N M has dimension 0 if and only if ¢ is n-dimensional,
it follows that in (3.3) the terms corresponding to the n-dimensional cones
contribute each by 1, while the terms corresponding to the cones of dimen-
sion less than n do not contribute to the sum. This proves that x(Xg)
equals the number of n-dimensional cones in Ag. O
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As a corollary, we obtain a result which is very useful in the theory of
lattice geometry, as explained in the introduction and at the beginning of
this chapter.

Corollary 3.2.2. The Euler characteristic of the toric variety X associ-
ated to a convex polytope K is the number of vertices of K.

Proof. Let Ak the fan of K. By Lemma 1.6.2, the correspondence between
faces of K and cones of A is such that

dim(op) = codim(F), (3.4)

for any face F' of K. The fan A is finite and covers all of Nk, so maximal
cones have full dimension n = rank(N). By (3.4), this means that maximal
cones correspond to vertices. The corollary then follows from Theorem 3.2.1.

O
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